MAT1100 LECTURE NOTES

Term1

1. Sets
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Set Theory

Sets make a foundation of mathematics. The concept of a set appears in all branches of
mathematics. It formalizes the idea of grouping objects together and viewing them as a
single entity.

Basic Definitions

Definition 1.1 A set is any well defined list or collection of objects, called elements or
members.

Sets are denoted by capital letters, say A, B, C,:--. The elements or members of a set are
denoted by lowercase letters a, b, c, ---.

Example 1.11f P is a set of all vowels then it is written as P = {a, e, i, 0, u}.

If A is the set of all even integers between 1 and 100, it may be written in set builder
notationas A = {x:1 < x < 100 and x is an even number}. In this notation x
represent even numbers between 1 and 100.

If p is an element of set A we write p € A. If p does not belong to A we write p & A.

For example, if B is a set of positive numbersthen 5 € B. —2 & B since —2 isa
negative integer.

Definition 1.2 Two sets A and B are said to be identical or equal, written A = B, if
each member of A is also a member of B and vice versa. Thus A = Bifx€e A=>x €B
andifx € B =x € A.

For example, the sets A = {a,u,e,i,0} and B = {i,u, e, 0, a} are identical or equal.
Note that the order in which the elements are written does not matter.

Definition 1.3 If all the elements of A are in B and A # B (A is not equal to B), then A
is said to be proper subset of B, and we write A c B.

If all the elements of A belong to B and we are not sure whether A and B are identical,
we simply say that A is a subset of B, and we write A € B.

For example, if A is the set of all rain days in March and B is the set of all days in
March, then clearly A € B.

Note: 1. A set Ais a subset of B if and only if every element of A is an element of B.
2.1fAc Band B € Athen A = B.



Definition 1.4 All sets under investigation are subsets of a fixed set called the
universal set. In this course, we shall denote the universal set by U.

On the other hand it is also possible to have a set which has no elements. This set is
called an empty set or a null set, and it is denoted by @.

For example, the set P = {x: x? = —1 and x is a real number} = @.
By convention, @ is a subset of every set.

The number of elements in a set, say A, is denoted by n(A). For example, if
A ={a,b,c}, then(4) = 3.

Sets can also be represented pictorially in a diagram called a Venn diagram, in which
the sets are depicted by a enclosed areas in a plane.

For example, the universal set is a rectangle and it contains the circular subsets A, B
and C.

Definition 1.5 A set of sets is called a collection or class or family.

For example, B = {{1,2}, {3}, {1,2,3}} is a class and the members of B are the sets
{1,2},{3},and {1,2,3}.

Definition 1.6 The power set of set A, denoted by P(A) or 24, is the class of all
subsets of A. In particular, if A = {a, b, c}, then

P(4) = {4 {a}, {b},{c}{a, b}, {a,c},{b c}, 0}
The number of elements in the power set of set, say A is given by n(P(4)) = 2"®,
For example, n(IP(4)) = 24 = 23 =g,

Definition 1.7 A set is said to be finite if it has exactly m elements, where mis a
positive integer. Otherwise it is said to be infinite.

For example, the set A = {a, e, i, 0, u} is finite while the set N = {1,2,3, :-- } the set of
all positive is infinite.

By conversion a null set @ is finite.



Set Operations

There are basically four set operations, namely the union, intersection ,relative
complement and absolute complement or simply complement.

Definition 1.8 The union of two sets A and B, denoted by A U B, is the set of all
elements which belong to A or to B, i.e.,

AUB ={x:x € Aor x € B}.

Example 1.2 Let A = {a,b,c,d,e} and B = {a, e, i,0,u}. Then
AUB ={a,b,c,d,e,i,o, u}

In general, A U B can be represented in a diagram called a vein diagram, as follows:

D AUB

Clearly, if A and B are finite disjoint sets, then A U B is finite and
n(A U B) = n(A4) + n(B).

Definition 1.9 The intersection of two sets A and B, denoted by A N B, is the set of
all elements which belong to A and to B, i.e.,

ANB ={x:x € Aand x € B}.

Example 1.3 Let A = {a,b,c,d,e}and B = {a, e, i,0,u}. Then
ANB ={a,e}

In a vein diagram, A N B can be represented as follows:

U ANB




Note that n(A U B) = n(A) + n(B) —n(A N B).

Definition 1.10 The relative complement of a set B with respect to set A or simply
the difference of A and B, denoted by A — B or A\B, is the set of elements which
belong to A and which do not belong to B, i.e.,

A—B ={x:x € Aand x ¢ B}.

Example 1.1.3 Let A = {a,b,c,d,e}and B = {a, e, i,0,u}. Then
A—B={b,c,d}

In a vein diagram, this represented as follows:

Note: 1. A — B and B are disjoint setsi.e. (A — B) N B = @.

2.A—B C A.
Definition 1.11 The absolute complement or simply the complement of set A,
denoted by A’, is the set of elements which do not belong to A but belong to the

universal set U, i.e.,
A'={x:x € Uand x ¢ A}.

Note: A’ = U — A.

U




Laws of Algebra of Sets
Sets under the above operations satisfy various laws which are listed below.
1. The idempotent laws:
(@ AUA=A
b)AnA=A
The proof of this is trivial.
2. The Associative laws:
@ AuBuUuC)=(AuB)uUucC
Proof: Letx e AU(BUC).Thenx € Aorx e BUC
>x€Aorx€EBorxe(C=>x€AUBorxecC
>x€(AUB)UC=>x€AUBorx
This means that AU(BUC) c (AUB)UC.
Conversely, Letx € (AUB)UC. Thenx e (AUB)orx € C
=>x€Aorx€EBorxelC=>x€Aorxe (B UC(C)
=>x€(AUB)UC
This means that (AUB)UC c AU (B U ().
Now since AU(BUC)c (AuB)UCand (AUB)UC cAU(BUDC),it
follows that AU (BUC) = (AUB)UC.

) An(BNC)=(ANnNB)NC

Prove (b) the same way as an exercise.

3. The Commutative laws:
@ AuB=BUA
() AnNB=BnNnA

The proof of this is trivial.

4. The Distributive laws:
@ AuBNC)=(AUB)N(AUC)
Proof: (a) To prove the theorem, you must show that
AU(BNC)c(AUB)N(AUC) and (AUB)N(AUC)c AU(BNC).
i.e. you take an arbitrary element x Au(B mC) and show that it is also an

element of the set (AUB)N(AUC).
Now, let xe AU(BNC). Then



XEAor xeBnC

= XEAorXEBand xeC

= XEAorXEBand XEAorXGC
= Xe AUB gng Xxe AUC

— xe(AUB)N(AUC)

Thus,

AU(BANC)c(AUB)N(AULC)

Conversely, let x e (AUB)N(AUC). Then X€ AUBand xe AUC
= XEAorXEBand XEAorXGC
= XEAorXEBand xeC

= XEAor xeBNC

- xe AU(BNC)

Thus,(AUB)N(AuC)c Au(BNC).
Since AU(BNC)c(AUB)N(AUC) and

(AUB)N(AUC)c Au(BNC) it follows that
AU(BNC)=(AuU B)m(AuC).
b)An(BUC)=(ANB)U(ANC)

Proof: Complete the proof by filling in the blanks.
Let xe An(BUC). Thenx € Aandx EBUC

= X e A and (1)

= XEAand XeB (2) XEAandXEC
= 3) or (4)

- xe(AnB)U(ANC)

Thus, An(BUC)c(ANB)U(ANC).

Conversely, let x e (5) . Then

XEAmBor xe ANC

= (6) or @)
- Xe A and XeB or Xe C
= Xe A and (8)




5.

6.

= xe An(BUC).
Thus,(AnB)U(ANC)c An(BUC).
Therefore since An(BuUC)c(ANB)U(ANC) and
(AnB)U(ANC)c An(BuUC) it follows that
An(BuUC)=(AnB)U(ANC)
The Identity laws:

(@ Aupg=A
AN =0
(c)AuU=U
dANU=A

Proof: Exercise
The Complement laws:
(@ AvuA'=U
b)ANnA =09
€ A) =4

@Uu' =0
e o =U

Proof: Exercise
De Morgan’s laws:

@ (AuB) =A'nB’

Proof: Letx € (AU B)'. Then xg AUB = x¢ A and x¢B

>xeAandxeB >x€A NB'.

Thus, AUB) c A'n B’

Conversely, letx € A’ nB'. Thenx € A" and x € B'.
—xgAand X€B = Xe¢AUB = x e (4uB).

Thus,A'nB'c (AU B)'.

Therefore, since (AUB) c A'nB"and A'n B’ c (A U B)" we conclude that

(AUB) =A'nB.

(b) (ANB) =A'UB

Proof: Complete the proof by filling in the blanks.
Letx € (AN B)". Then 1)

=>XgAorxgB = (2) >x €A UB".

Thus, (ANnB) =A"UB'.



Conversely, let x € A" U B'. Then (3)

= XgAorxegB = 4) =>x€(ANB).

Thus, (AN B) c (AnB)'.

Therefore, since A N B’ c (AU B)"and (AU B)' ¢ A" n B" we conclude that
(AnB) =A"UB.

The De Morgan’s laws can be generalized as follows:
(a) (Al V) AZ U--u ATL)’ = All N AIZ Nn--N A,Tl
(b) (Al N AZ Nn--N ATL), = A’1 U AIZ U--u A,Tl

8. The Difference law:
A—B=ANEB

Example 1.4 Let U = {1,2,3,::-,8,9}, A = {1,2,3,4}, B = {2,4,6,8} and
¢ = {3,4,5,6}. Find
(i) A (iAnC) (i) B—C (iv) (AuB)
Solution: (i) A" = {5,6,7,8,9}
(iANC={34}=>(ANC) ={1,256,7,89}
NOTE: A’ U C’ = {5,6,7,8,9} U {1,2,7,8,9} = {1,2,5,6,7,8,9} = (AN C)’
(i) B — C = {2,8}
NOTE: BN C' ={24,68}n{1,2,7,89}={28=B—C
(iv)AUB = {1,2,3,4,6,8} =2(4UB)' ={5,7,9}
NOTE: 4’ n B’ = {5,6,7,8,9} N {1,3,5,7,9} = {5,7,9} = (AU B)’
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Let the universal set U = {1,2,3,4,5,6,7,8,9,10}, the sets 4 = {1, 3, 6, 8, 10},
B =1{2,4,5,6,8}and C = {1,4, 6,10}. Find the following sets:

@ (AnB) (d@A'uUB) () (AnB)UC
Hh (AuB)nC.

In the problems below, one of the following relations is true: A € B, A = B,
A # B, B c A. Write the correct relation in each case.

A B



@) {x|2x +3 =11 — 2x} {x|5x +4 =x+ 12}

(b) {x|x? + 4 = 40 — 5x} {x|3 +2x = 11}

) {x]x +4 =x(x +4)} {x|x? + 3x — 4 = 0}
(d) {x|]x—1=0}u{x|]x—2=0} {x|x? —3x + 2 = 0}
(e) {x]x +3 = 4} {x|(x +3)? = 16}

In each of the Venn diagrams below shade: (i) An (BuU ) (ii)C —(ANB)

(a) (b)
XN
O

Illustrate the given identities by drawing Venn diagrams, given that A, B, C are

subsets of a universal set U:
(a) De Morgan’s laws:
(AuB) =A'nB" (i) (AnB) =A"UB’
(b) Distributive laws:
MANBUC)=MANB)UANC) ((IAUBNC)=(AUB)N(AUC)
(C)AUA' =U (dANA =0
(d) Commutative laws:
(YAUB=BUA (i)AnNB=BnA
(e) Associative laws:
MHAuBUC)=(AUB)UC (I)An(BNC)=(ANnB)nC

fHA-B=AnB
Express each of the following in its simplest form:

9



@[PPU@-R)] (MXu¥nX) (C)(MNN)uMnN"
(A—-(A—-B) ©AUuB-0O)H[AnB)UA-B)]

Sets of Numbers

There are special symbols used for sets of numbers. These are

Z = the set of integers: {---,—2,-1,0,1,2,-- }.

N = the set of natural numbers (positive integers or counting numbers): {1,2,3, - }.

Q = the set of rational numbers: numbers which can be expressed as ratios of
Integers.

Q'= the set of irrational numbers: numbers which cannot be expressed as ratios
of integers.

R = the set of real numbers.

C = the set of complex numbers.

NOTE:1. NcZ c Q c R.

2. Q’= the set of irrational numbers, like the numbers V2,3, =,
etc.

3.R=QUQ.

4. The set of real numbers can be represented graphically by points on a

straight line as follows:
R

»
>

252 -1 0 1 2 3

Intervals
Lat a and b be distinct real numbers with, say, a < b. Then intervals with
endpoints a and b are denoted and defined as follows:

(i) (a,b) ={x € R:a < x < b}, open interval from a to b.

0 0 R
a b
Note: 1. Here the numbers a,b & (a, b)

2. (a, b) is a set which contains all the numbers between a and b, and it is
an infinite set. It contains an infinite number of elements. For example,
for the set (0,2), 0,2 ¢ (0,2). However it contains all the numbers

between 0 and 2, like %% 1,v2,V3, 17,0 etc.

(i) [a, b] = {x € R:a < x < b}, closed interval from a to b.

10



= u R
a b

Note: 1. Here the numbers a, b € [a, b]
2. [a, b] is a set which contains the numbers a, b and the other numbers
between a and b. It is also an infinite set. It contains an infinite
number of elements.

(iii) (a,b] = {x € R:a < x < b}, open- closed interval from a to b.

= O R
a b
Note: 1. Here the number a, & (a, b] but b € (a, b]

(iv) [a,b) = {x € R:a < x < b}, closed-open interval from a to b.

8 i R
a b
Similarly, here the number a € [a,b) butb € [a, b).

It should also be noted that

1. An interval is a subset of R and it is an infinite set.

2. An interval is open if it does not include its end points and is closed if it
includes its endpoints.

3. A parenthesis “(“or *)” is used to indicate that an endpoint does not
belong to the interval, and the bracket “[ “or “]” is used to indicate that an
endpoint does belong to the interval.

Example 1.5 Given the sets A= (-2 ,6], B=[-5,3], C =[-1,8)and X =(-10,10)
is the universal set. Find each of the following sets and display it on the number line:

H A @i X-A (i) (AnC) (ivv (B-ANC
Solutions:

() A =(-10,—2] U (6,10)

_?g—o_lo_

—10 —2 6 10
(i) X —A=(=10,-2] U (6,10)
_ Qq—l
—10 -2 6 10
(iii) AnC=[-16] = (AﬁC)'= (—=10,-1) v (6,10)
_@—H
—10 -1 6 10

11



(v) B—-A=][-5-2], (B-ANC=90

Now we shall introduce the symbol oo, called infinity. It is not a number itself. Thus
o & R.

However, it is perceived to be greater than any real number, whereas the symbol
—oo (minus infinity) is perceived to be less than any real number.

Definition 1.12 Let a be any real number. Then the set of real numbers x satisfying
x<a,x<ax>aorx = a,liscalled an infinite interval with endpoint a.

The infinite interval is said to be open or closed according as whether the endpoint a
does or does not belong to the interval.

The four intervals may also be denoted and defined as follows:

(—0,a) ={x:x <a,x €ER}, (—o,a] = {x:x < a,x € R},

(a,0) ={x;:a>x,x € R}and [a,) = {x:a = x,x € R}.

Graphically, the infinite intervals x < a, x < a,x > a and x > a are represented as
follows:

< 9 {fxeRix<a}=(—x,a)
a
< "’ {fxeRix<a}=(—,a]
a
q » {xeR:x>a}=(a )
a
9. » {xeER:x =>a}=[a o)
a

Note that the set of real numbers,R, as an infinite interval can be written as (—oo, o).
By convention, this interval is both open and closed.

Graphically, R can be represented as follows:

R = (—O0,00)

Rational Numbers

A rational number is a real number which can be expressed in the form Swhere p and

g are integers and g # 0. In view of this, any rational number can be represented as a
decimal. Some representations terminate at after a finite number of steps, i.e. all later
terms in the expansion are zero. For example,

= 0.5000---

= 0.2500---

BlRr N

12



But other expansions never terminate, such as

= 0.3333 -

= 1.14285714257 ---

N wlk

In the expansion of § 3 is repeated after the decimal point and in g 142857 is
repeating after the decimal point. This is always true for rational numbers.

Now it is awkward to express non terminating decimals such as % and g in the form
given above. To remove this ambiguity, we place a bar over the set of numbers which

is to be repeated indefinitely. In this notation we write, for example,
0.50
0.250

1 _03
3
% — 1142857

NOTE: Every repeating decimal expansion is a rational number.

Example 1.6 Show that each of the following numbers is a rational number:

(a) 3.3 (b) 2512 (c) 0.29432

Solution: (a) Let a = 3.3. Multiplying by 10 both sides we have
10a =333
—10a—a=333-33

=9a=30 :az%

- 30
3.3=— which is a rational number.

(b) Let p= 2512, Multiplying both sides by 100, yields
100p = 251212
—100p— p =251212—25.12

= 99p =2487 = p:@
99
2512 = @ = @ , Which is a rational number.
99 33

(c) Let t = 0.29432 . Multiplying both sides by 100, yields
100t = 29.432 0

13
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Multiplying both sides of (1) by 10000, yields

10000t = 29432.432

— 100000t —100t = 29432.432 — 29.432
29403 3267 1089
99900 11100 3700

= 99900t = 29403 =t , Which is a rational

number.

Irrational Numbers

An irrational number cannot be expressed as a ratio of two integers.

P

For example, \/E is an irrational number and it cannot be express in the form —, p,q € Z

and q=#0.
To prove this we shall require the following preliminary result:

Theorem 1.1.1 If a®is divisible by 2, then a is also divisible by 2.

Proof: Every integer a can be written in one of the forms

2n
a= , Where n is an integer.
2n+1

4n?
4n® +4n+1

Since a” is divisible by 2, a° = 4n? | since 4n* +4n +1is not a multiple of 2 for
all ne Z. This means that a = 2n, which is divisible by 2. Hence the theorem.

Hence, a’ :{

Theorem 1.1.2 \/E is not a rational number.

Proof: We shall prove this by contradiction. Suppose that 2 is a rational number. Then it

can be expressed in the form P , Where p,q € Z , q # 0 such that p and q have no

2

P

common factor. Now, if v/2 = E, then 2=-— or p? =2q*. Thus, p? is divisible

q
by 2. From theorem 1.1.1 it follows that p is also divisible by 2, i.e. p = 2r, where r

is an integer. When we replace p = 2r in p® = 2¢° we have 4r% = 2¢2 or
q? = 2r2. Hence q? is divisible by 2 =¢ is also divisible by 2. This means
that p and g have common factor 2, contrary to our assumption. Therefore,

V2 cannot be expressed as a ratio of two integers, implying that it is not a rational

number. Therefore it is an irrational number.

Other examples of irrational numbers are \/§ T, €, \/E etc.

Irrational numbers are also real numbers. For example, \/E is a real number and has a

14
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specific position on the number line.

N .

-1 0 1 V2 2.

A
v

By construction above, 2 lies on the number line. Hence ~/2 € R.
In general, every irrational number is also a real number.

Note that irrational numbers are non - repeating, non - terminating decimals.

Complex Numbers

Some problems cannot be solved using real numbers alone. For example, we cannot find a
real number x such that x? = —1. To handle such problems, the new symbol i had to be
introduced with the property i = v—1 or i? = —1. i is called an imaginary number.

For an example to solve the quadratic equation x? — 2x + 2 = 0, we need to use the
imaginary number i = +/—1. Note that by using the quadratic formula,

‘= ~b+VbZ-dac _ —(-2)+/(-2)2-4(1)(2)

2a 2(1)
_24+/4-8 _ 24v/-4 2+ /ax(-1) _ 242V-1 _ 2(1+V-1)
2 2 2 2 2

=1+1i,sincei =+v-1.
Thus, the equation x2 — 2x + 2 = 0 has two solutions which in this case are complex

numbers 1 +iand 1 —i.

Definition 1.13 A complex number is an ordered pair (a, b)of real numbers a and b, and is
written a + ib . The number a is called the real part of a + ib, and b is its imaginary part.

Note that a complex number at the point (a, b) is the vector sum of the two numbers a and bj.

Usually a complex number is denoted by the letter z. Thus, z = a + ib.

‘r imaginary axis
) z=a+ib
i (a,b)
b
0 a > 7 real axis

As opposed to a real number which lies on the real line, a complex number lies on the
Cartesian plane.

Definition 1.14 The arithmetic operations on complex numbers are defined as follows:

(@) Two complex numbers z; = a + ib and z, = c + id are equal if and only if a = c and
b=d.

(b) Addition: By vector addition in the diagram,

z1+z;=(a+ib)+(c+id)=(a+c)+i(b+qd)

15



imaginary axis

at z3=(a+c)+i(h+d)

Z1=a+.

b

Z2=C+id

a d—> real axis
(c) Multiplication: Multiplication of two complex numbers is just ordinary algebraic
expansion of brackets, and replacing i?by — 1.
(a+ib) X (c+id) = a(c+id) + ib(c +id)
= ac + iad + ibc + i*bd
= ac + iad + ibc — bd
= (ac — bd) + i(bc + ad).

Example 1.7 Evaluate each of the following:
(@ (4+i)+@B-50)
Solution: (4+i)+ (3 —-50)=(4+3)+ (i —5i) =7 — 4i.
(b) 2+30)—(7+40)
Solution: (2 +3i) — (7 +4i) =2+4+3i—7—4i=2—7+43i—4i = =5 —i.
(c) (2-3i)(2+50)
Solution: (2 — 3i)(2 + 5i) = 2(2 + 5i) — 3i(2 + 5i) = 4 + 10i — 6i — 15i2
=4+ 10i — 6i — 15i2 =4 + 10i — 6i — 15(—1)
=4+ 15+ 10i — 6i = 19 + 4i.

Definition 1.15 The complex numbers a + ib and a — ib are said to be conjugates of each

other. The conjugate of a complex number z is denoted by Z. i.e. if z = a + ib then

Z=a—1ib.

Note that zZ = (a + ib)(a — ib) = a(a — ib) + ib(a — ib) = a? — abi + abi — i%h?
=a? — (—1)b? = a? + b2.

i.e.zz = (a+ib)(a—ib) = a? + b? = zz.

Example 1.8 The conjugate of —3 + 7i is —3 — 7i and the conjugate of —3 — 7i is
—3+47iand (=3 + 7i)(=3—=7i) = (=3)? + (7)2 =9+ 49 = 58

I . . a+
Definition 1.16 To divide a complex humber a + ib by ¢ + id i.e. to evaluate c we

i
+id '’

multiply both the numerator and the denominator by the conjugate ¢ — id and obtain

16



a+ibxc—id _(ac+bd)+(bc—ad)i ac+hd +ibc—ad
c+id c—id c®+d? c’+d?  c*+d?

Example 1.9 Express the given complex numbers in the form a + id, where a, b € Q.

@ 4+7i (0) —4+2i © 6—i
5-i —6->5i 2i
. 4471 4470  5+i  4(5+i)+7i(5+i)  20+4i+35i—7
Solutions: (a) — = - X — = , , =
5—i 5-i 5+i (5-0)(5+i) 52412
13+39i 13+439i 13 _ 39, 3,
= = =—+—i==-+-I.
2541 26 26 26 2 2
o) —442i _ -4+2i  —6+5i _ —4(—6+50)+2i(—6+5i) _ 24—20i—12i—10
—6-5i —6-5i —6+5i  (=6-5i)(=6+5i)  (—6)2+52
_14-32i _ 14-32i _ 14 321’
T 36425 61 61 61
© 6-1__ 6-i . 0-2i _ 6(0—2i)—i(0—2i) _ 0-12i+0-2 _ —-2-12i
21 0+2i 0-2i  (0+2i)(0-2i) 02422 4
2 12, 1 .
= —-——=j{=-—=-=23i.
4 4 2

Surds and Manipulation of Surds

A surd is a number that cannot be simplified to remove a square root or cube root etc. Surds

are used to write numbers exactly. For example, v2,/3 + 4,4/11 are exact the way they are
and cannot be simplified. Surds cannot be expressed exactly as decimal fractions because they

give never-ending, non repeating decimal fractions, for example, v2 = 1.414213562 - .

However, we can manipulate surds using the following rules:

1. Vab =+Vax+b
2 ﬁ:ﬁ
b=

Note: +/a x+/a = a, since (Va)” = a.

Example 1.10 Simplify:

72
V28 2 g 3. 5V6 — 2v24 +/294.
Solutions:

1_\/§=\/4x =4 X7 =2 x\7 =2/7.

Note: V4 = 2 and not =2 i.e. V4 # +2.

The square root of a positive real number is positive.
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» \/Z_z _ \/32><2 _ \/3_62><\/§ _ 6\2/5 _ 3\/7.

3. 5v6 — 2v24 + V294 = 56 — 24/4 X 6 + V49 x 6 = 5v6 — 2(2V6) + 7V/6

= 5vV6 — 46 + 76 = 8/6.
Example 1.11 Evaluate:

1L (2Vv7)(3V7) 2. (V5++v2)? 3. (23 -+5)(2V3 +2V5)
4. (2v5 - 3v2)(2V5 + 3V2)

Solutions:

1. (2v7)(3V7) =2x3x (V7)) =2x3x 7 = 42,
1 (5+V2D)?=(V5) +2VBVZ + (V2) = 5+ 2VT0 + 2 = 7 + 2V70.
2. (2v/3-+5)(2V3 + 2v5) = 2v3(2v3 + 2V5) — V5(2v3 + 2V5)
= 4(V3)" + 4V3V5 — 25V3 + 2(v5)°
=12+ 4V15 - 2V15 + 10
= 22 + 2V/15.

Rationalization of the Denominator of a Fraction involving Surds

To rationalize the denominator of a fraction involving surds is to make the denominator free

of the root sign.

The rules to rationalize the denominator are as follows:

. 1 i .
1. Fractions in the form of —— , multiply the numerator and the denominator by v/a so that

Ja

. a
the fraction become —.
a

L 1
2. Fractions in the form NEANE
conjugate va — v/b of the denominator. Thus

multiply the numerator and the denominator by the

1 1 Va—vb _  VJa—b _ VJa—b

Varb  yarib  Na—b (Va)’-(vb)?  a-b

Example 1.12 Rationalize the denominator of each of the following:

3 , 1++/2 , J3-2

1. ——

52 T 12 T B-2f5

18



Solutions:

1 3 3y 5v2 _ 3Ws-J2) (3J— \F _5-3

© 5id2 52z (ﬁ)z_(ﬁ) '
Note that in the form pv/5 + qv/2 where p and g are integers,

3
J5+42 3\/__ V2

1+2 142 142 (1+V2)+2(14V2) _ 14/2+/242 _ 3+2V2

2 1-J2 127 1+2 12_(\/5)2 - 12 -1
=—(3+2v2)=-3-2v2,
s ¥8-2 _ V3-2 3425 _ VA(/3+2/5)2(/3+25)
" B-25 J3-2/5 V325 (3)"-(2V5)°
_ (V3) +2v3V5-2v3-45 _ 3+2V15-23-4V5
3-4(5) -17 '

Modulus or (Absolute Value) of a Number

The modulus (or absolute value) of a number k, written |k| is defined by

Kif k>0
|M={—kﬁk<0

For example, |3 =3,|-3=—(-3)=3,|0[=0
The modulus (absolute value) of a number can be interpreted as the distance of between the
number and zero on the number line. For example, |6| =6 because the distance between 6

and 0 is 6 units. Also |-10| =10 because the distance between —10and 0 is 10 units.

Binary Operations

The term ‘binary’ emanates from the fact that the operation acts on two elements. The usual
operations of arithmetic +, — and x are some of the examples of binary operations because
when we choose any two numbers, each operation will generate a third number.

Other examples of binary operations are the set union and intersection, A U B = C and
ANB=D.

We shall use the symbol * to represent a generic binary operation.
Definition 1.17 Let S = {a, b, ¢, --- } be any set. The operation * is a binary operation on S if
and only if to every ordered pair (a, b), where a, b € S, there is assigned unique element

a * b € §. We indicate this assignment using the notation (a, b) — a * b.

Example 1.13 Let the binary operation * be defined on the set R as
a*b=a+b+2ab.
Find (@) 2+5 (b) =5%*3

Solutions:
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@) 2%x5=2+5+2(2)(5) =7 +20 = 27.
(b) =53 = =543 +2(=5)(3) = —2 — 30 = —32.

The following are the delicate points we need to observe in the definition of binary
operation:

1. The order of a and b may be important, for (a, b) is an ordered pair and it may
happen that a * b # b * a. For example, if A and B are matrices, then
AXB # B X A.

2. Fora,b € S the operation * must be defined for every pair (a, b).

3. The output a * b must be an element of S.
Why is the operation =+ not a binary operation on Z.

Definition 1.18 The binary operation = on a set is called commutative if and only if for
every ordered pair (a, b) of elementsinSa xb = b * a.

Example 1.14 Let S be the set of real numbers, R. Then the binary operations + and x
are commutative on R, since for every a,b € S
a+b=b+aandaxb=>bxXa,
but the operation - is not commutative, since real numbers e.g. 7,5 € R,
7—-5#5-7.

Exercise 1.2.1 Are set union and intersection commutative?

Definition 1.19 The binary operation = on a set S is associative if and only if for every
triple a,b,c € S
ax(bxc)=(ax*xb)*c.
Example 1.15 (a). Addition and multiplication are associative binary operations on R.
(b) Subtraction is not associative on R, since for example,
12-(8-2)=6%(12-8)—-2=2.
(c) Division is not associative on R, since, for example,
24 +(6+2)=8+(24+6)+2=2
Example: 1.16 The binary operation * on R is defined by
a*b=(a—b)?— ab.
(a) Determine whether the operation * is commutative.
(b) Evaluate (i) (—1*3)*2 (ii) —1 * (3 x 2)

Hence, state whether the binary operation * is associative or not.

20



Solution:
(@ axb=(a—-b)>—ab=(-b+a)*—ba=[-(b—a)]>—ba
=(b—-a)—ba=bx*a
Hence, the operation * as defined is commutative.

(b) (i) (-1+3) x2 = [((-1) = 3)" = (-D(3)] + 2
= [(—4)2 +3] %2
=[16+3]*2=19%2= (19— 2)2 — (19)(2)
= (17)%? — (19)(2) = 289 — 38 = 251

(i) =1+ (3%2) = -1+[3-2)* —3(2)] = -1%[1?> - 6] = =1 (-5)

=(-1-(-5)2 - (-1)(-5)=(-14+52-5=16—5
=11#251=(—1%3)*2

Therefore the operation * is not associative.

Exercise 1.2.2 (2) Let * be a binary operation on the set of integers Z defined by
ax*b=a+b—ab.
Is the operation * is associative on Z?

(b) Evaluate (i) (=3 *2) x5 (i) =3 % (2% 5)

Definition 1.20 A binary operation * on a set S has an identity element, denoted by e, if
and only if e is an element of S, and for all elements a of S,
a*xe=a=exaq.
For example, the identity element for + on a set of real numbers is 0, since
a+0=a=0+aq,
and the identity element for x on a set of real numbers is 1, since
aXl=a=1Xa.
Definition 1.21 If # is a binary operation on S which has an identity element e, and if a
is any given element of S, then the element, denoted by a1, of S is called the inverse of

aif and only if

1 1

axa - =e=a " *a.
For example, the additive inverse of any real number ais - a , since
a+(—a)=0=—-a+a.
.. . . .1 .
The multiplicative inverse of any real number a is -, since

1 1
axX-=1==Xa.
a a

NOTE: For an operation = on a set S, the inverse a™* of a in S in not necessarily %
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10.

11.

Rewrite each interval in set builder form:

(8) A= (=10,10] (b)B =[49] (c)C =(=1,5) (d)[0,—2).

Let R be the universal setand A = (—1,6], B = (0,4), C = {x:x = 4,x € R} be
its subsets. Illustrate each set on the same number line. Hence, find each of the
following sets:

(@ A-C ) B'nC) (c) (C-ANB.

Express the each of the following numbers as a fraction in the form P , Where p

and g are integers and g = 0, in its lowest terms:

(@) 4.3 (b) —0.255  (c) 12.3411.
Prove that each of the following is an irrational number:

(@) 3 () V2 — 1.
Simplify each of the following:

(@) 2V27 — 3v48 + /75 (b)\/%—\/ﬁ—zm(c)%.

Rationalize the denominator of each of the following:

V2-1 V3-2 2++2
(@) 12 (b) 31 (c) m

Simplify each of the following, giving your answer in the form a + bi , where
a,beR:

2
© L2

@@2-3D)—-1+2) (b)33- i)2 -
2+1

Giventhat z, =8+2i,z, =2+1, z; =3+1, find the answer to each of the
following in the form a +bi, where a,b eR:

Z1Z; Z1-Z; (z1—223)?
@ z3 (b)Z1+Zs © (32z2)2

Express z = V4 + 3i in the form of p+qi, where p,q eR.

State whether each of the following operation is a binary operation on Z, the set of
integers:

(@ a*b=a—-2b()axb=+va+b (c)a*xb=(a—b)?>(d)ax*b=a?— b2
Let = be a binary operation on the set of real numbers and a, b, c be real numbers.
Given that the operation is defined by a * b = (a — b)? — 3ab.

() Does the operation posses the commutative and/or associative?

(b) For this binary operation calculate (i) —2 * (3 * 4) (ii) (—4 * 3) * 2.
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12. The binary operation = is defined on the set of real numbers by
a*b=3(a—b)>

Show that the binary operation is commutative.
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FUNCTIONS

Relations

Definition 2.1.1 Let A and B be two sets. Then the product (or Cartesian) product of A
and B, written A X B and read “A cross B”, is the set of all ordered pairs (a, b) such that
ac€Aand b eB.ie.

AX B ={(a,b):a €A,b € B}

Example 2.1.1 Let A = {1,2} and B = {a, b, c}. Then
AxB={(1,a),(1,b),(1,¢c),(2,a),(2,b),(2,¢)}.
Bx 4 ={(a,1),(a,2),(b1),(b2),(c1),(c2)}
AxA=A%={(11),(12),(21),(22)}

NOTE: R? = R X R is the set of ordered pairs of real numbers.

Definition 2.1.2 Let A and B be two sets. Then a binary relation or, simply a relation
from A to B is a subset of A x B.i.e. Ris arelation from A to B if it is the set
of all ordered pairs (a, b) suchthata € Aand b € B. i.e.

R={(a,b):a € A, b € B}
When (a, b) € R we say a is R-related to b and we write aRb.
Example 2.1.2 Let A = {1,2,3}and B = {x,y,z}and let R = {(1,y), (1, 2), (3,y)}.
Then R is a relation from A to B since

RS AXB = {(1' X), (1' }’); (1' Z), (2' X), (2' }’)' (2' Z)' (3' .X'), (3' }’), (3' Z)}

The set of all the first components of the ordered pairs is called the domain of the
relation and the set of all the second components of the ordered pairs is called the range
of the relation.

The domain of R in example 2.2.2 is {1,3} and the range is {y, z}.
NOTE: The domain of R is a subset of A and the range of R is the subset of B.
Relations can be defined by an equation or a rule or a table or an arrow diagram.

Example 2.1.3 Let the relation R: A — B be defined by
R ={(1,3),(2,6),(3,9),(4,12)}.
Then R can be defined by y = 3x where x € A = {1,2,3,4}and y € B = {3,6,9,12}.

It can also be defined using an arrow diagram

A R B
1 3

2 »6

3 >

4 12




The relation can also be defined using the Cartesian coordinate system.
Ya
12] * (4,12)
9. *(3,9)

6. * (2,6)

37 *(1,3)

] ] 1 ] > X

G 1 2 3 4

The domain of R is the set {1,2,3,4} and its range is {3,6,9,12}.

Example 2.1.4 Find the domain and range of each relation whose defining rule and
graph is given below:

2 2

y _x_ _y?_
(@ T 1 (b) x=y*-3

v

v

S
\

N

Solution: (a) The domain of R is R and the range is (—oo, —4] U [4, )

(b) The domain of R is [—3, o) and the range is R.
Functions
Definition 2.1.3 Let X and Y be two sets. Then a function f from X into Y is a rule that
assigns each element x € X to unique (one and only one) element y € Y. The notation
for the function is f: X — Y. This is read as f maps X into Y.

Example 2.5 Let X = {a, b, ¢c,d}and B = {w, x, y, z}. Then the relation defined by the
arrow diagram

(b)
X Y
‘\‘v |
is a function since each is not a function since there is
element in X is related to an element b in X which is related
only one element in Y to more than one elementin Y.



(© (d)

.‘4 |

is a function since each is not a function since there is
element in X is related to an element ¢ in X which is not related
only one element in Y to any elementin Y.

is a function since each
element in X is related to
only one element in Y.

For the function f the unique element y € Y related to x € X is called the image of x and
it is written f(x). The set of images is called the range of (or image) of f and is denoted
by Ran(f) (or Im(f)). The domain of f is X. The elements of the domain corresponding to
the images are called the pre-images. If X and Y are sets of real numbers, f(x) € R and

is the value of the function f at x.

NOTE: 1. To every function f: X — Y there corresponds the relation {(x, f (x)): x € X}
inAxBie {(x f(x)):x€X}cAxB.

2. f:X - Y isafunction if each x € X appears as the first coordinate in exactly
one ordered pair (x,y) inf.

3. The range of f is denoted by f(X) and is equal to f(X) = {f(x): x € X}.

Example 2.1.6 Let f: R — R be a function which relates to each real number its square.
1. This function can be presented as an equation as: For each € R, f(x) = x?2 . i.e.

{(x,x?):x € R}. It is said to be a real valued function.

2. The function f(x) = x? can also be represented as a graph as follows:



3. The domain of the function is R and its range is f(R) = {x?:x € R}.

Definition 2.1.4 A function f: X — Y is said to be one-to-one (or one-one or 1-1) if
each element in X corresponds to a distinct image in Y. i.e. f is one-to-one if

f(x1) = f(xz) = x1 = xs.
Example 2.7 (a) The function f: X — Y defined by an arrow diagram shown below is
one-one since there is a one to one correspondence between elements of set X and those

of set Y.
X Y

(b) The function f: [0, 00) — [0, o) defined by f(x) = v/x is one-one.

yA

o,

Example 2.1.8 Prove that the function f: R — R defined by f(x) = +/x is one to-to-
one.

Proof: Let x;,x, € R. We need to show that f(x;) = f(x;) = x; = x,.

Now,

f(x1) = f(x2) = Vx1 = /x5

Squaring both sides we have
Wx)? = (x2)? = x = x,.

Hence, the function as defined is one-to-one.



Example 2.1.9 Prove that the function f: R — R defined by f(x) = x?

is not one-to-one.

Proof: Let x;,x, € R. Then

flr) = fx2) = (x1)* = (12)* = x1 = £/ (x2)? = .
ie. x; = +x, and x; = —x, = two different element in the domain are
mapped to the same element in the range. Hence the function is not one-to-

one.

Definition 2.1.5 A function f: X — Y is said to be many to one if there are at least two
distinct elements x, x, € X such that f (x;) = f(x;).

For example,

is a many to one function.

Definition 2.1.6 A function f: X — Y is said to be onto if every y € Y is the image of
some x € X, i.e. if y € Y = there exists x € X for which f(x) = y.

Note that if f is onto, then f(X) =Y.

Example 2.1.10 The following functions as defined are onto functions:
(@) (b)

is an onto function since is an onto function since
each elementin Y isrelatedto  each elementinY is related to
some element in X or f(X) =Y. some elementin Xor f(X) =Y.
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But the function defined below is not onto since there is an element in z € Y which is
not related to any of the elements in X.

Inverse functions

The inverse of the function f: X — Y is the function which maps the elements of Y into
the elements of X and it is denoted by f~1:Y — X, as shown in the arrow diagram
below:

X Y

= f(x)
f—l
ie.ifxeX theny=f(x) €Y, andfory ey, f1(y) = f1(f(x)) =x € X.

NOTE: 1. A function f has an inverse function £~ if and only if it is one-to-one and
onto, and
2. The domain of the inverse function f~1 is the range of f and the range of
f~1is the domain of f.

To find the inverse of a given function y = f(x), interchange x and y so that x = f(y),
and change the subject of the formula back to y and obtain y = f~1(x).

Example 2.1.11 Find the inverse of the function

2— 2
fO) =1 x#—7
3x+2 3
2—x . ; 2=y
Solution: Lety = ey Then interchange x and y to obtain x = 3y42

Make y the subject of the formula:
xBy+2)=2-y
3xy+2x=2-y
3xy+y=2-2x
y(Bx+1)=2-2x

_2-2x
y _-3x+1 o )
-1 e X
Therefore, X) = X += —-.
f ( ) 3x+1’ 3



NOTE: The domain of the inverse function f~1of f in Example 2.11 is
Df-1 = {x ER:x # —%}
Composite functions

Definition 2.7 Consider functions f: X — Y and g: Y — Z i.e. where the range of the
of f is the domain of g. Pictorially is shown below:
f g
X->Y—>Z,
or X Y z

gef
Let x € X. Then the image of x under fis f(x) € Y (the domain of g). Accordingly, we

can find the image of f(x) under g, which is g(f(x)) € Z. Thus the rule which assigns
each element x in X an element g(f(x)) in Z is called the composition function of f and
g, and it is denoted by go f . Briefly, go f : X — Z and it is defined by

(ge F)(x) =gl f(x)]
The function f o g is defined by

(fo9)(x) = flg(x)]
Example 2.1.12 Let the function f be defined by f (X) =3x—5 and the function g by

g(x) = x* Find (a) (g° f)(X) (b) (g° F)(-2) (c)(fog)(X) (d) (f-0)(-2).
Solutions:

@ (gof)(x) = glf(x)] = g(3x —5) = (3x — 5)*

(b) (gof)(=2) = (3(=2) —5)% = (—11)? =121

© (fog)(x) = flgx)] = f(x*) =3(x*) =5=3x* -5

(d) (fog)(=2) =3(-2)>-5=12-5=7

Note that (g o f)(x) = (f o g)(x) i.e. the composition of function is not commutative.

Exercise Let f(x) =3Xx—4. Show that
@ (fof () =x
(b) (f o f)(x)=x

In general for all functions f, (f o f )(X) = x =(f "o f)(X) = x.



The composition of functions can be extended to a composite of more than two

functions.
For example, if f:W — X, g: X ->Yand h:Y — Z  then ho(go f)is defined
by
he(go f)(x)=h{g[f(x)]}.
Example 2.1.13 Let the function f be defined by f (X) =5—3Xx, the function g by
g(x) =x+ 2and h by h(x) = 2x2. Find (a) [ho(ge f)](X) (b) [(heg)o F](X).
Solutions:
@ (gof)(x) =glf(x)]=0G-3x)+2=7—-3x
[ho(go)](x) = h[(gof)(x)] = h(7 — 3x) = 2(7 — 3x)?
(b) (hog)(x) = h[g(x)] = h(x +2) = 2(x + 2)?
[(hog)of](x) = (hog)[f (x)] = (hog)[5 — 3x] = [2(5 — 3x + 2)?]
= 2(7 — 3x)2.
Note that ho (go f)(X) =[(hog)o f](X).

Domain of a composite function

Example 2.1.14 Let f(x) = XT_E; and g(x) =x+ S. Find the domain of the
following composite functions:

(i) fog (i) gof.

Solution: (i)
X—4
X—4 (X+ X—1j_3
(fog)(X)=f[g(X)]=f(X+X_1j= X —4
X+ﬁ

X —x+x-4-3(x-1)
- X2 —X+Xx—4
_x?-3x-1

o XP-4

_ XP—4x+2

T (x+2)(x-2)

Now, fog is not defined at x =—2, x=2and g(x) is not defined at x =1.
This means that the domain of fog is {x € R:x # —2,1,2}.

).
@ (@of )00 =l 01 =g X 2= X2

e



X—3 X Xx-3 3x+3
X X—3-X X 3
X
_ x%42x-3
o X

Now, gof is not defined at x =0, and f(x) is also not defined at x = 0.
Therefore, the domain of gof is {x € R:x # 0}.

Definition 2.1.8 A peicewise function is a function defined by at least two equations
each of which applies to a different part of the domain.

Piecewise defined functions can take on a variety of forms. Their pieces may be all
linear or a combination of functional forms (such as constant, linear, quadratic, cubic,
square roots, cube roots etc.).

Example 2.1.15 For each of the following functions sketch and find
@ f(=1) (b) £(0) (c) f£(3) (d) its domain and range:

x+2, x<-1
1.f(x)={1, —-1<x<1
x?, x=>1

0, 5<x<-2
2. f(x)={—x2+4, —2<x<1
—x+3, 2<x<5

Solution: 1. y

/@+

//'é—‘l of 1 2 x

y=x+2

@ f(-D=-1+2=1 O fO=1 @©f@=>?*=9
(d) Domain of f = R, Range of f = R.

@ f(-1)=—-(-1D%?+4=-1+4=3
(b) F(O)=—-(0)2+4=0+4=4

9



() fB3)=-3+3=0
(d) Domain of f = (—o0,1] U (2, ), Range of f = (—oo, 4].

Definition 2.1.9 Let f: X — Y be a function. Then f is said to be an even function if for
eachx € X, f(—x) = f(x).

Example 2.1.16 Show that the function f (x) =3x* —4x" is even.

Solution: f (—x) =3(—x)* —4(-x)* =3x* —4x* = f(X) . Since f(—x) = f (x),
f is an even function.

Definition 2.1.10 Let f: X — Y be a function. Then f is said to be an odd function if for
eachx € X, f(—x) = —f(x).
Example 2.1.17 Show that the function f(x) = 6x3 — 5x is odd.

Solution: f(—x) = 6(—x)3 — 5(—x) = —6x3 + 5x = —(6x3 — 5x) = —f(x). Since
f(—x) = —f(x), fis an odd function.

However, a function which is not even may not necessarily be odd and a function which
is not odd may not necessarily be even. Some functions are neither even nor odd.

Example 2.18 Determine whether the function f(x) = x3 — 7x?2 is even or odd or
neither even nor odd.

Solution: f(—x) = (—x)3 — 7(—x)? = —x3 + 7x? = —(x3 — 7x?) = —f(x) or f(x).
Therefore, f is neither even nor odd.
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TUTORIAL SHEET 3

1.

(©)

Which of the following sets of ordered pairs represent a functions:

@{(1,49),34),(73)} b{(12),(13),23)} (©{(43)47), G4}

(d) {(1,2),(2,3),(34)}

State whether or not each of the diagrams defines a function from A = {a, b, c}

into B = {x,y,z}.

@i A B @i A B (ii)) A B
Ve 4’

) () (3

Let X = {1,2,3,4}and Y = {1,2,3,4}. lllustrate each of the following in an arrow
diagram and state whether or not each relation from X into Y is a function:

@ f = {(2,3), (14, (2,1),(3,2), (44} (b) g = {(3,1),(4,2),(1,1)}
h={(2,1),(34),(1,4),(21), (44)}.

Verify that the two given functions are inverses of each other.

(@) f(x)=5x—9, and g(x):XTJr9
() f(x)=x>+1 and g(x)=%¥x-1

© f(x):i1 for x>1 and g(x) = for x>0.
X— X

Let f and g be two functions. Find (f o g)(x) and (g o f)(X). Also specify the
domain for each.

(@ f(x)=3x+4,g(x)=x>+1 (b) f(x)=2x>-x-1,g(x)=x+4
© T00=Vx-2.900=3-1 @ FX-—"-900->.
If £(x)=+/%, g(x)=3x—1,find (f og)(4) and (go f)(4).

For each given function, find f ~and verify that (f o f )(x) = x and

(f 1o f)(X) =x: (a)f(x):iforx>1 (b)f(x):l_—x
x—1 X

If f(x)=2x+3 and g(x)=3x-5, find
@ (fo9)"(x) (b) (fFog™)(x) (© (g7 o9 )(X).
2 for x<0

Let the function be defined by f(x) =< x* +1 for 0< x <4 .
-1 for X>4

11



10.

11.

Compute f(3), f(6) and f(—3) and sketch the graph of the function.

Determine which of the following function are even or odd or neither even nor
@) f(x) =4x—7x3 (b) f(x) =3+ 5x —x2(c) f(x) = 5x% — 2x*

Prove that each of the following functions is one — to — one:

x+2

@f)=3-4x (@) f(x) ==~

12

odd.



2.2

Linear and Quadratic Functions

Linear Functions

Definition 2.2.1 A function is of the form
f(x)=ax+b

where a and b are constants is called a linear function.

The graph of a linear function is simply a straight line.

I

y=ax+b

b

»
»

0 X

In the Cartesian plane, the constant a is the gradient or slope of the straight line and b is
the y- intercept.

Quadratic Function

Definition 2.2.2 A quadratic function is of the form
f(x) =ax® +bx+c,
where a, b and ¢ are constants and a # 0.

Note that when & =0, the function becomes a linear function.

A quadratic function can also be expressed in the form

f(x)=a(x+p)* +q,
where a, p and g are constants. This is done by completing the square.
Example 2.2.1 f(x) =ax’ +bx+c
b C
= a[x2 +—X+ g} , by factoring out the coefficient of X°.

a
Dividing the coefficient of x by 2 and squaring the result we write the expression in the

f(x)= a{x2 +Ex+(£j2 —(1)2 +E}
a 2a 2a a

b b\’ b\’
Now the expression X2+ =X+ (—j = (x + —j , is a perfect square. Therefore
a 2a 2a

f(x) =a{(x+£j2 —b—22+£}
2a 4a° a

form

13



[ b T 4ac —h?
=al| x+— | +
2a 4a’®

( b)z 4ac —b?
=a x+— | + )
2a 4a

b _h?
inwhich p=—and q = 4ac —b :
2a 4a

Example 2.2.2 Complete the square of each of the quadratic functions:

(a) f(x)=2x2—4x+5=2[x2—2x+§]=2[x2_2x+(_1)2_(_1)2+§]
=2[x2—2x+1—1+%]=2[(x—1)2_1+;]:2[(,(_1)2_'_%]
=2(x-1)°+3

2 2

R O e

Graph of a Quadratic Function

We consider an arbitrary function

2 _h2
f(x):ax2+bx+c:a[x+£j L aac b
2a 4a

(a) If a> 0, the graph of the quadratic function opens upward and has a minimum turning

oint —E 4ac b’
P 2a’ '

4a

(b) If @ <0, the graph of the quadratic function opens downward and has a maximum

turning point —E 4ac b’
ap 2a’ 4a )

14



/0

b2
Note that in both cases, the turning point is given by (— _a’—aj and they -

intercept is c.

b

The equation of the line of symmetry of the graph of a quadratic function is x = — 2a

If the graph of the quadratic function cuts the x — axis, the x - intercepts are found by
solving the quadratic equation f(X) =0 i.e.

( bjz 4ac —h?
ax+2— +——=0.

a 4a
( bjz b? — 4ac
Thus, ax+—| =——
2a 4a
( b]z b? — 4ac
= X+—| =
2a 432
b b? —4ac
= X+— =+
2a 4a*
X__£+\/b2—4ac_—bi\/b2—4ac
2a 2a 2a '

This is the quadratic formula used in finding the solutions or roots of a quadratic

equation
ax?+bx +c=0.
_ _ ~b++/b®—4ac _ —~b-+/b? —4ac
One x - intercept is X = and the other is X = :

2a 2a

Example 2.2.3 Complete the square of each of the following quadratic functions. Hence
sketch its graph indicating the turning point and the intercepts, and write down the
equation of its line of symmetry.

1. f(x)=2x*+x-10 2. f(x) = 3 + 5x2 — 2x2.

15



Solutions:

2 2
1. f(x):2x2+x—10=2[x2+lx—5j=2 x2+lx+[1j _[lj _5
2 2 4 4

=2f(x+ 4 ~55-5)= (x4 - )= 2x+ 2 -

16 T 16

Since a > 0, the function has a minimum turning point and it occurs at point (—%—%1)

The x-intercepts are

s V12 — 4(2)(-10) oy ~1- 1% - 4(2)(-10)

2(2) and = 2(2)
. _1+4/81 _1-.81
l.€. X=—and X=———
4 4
i.e. X:§:2 and X:__lO:__S'
4 4 2

The y — intercept is the term independent of x in the quadratic equation, which in this case
is —10.

1 81
The minimum value of the function is f (— Zj = _E and the line of symmetry is

X=—1.
2. f(x)=3+5x—2x%=-2 (xz—Ex—E) = —2(x2—§x+(—5)2—(—5)2_3>

=23 -5 2)= 2l - 1g)= 21

The x-intercepts are

y = —5+5" -4(-2)(3) i x o —5-12 —4(-2)(3)

2(-2) e 2(-2)

16



dx=

—5++/49 —5-/49
x:—4 an —_—

. 2 1 -12
i.e. X=—=—— and X=—=3.
4 2 4

Since @ <0, the function has a maximum turning point and it occurs at (%%)

The y — intercept is 3.

/

y =3+5x-2x°

5) 49
The maximum value of the function is f(zj = ) and the line of symmetry is
X=2.
Applications of Quadratic Functions.

One method of solving a maximum or minimum problems which can be
transformed into a quadratic function is the use of completion of the square.

Example 2.2.4. If the selling price x of an item is related to the profit P by the

equation
P =1000x — 25x>

Determine the value of x that would yield maximum profit and state the maximum
profit.

Solution: To find the value of x that that would yield maximum profit we have to use
the method of completing the square.

P =1000x — 25x® = —25(x? — 40x)
— —25(x? — 40X + (20)? — (-20)?)
= —25(x? — 40 + (~20)* — 400)

= —25((x — 20)? — 400)

= —25(x — 20)? +10000

The maximum profit is attained when X = 20 and the maximum profit is10000 .

17



2.3

2. A farmer wishes to enclose a rectangular lot of maximum area with a fence 400 m
long. Find the dimensions of the rectangle and state its maximum area.

Solution: Suppose the length of the rectangle is x and the width is y. Then the
perimeter of the rectangle is

2X+2y =400
= X+y=200 = y=200-x
The area of the rectangle is

A=xy
= A = x(200 — X) = 200x — x*

This is a quadratic function
A(X) = 200x — x*
= —(x* —200x)
=—(x* —200x + (—100)* — (-100)?)
= —((x—100)* —10000)
=—(x—100)? +10000

This means that the maximum area of the rectangle is attained at X =100 .
Therefore, the dimensions of the rectangle are length =100 m and width =100 m

and hence, the maximum area is 10000m? .

Polynomail Functions

Let n be a nonnegative integer and let a,, a,, a,, ---, &, be real numbers with a, # 0, then
the function defined by

p(x) =a, X" +a, X" +---+a,x* +ax+a,
is called a polynomial function of degree n (or simply a polynomial). The numbers

a,, a,, a,, ---, a, are called the coefficients and a, the leading coefficient of the function p.

We have already encountered some special polynomials like the linear function
p(X) = a,X + a,, the quadratic function p(x) = a,X* +a,X +a,. The constant function is

defined by p(X) = a, . A constant function is of the degree 0, a linear function is of degree 1,
and a quadratic function is of degree 2.

Note that no degree is assigned to a zero function p(x) =0.

Polynomials may be added, subtracted, multiplied, or divided. Thus if p and q are
polynomials of degree m and n respectively, then

(i) pxq isa polynomial of degree less than or equal to the maximum of m and n.
(i) p-q isa polynomial of degree m+n.

Example 2.3.1 Let p(x) = x* —=3x* +5and q(x) = x® + 2x* —=x+3. Then

(i) p(x)+q(x) = (x3 -3x% + 5)+ (x3 +2X% =X+ 3)

18



=3 4+x3)+(-3x2+2x3) + (—x)+ (5+3)
=2x® —x* —x+8,
a polynomial of degree 3.
(i) p(x) —q(x) = (x3 = 3x2 +5) — (x3+ 2x?> —x + 3)
=3 —x3) 4+ (-3x2-2x)+ (0x — (—x)) + (5—3)
=-5x*+X+2,
a polynomial of degree 2.
(iii) p(x)-q(x) = (x3 -3x° +5)-(x3 +2x° —x+3)
= x°(6% +2x% — x+3)—3x?(x* +2x% — x+3)+5(x* + 2x* - x+3)
= x® +2x° —x* +3x®> —=3x®> —6x* +3x® —9x* +5x> +10x* —5x+15
= x5+ (2x° — 3x%) + (—x* — 6x*) + (3x3 + 5x3) + (—9x2 + 10x?) + (—5x) + 15
=x% —x®> = 7x* +11x® + x* —5x +15,

a polynomial of degree 6.

The concept of division involving polynomials is quite similar to that of integers. Thus, if p
and h are polynomials, then p is divisible by h if and only if there is a polynomial g such that

P_
no 0
. p(x) _
i.e. W =q(x)
or p(x) = a(x)h(x) .

Example 2.3.2 Let p(x) = x® —3x* +5x—6 and h(x) = x—2 be two polynomials. Then
p is divisible by h if and only if there exist a polynomial q(x) = x> — X+ 3 such that

()

h( q(x)

3 2
X —3X° +5x—-6
ie. =x*-x+3.
X—2
Theorem 2.3.1 If p and h are polynomials and h is of degree greater than zero, then there
exists unique polynomials g and r such that

) T
oo~ 99 oo
or p(x) = q(Oh(X) + r(x),

where r is either a polynomial of degree less than the degree of h or the zero function.

The polynomial p is called the dividend, h is the divisor, q is the quotient, and r is the
remainder.

19



Long Division of Polynomials
Examples 2.3.3
1. Divide 2x* +4x® —5x* +3x—2 by x* +2x—3
2. Divide 12x® —6x* +10 by 2x+1
Solutions: 1. 2x? +1
x> +2x—3 | 2x* +4x® —=5x* +3x -2
—(2x* +4x® —6x?)

X2 +3x—2
—(x*+2x-3)
X+1
Therefore,
2x* +4x® —5x* +3x -2 ) X+1
> =2X" +14+———
X°+2Xx-3 X°+2X-3

The quotient ¢(x) = 2x +1 and the remainder r(x) =X +1.

2. 6x? —6X +3
2x+1 |12x® —6x% +0x +10
—(12x° +6%?)

—12x? +0x

—(~12x* —6X)
6x+10
—(6x+3)
T

Therefore,

3 _py2
12x° —6X +10=6x2—6x+3+
2x+1 2x+1

The quotient ¢(x) = 6x*> —6x + 3 and the remainder r(x) =7

Synthetic Division

There is a shortcut called synthetic division for long division of polynomials when dividing
by divisors of the form X—K . The procedure is given below:

To divide ax® +bx® +cx+d by Xx—k , use the following procedure

k
Add

a b c d
‘ ka kb+k?a kc+k?b+k3a

v v
m d +ck + kb + k®a = remainder
coefficients of quotient g(X) whose degree
is 1 less than that of that of the dividend.
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Vertical pattern: Add terms in columns
Diagonal pattern: Multiply results by k

Hence

q(x) = ax® + (b + ka)x + (c + kb +k?a)
and

r(x)=d+ck +k’b+k’a
Therefore,

3 2 2 3
ax” +bx wl:cx+d :ax2+(b+ka)x+(c+kb+k2a)+d+Ck+kkb+k a
X— X—

Example 2.3.4 Use synthetic division to divide each of the following polynomials:

1. 2x° —3x* +4x+5 by X—2

2. X*+3x°+x* —2x—6 by Xx+3

Solutions: 1.
2 (2 -3 4 5
Add \ 4 2 12
2 1 6 17=r
q(x) =2x*+x+6
r(x) =17
Therefore,
2x® —3x%* +4x+5 _oy? +x+6+£
X—2 X—2
2.
-31 3 1 -2 -6
Add -3 0 -3 15
1 0 1 -5 9=r

Here the quotient is
qgix) =x3+0x>+x—5i.e.
q(x)=x*+x-5
r(x)=9

Therefore,

X" +3x° +x°-2x-6 4 9
=X +X-5+—
X+3 X+3

We have noted that when a polynomial p(X) of degree n is divided by (X—K) then there
exists another polynomial ¢(X) of degree N —1 such that

p() =a()(x=k) +r,

for all x, where r is the remainder.
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Now note that
p(k) =ak)(k-k)+r=r,

which is the remainder. This leads us to the remainder theorem.

Theorem 2.3.2 (Remainder theorem) If the polynomial p(X) is divided by (X —K) then the
remainder is

p(k)=r.
Example 2.3.5 Use the remainder theorem to find the remainder when the polynomial p(Xx)
is divided by (x—K) :
1. 2x° —=3%x* +4x+5 by x—2

2. X*+3x°+x* —2x—6 by Xx+3
Solutions: 1. Let p(x) = 2x® —3x* +4x +5 . Then, by the remainder theorem, the remainder

IS
P(2)=2(2)° -3(2)* +4(2) +5=16-12+8+5=17=r,

2. Let p(x) = x* +3x% +x? —2x—6. Then the remainder is
p(-3) = (-3)* +3(-3)° +(-3)* -2(-3) -6
=81-81+9+6-6=9=r.

When a polynomial p(X) is divided by (X—K) and the remainder is zero, i.e. p(k)=0,
we say that p(X) is divisible by (Xx—K) or (x—K) is a factor of p(X). This leads us to the
Factor theorem:

Theorem 2.3.3 (Factor theorem) If p(X) is a polynomial and k a real number such that
p(k) =0, then (x—K) isa factor of p(X).

Note: If (x—K) isa factor of p(x), then
P(X) = q(x)(x—k)

and the remainder r = 0.

Example 2.3.6 Show that (X —K) is a factor of the given polynomial p(X):
1. p(x)=2x®-x*-4x+3; x-1
2. pO)=x*+2x° —x* —x+2; xX+2

Solutions: 1. Let p(x) = 2x° —x* —4x+3.Then
p(1) = 2(1)° — ()% +4() +3=2-1-4+3=0.
By the factor theorem, (X —1) if a factor of 2x°> —X* —4x+3.

Note: Dividing using synthetic division, we have

112 -1 -4 3
Add 2 1 -3
2 1 -3 O=r
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2x% —x* —4x+3=(x-1D(2x* +x-3)
2. Let p(x) = x* +2x% —x® —=x+2. Then
p(-2)=(-2)" +2(-2)° = (-2)* = (-2) +2
~16-16-4+2+2=0
By the factor theorem, (X + 2) if a factor of X* +2x° —x* —x+2.

Dividing using synthetic division, we have

-2|1 2 -1 -1
Add -2 0 2 -2
1 0 -1 1 O=r

X*+2x° X2 = x+2=(x+2)(x* —=x+1)
Zeros or Roots of a Polynomial

We have seen from the factor theorem that if p is a polynomial of degree N =1 and k is a
number, then p(k) =0 implies that X —K is a factor of p. The number k is called a zero

(or root) of p. Geometrically, k represents the point where the graph of p intersects the x -
axis.

Clearly, since a polynomial p of degree n cannot have more than n factors, then p has at
most n zero.

For the rational zeros of a polynomial we have the following theorem:
a . . . .
Theorem 2.3.4 If B , a rational number in lowest terms, is a zero of the polynomial

p(x) =a x" +a, X" +---+a,x’ +ax+a,,
where the &,'s (1=0,12,---,n) are integers and &, # 0, the a is an integral factor of
a, and b is an integral factor of a,,.

It must be noted that this theorem does not guarantee the existence of rational zeros of a
polynomial. It merely enables us to identify the possible rational zeros. These are then
checked using synthetic division or otherwise.
Example 2.3.7 Find all rational zeros of the polynomial
p(x) = 2x® +5x* —4x 3.
a

Solution: If b is a rational zero of p, then by the theorem, a must be an integral factor of
3 and b must be an integral factor of 2. i.e.

ae{-1-313} and be{-1,-212}
and the set of possible rational zeros of p is

k=2 ef-3-3-1-4,1,33

- B e{_ 2T T 210 }

Using synthetic division we check each of the possible candidates starting with -3:
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-3 ‘2 5 —4 -3

Add ~6 3 3
2 -1 -1 O=r
Thus, 3 is a zero of p.
Next we check —3:
-3 12 5 -4 -3
Add -3 -3 2
2 2 -7 L=rz0

Thus, —2 is not a zero of p.

The remaining possible zeros can be checked the same way.

For this polynomial, the zeros are —3,—% and 1.

Factoring a Polynomial
To factorize a polynomial we use the factor theorem sometimes combined with repeated
division.
Example 2.3.8 Factorize the polynomial:
p(x) = 2x* —7x% —2x* +13x +6
Solution: Integral factors of 6 are a {— 6,—3,—1,1,3,6} and integral p(X) factors of 2

are b e {~2,-1,1,2}. The possible rational zeros of p are
k= % c{-6-3-3-1-1,11236}

We determine one of the actual zeros of p by using synthetic division:

-112 -7 -2 13 6
Add —2 9 —7 -6
2 -9 7 6 O=r

= —1isazero of p, and by Factor theorem (X +1) is a factor of p(X) . Thus
P(x) = (X +1)(2x> —9x® + 7X +6) .

Let q(X) = 2x> —9x® + 7X + 6 . Then again the integral factors of 6 are
a e {~6,~3,~11,3,6}and the integral factors of 2 are b € {~ 2,112}
The possible rational zeros of q are

k= % e{-6-3-2-1-4,11%36}.

Again we determine one of the actual zeros of q by synthetic division:
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2 2 -9 7 6
Add 4 -10 -6
2 -5 -3 O=r

= 2 isazero of g and by Factor theorem (X —2) is a factor of q(X) . Thus
q(x) = (x —2)(2x* —5x - 3)
=(x—-2)(2x+1)(x—3).

Therefore,
p(x) = (x+1)(x—2)(2x +1)(x—3) .

Clearly note that the other zeros of p are —3 and 3.
Therefore when we solve the polynomial equation p(X) =0, i.e. say the equation
p(x) = (x+1)(x—2)(2x+1)(x—3) =0,
we obtain X =2, x=-1, x=—% and X =3, which are the zeros or roots of p. What

this means is that the zeros or roots of a polynomial indicate where the value of the
polynomial function is equal to zero, i.e. where the graph of the function cuts the x — axis.

Using these x- intercepts and the y - intercept we can sketch the graph of polynomial.

Example 2.3.9 Sketch the graph of each of the following polynomial functions, indicating the
points where the curve cuts the axes.

(@) p(x)=2x%—9x> +7x+6

(b) p(x) =2x* +5x° —5x* —=5x—3.

Solution: (a) The zeros of p(x) =2x> —9x* +7x+6are x=-1, x=—21, x=3. These

are the x — intercepts the curve y = 2x> —9x* + 7x + 6 and the y — intercept is 6.

Now note that a polynomial of degree 1 has no turning point, a polynomial of degree 2 has
one turning point, a polynomial of degree 3 has 2 turning point, etc. This curve has 2 turning
points.

Hence, we sketch the curve passing through the intercepts.
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Y4

y=2x>—9%x*> +7x+6

> X
BAY 5

(b) The zeros of p(x) = 2x* +5x° —5x*> —5x—3are —3, —1,% and 1, which are the
x — intercepts of the curve. The y — interceptis y = —3.

y

A

p(x) = 2x* +5x® —5x* —5x -3

» X

We will only be able to find the exact turning points of a polynomial function of degree
greater than 2 when we do differential calculus.

2.4 Rational Functions

A rational function is one that is written in the form of

a(x)
where p(X) and q(x) are polynomials and ¢(X) is not the zero polynomial.

We shall assume that p(x) and g(X) have no common factors.
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: : 1 x  3x*-4x
Examples of rational functions are —, ——,
X x*-1 2x+1

The domain of a rational function of x includes all real numbers except x — values that make
the denominator zero.

Example 2.4.1

, etc.

1
1. The function f(X) = < is not defined at X = 0 and thus the domain of the function is the

set {xe R:x#0}.

2. The function f(X)=

X
z is not defined at X = %1, and thus the domain of the
X

function is the set {x € R: x = —11}

2
. X®—4x . . .
3. The function f(x)= 32—1 is not defined at x = —% and thus the domain of the
X+

function is the set {x € R: x = —1}.

Recall that the range of a function is the domain of its inverse. Thus, to find the range of a
rational function y = f(x), we need to find the domain of the inverse function y = f~1(x).

Example 2.4.1 Find the range of each of the following functions:

L) =—  2.f(x)=

x+4
2x—1

: N : : 1 :
Solutions: 1. We first find the inverse of the function. Let y = T and interchange x

and y and obtain x = y_-lrz Then we make y the subject of the formula.

72 x #0.

=1 —1_9; _ 172 ~1(x) =
yt2=;=2y=-—-2ley —=f (x) "

Therefore, the range of the function is {x € R: x # 0}

2.y = % interchanging x and y we have x = %. Making y the subject of the

formulawe have x2y — 1) =y+4=22xy—x=y+4=>2xy—y=x+4

xX+4 1

X )
2x—1" 2

:>y(2x—1)=x+4=>y=29;L_41.Thusf_1(x)=

Therefore, the range of the function is {x ER:ix # %}

Modulus Function

A modulus function is a function of the form
f(x)=[g9(x)|,

where g(X) is a function.
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Note: 1. Wheng(x) 20, [g(x)|=g(x).
2. Wheng(x) <0, [g(x)|=—-9(x).

The domain of a modulus function is the same as that of the function g(X) and its
range is {y= f(x)eR:y= f(x)zO}.

Graph of a Modulus Function

Example 2.5.1 Sketch the graph of each of the following modulus functions:
1. f(x)=x.

) xif x>0
Solution: y = x| = £y
—xif x<0.

Step 1. Sketch the graph of Yy = X
Step 2. For the part of the line below the x — axis (i.e. where y < 0), reflect the line

in the x — axis.
f(x) =X
YA y x|
y=-X
<« y=X
x<0 x>0 -
/,/ 0 X

Note: (a) For both X <0 and x>0, y =[x/ >0.
(b) Domain of f(x)= |X| is R and its range is {y € R:y > 0} .

2. f(x):H.
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2.6

Domain of f(x)=‘% is {XGR:x;tO}anditsrangeis{yeR:y>O}.

3. f(x)=\3+5x—2x2\

Domain of f(X) =‘3+5x—2x2‘ is R anditsrangeis {y e R:y >0}

Radical Functions

Radical functions are functions involving roots (square roots, cube roots etc.)

For example,
f()=vx, g(X)=+v2-x h(x)=x+14 etc.

are all radical functions.

In this course we shall only consider radical functions involving the square root.

The domain of a radical function is the set of values of x for which the function is defined.

Example 2.6.1 The domain of

1. f(X)=\/; is the set {XeR:sz}.

2. f(x):\/ﬂ is the set {XeR:XSZ}sincefor X<2,2-x>0.

3. f(x)= m is the set {x eR:x<-2o0r x> 2}since the function is defined for
values of x for which x> =4>0i.e. (X+2)(x—2)>0ie x<-20r x>2.

N

y=x*—4

A

29




The range of a radical function y = f(X) is the set of values y takes for all values of x
within the domain of f.

Example 2.6.1 The range of

1. f(x)=/X istheset {y=f(x) eR:x>0}=[0,0).

2. f(X)=—-v2-X isthe set {y=f(X)ERZXS2}=(—00,0].

3. f(x):m is the set {yz f(x)eR:x<-=2o0r X22}=[O,00)since the value of

the function is greater or equal to zero forall x<—-2o0r x> 2.

Graphs of a Radical Functions

Example 2.6.2 Sketch the graph of each of the following functions:
1. f(x)=x

Solution: Step 1: Plot the points.

X 0 1 4 9 16 25

f(x) 0 1 2 3 4 5

Step 2: Sketch the curve of the function passing through the plotted points.

Ya
3
[
1
0
2. fT(X)=—=V/2-x
Solution: Step 1: Plot the points in the table.
X -23 -14 -7 -2 1 2
f(x) -5 -4 -3 -2 -1 0

Step 2: Sketch the curve of the function passing through the plotted points.
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ya

y=—/2-X

Domain = {x € R:x < 2} = [—00, 2]

Range ={y e R:y <0} = [—x,0]
3. f(X)=-2++x+3

Solution: Step 1: Plot the points in the table.

X

-3

-2

1

13

22

f(x)

-2

-1

0

Step 2: Sketch the curve of the function passing through the plotted points.

Domain = {x € R:x > —3} = [-3, )

Range ={yeR:y > -2} =[-2,)
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TUTORIAL SHEET 4

1.

Complete the square of each of the following quadratic functions. Hence sketch the graph of
the function, showing clearly the x — and y — intercepts and the turning point. State

(i) the line of symmetry, and

(ii) the maximum or minimum value of the function.

(@ f(X)=2x*—-4x+5 () f(X)=x>+2x-5 (c) f(x)=4-3x>

(d) f(x)=3-7x-3x>.

What are the dimension of the largest rectangular field which can be enclosed by

1200 m of fencing?

If the profit p in the manufacture and sale of x units of a product is given by
p(x) = 200x — 0.001x2,

(a) Find the number x that yields the maximum profit.

(b) Find the maximum profit if each item is sold at K2.50.

(c) Sketch the graph of the function p.

A window is to be constructed in the shape of a rectangle surmounted by a
semicircle. If the perimeter of the window is 540 cm, find its dimensions for
maximum area.

Letp(x) = 63 +3x% —2x — 7 and q(x) = x3 + 3x? + x + 5. Find
@ pXx)+ax) (b) p(x)—ax) (c) p(x)—ax) (d) p(x)-ax)

Use long division to divide:

Dividend Divisor
(i) x¥*+8x2—5x—1 x—2
(i) 2x3 + 6x% — x+5 2x% -1
(i) x* — 4x% + 3 34 2x —x2

Use synthetic division to divide the polynomials and write the function in the form
p(x) = (x —k)q(x) + r, where q(x) is the quotient and r is the remainder:

Dividend Divisor
(i) x3—10x%+31x—30 x+3
(i) x®+15x* +68x + 96 x—2
(iii) 6x° +x? —21x—10 2x — 1

Write the function in the form p(x) = (x—Kk)q(x) + r, where g(x) is the quotient and r is
the remainder:

(i) p(x) =x3+x*-12x+20, k=2

(ii) p(x) = x* —2x* -15x+7, k=—4

(i)  p(x)=x3+2x?-3x-12, k=+/3
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10.
11.

12.

13.

14.

15.

16.

(V)  p(x)=3x°—19x? +27x—7, k=3-+/2

Factorize the polynomial completely:

(i) p(x) = x® -12x-16 (i) p(x) =3x>+10x* —27x-10

i)  p(X)=x}+2x*-3x-6  (iv) p(X)=x>+2x*-2x—4

Given that (x—1) and (x +1) are factors of px® +ox® —3x— 7, find the value of p and g.
The expression 2x3 — ax? + bx + 3 gives a remainder —15 when divided by (x + 1) and a
remainder —46 when divided by (x — 3). Find the value of a and of b.

Find the zeros of each of the following polynomial functions. Hence sketch its graph
indicating the x —and y - intercepts:

(i) pP(x) = x* —2x —7x+12 (ii) p(x) = —x3 +x* +5x -2

(iii)  p(x)=15+5x-3x*-x*> (iv)  p(x)=x>+5x" +6x+2

(a) Show that (x —2) is a factor of p(x) = x> + x> —=5x—2.

(b) Hence, or otherwise, find the exact solutions of the equation p(x) =0.

Sketch the graph of each of the following modulus functions:

@ f)=—+3 () f(x) =[x’ ©) f(X)=|(x+1)(2-x)|

(@) f)=[2x*-7x+3.

Sketch the graphs of the following functions and determine its domain and range:
@ fO)=vx=2 (0 g(X)=—4+Vx+3 (¢) h(X)=1+-x-2

(d) y=—/3x+1.

The description of body-heat loss due to convection involves a coefficient of
convection K., which depends on wind speed v according to the equation:

K, = 4/4v + 1.
(a) What is the domain?

(b) What restrictions do nature and common sense put on v?
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2.7 Equations
Quadratic Equations
Any equation of the form
ax’+bx+c=0
is called a quadratic equation.

Nature of Roots of a Quadratic Equation

By completing the square of the quadratic function f(x) = ax? + bx + ¢ and equating to
zero we have the quadratic formula

‘= —b++/b?—4ac

2a

used to obtain the solutions (or the roots) of the quadratic equation.

The expression b? —4ac , under the square root sign, is called the discriminant, and it
determines the nature of the roots of the quadratic equation.

1. If b® —4ac > 0, the equation has two and two distinct real roots

X:—b+\/b2—4ac :—b—\/b2—4ac

and X

2a 2a
Casel.a>0
Ya
y=ax*+bx+c
0 =x
X_—b—\/b2—4ac X_—b+\/b2—4ac
2a 2a
c
Case2.a<0
y
A
c
y=ax?>+bx+c
A ’\ " x
X_—b—\/b2—4ac X_—b+\/b2—4ac

2a 2a
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Note that when the quadratic equation has two distinct real roots the graph of the curve
y = ax? + bx + c cuts the x — axis at two distinct points.

If b> —4ac =0, the equation has two equal real roots X = 2

Casel.a>0
yA
y=ax?+bx+c
C_
_ X
X _p
0 X=—
2a
Case2.a>0
y
A
> x

y=ax*+bx+c

Note that when the quadratic equation has two equal real roots the graph of the curve
y = ax? + bx + c touches the x — axis at exactly one point.

If b? —4ac <0, the equation has no real roots. It has two complex roots which are
conjugates of each other.

y
Casel.a>0 4

y=ax?>+bx+c

v
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Case2.a<0 y

v

y=ax?+bx+c

Note that when the quadratic equation has complex roots the graph of the curve
y = ax? + bx + c does not cut or touch the x — axis.

Example 2.7.1 Determine the nature of the roots of each of the following quadratic equations:
1. x2—6x+9=0
Solution: a =1,b = —6,and ¢ = 9.
Using the discriminant, we have
b% — 4ac = (—6)2 — 4(1)(9) = 36 + 36 = 0.
= the equation has two equal real roots.
2. x> +4x—-8=0
Solution: a = 1,b = 4,and ¢ = —8.
Using the discriminant, we have
b? — 4ac = (4)? — 4(1)(—8) = 16 + 32 = 48 > 0.
= the equation has two distinct real roots.
3. 3x2+4x+2=0
Solution: a = 3,b = 4,and ¢ = 2.
Using the discriminant, we have
b? —4ac = (4)? - 4(3)(2) =16 —24=-8<0.
= the equation has two complex roots.

4. Prove that kx® +2x —(k —2) =0 has real roots for any value of k.
Proof: If the equation has real roots then b*> —4ac>0.
Now, b? —4ac = 22 — 4(k)(— (k — 2)) = 4+ 4k* -8k
= 4(k2 — 2k +1): 4(k —1)® > 0 for any value of k.
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Relationships between the Roots and Coefficients of a Quadratic Equation

Let @ and 8 be the roots of a quadratic equation
ax?>+bx +c=0.

Then the equations

x-—a)(x—p)=0 )
and
ax?+bx+c=0 (1
have the same roots.
But from (I)
x—a)x—B)=x*(@+PB)x+af =0
i.e. x2—(@+pB)x+aBf =0 (1)

Dividing (I1) by a we have

x2+9x+3:0 (V)
a a

Now, (I1) and (1V) have the same roots.

Comparing the coefficients of (111) and (1) we have

a+ﬂ=—9 and aﬁ:E.
a a

Example 2.7.2 If the equation
2x>—=3x+6=0
has roots a and S, then the sum of roots

and the product of roots

Example 2.7.3 The roots of the equation

2x°4+x—-7=0

1 1 1
are ¢ and . Find the values of —+—and —.
a fp ap
. b 1
Solution: sumof roots= a+ f=——=——
a 2
-7

c
Product of roots = af3 = 2
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1
E+EZM:_2:1and_= =——
a 7

B o -3
Example 2.7.4 If « and S are the roots of the function x(x — 3) = x + 4, find the values
of a3+ p3and a3p3.

Solution: x(x —3) =x+4 = x2—4x—4=0Thusa=1,b = —4and c = —4.

b -4
sumofroots=a+f=——=—-——=4

a 1

c -4
Product of roots = aff = — = —=—-4.

a 1

But

(@+B) = (a+pB)a+p) = (a+p)a*+2ap + p?)
= a3+ 3ap? + 3ap? + 3

sa’+3=(a+ ) -3af(a+p)=(4)°3-3(—4)(4) = 64+ 48 =112
and  a3p% = (apf)? = (—4)3 = —64.

Note from equations (111) and (1V) that a quadratic equation can be written as

x% — (sum of roots)x + product of roots = 0.

Using this we consider the following Example:

1 2
Example 2.7.5 Write down the quadratic equation whose roots are 3 and — E .
Solution: x2—(a+pB)x+af =0
1 -2 1 1 -2 2
a+p=—+—=——ad af=_-x—=——.
p 3 3 3 p 3 3 9
Therefore, the equation is
+ix_2_¢
3
or 9x* +3x-2=0,

2.8 Polynomial Equations

Polynomial equations are of the form
n n-1 2
ax +a, X +---+a,X +ax+a, =0,

where a,, a,, a,, -+, a, are real numbersand a, # 0.

We solve the polynomial equations the same way we find roots or zeros of a polynomial
function.

Example 2.8.1 Solve the polynomial equation
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2x® —5x* +x+2=0.
Solution: Find a zero of f(X) = 2x® —5x* + x+2
f)=20°-50)°+1)+2=2-5+1+2=0
= lisazeroof f(X).

= (x—=1) is factor of f(X).

112 -5 1
Add 2 -3 -2
2 -3 -2 O=r

= f(X)=(x=D(2x* -3x—-2) = (x-D(2x+1D(x—2)
(x-D(2x+)(x-2)=0 =x=1 x=-3, Xx=2.
Equations Involving the Absolute Value
Example 2.9.1 Solve each of the following equations:

1. [2x+3=6

2x+3if x>-32
-(2x+3)if x<-32

Solution: Method 1: [2x + 3 ={

y=-2x-3 YA y=2Xx+3
/ y==6

7

3
2

v

-9 3
2

—  2x+3=6 :>X=gand —(2x+3)=6 :x=_79.

Method 2: It must be noted that |X| can also be defined as

|x|:\/7.
Thus, [2x+3=6 = (2x+3)*=6 = (,/(2x+3)2)2 =6°
=  (2x+3)°=36 =  4x*+12x+9=36
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=  4x*+12x-27=0 = (2x-3)(2x+9)=0
3 9
=  X=—= Of X=——.
2. 2x=7| =[x +3

2x—Tif x> 4

Solution: Method 1: |2x — 7| = { ) ,
—(2x=7)if x<Z

x+3if x>-3
—(x+3)if x<-3

and |x+3|:{

4
= 2X—7=X+3 =>x=10 and —2X+7=Xx+3 :>x=§

Note that 2X — 7 is only defined for x > Z and — (X +3) is only defined for X < -3,
thus 2x—7 #—(x+3) for x<-3and x> 1.

2
Method 2: [2x-7|=[x+3 = (w/(2x—7)2) :(1/(x+3)2)2
=  (2x=-7)?=(x+3)°> =  4x*-28Xx+49=x*+6x+9
=  3°-34x+40=0 = (3x-4)(x-10)=0

= x=f or x=10.
3

3. x=2/=x+4.

X=2if x=>2

Solution: Method 1: |x—2|:{ (X—2)if x<2
—(x— <
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2.10

}

I

1

|

I

l
-1

—(X=2)=x+4 = -2x=2 = x=-1

Note that X —2 = X+ 4 has no solution because the linesy =X—2 and y =Xx+4
do not intersect since they have the same gradient and they are parallel.

Method2 [Xx—2/=x+4 =./(x-2)* =x+4 :>(,/(x—2)2)2=(x+4)2
= (X=2)°=(x+4)° =x*-4x+4=x*+8x+16 =12x=-12 =>x=-1
Equations Involving Radicals

Example 2.10.1 Solve each of the following equations:

1. J3x—8-+/x-2=0
2. 3x+1++/2x+4=3.
3. Jx—2-+2x-11=+/x-5

Solution: 1. v/3X—8 =+/x—2

(ax=8f = (Vx=2f

= 3X—-8=X-2 =>2Xx=6 =>x=3

Test the root: When X =3, LHS = \/3(3)—8—\/3—2 =1-1=0=RHS

= X = 3is a root of the given equation.

2. J3x+1++/2x+4 =3.
Solution: v/3Xx+1=3-+/2x+4

(3xr1f = 6-axT 4)

3X+1=9-62x+4 +2x+4

X—12=-62x+4

(x-12)? =(-6J2x+4f

X% — 24X +144 = 36(2x + 4) = 72X +144
x*—96x=0 = x(x-96)=0 = x=00r x=96

R R 2
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Test the roots: When X=0, LHS = \/3(0) +1+ \/2(0) +4=1+2=3=RHS
= x =0 is aroot of the given equation.

When X =96, LHS = /3(96) +1+/2(96) + 4 =17 +14 # 3=RHS

= x =96 is not a root of the given equation.

Therefore, the equation on has one root X =0

3. JXx—-2-42x-11=+/x-5
Solution: /X —2 =+/2x—11+~/Xx—5
2 2
= (x—2f =(V2x—11+x—5)
X—2=2X-11+2/2x-11-/X-5+%x-5
2X —14 = 2/2x-11-/x -5

(2x—-14)? = (2/2x—11- x5

4x* —56% +196 = 4(2x —11)(x —5) = 8x* —84x + 220

AX? —28X+24=0 =Xx*-7x+6=0 = (x-1)(x—6)=0
Xx=1or x=6

bud 4 4

Test the roots: When X =1, LHS = v1-2 + \/2(1) +4 is not defined.
= X =1 is not a root of the given equation.

When X =6, LHS = V/6—-2—,/2(6) -11=2-1=1

RHS=+/6-5=1=RHS
= X =6 isaroot of the given equation.

Therefore, the equation on has one root X =6

2.11 System of Equations in Two unknowns

Elimination Method

Example 2.11.1 Solve the system of equations by elimination method:
1. 3Xx+2y=15x-2y =23

Solution: 3x+2y =1
+(5X—-2y=23)

8x =24 —=x=3and 3Q@)+2y=1 =y=-+4.
Substitution Method

Example 3.9 Solve the system of equations by substitution method:
1. 3Xx+2y=15x-2y=23

2. y=2x; y=x*-1
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3. 3X—-7y+6=0; x*—-y’=4
Solutions:

1. 3X+2y =1, 5x—-2y =23
We make either x or y the subject of the formula of one equation and substitute in the other
equation:
1-2 1-2
x=Ty=>5(Ty)—2y=23:>5—10y—6y=69

1-2(-4)

= y = —4. Replacing this in the first equation we have x = 3.

Therefore the solution set is {3, —4}.
2.y=2x; y=x*-1
Replacing y = 2x in the other equation we have
2x=x?—1orx?-2x—1=0=>x=14+2.
When x = 1 ++/2, y = 2 + 2+/2. Therefore the solution set is
{(1+v2,2+2v2),(1-+2,2-2V2)}.

3.3x - 7y+6=0; x2—y? =4
From the first equation we have

X = 73’3—_6. Replacing this in the second equation we have

N2
(?) —y2=4or(7y —6)% — 9y% = 36

49y% — 84y + 36 — 9y2 = 36 or 40y% — 84y = 0
=24y(y—21)=0=>y=00ry=21

Wheny = 0,x = —2 and wheny = 21,x = 47.
Therefore, the solution set is {(—2,0), (47,21)}.
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TUTORIAL SHEETS

1.

10.

11.

12.

13.

(a)

Without solving the equations determine the nature of the roots of each of the following
guadratic equations.

(@ 3x2+13x—10=0 (b)2x2+3x+2=0 () 4x*> —12x+9 =10

If the roots of the quadratic equation kx? + 30x + 25 = 0 are equal, find the value of k.

Prove that kx* +2Xx —(k —2) =0 has real roots for any value of k.

Find a relationship between p and q if the roots of px* +gx+1=0 are equal.

Without solving write down the sums and products of the roots of the following
equations:
2 X _l 3 2
4x° +7x—-3=0 () —=—— (c) ax* —x(a+2)—a=0.
2 X+2

The roots of the quadratic equation 3x? + 13x — 10 = 0 are & and /3. Find the value of :
1 1
2 2 2
o+ b + d) (a— .
(a) ﬁ()a2+1 ﬂ2+1()( B)
The roots x? + 3x — 10 = 0 are & and A . Without finding the values of & and £, find
the equations whose roots are:

(a)a+2,ﬂ+2(b)l,l (c)z,ﬁ d)a-p,-«.
a f f «

(a) On the same diagram, sketch the graphs of y =|x| and y = |2x — 1|.

(b) Solve the equation |x| = |2x — 1].

Solve each of the following equations:

@2x-51=7 () [2x+1=[4x-3 (o) |[=]=3.

On the same diagram, sketch the graphs of y =24 +2x—x* and y =[5x—4.
Solve the equation 24+ 2x —x* = [5x—4|.

Solve each of the following equations:

@ V2t-1+2=t  (b) v2x—1—-+/x+3=1 (c) v2x—1—-+/x+3=1
d) Vx—2-v2x-11=+/x-5 (€) V1+2vx =/x+1.

Solve each of following system of equations by the substitution method:

x+2y=3 3x—5y=2
(@) {x—2y= 1 (b) {2x+5yy= 13

Solve each of following simultaneous equations:

2x — 3=0
@l g5 O]

xX—y=2
x2—y2=28
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3.1

MAT 1100 LECTURE NOTES

INEQUALITIES

An inequality is a relation which makes a comparison between two quantities or numbers or
mathematical expressions. The following are different mathematical symbols used to
represent different kinds of inequalities: < (read as less than); < (read as less or equal to); >
(read as greater than); > ( read as greater or equal to).

Linear Inequalities

Example 3.1.1 Find the set of values of x which satisfy each of the following inequalities:
X—4 x-2 5
1. ———<—.
6 9 18
Solution:

Multiplying through by 18, we obtain
(x—4 x-2 _5 )
1I8X| ———=<—

ie.3(x—4)—-2(x—2)<5
= 3x—12-2x4+4<5 =2x<13.
In set builder notation, the solution set is {x € R:x < 13}.

In interval notation, the solution set is (—oo, 13].

5x—2(x—1)=(x+2)—(10x4)
5x—2x+2=2x+2-40
Sx—2x—x>2—-2—-40=2x > —-40>x > —20.

Therefore the solution setis {x € R:x > —20} or [-20, o).

4x+3
2

3. —3<

<1

Solution:

This can be written as

4x2+3 and 4x2+3 < 1 (*)

—3<
2x(—3<$)and2x(4"2—+3§1)

>—6<4x+3and4x +3 <2
> —-6<4x+3and4x+3<1



> —-6—3<4xand4x <1-3

= -9 < 4xand 4x < -2

-9 -2 1
S>S—<xyandx<—=—-=
4 4 2

The required values of x of the given inequality must satisfy the two
inequalities marked (*). Thus we need to take the intersection of the sets

9 1
—~<xandx < —-.
4 2

* VAVAVAVI®) )]
9 1

x < —- - =

4 2

Therefore the solution set is {x ERx < — 3} or (—oo, - 3].
4 4

3 > 7-2x

> > -5
Solutions:

This also can be written as

7-2x
Z>-5 (™)

7-2x
3> — and

2 % (3 > 7_22x) and 2 x (7_22x > —5)

=26>7—2xand7 —2x = —10

=>2x=>27—-6=1and -2x>-10—-7 = —-17

S>x>zand< .

Note that when you multiply or divide an inequality by a negative number the
inequality sign changes direction, either from" < to ="

(or from" < "to" >")orfrom" >to <" (orfrom" < "to" >").

Thus the required values of x of the given inequality must satisfy the two

inequalities marked (**). Thus we need to take the intersection of the sets

1 17
x=>-andx <—.
2 2

|

N |-
IA
=
IA
I

17 1 17

Therefore the solution set is {x € R: 1 <x< }or [—,— )
2 2 2° 2



3.2

Quadratic Inequalities
Example 3.2.1 Solve each of the following inequalities:
1. X*+x-6<0

Solution:
Graphical method: Using this method you need first to sketch the graph of the quadratic

function f(x) = x? + x — 6. Then from the graph determine the values of x for which

f(x) <o. y

From the graph we see that for all values of x between —3 and 2, y = f(x) < 0. Therefore

the solution set for the inequality is {x € R: —3 < x < 2} or (—3,2).

Table Method: In this method you first need to factorize the quadratic expression
x2 + x — 6 and find the critical points by solving the equation (x + 3)(x — 2) = 0. Here the

critical points are —3 and 2. Then draw the table and label it as follows:

-3 2
Factors x<-3|-3<x<2| x>2
x+3 - + +
x—2 - - +
x+3)x—2)<0 + — +

Now, note that for x < —3 the factor (x + 3) is negative, for —3 < x < 2 it is positive and
for x > 2 it is positive. For x < —3 the factor (x — 2) is negative, for -3 < x < 2'itis
negative and for x > 2 it is positive. Then from the table, for x < —3 the product

(x + 3)(x — 2) is positive, for —3 < x < 2 itis negative and for x > 2 it is positive. But we
are looking for the values of x for which (x + 3)(x — 2) = x? + x — 6 < 0. We note that the
required values of x which satisfy the given inequality lie between —3 and 2.

Therefore the solution set is again {xeR: —3 < x < 2} or (—3,2).

2. 6+x—2x2<0

Graphical method: Just like in (1) we first sketch the graph of f(x) = 6 + x — 2x?2.




From the graph we see that for all values of x less or equal to — ; or greater or equal to 2,
y = f(x) = 6 + x — 2x? < 0. Therefore the solution set for the inequality is

{xe R:x < —% or x = 2}or (—w,—g]u [2, ).

Table Method: Here the critical points are — % and 2. The table and its contents is as follows:

3

- 2

Factors x<—§—§<x<2x>2
2x+3 — + +
2—x + + -
2x+3)2—x)<0| — + -

Therefore, from the table the solution set is again
3 3
{x ER:x < —5orx > 2} or (—00,—5] U [2, ).

Method of considering Cases

In this method we use the fact that if a and b are real numbers, then eitherab > 0 orab < 0
orab = 0.

If ab < 0, then we have two cases, either
1. a>0andb<0or

2. a<0andb > 0.

Similarly, if ab > 0, then either

1. a>0andb>0or

2. a<0andb <O.

If ab = 0, then either

1. a=0andb #0or



2. a#0andb=0o0r
3. botha=0andb = 0.
Now, if we consider the inequality (2x + 3)(2 — x) < 0, we shall have the following cases:

CASE 1: (2x + 3) < 0 and (2 — x) = 0. Note that since one factor is negative and the other
is positive, their product will be negative. From the inequalities x < —%and x < 2. Butthe

required values of x must satisfy both inequalities (2x + 3) < 0 and (2 —x) > 0. We
determine the required values of x by finding the intersection of the two sets using the number
line.

<

2

()
3
2
From the number line we see that the intersection set is x < — % Therefore the set

{x ERix < —%} is part of the solution set.

We also need to consider the other case.

CASE 2: (2x +3) = 0 and (2 — x) < 0. Even here, since one factor is positive and the
other is negative, their product will be negative. From the inequalities, x > —%and x = 2.
Again from the number line,

o \ SNV NN

_3 )
2

we see that the intersection set is {x € R: x > 2}, and it forms part of the solution set.
Combining the two intersection sets by taking their union we get the required solution set,
which is

{xER:xS —% orx = 2} = (—m,—%]U[Z,OO).

Inequalities Involving Polynomials
Example 3.3.1 Solve each of the following inequalities:
1. x> +2x*-3x>0.

Solution:

Graphical method: y = x3 + 2x2 = 3x = x(x + 3)(x — 1) > 0
y=fx)




3.4

From the graph note that y > 0 for values of x beween —3 and 0 or values of x greater than 1
Therefore the solutionsetis{x e R:—3 <x < 0orx > 1} = (—,0) U (1, ).

Table method:

The critical points are —3,0 and 1.

-3 0 1
Factors x < -3<x<0 0<x<1 x>1
-3
x - - + +
x+3 - + + +
x—1 - - - +
x(x+3)(x—1)>0 - + - +

From the table note that X® +2x? —3x>0for -3 <x < Oorx > 1,

Therefore the solution setis{x E R: =3 <x < 0orx > 1} = (—,0) U (1, ).

Using the cases method, note that for a, b, c € R, abc > 0 if either

1. a>0,b>0andc>0or

2. a>0,b<0andc<O0or

3. a<0,b<0andc>0o0r

4, a<0,b>0andc<0

Exercise: Use the method for considering cases to find the solution set for the inequality

x3+2x%-3x>0.

Inequalities Involving Rational expressions

Example 3.4.1 Solve each of the following inequalities:

1. XLZ<O
X+4

Solution: It is possible to find the solution set of inequalities involving rational functions
using the graphical method.

For example, the graph of the function y = £*2 is given below.
y x+4 g



X+ 2

From the graph we see that N < O for values of x between —4 and —2. Therefore the
+

solution setis {x € R: —4 < x < —2} or (—4,—2).

But for now, since we have not yet done the graphing of rational functions we shall not use
the graphical method to solve inequalities involving rational functions.

Table method:

The critical points are —4 and — 2.

—4 -2
Factors x < —4 -4 <x<-2 x> =2
X+ 2 - -
x+4 - +
A

From the table, the solution set is {x € R: —4 < x < —2} or (—4, —2).

L X+ 2 .
Method of considering cases: Here 2 <Owheneithercase1: x +2 < 0andx+4>0or
X+

case2:x+2>0andx +4 < 0.
CASEl:x+2<0andx+4>0ie x < —2andx > —4. From the number line
G711

—4 -2
we see that x lies between —4 and —2. Thus the set {x € R: —4 < x < —2} or (—4,—2) is

part of the solution set.

CASE2:x+2>0andx+4<0ie x>—-2andx < —4. From the number line

o 0

—4 -2
we see that the two lines do not intersect, thus we discard this case. Therefore we conclude
that the solution set is {x € R: —4 < x < —2} or (—4,—2).

2. X3 <1

x—7
To solve this inequality, we first need to express it in the form % < 0,where a,b,c and d

are real numbers and then use the method of our choice.
DO NOT CROSS MULTIPLY WHEN YOU ARE DEALING WITH INEQUALITIES
INVOLVING RATIONAL FUNCTIONS.

3. In most cases, when you cross multiply by an algebraic expression you will get a wrong

x+3
solution. For example, in this case, if we multiply both sides of the inequality o <1

7



by (x —7) weobtainx +3 <x—7 =3 < —7o0r0 < —10. This doesn’t make sense

because 0 cannot be less than —10.

L x+3 .
4. Therefore in this case, from Y < 1we need to subtract —1 from both sides so that

15022 E D95 L <,
x=7 x=7 x=7

Now, using the table, we see that the solution set

7
x <7 x>7
10 + +
x—7 — +
Jc1—07S \ '

is {x € R:x < 7} or (—, 7). Note that for x = 7 the inequality does not hold.
When we look at the inequality % = 0 and use the cases method, we see that 10 > 0

for all values of x € R. Thus (x — 7) must also be negative i.e. (x —7) < 0orx < 7.

Therefore the solution set is simply {x € R:x < 7} or (=, 7).

5.

2 3
—_ >
x—1 x+4

Similarly here don’t cross multiply. Just take one term to the other side of the

. . 2 3 2(x+4)-3(x—-1 2x+8—-3x+3
inequality, — ——2> 0= (x+4) -3 )20=>—ZO=>
x-1 x+4 (x=1)(x+4) (x=1)(x+4)
L—I—ll 0or> x—11 < Here the inequality sign has changed )
(x—1)(x+4) — (x—1)(x+4) — (directionbecause we multiplied both sides — 1

By table method,

—4 1 11
Factors x<-—4 —4<x<1 1<x<11 x>1
x—11 - - - +
x—1 - - + +
x+4 - + +
<0
(x—1(x+4)

From the table note that the solution setis {x € R:x < —4or1 <x < 11}or
(—o0,—4) U (1,11].



Note that —4 and 11 are not part of the solution set because the inequality is not
defined at these points.

To use the cases methods we need to considered the following cases:
Casel:x—11>20,x—1>0andx+4<0;
Case2:x—11>20,x—1<0andx+4>0;
Case3:x—11<0,x—1>0andx+4>0;
Cased:x—11<0,x—1<0andx+4<0;

Exercise: Solve the inequality using the cases method and compare the solutions.

X—2
X+3

6. —2< <4

To solve this inequality, we first need to break the inequality into two.

xX—2 xX—2
—2<—and— < 4.
x+3 x+3

Thenx—_ZZ—ZandE<4=>E+2ZOandE—4<O
x+3 x+3 x+3 x+3

x—2—4(x+3)

x—2+2(x+3
:#ZOand <0
x+3 x+3
3x—4 —-3x—14 3x—4 3x+14
> 0 and <0=> > (0 and >0
x+3 x+3 x+3 x+3

Here we shall have two tables:

-3 4
3
Factors x <=3 4 4
—3<x<—= x> =
3 3
3x — 4 — - +
x+3 - + +
3x — _
x 420 + +
x+3

. . . 3x—4 4
The solution for the mequallty;? >0 is {x ER:x < —-3o0rx= 5} m
14

and —— -3
3
Factors 14 14 x> -3
XI<——| ——<x<-3
3 3

3x + 14 — + —

x+3 — — —
3x + 14 n - n

>0
x+3




3.5

: . .. 3x+14
The solution for the mequallty% >0 is {x ERx< —% orx > —3} (1

To find the solution set for the given inequality we need to find the intersection of the

set (1) and the set (11) using the number line.

1170 0 Q /) /)]
_ 14 -3 4
3 3
Therefore the solution set is {x ER: < —=2F orx > i} or (—oo, —E) U [3,00).
3 3 3 3

Inequalities Involving the Modulus functions

Definition 3.5.1 For any real number k >0, |X| <k -k<x<k.

Definition 3.5.2 For any real number k > 0,[X| >k <> x < -k or x>k,

To solve inequalities involving modulus functions, we use either Definition 3.5.1 or
Definition 3.5.2.
Example 3.5 Solve each of the following inequalities:

1 [2x-1>7.

This inequality is of the form in Definition 3.5.2. Thus |2X —]J >7

©2x—-1<-70r2x—-12>7

S 2x<—-60r2x=8

ox<-30rx =>4

Therefore the solution setis {x € R:x < —3 or x = 4} or (—o, —3] U [4, ).
x—1
X+2

<3.

<3

This inequality is of the form in Definition 3.5.1. Thus

X+ 2

IA

-1
e -3<<3
x+2
-1
+

[y

xX—

s -3 <3

IA

I and
x+2 x+

N

@O§ﬂ+3andx—_1—330
x+2 xX+2

x—1+3(x+2) and x—1-3(x+2)

<0
x+2 x+2

s 0<

x—14+3x+6 x—1-3x—6
) and

<0
x+2 xX+2

o 0<

4x+5 —2x-=7 2x+7
and——<0or —=0
x+2 x+2 x+2

o 0<

10



Here we shall have two tables:

_2 — =
4
Factors x <=2 _2<x<_§ x>_§
4 4
4x +5 - - +
x+2 - + +
4 —
x+520 + +
x+ 2
) . . 4x+5 . 5
The solution for the mequalltym >0 is {x ERx<—-2o0rx = _Z} Q)
and
-z )
2
Factors 7 7 x> =2
X< —= ——<x< -2
2 2
2x+7 — +
x+2 - -
2 7 _
x + >0 +
x+ 2

: . . 2X+7 7
The solution for the mequallty;? >0 is {x ER:x < —;orx > —2} )

To find the solution set for the given inequality we need to find the intersection of the

set (1) and the set (11) using the number line.

117770 0 T
_7 ) _5
2 4

Therefore the solution set is {x ER:< _? orx = —5} or (—oo, —Z) U [—E, ).
2 4 2 4

11



Inequalities Involving Radicals functions

To solve inequalities involving radicals we follow three steps below:

Step 1: Identify the values of the variable for which the radicand is nonnegative.

Step 2: Find critical points.
Step 3: Test values to check the solution or find intervals which contain values

that satisfy the inequality.
Example 3.6.1 Solve each of the following inequalities:

1. 3++/2Xx-7<6

Solution:
. L 7
Step 1: The radicand must be nonnegative i.e. 2x-7>0 = Xx2> 5

Step 2: Critical points:
3+/2x—7=6 =>J2x-7=3 =2Xx-7=9 =x=8

. : 7
Thus critical points are X = 5 and x =8.

Step 3: We test some values which satisfy the given inequality:

7 7 X>8
X< —<Xx<8
2 2

Takesay X=0: Takesay X=4: Takesay X=9:
3+.,/2(0)-7<6 3+./2(4)-7<6 3+.,/2(8)-7 <6
3++/—7 <6.Notdefined | 3++/1<6ie.4<6 which | 3++/11=0r <6,

is true Not true

At critical points:

x=Z, 3+42(£)-7=3+0=3<6, which is true.
2

7. .
Thus x = > is part of the solution set.

x=8, 3+,2(8)-7=3+3=6=6=RHS which is true.

Thus X =8 is also part of the solution set.

12




Therefore the solution set is {x eR: g <x< 8} = E ,8} .

2. J2X+5</9+X

Solution:
Step 1: The radicand for both v2x+5 and +/9+ x must be nonnegative i.e.

2x+5>0and 9+x=>0

xz-% and x>-9

Both+/2x+5 and +9 + X are defined for values of x> —g .

Step 2: Critical points:

V2X+5=4/9+X =2Xx+5=9+x —=>x=4

The critical points are X = —g and x =4,

Step 3: We test some values which satisfy the given inequality:

X<—= —-—<x<4 x>4
Takesay X=0: Takesay X=5:

Not defined J2(0)+5<49+0 J2(5)+5<5+9
V5 <3, which is true J15 <414

Not true

At critical points:

X=‘; J2(C5)+5< 9+ (=5), = 0< /£, which is true.

x=4, J2(4)+5<~9+4 =13 <13, which is not true. Thus x = 4 is

not part of the solution set.

. . 5
Therefore the solution set is {x eR: - <X< 4} =[-2.4).

13



3. VX+3+VX+T7 >4

Solution:

Step 1: The radicand for both +/x+3 and +/x+7 must be nonnegative i.e.
X+3>0and x+7>0

Xx>-3 and x>-7

Both+/x+3 and +/x + 7 are defined for values of X >—3.

Step 2: Critical points: X =-3 is one the critical points.

To find other critical points we solve the equation

Ix+3+/x+7 =4

= (v ~ o)

= X+3=16-8/X+7 +x+7
—8/x+7 =200r 2J/x+7=5 =4(x+7)=25 =x=-3,
The critical points are x=-3and x = —%

Step 3: We test some values which satisfy the given inequality:

X< -3 3 3
—3<X<—— X>——
4 4
Take say X =—2: Take say X =:
Not defined V-2+3+-2+7 >4 J0+3+40+7>4

1+/5>4 . which is not true \/§+\/7>4,which is true.

At critical points:

X=-3 -3+3++/-3+7 >4, =0+2=2>4, which is not true. Thus

X =—3 is not part of the solution set.

14



x=-3, [-3+3+,/-2+7 <4 =3+3=4<4, whichisnottrue. Thus
X =—2is not part of the solution set.

Therefore the solution set is {x eR:x> —%}: (—32,0).

TUTORIAL SHEET 6

Solve each of the following inequalities:

5-3x

@ -2< 2

1
2

(b) 2t* -9t -5>0
(©) xX=3)(3x+2)(x+4)<0

a-1
d —=<2
O =

Solve each of the following inequalities:

n+?2
n

Xx+1
5(

(@) Bx-14 <2 (b) [2x+3>4 (©) | . —

>3 (e) [x+6/<[x—2|

(f) |k|>|2k -1

Solve each of the following inequalities:
(a) 10—/2x+7 <3

(b) 3</2x+5<6

(€) V2x+9—/9+x >0

(d) V2 —x+6 <—Jx
() Vx—=3>+/x+4-1.

15



5.1

MAT1100
LECTURE NOTES

PARTIAL FRACTIONS

You will recall, at secondary school, you were always asked to express a sum

(or difference) of two or more fractions into a single fraction. In this course you
will be required to resolve a single fraction into simpler fractions called partial
fractions.

Theoretically, every proper fraction can be expressed as a sum of simpler fractions
whose denominators are of the form (ax+b)" and (ax® +bx+c)"where n isa
positive integer.

Proper Fractions

1. Denominator with linear factors.

In general, an expression with two linear terms in the denominator can be split

into partial fractions of the form A + B , Where A, B, a, b, cand d are
ax+b cox+d

constants.

Example 5.1.1 Resolve into partial fractions:

(X+D(x+3)

x-1 A N B  AXX+3)+B(x+1)
(x—l)(x+3)_x+1 X+3 (X+1)(x+3)
= X—=1= A(x+3)+B(x+1),

Solution:

which is an identity. This identity is satisfied by all real values x. Because of
this we can substitute x by any real number and find appropriate values of the
constant A and B.

In this case, for example, since the identity is satisfied by any real number, we
can take, say x=-1,sothat—1—-1=A(-1+3)+B(-1+1)

=>-2=2A = A=-1.

Notice that x = —1 was strategically chosen so that the other constant B in the
identity vanishes.

Also when we choose X =—3the constant A in the identity vanishes and obtain
-4=-2B = B=2.

However, if one chooses different values of x, then simultaneous equations in terms

of A and B which will have to be solved and obtain the required values of A and B.

For example,



when x=0,we have —1=3A+B or 3A+B=-1(l)
and when x =1, we have 0 =4A+2B or 2A+ B =0 (ll). Solving
these two equations simultaneously we obtain the same values of A and B.

Therefore,
x-1  _ -1 2 2 1
(x-D)(x+3) x+1 x+3 x+3 x+1

Sometimes the denominator may have more than two linear factors.

2 — f—
Example 5.1.2 Resolve 2x" ~12x~26 into partial fractions:
(X+D(x-2)(x+5)

Solution:

2x* —12x 26 __A N B N C
(X+D(x-2)(x+5) x+1 x-2 x+5
~ A(X=2)(x+5)+B(x+1)(x+5) + C(x+1)(x—2)
- (X+1)(X—2)(X +5)

=  2X*-12x—-26= A(X—2)(X+5) + B(Xx +1)(Xx +5) + C(x +1)(x — 2)
When x=-1,wehave 2+12-26=-12A= A=1

When x=2,wehave 8—24-26=21B =B=-2

When x=-5,wehave 50+60-26=28C —=C=3

Therefore,
2x% —12x—26 1 B 2 N 3
(X+)(x-2)(x+5) x+1 x-2 x+5

2. Denominator with repeated linear factors

If a denominator has a repeated factor (ax +b)" , then the repeated fractions can be

Al + Az + A3 +...+L_

ax+b (ax+b)*> (ax+b)® (ax+b)"

x> +10x+5

(x+1)*(x-1)

x?+10x+5 A A B

(x+1)*(x-1) x+1 (x+1)> x-1
=AX-D(x+D)+A,(x-D)+B(x+1)

= X +10x+5=A(X-)(X+1D)+A,(Xx-1D)+B(x+1).

When x=1,wehave 1+10+5=2B=B =8

When x=-1,wehave 1-10+5=-2A, = A, =2

split as

Example: Resolve into partial fractions:

Solution:

Replacing these values of A, and B into the identity it becomes



—x*=10x-5= A (X—=)(X+1) +2(x —1) + 8(x +1)
Now, since this is an identity, we can use any value of x different from
X=1and Xx=-1, and obtain the correct value of A, . Say,
when x=0,wehave 5=-A -2+8 = A =1.
Therefore,

x* +10X +5 1 2 8
= + + :
(x+1)*(x-1) x+1 (x+1)* x-1

3. Denominator with an irreducible quadratic factor

If the denominator has an irreducible quadratic factor of the form ax® +bx+c, i.e.
where b—4ac <0, then the partial fraction decomposition will contain a term of the
form
Ax+ B
ax® +bx+c’
where A and B are constants.

If the denominator has a quadratic factor of the form ax” +bx + ¢ raised to the power k,
where b—4ac <0, then the partial fraction decomposition will contain a term of the
form
A X+ B, N A X+ B, s A X+ B,
ax? +bx+c  (ax? +bx+c)? (ax? +bx +c)*’

where A, A,,---,A,B,,B,,---, B, are constants.

4x* +6x-10
(x+3)(x* +x+2)

Example 5.1.3 Resolve into partial fractions.

Solution: The expression x? + X+ 2 cannot be split into linear factors. Thus

4x* +6x-10 A . Bx+C A +x+2)+ (Bx+C)(x+3)
(X+3)(X* +x+2) Xx+3 xX*+x+2 (X+3)(X* +x+2)

= Ax* +6x—10= A(X* +x+2)+(Bx+C)(x+3) (1)

Whenx = —3,4(3)2+6(-3)—10=84 8=84 =A=1.
Thus, identity (1) becomes
4x* +6X—10=X* + X+ 2+ (Bx+C)(x+3) (I

Whenx =0,-10=2+3C =C=—4.
= identity (I1) becomes

AX? +6X—10=X* + X+ 2+ (Bx—4)(x+3) ()
Whenx =1,0=4+(B—4)(4) =B =3.
Therefore,
4x% +6x—10 1 3x—4

= + .
(X+3)(X*+x+2) X+3 X*+x+2

3



5.2

Improper Fractions

akx)

An improper fraction is of the form (x where q(x)and f(x) are

polynomials in which the degree of q(x) is greater than that of f(X).

2x* —x3 +3x+4

For example, 5 5 is an improper fraction. An improper fraction can
X®=X—

be resolved into partial fractions by first expressing it in the form

a0 _ h(x) + 1) , where h(x)and r(x) are polynomials.

fo) f)

2x* —x® +3x+4
Example 5.1.4 Resolve 5

into partial fractions.
XS—=X—-2

Solution: We first need to rewrite the improper fraction as a mixed fraction as,

2x* —x* +3x+4 10x +14
5 =2X% + X+ +54+———.
X*—Xx-2 S
Then we resolve 1OX—+142 into partial fractions as before:
X" —X—
10x+14 10x+14 A N B  AX+1)+B(x-2)
x> —x—2 (x 2)(x +1) (x-2) (x+1) (Xx=2)(x+1)
Thus, 10x+14 = A(x+1)+ B(x—2)
34

When x =2, 34=3A jA:?

When x=-1, 4=-3B =B=——

:>10x+14_ 34 4
x> —x—-2 3(x-2) 3(x+1)
Therefore,
2x" —x®+3x+4 ) 34 4
5 =2X"+X+5+ — .
X*—x-2 3(x-2) 3(x+1)



TUTORIAL SHEET 8

Resolve the following fractions into partial fractions:

1. 11x—-10
(x—2)(x+1)
2 x? —18x+5

(X —D(x+2)(x—3)

3. 10x® —73x+144
X(x —4)?

4. 5x* +3x+6
X(x? —x+3)
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4.1

MAT1100 LECTURE NOTES
Differential Calculus

Limits of functions
Finite limits
Example 4.1.1 Let the function f be defined by
f(x) =x+2.
What happens to the value of the function f(x) as x gets closer to and closer to 2 from
the left?

X 1 15 | 175 | 18 | 1.9 | 1.97 | 1.99 | 1.9999

fx)=x+2] 3 35 | 375 | 38 | 39 | 397 | 3.99 | 3.9999

Clearly as x approaches 2 from the left, the value of f(x) get closer to 4.
Here we say that f (x) tends to 4 as x approaches 2 from the left and we write
f(x)>4asx—> 2.
In general, if f(x) = L as x = c¢~, then we say that L is the left limit of f(x) as x
approaches ¢ from the left, and this is written as
lim f(x)=L.

X—C~

This is the left limit of f(x).

We also know that x can approach 2 through values of x greater than 2 i.e. x can
approach 2 from the right, as shown in the table below.

x 3 25 | 23| 22 | 21 | 205 |2.001| 2.0001

fx)=x+2| 5 45 | 43 | 42 | 41 | 4.05 | 4.001 | 4.0001

Again, f(x) gets closer to 4 as x approaches 2 through values greater than 2. Here we
say that f(x) tends to 4 as x approaches 2 from the right and write
f(x) > 4asx - 2%,
Similarly, in general, if f(x) - L as x — ¢* then we say that L is the right limit of
f(x) as x approaches c from the right, and this is written as
lim f(x)=L.

x—c*

This is the right limit of f(x).



If lim f(x)=L=Ilim f(x) we say that the limit of f(x) as approaches c exists and
itis L. This is simply written as

limf(x)=L.
If lim f(x) = lim f(x)then the limit of f(x) as approaches c does not exists i.e.
lim f (x) does not exist.

Examples: Find the indicated limits. Hence state whether the limit exists or not.

2X+3, Xx<L2
1. f(x)=
3X-1, x>2
(@) lim f(x) (b) lim f(x)
x—2* X—2"
Solution: y y=3x-1
71
5__
3 x approaches 2 from the right
x approaches 2 from the y’ét — X
ak
2
y=2x+3

(@) From the graph, we see that as x approaches 2 from the right, f(x) tends
to 5. Therefore,
x“_[? f(x) = xlir%(?)x —1)=5.
(b) From the graph, we see that as x approaches 2 from the left, f(x) tends
to 7. Therefore,

lim f(xX)= lim 2x+3) =7
xX—>2" xX—2"
Note that lin% f (x) does not exist since the right limit is different from the left
X—

limitie. lim f(X)=5%#7 = Iirg f(x).

x—2*

2. f(x)=/x

Solution:




(a) From the graph, we see that as x approaches 1 from the right, f(x) tends
to 1. Therefore,

llm\/——l

x—-1t

(b) Also as x approaches 1 from the left, f (x) tends to 1. Therefore,
lim Vx = 1.

x-1"

Since, the left limit is equal to the right limit i.e.

llr{l_\/—— 1= lim Vx,
X—

lim v/x exists and lim vx = 1.

x—1 x—1
Theorem 4.1.1 If f and g are two functions such that

lim f(x) =L, and limg(x) =L,,
where L, and L, are real number, then
1L Iim(f£g)(X)=limf(x)xlimg(x)=L, £L,.
Example 4.1.2 lin}(x3 + 4x?) = lirr} x3 + lirq 4x2 =144 =5,
X— X— X—

2. lim(f xg)(x)=lim f(x)xlimg(x) =L, x.L,
Example 4.1.3 Iiml(2x +4)(x-1) = Iim1(2x +4) x Iiml(x -1)=2(-2)=-

[ f lim £ (x) L _
3. lim| —|(x) =22*——=—, provided L, #0.
x>l g I|m g(x) L,

X2 ||IT; X2 4
Example 4.1.4 lim =X =—.
x>22x—1 I|rr2|(2x—1) 3

4. lim® f(x) = Q/E provided f(x) = 0 when p is an even integer.

Example 4.1.5 1im7 Vx—1=3%3-8=—
xX—-—

Example 4.1.6 Evaluate the indicated limits

x3—
(@) lim2x* +4)  (B)lim / x#1 (©lim 2 x+3.

x2-x—6"
Solutions:

(a) lim(2x® +4) = lim 2x3 + lim 4 = 2(8) + 4 = 20.
X—2 x—2 x—-2

) —
Vx4-2 }Cl_rgvx 2 _ V14

= lim = = = |—=+/2.
x—2 Vx3-1 }Ci_rg\/xe‘—l V7 7 \/—

o)l



© lim x3-27 lim (x—3)(x2+3x+9) _ lim (x2+3x+9) _ Um (x*+3x+9) 57
xo3X2-x—6  x-53 (x+2)(x-3) = xo3 (x+2)  limx+2) 5
x—3

Infinite limits and limits at infinite
Consider the function f (x) = 1 X # 0. The graph of f(x)= 1 x = 0is given
X X

below.

V4

It can be seen from the graph that as x — 0%, f(x) — +oo. This means that

.1 . . .1
lim = = +oo. Similarlyas x - 07, f(x) - —oo. This means that lim = = —.
x—0" X x—0" X

In this case, the function f(x) =—, x = 0 is said to have infinite limitsas x —» 0
X

either from the right or from the left.

) 1 1 o1 .
However, note that since lim = = +o00 = —oo = lim =, the limit lim = does not exist.
x—0" X x—0" X x—=0 X

.1 .
Example 4.1.7 1. lim — = +oosince, lir(x)n x? = 400 = lir(I)l+ x?, as seen from the
x—-0" X—

x=0 ¥
graph.
y
A
—| g
0 X
. 1 .
2. lim > = +oosince, lim : > = +00 = lim : >, as seen from the
X—2 (X — 2) x—-2- (x=2) x—2+ (x=2)
graph.



<

v

Again from the graph below, as x - +oo, f(x) — 0 implying that lim 1 0.
X—>+00 X

V4

Similarly, as x - —oo, f(x) — 0 implying that lim 1_ 0. These are limits at
X—>—00 X

infinity.

Example: 4.1.7 Evaluate the indicated limits:

. 2X+5 3 3 +1 5
1. lim . X#E— 2. lim , #—.
x>+0 X =3 7 x>+o 3X —5 3

Solutions:

1 dim 2 = Jim I G0 I XGl6)
x—+00 7X—3 X—400 x

(1=() = (=0)  dm(6)

2x+7 . x<2+7(?1c)>
(

_247(0) _ 2
T 743000 7
e ) () ()
2. lim = lim ——— = lim =
x—>+o00 3X—5 x—+00 x(3—5(;) xX—+oo (3_5(3_16)) xl—i>¥|-noo(3_5(%))
3/1+(0)3 1
~(3-5(0) 3



4.2

Continuity of a Function

Definition: A function f is said to be continuous at a point x = c if and only if
(@) f(c) exists, i.e. fis defined at c,

(b) }Ci_r)ré f(x) exists i.e. xllr?_ f(x) = th?+ f(x), and

(©) lim f(x) = f(©).
When a function f is not continuous at ¢ we say that f is discontinuous at c.

If a function is continuous at every point of interval I, it is said to be continuous on 1.

Example 4.2.1 Let f be a function defined by

2,if x>2 .
1. f(x)= . Is f continuous at x = 2?

—2,if x<2
xZ4+x-2
2.f(x)={ x— ifx#1 , . Is f continuous at x = 1?
3, ifx=1
1
3. f(x
(X) = 1

(a) Is f continuous on I, = {x:0< x < 4}?
(b) Is f continuous on 1, = {x: -3 < x < 4}?
Solutions:
1. By definition,
@ f(2) =2=fisdefinedat x = 2
(b) ,}Lr?- f(x)=-2and xllglJrf(x) = 2.
Since xlir?—f(x) =—-2#2= 9{1Lrgf(x), the limit chiir% f(x) does not exist.

Therefore, since one condition in the definition is not satisfied, the function

2,if x>2 :
f(x)= i is not continuous at x = 2.
—2,1f x<2

2. By definition,
@ f(1) =3=>fisdefinedatx =1

(b) llm flx) = llm a2 = lim (xzﬁ:ﬂ 11m 1 (x +2) =3and

x—1 x-1"

x24+x—2 lim (x+2}€,/

x=1 x—>1+

lim f(x) = lim = hm(x+2)—3

x-1t x—1

Since lim f(x) = 3 = lim f(x), the limit lim £ (x) exists, and
x—-1~ x—-1t x-1

(€) lim f(x) = 3 = f(D).



4.3

Therefore, since all the conditions in the definition are satisfied, the function
X+2-D) Gy L1

f(x)= X —1 is f continuous at x = 1.
3 if x=1

3.(a) Letcbeanynumberinl;. Then f(c)= cil . This means that f(x)
+

. : . 1 _ . 1

is defined on I; and Jir?_f(x) =—g= ler?Jr f(x) = P} foreveryc € I,.=
.1 1 .1 . e

lim—— = ——, and lim—— = f(c). Since all the conditions in the

x>¢c X+1 c+1 x>¢ X +1

definition are satisfied for every ¢ € I, the function f(x) = il is
X+

continuous on I;.
1 . . . . :
(b) f(x) = 1 is not defined at x = —1. Since the function is not continuous at
X+
apointx = —1 € I,, f(x) is not continuous on /5.

Properties of Continuous Functions

Suppose f and g are functions which are both continuous at c. Then
1. f(x) % g(x) iscontinuous at c.
2. f(x)-g(x) iscontinuous at c.

3. f(x)/g(x) is continuous at c, provided g(c) # 0.

The Derivative
Let the function f be defined by y = f(x). Suppose x is increased by h. Then we shall
denote the change in x by Ax = h, and then corresponding change in y = f(x) will be
Ay = f(x +h) — f(x).

Ay _ flx+h)-f(x)

Thus the difference quotient is given by — = ——————.
AX h

Definition 4.3.1 Let the function f be defined by y = f(x). Then from the first

principle, the derivative of f with respect to x in an open interval in the domain of

the function, is denoted by Z—Z = f'(x) and is defined by

Ay _ prpoy _ s FOHR)=F (@)
o = () = lim—=——=,

provided the limit exists.

Example 4.3.1 Find the derivative of each of the following functions, using the first

Principle:



1. f(x)=x

2. f(x)=x?

3. f(x)=x3

4. f(x) = i,x #0
5. f(x) =x
Solutions:

Lfx)=x =>f(x+h)=x+h.

JEAM I _ Jjpy XHR2X limJ—{z liml=1
h-0 h h-0k h-0 '

Thus, f'(x) = }lin(q)

2.f(x) =x? > f(x+h) = (x + h)>.

_ 2_.2 2 2_.2
Thus, f’(x) _ lim fx+h)—f(x) — lim (x+h)“—x _ limx +2xh+h“—x
h— h h—0 h h=0 h

_ 2xh+h? W(2x+h) _
= }11 — = }11_1)167—11116(236 + h) = 2x.

3. f(x) =x3 = f(x+ h) = (x + h)3.

flx+h)—f(x) — lim (x+h)3—x3 — lim (x+h)(x+h)?—x3

Thus, f'(x) = }ling

h—-0 h h—0 h
. (x+h)(x?+2xh+h?)—x3 . x3+3x?h+3xh?+h3—x3

= lim = lim

h—0 h h—0 h

. 3x2h+3xh*+h3 K(3x2+3xh+h%)
=limZ=—"—"— = |im——— o~

h—0 h h— o W
= lim(3x2 + 3xh + h?) = 3x2.

h—-0

Lfx) =< =>fl+h)=—

1 1 x—(x+h)
. x+h X . wah . . x—(x+h
Thus’f’(x) — hmw_ hmM_xz hmmz ( )
h— h-»0 h h—0 h h—0 hx(x+h)
-1 1
= lim = lim = ——
h—0 Hx(x+h) h—0 x2+xh) x2

5. f(x) =vx = f(x + h) =Vx + h.
foeth)—f(x) _ lim Vx+h—x

Thus, f'(x) = }1—>0 - lim —
— lim (Vx+h—vx) % (Vx+h+vx) mM
"~ h>0 h (Vx+h+vx)  h>0 h(Vx+h+vx)



li H 1
Rt H(Wx+h+yVx)  2Vx

Rules of Differentiation

1. The derivative of any constant (number) is O.

Proof: Exercise.

Example 4.3.2 In general, if f(x) = k, where k is a constant, then f'(x) = 0.

2.

3.

If fis a function defined by f(x) = x™, where n € Q, then

Proof: f'(x) = L'Ec])

f'(x) =nx™"L.
f(x+h)—f(x) _lim (x+h)" —x
h—0 h
X" + nx“‘1h+n(n'_l) X"?h? -4+ nxh"* +h" —x"
= lim 2
h—0 h

h[nxnl A=) s 4y h“j

) 2!
=lim
h—0 h

= nx"*

Exercise 4.3.1 Verify the derivatives of the functions in Example 4.3.1 using the formula.

If f is a function defined by f(x) = cx™, where n € Q, and c is a constant then

f'(x) = nex™ L.

Proof: Exercise.

Example 4.3.3: Find f'(x) given that
@ fG) = —6x5  (b) fx) = 2x7*.

Solutions:

@ f'() = (-6) (2) ™ = —2x7.

2

(b) f'(0) = 2(=Hx~*1 = —8x7°.

If fisa function defined by f(x) = u(x) + v(x), where u and v are differentiable

functions of x, then the derivative of f is given by

f1x) =u'(x) £ v'(x).

Proof: Exercise.

Example 4.3.4 Find f'(x) if f (x) = 5x% + 4x77.
Solution: Let u(x) = 5x2 and v(x) = 4x~7. Then

9



ff(x)=u'(x)+v'(x) =52)x + 4(-7)x™8 = 10x — 28x78.

5. The Product Rule: Let f be a function defined by f(x) = u(x) - v(x), where u

and v are differentiable functions of x, then derivative of f is given by

f1) =u'(x) - v(x) +ulx) - v(x).

This is the product rule for differentiation.

f(x+h)— f(X)
h

Proof: f'(x) = Ihmg

_lim u(x+ h)v(x+h) —u(x)v(x)
h—0 h

_lim u(x+ h)v(x+h) =v(x)u(x+ h) + v(x)u(x + h) —u(x)v(x)

h—0 h

_lim v(X)[u(x+h) —u(x)]+u(x+h)[v(x+h) —=v(x)]

h—0 h
_ ng v(x)[u(x+hh) —u(x)] N ng u(x+ h)[v(>;]+ h) —v(x)]
_ Lingv(x) . 'h'"g u(x+ hr)l —u(x) N ng u(x+h)- L"T(} V(X + hr)] —V(X)

= v()u'(x) + u(x)v'(x).

Example 4.3.5 Find f'(x) if f(x) = (3x3 — 4x°) - (7x + 2x?).
Solution: Let u(x) = 3x® — 4x5 and v(x) = 7x + 2x2. Then
f'() =v)u'(x) + u(x)v'(x)
= (7x + 2x%)(9x% — 20x*) + (3x3 — 4x°)(7 + 4x).

6. The Quotient Rule: Let f be a function defined by f(x) = u(x)/v(x), where u

and v are differentiable functions of x, then derivative of f is given by

VU (x) —u(x)v'(x)

' = VT

This is the quotient rule for differentiation.

Proof: f'(x) = "ml{u(x+ h) u(x)} B Iim1{v(x)u(x+h)—u(x)v(x+h)}

= h| v(x+h) v(x)| h>=h v(X)V(x + h)

10



.1
=lim=
h~>ooh

v(X)u(x +h) —u(x)v(x) + u(x)v(x) —u(x)v(x +h)
v(X)v(x + h)

_ Iim{v(x)[u(x +h)—u()]  u()[v(x+h)- v(x)]} 5 1
h h v(X)v(x + h)

h—o0)

_ V(X)D,ifol u(x+ hr)] —u(x) u(lim V(X + hg —v(x)} y V(X)V(lx -
F1(x) = v(x)u'(x) —u(x)v'(x)
[v()I*
(x* +1)

i yweletu(x) =x?+1landv(x) =2x — 1

Example 4.3.6 If f(x) = @

so that u'(x) = 2x and v'(x) = 2. Then
v(x)u'(x) —u)V'(x) _ (2x—1) x 2X — (X* +1)x 2

f'(x) =
) VOO (2x-1)?

CAXP-2x—2x2 -2 2x2-2x-2  2(x* —x-1)

B (2x —1)? o @2x-1)? (2x-1)%

The Chain Rule

Suppose h(x) = f[g(x)] in which f(x) is differentiable at g(x) and g(x) is
differentiable at x. Then h(x) is also differentiable at x and

h'(x) = flg()] x g'(x).

This is called the chain rule for differentiation and it is used to find the
derivative of a function of another function (composite of two functions).

Note: If = f[g(x)], we letu = g(x) sothat y = f(u). Then

dy_dy_du
dx du dx'

where Y = f'(u)and au = @'(x). Therefore
du dx
y'=f'w)xg'(x).
Example 4.3.7 Suppose ¥ = (3x2 — 2x + 5)25. We letu(x) = 3x2 —2x + 5
so that y = u?°. Theny’ = 25u?* and u’(x) = 6x — 2.
Therefore,

dy _dy  du _ 24 9y — 2 _ 24 _
dx—duxdx—ZSu X (6x —2) = 25(3x* — 2x + 5)“*(6x — 2)

= 25(6x — 2)(3x% — 2x + 5)%*.

11



Differentiation of Implicit Functions

All differentiation carried out so far involved equations of the form y = f(x).

But the equation y + xy + y? = 2, (say) do exist but cannot easily be

expressed in the form y = f(x). In such a case we say that y = f(x) is

implied by the equation y + xy + y? = 2. Such functions are called implicit

functions.

Now, if y = f(x), equations such as y + xy + y? = 2 may be written as
fO) +xf(x) + [f(0)]* = 2.

This equation can be differentiated term by term and have

f1e) + [f () + xf' (0] + 2[f ()]f'(x) = 0.

. d . .
Since é = f'(x) we can rewrite the new equation as

dy dy dy
dx+y+xdx+2ydx—0.

Making g_y the subject of the formula we have
X
dy__ -y
dx 1+x+2y

Thus, we say that we have differentiated implicitly.

dy

™ given that x* —xy® +y® =5.

Example 4.3.8 Find
Solution: We differentiate term by term
d,,.o d, ,. d,6 ., d
— -— — =—(5
LX) =097+ (y) = (5)

and obtain

ZX—[y2 +2xyﬂ}+3y2ﬂ:0
dx dx

d
[3y* - 2xy]d—i =y*-2x.

Therefore, making 3_y the subject of the formula we obtain
X

dy  y*-2x
dx 3y?—2xy

12



TUTORIAL SHEET 7

Sketch the graph of the following functions defined and intuitively determine the
indicated limits:

(@ f(x)=3x>: (i) Iin; f(x) (ii) Iirgl f (x)

() f(x)=2x>+4: (i) Iirg f(x) (i) Iirg f(x)
©) f(x)= {2“3' X<2 iy him £ (i) lim f(x). Does the limit
3x-1 x>2 X1 Xl

lim £ (x) exist?
x? —4

A () ={%_2" X*2 () lim f(x) (i) lim f(x)
5’ X = 2 X—2 X—2

Does the limit Iirr; f (x) exist?

Evaluate each of the following limits:

o x? . x*-8 x® +8 . X2 —4
a) lim b) li d) lim,| —/———
()H—52x—3 (®) x>2 X —2 O X1 2 @) x>2 \| X? —3x + 2
. (1 1
@ rf %)
Evaluate each of the following limits:
— 2 / 2
@) lim ox-1 (b) | X+—3X+7 (©) lim (d)l —4
Xt — X + 4 H+°°3x -2x-1 X—>=e0 -2\ X —3x+2

Sketch the graph of each of the following functions defined and determine if each
IS continuous at the given point c:

-2,

=
)

atc =2

(8 f(x)=v3x—latc=7 (b) f(x):{
X+2, x<-1

atc=1 (d) f(x)={x*, -1<x<1 atc=-1,1.
3x+1, x=1

2x+1, x<1
—X+4, x>1

(©) f(X)={

A function f is defined on an interval I. Determine whether f is continuous on I.

@ f(x)=

I ={x:-1<x<5} (b) f(x)=XL_1, | ={x:-3<x<1}

() f(x )—L?’Xl, | ={x:-2<x<2}
2+3

13



x> +x-2 5
d) f()=4"x32 ' *77°, I={x-3<x<3}L
-3 X=-2

Define f(c) so that the function is continuous:

(a)f(x)=%, x=1c=1(b) f(x)= ;’jz, X#42,C=2

2 3
(©) f(x):x 1, x#-1,¢c=-1(d) f(x):X +8, X#-2,c=-2.
x+1 X+ 2

Find the derivative of each of the following functions from first principle:

(@ f(x)=+/x+1 (b) f(x)=3x>+4x-8 (c) f(x)= (d) f(x)——.

w/ Xx—3
Differentiate with respect to x:
@ x* -9’ +6 (b) X°Vx—2 () # @ B —x2f (& & ;23) .

Use implicit differentiation to find - Y of each of the following functions:

(@x2+y?+8x—2y—8=0(h)2x%2+2y>—-3x+2y+1=0

() x3+xy—x?y?2=17.

14



6.1

6.1.1

MAT1100
LECTURE NOTES

Integral Calculus |
The Indefinite Integral

Integration as the reverse process of differentiation

Recall that when a function f(x) is differentiated f'(x) is obtained. In indefinite
integral when a function f'(x) is given, we find a function which was differentiated to

give f'(x).
The symbol for integration is J' For example, for f'(x) = nx™1, to find f(x) we
write [ (nx™ Y)dx = f(x). In general, if % = f'(x) then [ f'(x)dx = y.

Now, the process of finding the function which was differentiated is called
integration, and clearly it is the reverse operation of differentiation.

Example 6.1.1 Find what was differentiated to give us 2x.

Here. clearly, the majority of people will say it was x2. Others would say it was

x% + 1, May be you may say x* —29. All these are correct answers. Thus, we can
receive an infinite number of correct answers. Even x* +c, where c is a constant, is
also a correct answer. f(x) = x? + c is a general answer for the integral of 2x.
Therefore,

IZxdx:x2+c,

and c is called the constant of integration.

Similarly,

Jf()dx = f(x) +c.

Definition 6.1.1 Suppose that % = f(xX), a<x<b.Thena function
- X

F(x) = [ f(x)dx is called the indefinite integral of f(x).

Note: If F(x)isan integral of f(x) with respectto x then F(X)-+cwhere cisany
constant is also such an integral. Therefore all indefinite integrals of f (x) are
contained in the formula y = F(x) +c. This is the more reason why the indefinite
integral of f(x) is written in the form

[ f(9dx=F(x)+c.




6.1.2 Fundamental integration formulae

A number of fundamental integration formulae below follow immediately from the
standard differentiation formulae, while other may be checked by differentiation.
These formulae are important in the evaluation of some integrals.

1. If k is any constant then
[ kdx = kx +c.
2. [ x"dx = "
n+1

1
Example: [ x'*dx = —x'° + ¢

3. Ildx =In|x + c, since ;—x (Inx) = % (This will be proved when we do Further
X
Differential Calculus.)
4. [——dx =In|x + k| + c. (This follows from 3.)

5. ka (x)dx = k.[ f (x)dx, where k is any constant.

ExamQIe:f4x3dx=4fx3dx=4(i)x4+c=x4+c.

6. j [f(x)£g(x)]dx = j f(x)dx + j g(x)dx
Examples: (@) [(x? — 5x3) dx = [x?dx — 5 [ x3dx
=1x3 - 2xt 4o
3 4
() [Bx+x2—6)dx =3 [xdx+ [x*dx—6[dx
=3x24+2x3 —6x+c
2 3

Miscellaneous Examples

Evaluate each of the following indefinite integrals:
1. [ Vx2dx.
1 2 5
Solution: [ ¥x2dx = [(x?)zdx = [ x3dx = 2x3 + ¢
2. [(3—2x)%dx.

Solution: [(3 — 2x)%dx = [(9 — 12x + 4x?)dx
= 9x — 6x° +§x3 +c.

3. = .

xX—2
. rx%-4 o (x=2)(x+2) . 1
SO|UtI0n.fEdX = deX = f(x + 2)dx = EXZ + 2x +c.

2



6.2

4, fx\s/; dx.

. x3-2 x3-2 L.
Solution: fwdx = f—ldx = fx Z(X - 2)dx
X2

= [ (xg — Zx_%) dx

x—4
5. f\/ﬂzdx.

Solution: f%dx = f%dx = [(Vx —2)dx

=fx%dx—2fdx

2 2
=§x2—2x+c.

6 f x%43x—4 dx

x—2
Solution: We can rewrite the integrand as a mixed fraction by dividing x — 2 into
into x? + 3x — 4:
x+5
W
—(x? = 2x)
5x — 4
—(5x — 10)
6

2
x“+3x—4 6

= =x+5+—
x—2 x—2

fx2+3x—4

6
dx=f(x+5+;)dx
6
= [xdx+ [5dx+ [ —dx
1
=Jxdx+5[dx+6[—dx
=%x2+5x+61n|x—2|+c

xX—2

The Definite Integral

Integration can be used to find the area under the graph of a function on an interval
[a, b]. It can also be used to find volumes, central points and so many other useful
things.



6.2.1

Definition 6.2.1 If I f (x)dx = F(x) + ¢, and f is a continuous function on the interval
[a, b] then the definite integral of f(x) from x=a to x =b is written as

Ib f (x)dx and is given by

[T fodx=[F(x)+cl = F(o) - F(a) .

The numbers a and b are called the lower and upper limits of integration,
respectively.

Example: Evaluate the following definite integrals:
"(2x +3)d
1. L( X+ 3)dx.
Solution: E(2x+3) dx = [x2 +3x[, = (5% +3(5)) — (22 +3(2)) = 30.

2. I:(3x2 + 2)2 xdx .

Solution: [ (3x? + 2)%dx = [} (9x* + 12x? + 4)dx
= (§x5 + 4x3 + 4x)}
= (3(1)5 + 4 + 4(1)) - (g (0)° + 4(0)% + 4(0))
9 49

:E+4+4:?'

Properties of Definite Integrals

If f(x) and g(x) are continuous functions on the interval of integration [a,b], then
b b
1. ch (x)dx:cjaf(x)dx

Example: f13 3x%dx = 3 ffxzdx =3 G) ()i =06Hi=03P°-1)°
=27—-1=26.

2. [TFe9£geldx =] f(xdx+ [ g(x)dx

Example: E’(2x+3) dx= [7 2xdx +3 [ dx = (x5 + 3(0)3

=(5)* - (2)*+3[5-2]
=25-4+3(3)
= 30.



[PHe0d=["f(dx+ [ f(x)dx, where a<c<b.
Example: [ 3x% dx = (x)} = (3)* — ()3 =27 - 1 = 26.
flz 3x%dx + f: 3x%dx = (x3)7 + (x3)3

=[(2)* = ()] +[(3)° = (2)°]
=[8—1] + [27 — 8]

=7+19 =26 = [ 3x? dx.
[Pe0dx =] f(x)dx.

Example: f13 3x2 dx = 26.
[, 3x%dx = ()} = (13- (3)*=1-27=-26

= —f13 3x2 dx.
I:f(x)dx:o.

Example: f:%dx =(nx);=In4—-In4=0



TUTORIAL SHEET9

Integrate the following functions with respect to x:

@ 21 % e x-3+x?+2
X X

Evaluate the following integrals:

@ [(9x° + Ddx () [ %dx © [ (7x3 - %) dx  (d) [ 2x(3x> — 52 + 1)dx

@ f 5%4 dx (f) [t + 1) (¢ + t)dt @) fu@B - 4u?)?du

. . +3
(h) [(3x2 — 2)2(x* — Ddx (i) [ x*Vxdx () [ xx—3dx.
Find the definite integrals:

@ f,(4—30dx () [V~ ¥Ddt () [,By+4)dy

@ [[(Vi+4)de @[ wv-2)%aw ] 02 Gx47 hx

3x+1
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LECTURE NOTES

BINOMIAL EXPANSIONS

Binomial Expansion for (a + b)™ forn € Z*

A binomial is the sum (or difference) of two terms. For example, a + b, 3x + 5y,
p? — 2q are all binomials.

It is sometimes necessary to expand a power of a binomial. For example,

(a+b)* = (a+b)(a+b)?=(a+b)(a®+ 2ab + b?) = a® + 3a’b + 3ab? + b3
Multiplication of higher powers of binomials is a tedious process. A quicker way is by

the use of the Pascal’s Triangle which we shall develop in the next section.

Pascal’s Triangle

Consider the following expansion:

(a+b)t = a+b

(a+b)* = a’ + 2ab + b?
(a+b)3=(a+b)(a+b)?= a® + 3a%b + 3ab? + b3
(a+b)*=(a+b)(a+b)= a* + 4a3b + 6a%b? + 4ab® + b*

(a+b)°>=(a+b)(a+hb)*= a®+5a*h +10a3b? + 10a?b3 + 5ab* + b°

From the expansions, writing the coefficients only, in a triangular fashion we have

W
N
YN
WYY

This is the Pascal’s triangle.
From the triangle, one can easily write down the coefficients of the terms in the
expansion of (a + b)®. These are 1, 6, 15, 20, 15, 6 and 1. Therefore, using these



coefficients we have

(a+ b)® = a® + 6a®h + 15a*b? + 20a3b® + 15a%b* + 6ab® + b®
Notice that in the expansion of (a + b)™", the powers of a which start with n,
thereafter at each stage it reduces by 1 and ends with 0 while those of b start with 0

and increases by 1 at each stage and ends with n.

Example 7.2.2 Use Pascal’s Triangle to expand:

@ (2x+y)°

Solution: In the expansion of (a + b)> , the coefficients of the terms are

1 5 10 10 5 1.

Taking a = 2x and b = y, we have

(2x + ) = (2x)° + 5(2x)*y + 10(2x)3y? + 10(2x)?y> + 5(2x)y* + y5
= (25)x° +52Yx*y + 10(23)x3y? + 10(2%)x%y3 + 5(2x)y* + y°
= 32x5 + 80x*y + 80x3y? + 40x%y3 + 10xy* + y°.

(b) (x* —»)*
Solution: (x? — y)* = (x? + (—y))*. In the expansion of (a + b)* , the coefficients
of the terms are 1,4,6,4,1. Taking a = x? and b = (—y),
(== @)+ 40?3 (=y) + 6(x*)?(=y)? + 4(x*) (=) + (=»)*

= x8 — 4x%y + 6x*y? — 4x?y3 + y*
() (\/7 — %)

6 6

Solution: (\/7 - %) = (\/7 + (— %)) . Now in the expansion of (a + b)°® the

coefficients of the terms are 1, 6, 15, 20, 15, 6 and 1. Taking a = V2 and b = (—%)

3

(x/i——) = (vV2)° +6(v2) (——)+15(\/_) (——) +20(v2) ( )

+15(v2) (‘_) +6(v2) (__)5 (_%)6

—8-24+30—204+2_3,1_1
2 2 8 8

7.2 Factorials

The product
1X2X3X4X5X6X%X:---Xx98x%x99 x 100



is a very large number, and is difficult to multiply out without using a calculator, and
is cumbersome to write, even when left in factor form as above. So this clumsy
product is denoted by 100! and is read ‘100 factorial’.

In general, n! represents the number 1 X2 X3 X X (n—2) X (n—1) Xn i.e.
nl=1Xx2xXx3x-xXxn—=-2)Xx(n—-1)xn

or n=nxXxm-1)XM—-2)xX--Xx3x2x1,

since multiplication is commutative.

Note that n! can also be written as

n=nxm-1)xXxMmM-2)Xx---x3%x2x1,o0r
=nXxnm—-1)xMn—-2)x(n-3)!,or
=nx(n—-1)x(n-2),or
=n X (n-—1)!
etc.

Clearly, 1! = 1. Now, it should be noted that 0! is defined as 1 i.e. 0! = 1.
: . 12!
Example 7.1.1 (a) Evaluate (i) 10! (i) 18—,

(b) Write in factorial form:

(1) 96 X 97 x 98 x 99 x 100

vy IXBXT7X6
(i) ———.
4X3X%X2

7.2.2 Binomial coefficients

The binomial coefficients are positive integers that occur as coefficients in the
binomial expansion. For n = r > 0 the binomial coefficient is denoted by (Z)

and is defined by
(n) _n!
r] (n—-r)ir!

Example 7.2.3 Evaluate the binomial coefficients:
10 100 16
@) ©F,) ©F)

Solutions:
10 10! 10! 10X9x8x7!  10X9x8

@ ()= =% _ ~ = 120.
7 (10-7)!x7! 31x7! 31x7! 3x2x1

(b) (100)_ 100! 100!

0 /  100!x0!  100!x1
16\ _ 16! _ 16x15! _
©) ( 1 ) T (16-1)Ix1!  15!x1 16.

7.2.3 Binomial theorem



The Binomial theorem for positive integers n > r is given by

@+by=(g)a"+(})a" b+ () a"2b? + -

+( D) et (D Jab o+ () 0
NOTE:
1. In the expansion of (a + b)™the powers of a start with n and at each stage
it reduce by 1 i.e. in the second term the power of is n — 1, in the third it will be
n — 2, in the fourth term it will be n — 3 etc. and in the last term its power will be
0. While the power of b will start with 0 and start increasing by 1 and in the last
term its power will be n.

2. The r'" term for r < n in the expansions of the binomial (a + b)™, where
n € Z*, is given by (r f 1) avTtipr-1

3. In the expansion (g) = (Z) = 1and (Tll) = (n E 1) =n.
4. In the case where a = 1 and b = x, the binomial expansion becomes

er= () (e () ot (1 )t o
i )e T ()

This can also be written as

n(nz? D X2 4 o+ n(n —(:)_STI — ) .

+nx™ 4 X,

1+x)"=1+nx+ Tl

Example 4.2.4 Use the Binomial theorem to expand:
(8) 2x+3y)° (b) (1 —3x)*

Solutions:

@ (a+b)5 = ((5)) as + (i’) a*h + (g) a®h? + (g) a?b3 + (i) ab* + (g) bS.

In this expansion we can make a = 2x and b = 3y so that
5 _ (5 NE 4 5 3232 4 (O 2 (2113
@2x+3y)° = (3) @05 +(7) @0* Gy + (5) @0° G + (3) @0*Gy)

+(3) @oen* +(3) 6y?
=32x° + 5(3)(16)x*y + 10(8)(9)x3y? + 10(4)(27)x%y3
+5(2)(81D)xy* + 143y°
= 32x° + 240x*y + 720x3y? + 1080x2%y3 + 810xy* + 143y°.



b) 1 +a)* = (g) + (Lll) a® + (LZL) a® + (;L) a®+ (i) a*.

In this expansion we can make a = (— g) so that

=301 =)+ () ()+ Q) Q) ()
=1 +4(—%)x+ 6(—%)2x2 +4(—%)3x3 n (_1)4x4

= 1—2x+6(i)x2—4(%)x3+(1—16)x4

3 1 1
=1-2x+-x*—-x3+—=x*.
2 2 16

Example 4.2.5 Find the term in x3 in the expansion of (3 + x)°5.

Solutions: Sometimes you don’t need to expand the whole expression to find just one
term. You just need to use the rth term. For example, tet the term in x3 be the rth
term. Then the rth term is

(r E 1) 35—(r—1)xr—1.

Thus,r—1 =3 :>r=4:>(§)32x3=%x9x3=90x3.

Example 4.2.6 The coefficient of x* in the expansion of (2 + ax)® is 60.
Find possible values of the constant a.

Solutions: Let the coefficient of x*be the rth term. The rth term is

(r E 1) 26=(=D(gy)1 = (r E 1) 27T (@™ 1,

>r—1=4 =>r=05.
Therefore, the coefficient of x* is
6! 6 X5 x4l

6 7-5¢,75-1 _ (6 2o 44 _ 2. 44— 4
(5_1)2 (a) —(4)><2 X a _2!><4!XZ xXa* = > < Al X4 Xa

= 60a* = 60
>at=1>a=1
Example 4.2.6 Find the 5™ term in the expansion of (2 + 3x)8.
Solutions: The rth (5™ term is

8 8—(5-1) 5-1 _ (8Y o8-(5-1)(2\5-1.,5-1 _ __ O 4. 244
(5_1)2 (3x) _(4)2 (355 = X 20 x 3

_ 8X7X6X5

= X 16 x 81x*
4x3x2X1

=90720x*



7.3 Binomial Expansion of (1 + x)" forn e Q

The Binomial theorem can be extended to the expansion of (1 + x)"
where n € Q provided that |x| < 1. The expansion is given by
nn—-1) , nn—1){n-2)

1+x)"=1+nx+ TR 30 x3 4 -

provided |x| < 1.

It should be noted that for rational n the expansion is only valid for
(1+ x)™and itis not for (a + x)™, where a # 1.

In the expansion of (a + x)™ for n € Q where a # 1 one must first rewrite (a + x)"
n
as a” (1 + E) in which case
a

(@a+x)" =a" (1 +n(%)+ 22 (g)z 4 Hon2) (§)3 = )

2! 3!
and the expansion is valid for |§| <lie|x|<20r—a<x<a.

Example 4.2.7 Expand each of the following binomials in ascending
powers of x up to and including the term containing x3 stating the set
of values of x for which each expansion is valid.

(@ (1—2x)s (b) (2+x)2

Solution: (a) (1 — 2x)3 =1+= ( 2x) + ;(1 )( 2x)? +m(—2x) + -

L2t My
3

5 , |—2x] < 1li.e2|x| <1.

Therefore the range of values of x for which the expansion is

Dy . 1 1 1
validis [x| <-or—=-<x <-=.
2 2 2

O @+02=[2(1+3)] =22 (1+3) 1 (1+3)"

2

=114 () () + R (E) 4 DR (), L)

=i(1—x+%x2—§x3+---), |§|<1i.e.|x| <2or—-2<x<2.

Therefore the range of values of x for which the expansion is
validis |x] < 2o0r -2 < x < 2.

1
Example 4.2.8 By substituting 0.02 for x in (1 — x)z and its expansion,
find /2 correct to five decimal places.

Solution: (1—x)§=1+()( x)+;( )( x)?




=1—2x—2x2—2x3 4., |x|<1
2 8 16
Since, —1 < 0.02 < 1, we can replace x by 0.02 in the expansion. i.e.
1 1 1 1
1-0.02)2=1-=(0.02) —=(0.02)2 — —(0.02)3 + ---
(1-002) 5(0.02) — £ (0.02)* — +=(0.02)* +
(0.98)2 =1 -0.01 — 0.00005 — 0.0000005 + --- = 0.989945

= |22 ~0.989945
100

V2 . 0.989945
10

= ~ 1.414207

V2 ~ 1.41421 correct to 5 decimal places.

5
(143x)(1-2x)

Example 4.2.9 Expand
giving:
(@) the first four terms

as a series of ascending powers of x

(b) the range of values of x for which the expansion is valid.

Solution: (a) Resolving m into partial fractions we have

5 3 2
(1+3x)(1-2x)  1+3x = 1-2

- =3(1+3x) + 2(1 - 2x)

—-1(—-1-1 —1(-1-1)(—-1-2
3(1+3x) =3 ll + (—1D)(3x) + %(Bx)2 + ( 3')( ) (3x)?
+l
=3[1—-3x+9x% —27x3+—--]
=3—9x +27x%2 —81x3 + — -+, |3x|<1or|x|<§or—§<x<§.
—-1(—-1-1 -1(-1-1)(—-1-2
2(1—2x)"1=2[1+(—1)(—2x)+¥(—2x)2+ ( 3')( )(—2x)2
+]
= 2[1+ 2x + 4x? + 8x3 + -]
=1+4x +8x%2 +16x3 + — -, |—2x|<1or|x|<%or—%<x<%.

(b) The range of values of x for which the expansion is valid must satisfy both the
expansion for (1 + 3x)~1 and (1 — 2x)~1. Thus we are looking for the intersection of

the two ranges —§ <x< gand —% <x< % Therefore the required range is

1 1
—-<x<-
3 3



10.

11.

12.
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Compute explicitly the given quantity:

12
5! 12
@y O() © (@)
If k and r are integers such that 0 < r < k, prove that

(=C7D-GE)

Show that (SHU{Q}{:}: .

Find the first three terms in the expansion of each of the following:

@ 2-x° () (1—4y)(1-5y)8 () @+2x)° (d) (x—2y?).
Giventhat (1 +2y)” =1+ Ax + Bx?> + Cx3 + -+, A, B find and C.

Write the term indicated in the expansion of each of the following expansions:

8
(a) fourth term of (1 + 2y)7; (b) fifth term of (xz —lj ;

X

n
Find the term independent of x in the expression of (x2 - %) when
@n=3 (b)yn =12.
The first three terms in the expansion of (1 + kx)™ are 1, 14x and 84x?
respectively. Find the values of the constants k and n and the coefficients of and
terms.
Expand the following functions as a series of ascending powers of x up to and

including the term in x*. In each case give the range of values of x for which the
expansion is valid:

1 1 2x+1 1
@ (1_2)()2 (b) (4+X) (c) m (d) ﬁ

1
By substituting 0.08 for x in (1+ x)E and its expansion find /3 correct to four
significant figures.

Use a suitable binomial expansion to find correct to five decimal places.

1
+~/0.99

Find the expansion of (1 + y)®°.
(a) By writing y = x + x2, find the first four terms, in the expansion of
(1 + x + x?)°.
(b) By putting x = 0.01 in your first four terms, find an approximation for
(1.0101)°.






PRINCIPLE OF MATHEMATICAL INDUCTION

Let P, be a statement in terms of n, where n is a positive integer. To prove that P,
is true using the principle of mathematical induction, usually we follow four steps:

Step 1: Prove that P; is true i.e. the statement is true for n = 1,

Step 2: Assume that P, is true i.e. assume that the statement is true forn = k
where k > 1.

Step 3: Using the assumption in Step 2 show the general statement P, is true i.e.
general statement is true forn = k + 1.

Step 4: Conclude that the general statement is then true for all positive integers, n.
Example 8.1: Prove, by mathematical induction, that all integers n € Z".
(@) Pil+2+3+4+5+-+n=_n(n+1)
Proof: Step 1: Is P,true forn = 1?

Left hand side (LHS) = 1;

Right hand side (RHS) :§(1)(1 +1) = %(2) =1=LHS

= itistrue forn = 1i.e. P; is true.

Step 2: Assume that it is true for n = k i.e. Py is true.

ie.  1+2+3+4+5++k=ck(k+1).

Step 3: Prove that P4 is true i.e. the general statement is true for n = k + 1 also.

i.e. by using the assumption prove that
1+2+3+4+5+-~-+k+(k+1)=%(k+1)(k+2)

Pf. LHS=1+2+3+4+5++k+(k+1)

\_____——~————(by assumption)
= ~k(k +1) +(k+1)

2

1 1 1 _
= (k+1)(Ghk+1) =+ 1) (Gk+2) =3 (k+1)(k +2) =RHS
= ittrue forn = k + 1 also.
Step 4: Since itistrue forn = 1,n = kand n = k + 1, we conclude that it is true

forall n € N.
Note: The truth of P, implies the truth of P, ;.

b)) P:1+3+5+7+9++(2n—-1) =ni
Proof: Step 1: Is it true forn = 1?
LHS =1; RHS =12 =1 = LHS



= itistrueforn = 1.

Step 2: Assume that it is true for n = k.

ie.14+2+3+4+5+-+2k—1)=k%

Step 3: Prove, by using the assumption, that it is true for
n=k+ 1also.i.e. prove that

142+3+4+5++QRk—-1D+QRk+1)=(k+1)*

Pf: LHS :\Hiiizt+5+---+(2k—‘1)J+(2k+1)

= k? + (2k+1)
=k?+2k+1=(k+1)? =RHS
= it true forn = k + 1 also.

Step 4: Since itis true forn = 1,n = k and n = k + 1, we conclude that the

statement B, is true for all n € N.
(C) P12 +22 432+ 42+ 52 + -+ n = =n(n+1)(2n + 1)
Proof: Step 1: Is it true forn = 1?
LHS =12 = 1; RHS = %(1)(1 +DQRM)+1) = %(1)(2)(3) =1=LHS
= itistrueforn = 1.
Step 2: Assume that it is true for n = k.
i 12 +22+32 442 452 4 ..+ k2 =%k(k+ 12k + 1)
Step 3:  Prove, by using the assumption, that it is true for n = k + 1 also.
i.e. prove that
124224+ 32 4+ 42 + 5% 4+ k2 4+ (k +1)? = = (k + 1) (k + 2)(2k + 3)
Pf:LHS =12+4224+3%2+4% 452+ -+ k*+ (k + 1)?
= Zk(k+1)(2k +1) +(k+1)2
= %(k +1D)*kQk+1) +6(k+1) = %(k +1)(2k? + 7k + 6)

== (k + 1)(k + 2)(2k + 3) = RHS

= ittrue forn = k + 1 also.
Step 4: Since itistrue forn = 1,n = k and n = k + 1, we conclude that it is true

forall n € N.

() P13 +2° + 33+ 4% + 53 + -+ 0% = n?(n + 1)?



Proof: Step 1: Is it true for n = 1?

LHS =13 = 1; RHS = %(12)(1 +1)% = %(1)(4) =1=LHS
= itistrueforn = 1.
Step 2: Assume that it is true for n = k.

ie. 13 +2% 33+ 4% + 55 + o+ k3 = k2 (k +1)?
Step 3:  Prove, by using the assumption, that it is true for n = k + 1 also.

i.e. prove that
1P+23+ 3+ 43 45 4+ k3 + (k +1)° == (k + D2(k + 2)?

PiLHS =13+23+33+4*+53 + -+ K3+ (k+1)°

= Zk(k+1)? + (k +1)3
== (k +1)? (k? + 4k + 4)
=< (k+1)2(k +2)? = RHS.

= ittrue forn = k + 1 also.

Step 4: Since itis true forn = 1,n = k and n = k + 1, we conclude that it is true

forall n € N.

Example 8.2 Prove, by mathematical induction, that
(@) B,:n3® — 7n + 9 is divisible by 3 for all integers n € Z*.
Proof: Step 1: Is it true forn = 1?
13 — 7(1) + 9 = 3, which is divisible by 3.
Thus, it is true forn = 1.

Step 2: Assume that it is true for n = k.

k3-7k+9

i.e. k3 — 7k + 9 is divisible by 3 i.e. -

p, or k3 — 7k + 9 = 3p where
p € N.
Step 3: Prove, by using the assumption, that it is true for n = k + 1 also.
i.e. prove that
(k+1)3—=7(k +1) + 9isdivisible by 3

Pf: k+1D)3—=7(k+1D)+9=k3+3k*+3k+1—-7k—-7+9
=(k*—7k+9) +3k*+3k—6
g\f—;
3p

=3p+3k?+3k—6
=3(p+k?*+k-3),



which is a multiple of 3, since p, k € N.

Thus, it true for n = k + 1 i.e. B, is divisible by 3 also.
Step 4: Since itis true forn = 1,n = k and n = k + 1, we conclude that it is true
forall n € N.
(b) 9™ — 1 is divisible by 8 for n € N.
Proof: Step 1: Is it true for n = 1?
91 — 1 = 8, which is divisible by 8.
Thus, it is true forn = 1.
Step 2: Assume that it is true for n = k i.e. 9% — 1 is divisible by 8
9k — 1 =8p,wherep € N= 9% = 8p + 1, where p € N.
Step 3:  Prove, by using the assumption, that it is true for n = k + 1 also.
i.e. prove that
9k+1 — 1 s divisible by 8

Pf: 9k+1 _ 1 =9(9%) -1
=98p+1)-1
=72p+8
=809 +1)

which is divisible by 8, since 9p + 1 € N. Thus, it true for n = k + 1 also.
Step4:  Sinceitistrueforn = 1,n = kandn = k + 1, we conclude that it is
true for all n € N.
Example 8.3 Prove each of the following in equalities hold by mathematical
induction:
(@) B;: 4" 1 >n?forn > 3.
Proof: Step 1: Is it true for n = 3?
LHS = 4371 =42 = 16.
RHS =32 =9 < LHS
Thus, it is true for n = 3.
Step 2: Assume that it is true for n = k.
ie. 41> kZfork > 3.
Step 3: Prove, by using the assumption, that it is true for n = k + 1 also.
i.e. prove that
4UAD-1 > (k + 1)2 fork > 3
Pf: LHS = 4%~D+1 = 4(4%-1) > 42, by assumption, since 4¥~1 > k2



for k = 3.

e 4K+ 5 482 = 2k2 + 2k% > 2k? + 2k, since 2k? > 2k for k > 3.
and k? > k fork >3

e 4Kk-D+1 5 282 4 o) = k2 4+ k2 4+ 2k > k® + 2k + 1, since k2 > 1 for

k > 3.

Thus, 4%+D-1 > (k + 1)2 = RHS, for k > 3, since k? + 2k + 1 = (k + 1)2.
Hence, it true for n = k + 1 also.

Step 4: Since it is true forn = 3,n = k and n = k + 1, we conclude that it is true

forall n € N.

(b) P: (2n)! > 2™(n))?%, n = 2.

Proof: Step 1: Is it true for n = 2?
LHS = (2(2))! = 4! = 24.
RHS = 22(21)% =8 < 24 = LHS
Thus, it is true forn = 2.
Step 2: Assume that it is true for n = k.
ie. (2! > 2K(kD? k > 2.
Step 3: Prove, by using the assumption, that it is true for n = k + 1 also.
i.e. prove that
Qlk + D) > 2K ((k + 1)NZ k= 2
Pf: LHS = (2(k + 1D)! = 2k + 2)! = (2k + 2)(2k + 1) (2k)!,
> 2(k + 1)(2k + 1)2%(k!)?, by assumption, since
(2k)! > 2k (k)% for k > 2.
Qk + D) > 2(k + 1) (k + 1)2k(kD?, since 2k + 1 > k + 1 for k > 2.
=21 (k + Dk! (k + 1k! = 281 (k + 1)!]2.
Hence, it true for n = k + 1 also.
Step4:  Sinceitistrueforn=2,forn=kandn =k + 1,

we conclude that it is true for all n € N.
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Prove, using the principle of mathematical induction, that for positive integers n

n(n+1)(n+2)

@1-2+2-3+3-4+---+n(n+1) = 3

(b) 4* +42 +4% 4.4 47 :%(4“ ~1)

1 1 1 1 n

(c) + + -+ =
1-2 2-3 3:4 n(n+l) n+1

(d) 1+2"+22 +2° +... 42" =2" 1,

Use the principle of mathematical induction to prove the following statements for
alneZ™:

(a) 8" —1 isdivisible by 7

(b) 3*"* +1 is divisible by 4.

Use mathematical induction to prove that each of the following statements are true for
alnez™:

(@ 3"=2n+1

(b) 4™ = 4n

(c)n®=n

d)2">n+1



9.1

9.11

MAT 1100 LECTURE NOTES

TRANSCEDENTAL FUNCTIONS.
TRIGONOMETRIC FUNCTIONS

The Radian measure

The radian is another basic unit of angle measure that is used extensively in
subsequent mathematics courses and in various mathematical applications in the
physical sciences.

One radian is the measure of the central angle of a circle in which the sides of the
angle intercept an arc equal in length to the radius of the circle.

From the diagram, 6 is an angle of measure 1 radian. Thus, since the circumference of
a circle is given by € = 2nr, and each arc of length r determines an angle of 1 radian,

2 . . . .
there are % = 2m radians in one complete revolution. This means that

21 radians = 360°

or, equivalently,

T radians = 180°

The two angle units of measure are related as follows:

. 180 .
1 radian = — degrees and 1 degree = % radians

Exercise: Change (a) 150° to radians

(b) %’T radians to degrees

Exercise: Complete the following table:



DEGREES RADIANS
30°
T
4
60°
T
2
180°
3w
2
360°

9.1.2 Trigonometric Ratios

These are ratios of a right angled triangle.

Primary trigonometric Ratios

For the right angled triangle

1. Sine ratio is defined by

sing — oppositeside _a
hypotenuse ¢
2. Cosine ratio is defined by

adjacent side b
Sl =———=—
hypotenuse ¢

3. Tangent ratio is defined by




oppositeside _ a

tanf=————=
adjcent side b
Note: tanezﬂ since ﬁ="°1—/C=E=tan¢9
cos @ cos@ bl/c b

Secondary trigonometric Ratios

These are the trigonometric ratios of a right angled triangle which are the reciprocals
of the primary ratios.

1. Secant ratio is defined as

hypotenuse _ ¢

secl=—————=
adjacent side b
Note: secH:i since L:izgzsew
cos @ cosé blc b

2. Cosecant ratio is defined as

_ hypotenuse ¢

cscl=———=—
adjacent side a
Note: cscé = i since i = i _C_ csco
sin@ sin@ alc a

3. Cotangent ratio is defined as

_ adjacent side b

~ oppositeside  a

Note: cot9=L since i 1 E=cscé?

tan@ tan@zm: a

Standard Trigonometric Ratios for Some angles

The Cartesian plane has Four Quadrants
A

2" Quadrant| 1% Quadrant

v

3 Quadrant| 4™ Quadrant




1. Standard ratios of angles (€ =30°, 45°, 60°) the in the first quadrant

(@)

(b)

A

\ 4

sin30°, cos30°,tan30°, sin60°, cos60°, tan60°

To obtain these ratios we consider an equilateral triangle ABC where each side
is 2 units and each angle is 60°. A perpendicular from A to BC bisects BC and
angle A, as shown in the diagram.

By Pythagoras theorem, AP = J3. Clearly from the triangle,

1.
Nk

sin30° :%, cos 30° =§,tanso° =

sin60° =i, c0s 60° =%,tan60° =\/§

J3

sin45°, cos45°,tan45°

To obtain these ratios we construct a right angled isosceles triangle ABC

whose hypotenuse is of length 2 units and angle A is 90°. A perpendicular
from A to BC bisects BC and angle A, as shown in the diagram.



(©)

45
V2 P
1 1
45
A |45 45 \C
J2
By Pythagoras theorem, AB = V2 . It follows that
sin45° :izﬁ, cos 45’ :izﬁ,tan%" :izﬁ
V22 V22 V22

sin0°, cos0°,tan0’

Take the Cartesian plane and consider a unit circle with centre at the origin.
Let P be a point on the circle and PM be perpendicular to the x — axis as
shown in the diagram.

From the right angled triangle OMP,

= oM ,tané = PM .
OP
Now, as P approaches R as it moves on the circle, both 8 and PM approach 0

whereas OM approaches 1. Thus as 8 becomes 0°

sinazm, cos @
OoP

sin0° :9:0, cos 0° :%:l,tanO" =%:O.

i.e. sin0° =0, cos 0° =1,tan0° =0.
Similarly, as P approaches Q as it moves on the circle, & approaches 90°
whereas PM approaches 1. Thus, as 8 becomes 90°

5



sin0” = % =1, cos 90° = % =0,tan0° = 1 which is not defined .

Therefore,
sin90° =1, cos 90° =0, tan0" undefined .
We now consider a unit circle on the Cartesian plane with centre at

the origin.

Ya
(xy
(cosq,sind

A

v

Choosing r = 1, for any angle we obtain

. in@ .
sing =2 = y, cosf = T=xand tang=2=32 , provided cosf # 0.
1 1 x cosf

Example Find sin@, cos@,tan@ for 6 = 240°.
y

A

(x,y), (cos@, sinf)

A

X
v
o . PM vy J3
ZPOM =60"implying that sin60° =——==-=y=>y=—
plying oP 1 y=1y 5
and cos60° = oM = % =X=>X= % . Thus point P has coordinates
G2
2’ 2 )
Thus, point Q has coordinates [—%—?j
Therefore,



sin240°  —+/3/2 _

sin 240° :—@, cos 240 :—1, tan240° = =
2 2 Cos 240° -1/2

Example Find sin@, cosé,tan@ for 6 = 315°.
y

\ P(x.y), (cos8, sinf)

A

o . PM y J2

/POM =45"implying that sin45° = —=>=y=y=——

plying oP 1 y=1y >

and cos45° = oM X = x= ﬁ . Thus point P has coordinates
OoP 1 2

(%)

2’ 2)
Thus, point Q has coordinates (%—72} .
Therefore,

sin315°=—£, cos315°=£, tan315° = SM4° =_‘/§/2=—1
2 2 cosd5 \f2/2

Example Find sin@, cos@,tan@ for 6 = —210°.

) . : PM y 1

ZPOM =30"implying that Sin30° =——==-=y=y=—

plying oP 1 y=1yY 5

and cos30° =% =§= X = X =§ . Thus, point P has coordinates
(33)
2 '2)
VA
- mP(X,y),(cosé?,sinH)
130°
b X ‘ X




Thus, point Q has coordinates (

Therefore,

sin(-210°) = % cos(—210°) = 5 tan(-210°) =

J3

Exercise: Complete the following table:

)

e

2

sin(-2107)

1/2

1

cos(-210)°  —3/2 3

0 in Radians

sin@

cos@

tanf

90°

120°

180°

—135°

-30°

270°

—300°

360°

510°

In the diagram,

(=)

v




if point P(x, y) lies in the first quadrant then
sinf =y, cosf = x, tanf = y/x.

The image P* of P under a reflection in the x — axis has coordinates
(x,—y). Thus
Sin(—0) = —y = —sin#, cos(—0) = x = cos0,

tan(—0) = — (%) = —tanf.
Therefore,
sin(—60) = —sinB; cos(—0) = cos, tan(—0) = —tanb.

For example,

)

Sin(—30°9) = —sin30° = —%; cos(—30°) = cos30° = \/Z—E

tan(—30°) = —tan30° = -1

V3
9.1.3 Trigonometric Identities
We consider a right angled triangle.
a C
] 6

B

By Pythagorus theorem,
a? + b? = c2.

sie )

. a b
sinf = ;; cosf = E; tan@ =

2 2 2 2 2,52 2

. a b a b a“+b [
sm29+c0329=(—) +(—) =—+—== ===1

c c c? c? c? c?

ie. 1. sin%0 + cos?6 =1

This is the basic trigonometric identity from which the other
trigonometric identity are derived.

For example,



2. sin?6 = 1 — cos?6

3. cos?6 =1 — sin?0
When we divide 1 by cos?9,
sin?0 | cos’0 1

cos?260 = cos20 cos%0

4, tan?6 + 1 = sec?0
When we divide 1 by sin?8,
sin%0 = cos20 1

sin20 = sin20 sin20

5. 1+4cot?0 = csc?0

Examples: Verify each of the following identity:

sin@ cosd@
1. ——+—— =
cscd secd
ing 6 in6 0 in 6)2 )2 }
Proof: LHS = 218 1 S50 _ s, copd _ (S0P | 090 _ in? 6 + cos? 6 = 1
CSsC sec m cos0

= RHS.

2. COSX+CoSXtan® X = secx
Proof: LHS = cos x + cos x tan? x = cos x (1 + tan? x) = cos x sec?® x

1
=cosx( > )= = secx = RHS.
cos?x cos x
1 . .

3. >— = (1+sin@)(L-sin &)

sec” @

. . . 1 1
Proof: RHS = (1 +sin6)(1 —sinf) = 1 —sin? 0 = cos?H = —— = = LHS.
1 sec2 6
COSZX

COsS X + tan x 2

4, ———————— =CSCX+Sec” x.
SIN XCOS X
sinx cos? x+sinx
Proof: LHS = cosxttanx _ cosx+-—— _ cos % _ cos? x+sinx _ 1 n 1
’ sinx cosx sinx cosx sinx cosx sinx cos2 x sinx  cos?x

= cscx + sec? x = RHS.

Example 1. If sin@ = g and cos @ < 0, find the values of the other

trigonometric functions.

10



Sum and Difference Formulas

<

(cosp, sinf)

A
I\
a
‘ O > x
a—=p
(cosa,sina) Q

We consider a unit circle and two angle a and 8 and the angle representing @ — . In
the triangle OPQ we let P have coordinates  (cosp, sinB), point Q have coordinates
(cosa, sina) and let PQ = d. Using the distance formula

d = /(cosa — cosB)? + (sina — sinf)?

d? = (cosa — cosp)? + (sina — sinf)?
=cos?a — 2cosacosf + cos?f + sin*a — 2sinasinf + sin?f
=(sin?a + cos?a) — 2(cosacosf+sinasinf) + (sin?p + cos?p)
i.e.  d?=2—2cosacosp — 2sinasinf (1)

(cos(a — B), sin(a —

The terminal side of angle @ — £ cut the unit circle at the point
Q’(cos(a — B),sin(a — B)). Let the distance P'Q' = D. Then

D = \/[cos(a — B) — 1] + [sin(a — B) — 0]?

Thus,
D?=2 — 2cos(a — fB) (m
The triangles OPQ and OP'Q’ are congruent, thus D = d. This means that
2 — 2cosacosf — 2sinasinf = 2 — 2cos(a — )
Therefore

11



6. cos(a — B) = cosacosp + sinasinf

If in the formula for cos(a — B) we replace g with (—f) we obtain

7. cos(a + B) = cosacosf — sinasinf

. 5
Example: Find an exact value for cos £

Solution: Let & = 7r/4 and 7r/6 so that = + = = 2Z2% = 2T Tep
4 6 12 12

cos (22 = cos (§) cos (5) ~ sin (3 sin (%)

(- (D)) 445

The difference formula for cosine can generate other identities involving a 90°
angle.

8. cos(90° — @) = c0s90°cosa + sin90°sina = 0 + 1 - sina = sina
i.e.

cos(90° — @) = sina

If we substitute o with 90° — & in 8 we obtain
cos(90° — (90° — a)) = sin(90° — a)
i.e.

9. cosa = sin(90° — a)

sin(90°—a) _ cosa

10. tan(90° —a) = = cota

cos(90°—-a) " sina
l.e.

tan(90° — a) = cota
To develop the formyla for sin(a + ) we use jdentity 8 and replace a with

a + (. Thus

Sin(a + B) = cos(90° — (a« + B))
= cos[(90° — a) — ]
= c0s(90° — a) cosf + sin(90° — a)sinf
= sinacosf + cosasinf

11. Sin(a + B) = sina cos f + cosa sin 8

For Sin(a — ) we replace § with (—f) in 11 so that

12



Sin(a + (—B)) = sina cos(—p) + cos a sin(—p)
Thus,

12. Sin(a — ) = sina cos f —cos a sin 8

The formula for tan(a + B) follows directly from the sine and cosine
relationships.

sin(e + ) _sinacos B +cosasin f

tan(a + f) = cos(e + ) cosacos B—sinasin B

Dividing both the numerator and the denominator yields

sina cos N cosasinf  sina N sin g
CoOsaCos B CosaCosf  Cosa COspf

tan(a + B) = - - = - -
(@+p) cosacos B sinasin S l_smasmﬂ
CcoSa Cos B COSccCos f3 Cos & cos
nNa +tan
13 tan(a+ﬂ):M
l-tanatan g

To obtain the formula for tan(ee — ) we replace 8 with (=) in 13 to get

tana —tan B

14. tan(a—pf)=————
@=5 l+tanatan g

Example: Find the exact value of tan 195°.
Solution: Let &« = 135° and 8 = 60°. then

tan135° + tan60°

1-tan135° tan60°
B ~1++/3

1- (-D(/3)
B ~1+4/3 2 1-/3

1443 1V3
_ —14+J3+/3-3 _ —4+2J/3 _ —4+2/3
- 12_(ﬁ)2 - 1-3 T -2
e T

tan(135° +60°) =

When we add the identities (7)

cos(a + B) = cosacosf — sinasinf
and (6)
cos(a — ) = cosacosf + sinasinf

13



we have
cos(a + B) +cos(a — B) = 2cosa cos f3.
From this we get the product identity

[cos(a + B) + cos(a — B)]

15. cosacosf =

N | =

When we subtract identity (6) from identity (7) we get the product identity

N |-

[cos(a — B) — cos(a + B)]

16. sinasinf =

Similarly adding (11)

sin(a + B) = sinacosf + cosasinf
and (12)
sin(a — B) = sinacosf — cosasinf

we obtain the product identities

N |-

[sin(a + B) + sin(a — B)]

17. sinacosf =

Subtracting the identities we get the product identity.

18. cosasinf = %[sin(a + B) — sin(a — B)]

WhenweletA=a+ pand B = a — f, it follows a = A%B and g = A%B. Replacing
these in 15 we obtain the identity

19. cosA + cosB = ZCOSA%B COSA%B
Replacing them in 16 we have the identity
20. cosB — cosA = ZCOSA%BSinA%B

Replacing the same in 17 and 18 we obtain the identities

, , . A+B A-B
21. SinA + sinB = ZsmTcosT
and

, , A+B . A-B
22. Sin4 — sinB = ZcosTsmT

14



Multiple angle Formulas

In the formula for sin(a + f), if we let « = 8 we have

sin(a + a) = sina cos a + cos a sina
i.e.
23. sin 2a = 2sin a cos a

Note that sin2a # 2sina. For example, if a = 30°,

sin2(30°) = sin60° = %and 2s5in30° = 2 x % =1+ % = sin2(30°).

Putting « in place for g in the formula for cos(a + ) yields
cos(a + @) = cosacosa — sinasina

i.e.

24. cos 2a = cos’a — sina

From 24 we get

cos 2a = cos?a — (1 — cos?a)
Ie.
25. cos2a = 2cos?a — 1

Again from 24 we obtain

cos 2a = (1 — sin?a) — sin’a
ie.
26. cos2a = 1 — 2sin’a

Substituting @ = g in the formula for tan(a + B) yields

tana+tana 2tana
tan(a: + GI) " 1-tanatana  1-tana

i.e.

2tana
27. tan 2a = >

1-tan“a
- L - TaYal faYal 1 o YWa N - 5 -

Example: Findsin26,cos26,and tan2git sinf = — S and is a fourth

guadrant angle.
y A

12

13

15




Therefore, cosf = % and tanf = —%. Now using the identities for double
angles we get
0] sin20 = 2sinfcosf = 2 X (— i) X (E) =1

2 2
. . 12 5 144 25 119
(i)  cos20 = cos?0 — sin?0 = (—) — (— —) ===
169 169 169

2tanf 2(—3) = 5 144 120
- an —_——
(i)  tan20 = = 12— 12 = _Zx—— =
1-tan26 1_(_3 1—=2 6 119 119
12 144

Half angle Formulas

Half-angle formulas for sin(a/2) and cos(a/2) are a direct consequence of
the identities for cos2a.

cos2a = 1 — 2sin*a

= sin®a = %(1 — cos2a)

i

= sina = + %(1 — cos2a)

Replacing a with a/2 yields

28. sin a /2 =+ %(1 — cosa)

7

Using the formula cos 2a = 2cos?a — 1 we can obtain the half-angle formula
for cos (g) as follows:

cos2a = 2cos?a — 1

= cos’a = %(1 + cos2a)
= cosa = + E(l + cos2a)

Replacing a with a/2 yields

29. cos a/2 =+ %(1 + cosa)

:

In the formulas for sin(a/2) and cos(a/2), the choice of the plus or minus
sign is determined by the quadrant in which a /2 lies.

For example if a/2 is in the first and second quadrants then

sin a /2 = %(1 — cosa),

T

If it is in the third and the fourth quadrants, then

:

sin a/2 = — %(1 — cosa).

16
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To obtain the formula for tan(g) we proceed as follows:

tan (£) = % =+ ( /% (1- cosa)) /i( L@+ cosa))

i.e.
30. tan a/2 =+ fl_cosa
14+cosa

Or

1—cosa 1— cosa (1 — cosa)? (1 — cosa)?
tan a/2 = + X == =t |[——

14+ cosa 1 —cosa 1 — cos?a sin?a

1— cosa
=t—
sina
i.e.
31 tan o2 = 2%
stna

We no longer need the + sign because 1 — cosa is never negative,
and sin « and tan a/2 the same sign.

Now,
1-cosa _ 1-cosa _ 1l+cosa _  1-cos’a sina __ sina
sine  sina 1+cosa sina(1—cosa) - sina(1+cosa) " 1-cosa
i.e.
32. tan2 =<
2 1-cosa

Example: Find an exact value of tan 67.5°.

L 0 _ 1 o _ 1-cos135° _ 1-(—v2/2)
Solution: tan 67.5° = tan2(135) =m0 = Va2
_24V2 _
=5 = V2 +2

Graphing Trigonometric Functions

We look at the graphs of y = sinx and y = cosx.

1. The sine curve

X 0|"| ™ |T |2 |5 || 70 | 4 |3m | 5m |1lm | 2¢
6132136 6 | 3 |2 3 6

fog=sinx [0 |1 1y3 1|31 (0| 1]—3|-1|—/3| 1]0
212 | 2|2 2 2 2

17




yA
1T
y = f(x) =sinx
1t
2
: 3 : | : r— : >
—2n —-= - -—— 0 z T = 2w K
2 2 2 2

_2;——
-1+

Note that the graph of sine function repeats itself after 27 radians. Thus it is
said to have a period of 2.

2. The cosine curve

X O| T |T|\TW|2n | 5m | ¢ | 7m | 4m | 3m | 5m | 11w | 2¢
6 13|12 3| 6 6 | 3|23 6
fo)=sinx |1 |v3|1|0|-1|—/3|-1 |—/3-1]|0 |1]3]1
2 |2 2 2 2| 2 2 | 2
yA
1
y = f(x) = cosx
L+
2
’ N/ i — >
—27 — 3 —T £ 0 z T 3n 21 X
2 2 2 2
1l
2
—1+
Note that

. T
Sin (x + E) = COoS X

Similarly, the cosine function has a period of 27.
Period Amplitude and Phase Shift

Period

A function f is called periodic if there exists a positive real number p such that
fx+p) = f(x),

for all x in the domain of f. The smallest value of p is called the period of the

function.

18




From the graphs of the sine and cosine functions it is evident that 27 is the
smallest value for which sin(x + 2m) = sinx and cos(x + 2m) = cos x.
Therefore both the sine and the cosine functions are periodic with period 2.
Now, we consider the graph of a function of the form

f(x) = sin bx, where b > 0. One cycle of the graph is completed as bx
increases form 0 to 2m. When bx = 0,x = 0 and

bx = 2w, x = 27". The same holds for f(x) = cos bx. Therefore we can state
that the period of f(x) = sin bx and also of f(x) = cos bx, where b > 0, is
27”. If b < 0, then we can first apply the appropriate property,

sin(—x) = —sinx or cos(—x) = cos x and find the period accordingly.
Amplitude

The amplitude of the graph of f(x) = asinx or f(x) = acosx is |a| and it is

the maximum functional value attained by y = f(x).
For example, the amplitude of f(x) = —%cos x 1S |— %| = % and that of

f(x) = 3sin2xis |3]| = 3.

Phase Shift

You will note that the graph of f(x) = sin(x — g) is the basic sine curve
shifted g units to the right. Likewise, the graph of f(x) = cos(x + m) is the

basic cosine curve shifted 7= units to the left. Each number g and r in this case

represents the amount of shift to the right and to the left, called to the phase
shift of the graph.

In general, the phase shift of f(x) = sin(x — ¢) or f(x) = cos(x —c) is |c|.
If c is positive, the phase shift is to the right and if ¢ is negative, the phase
shift is to the left.

Example: Find the period, amplitude, and phase shift of f(x) = 3 sin(2x + g)

and sketch the curve in the interval
0<x<m.

Solution: We rewrite the function in the following form for easy determination
of the required quantities:

f(x) = 3sin %(x S G))

amplitude is | | period is| [phase shift is

21

13| = 3 Z=n |—E|=Eunitstothe left.
4 4

2
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9.15

2 T f(x) = 3sin(2x g)

0 n/4\ n/2 3m/4/ m X

Inverses of trigonometric functions
Inverse functions of sinx, cosx and tanx

Recall that a function f has an inverse function if and only if it is one-to-one and onto.

The sine function y = sinx is not one-to-one unless its domain is restricted to the
interval [—Z, %]

272
y y=x
____________ AT e
AN
\
\
\
v —>
\ O ‘ X
\
\
————— \—N.a - ———————————-y=_1
T T
2 2

In this restricted domain the sine function has an inverse function.
Therefore, the inverse function of y = sinx is the function that assigns

to each number x € [—1,1] the unique number y € [—=.,~] such that X = siny.
The inverse of y = sinx is written

y = sin"lx or y = arcsinx (1.7.1)
Thus,

y=sin"lx © x=siny

It should be noted that y = sin~1x # —

sinx’

20



1 . - . - .
el the reciprocal of sin x and not the inverse of sin x.

The graph of y = sin™1x which is reflection of y = sinx in the line
y = x is shown below.

19

N

v

Similarly the cosine function y = cosx has an inverse function only when its domain
is restricted, say to [0, «r]. In this case its range is [—1,1]. Thus for every y € [—1,1]
there is a unique x € [0, r] such that x = cosy.

y y=xXx
A 1
1
___________ gm—m— e ———
1 |
! >
o|Z T X
2 1
T ONUII P S, U
1 |
:

Therefore, y = cosx has an inverse function, which is written as
y = cos lx or y = arccosx (1.7.2)

Thus,

y =cos™lx © x = cosy

1

cosx

Similarly, = cos™'x #
The graph of y = cos~1x which is reflection of y = cosx in the line is shown below.

yA

v

—— -————*———————————
1
]
1
1
1
1
]
_—— e e e m—m e ——————
1
1
1
1
]
2
I\
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For the inverse function of y = tanx. We first consider the graph of y = tanx.

y y=tanx

v

31
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The function y = tanx can take on values of y in the interval (—oo, ). To get a
unique x for given y, we restrict x to the interval (— g g). Thus the function

tanx: (—gg) — (—o0, ) is one-to-one and has an inverse function written

y = tan"lx or y = arctanx (1.7.3)

and
y=tan"lx © x =tany

The domain of y = tan™x is (—oo, ®) and its range is (—gg)

The graph of y = tan~1x is shown below.

y
A _n
______________________ y=1
y = tan™'x
) X
=_T
___________________ Y= >

The other three trigonometric functions f(x) = secx, f(x) = cscx and

f(x) = cotx with restricted domains also have respectively the inverse functions
f7i(x) =sec7lx, f71(x) = csc™1x, and f~1(x) = cot™! x. The graphs of these
inverse functions can be constructed the same way.

9.1.6 Trigonometric Equations

Examples:
1. Solveford,if0 <6 < 360°:

22



(@ 2cosf8+1=0
(b) cos 26 —cos6 =0
Solutions: (a) 2cos@ +1=0=2cosf = —1

el N

/
60 \9

1

1 _
=cosf = —-= 0 = cos 1( -

) = 180° - 60° = 120°
or 6 = cos™* (—1) = 180° + 60° = 240°.
(b) cos20 —cos@ =0=>2cos?0 —1—cosfh =0
= 2cos?0 —cosf—1=0
= (2cosf + 1)(cos6 —1) =0
= 2cosf@+1=00rcosf—1=0

= cosf = —% orcosf =1
_ -1(_1 _ -1
= 6 = cos ( 2) orf =cos (1)

=6 =cos™! (— %) = 120°,240° or = cos™ (1) = 0°,360°.

. 0 =0°120°240°360°

2. Solveforx, if 0 < x < 2m:

(@) 2sin’x + sinx —1 =0

(b) sec?x + tan?x = 3

(c) sinx + cosx =2

(d) sin2x —2cosx +sinx —1 = 0.

Solutions: (a) 2sin?x + sinx —1 =10
(2sinx —1)(sinx+1) =0
=2sinx—1=0orsinx+1=0
=sinx =% orsinx = —1

The sine is positive in the 1st and 2nd quadrants. Thus

23



-1 (1 T 5T
X = SIn —-)==,—
2 6" 6

And we know that sinx = —1 =x = 37"
T 5T 3w
6’6" 2
(b) sec?x + tan®*x = 3
(1 + tan®x) + tan®*x =3
= 2tan’x+1=3> 2tan?x =2
= tan’x = 1=tanx = +1
Now we know that the tangent is positive in the 15t and 3rd quadrants.

Thus,

— tan-1(1) = 37
x = tan (1)—4,4.

The tangent is negative in the 2" and 4" quadrants. Thus,

- 3m 7w

x =tan"1(1) == A
m 5w 5m 7m
X==,—,—,—
4" 4 4 4

(c) sinx + cosx =2
Squaring both sides we have

(sinx + cosx)? = (V2 )
= sin®x + 2sinx cosx + cos?x = 2
= sin®x + 2sinxcosx + (1 —sin®?x) =2
= Zsinxcosx=1:>sin2x=1:>2x=§or 57”01‘77”etc.

Since 0 < x < 2m,

m 5m 7w

R
But since we changed the question by squaring, we need to test these angles

in the give equation.

T _ . (T T V2 V2 _
Forx—Z,LHS—sm(Z)+cos(Z)——+— V2 = RHS
= % is part of the solution.
Forx——LHS—sm( )+c s( ) —\/2—5—\/2—5=—\/§¢\/7=RHS
= %ﬂ is not part of the solution.
Forx——LHS—sm( )+c s( )——g+f—0¢ﬁ=RHS
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= %ﬂ is not part of the solution.
Therefore the only angle which satisfy the given equation is %‘
(d) sin2x —2cosx +sinx—1=0
= (2sinxcosx) —2cosx +sinx—1=0
= 2cosx (sinx—1)+ (sinx—1) =0
= (sinx —1)(2cosx+1) =0
=>sinx—1=0and2cosx+1=0

) 1
= sinx = 1and cosx = —3

o _ 1
= X = sin 1(1)=§andx=cos 1(_E)=_'_'

2w 5w

X = ,?,?.

N

General Solution of Trigonometric Equations
The general solution is an expression which represents all angles which satisfy the

given trigonometric equation. Thus, the general solution is an infinite set of angles
which satisfy the equation.

To find the general solution of a trigonometric equation , you may need to use the
following:
Q) The circular function graph,
(i) The period of each circular function,
(iii)  The principal solution, and except when the tangent ratio is involved, the

secondary solution.
Consider the equation

sinf = s

where |s| < 1. The period, 2m, of the sine function is covered in the interval [—m, 1],
which includes both the Principle Value (PV) and the Secondary Value (SV) of 6. So,
by adding or subtracting any multiple of 27 to either the PV or the SV, we get another
angle with the same sine ratio.

yA

/\ [« o /m\ - f

= 0 [ PV SV 7 — 9
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Therefore the general solution of the equation sin 8 = s, where [s| < 1 is

_ (PV + 2nm PV + 360n°
0 = {SV +onm {SV +360n° where n € Z.

A similar situation arise when we consider the equation cos 8 = ¢ because both the
PV and the SV of the cosine function occur within one period, 2.

<

e D=

\ |

=TT SV O PV T >0

y = cosf

Thus, by adding or subtracting any multiple of 27 to either the PV or the SV we get
the general solution of the equation cos & = c. However, you note that for the cosine,
the PV and the SV are equal in value but opposite sign i.e. PV = —PV. Therefore, the
general solution for the equation cos 8 = c is given by

0 = {+PV + 2nm or {+PV + 360n" where n € Z.

When we consider the equation tan 8 = t, we note that only the PV is included in the
Vs

period [— % E]' The other angles with the same tangent ratio are obtained by

combining multiples of r, the period.

y 4 1= tanf

1
t }: )
s

2

S

i

b
i
1
1
|
I
]
1

N R

T
1
:
I
PV
:
1
1
1
I

Therefore the general solution of the equation tan 8 = t is given by
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0 ={PV +m or {PV +180n" where n € Z.

Examples Find the general solution of each of the following trigonometric equations:

1. (@tanf =1 (b)tan6 = —3
1 1

2. (3)cos = (b)cosf = —7
3. sinf = %
4. cos26 = g
Solutions: 1. (@) tan = 1 = PV = %or 45°,

Therefore, the general solution is

6 =-+mn,n€eZorf =45 +180°n,n €L

(b)tan @ = —V3 PV = — = or —60°.

Therefore, the general solution is
6 =—>+mnneZord =—60°+180°nn €L

-1 — cos—1 (X _r 0
2.(a)c059—ﬁ:>9—cos (ﬁ):>PV—4or45.

Therefore, the general solution is
6 =~ +2mn,n € Zorf = 45° +360°n,n € Z.

(b) cos® = —= = PV = +="or £120°
Therefore, the general solution is
g = {i%” + 2nm or {+120° + 360n° where n € Z.

3.sin@ =§ = PV == or 30° and SV =5?” or 150°.

Therefore, the general solution is

. Wheren € Z.

[
o= {E””’T or {30°+360n°

5?”+ o 150° + 360n
4. cos 26 =E:>29 = cos‘l(ﬁ) =+Zs9g=+Z spr=+=
2 2 6 12 12

or 15°.

Therefore, the general solution is

6 = {if—z+ 2nm or {+15°+ 360n° where n € Z.
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TUTORIAL SHEET 12

Find the quadrant that contains the terminal side of #if the given conditions are
true:

(@) sin@d<0 and cos# >0  (b) sind<0 and cotd >0

(c) secd<0and tand>0  (d) cscd >0 and cotd <O0.

Without using a calculator, change each of the following to radians:
(@) 420° (b) 570° (c) —45".

Without using a calculator, change each of the following to degrees:

T A 177«
a) == (b)) - 2X (c) ===
() 5 ( 2 (© 7
Find exact values. Do not use a calculator:
(a) sin120° (b) cos150° (c) tan300° (d) CSC(—135") (e) sec420°

2z Arx 57 . 137) . 77[)
f it Biad h) cos| —— cot| —— secl —— |.
()sm3 (Ql)tarl3 (h) ( 3j (i) ( 3j a) ( 5

If tane = _% and sin g = —g, where « is a second quadrant angle and £ is a fourth
quadrant angle, find sin(a — ) and tan(a + f3).

Find the exact values without using a table or a calculator:

(@ sin15°  (b) tan15°  (c) tan75°  (d) cos345° (e) cos%

. I 117
f il ==
(f) sin (9) tan B

Verify each of the following identities:
(@) sin(e+90°) =cosax (0) cos(exr +90°) = —sina (C) sin(a + 7) = —sin«x

tana -1
tana +1

l+tana
l-tanax

(d) cos(a—7) =—cosex (€) tan(e + %) = (f) tan(ex —%) =

Graph each of the following functions in the indicated intervals:

IA

(a) f(x):sin(x+%j, —%gxs%ﬂ (b) f(x):cos(x—%} %Sx 577[
(€) f(x)=2+sinx, —7r<x<2r (d) f(X)=—2+Sin(X—%j, %SXS%.

Find the period, amplitude, and phase shift of the given function and draw the graph
of the function:

. V4 /4 1 T
(a) f(x)_25ln(x—§J (b) f(x)_3c052(x+5j (c) f(x)_—Ecos(Zx—Ej
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10.

11.

12.

(d) f(x)=-2 tan(x - %j .

Solve each of the following equations for @, if 0° <@ <360°. Do not use a
calculator or a table:
(@) 2sine++/2=0 (b)sin?0—-1=0 (c) 2cos? @ = cos &

(d) 2cos®* @ =cos® (e) 2sin?0—cos@—-1=0 (f) tand=cotl.

Solve each of the following equations for 4, if 0 < x <2z . Do not use a
calculator or a table:

(@) 2tanxsecx—tanx=0  (b) 2cos®*@+3cosx+1=0
(c) sec®* x—secx—2=0 (d) sinx=1-cos x
(e) sinxcosx—cosx+sinx—1=0 (f) tanx+1=secx.

Solve each of the following equation for ¢, where 0 <@ < 2z . Do not use a
calculator or table.

(@ cos@=sin20  (b) cos260—-3sind—-2=0 (c) tan20+sec26 =1

(d) 2—sin29=2coszg (e) sin§+cosezl.
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9.2

Exponential functions

Exponential functions occur naturally in real life. Scientists can model the growth of an
organism in any given culture by using exponential functions.

Exponential functions are ones of the form
y =b*orf(x)=b*

Graphs of exponential functions y = b* all pass through the point (0,1) because
b =1.

Example 9.2.1: Sketch the graph of f(x) = 2* for the domain x € R. Hence, state its
range.

Solution We have a table of values.

X -2 -1 0 1 2 3 4 5 6

y | 0.25 0.5 1 2 4 8 16 32 64

Plotting these points on the Cartesian plane yields the following graph:

y y 7 2%

A

_// ’l)

0] X

In general the graph of an exponential function y = b*, forall b > 1 and x € R, is of
the form

Ya y = b*

»

___”//////QD

O X

Clearly, the graph of y = 1* for all x € R is a straight line y = 1.
The graph of y = b™* forall b > 1, x € R is of the form

y
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y:b—x A y:bx

0,1)

0 ¢
Note that the graph of f(x) = b~ is the reflection in the y — axis of the graph of
f(x) = b*.

The function y = e* is called the exponential function as opposed to an exponential
function y = b*. The exponential function y = e* is special in the sense that the
tangent to the curve at the point (0,1) makes an angle of 45° with the x — axis i.e. the
line y = x + 1 is tangent to the curve at the point (0,1).

X

Y a y=e

/y=x+1
.

@] > X

Example 9.2.2 The price of a used car can be represented by the formula
P = 16000e;_t§,

where P is the rice in K and t is the age in years from new.

Calculate:

(@) The new price

(b) The value at 5 years old

(c) What does the model suggests about the eventual value of the car.

Use this to sketch the graph of P against t.

-0
Solution: (a) Substituting t = 0 yields P = 16000e10 = 16000 X 1 = 16000
Thus, the new price is K16000.

1

-5

(b) Substituting t =5 yields P = 16000e10 = 16000 X e 2 = 9704.49.
The price after 5 years K9704.49

(c) Ast - o, — 0. Therefore P - 16000 x 0 = 0.
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The eventual value is zero.

v

The graph of y = —b*, for b > 1 is as follows:

A

Z
) 4

Note that the graph of f(x) = —b* is the reflection the graph of f(x) = b* in the x -
axis.

The graph of y = —b~*, for b > 1 is as follows:
y

A

(O' _1)

Similarly, the graph of f(x) = —b~* is the reflection the graph of f(x) = b~ in the
X — axis.
Example 9.2.3 The number of infected people with a disease varies according to the

formula
N = 300 — 100e9-5¢,
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where N is the number of people infected with the diseases and t is the time in years
after detection.

(a) How many people were first diagnosed with the disease?

(b) What is the long term prediction of how this disease will spread?

(c) Graph N against t.

Solution: (a) Substituting t = 0 yields N = 300 — 100e %5 = 200
Thus, the number of people first diagnosed with the disease is 200.

(b) As t - o0,e~ %5 — 0. Therefore N— 300.

The long term prediction of how long the disease will spread is 300.

(©
N = e 00t N
1 A
\
\
\
300
200 | N =300 — 100e~5¢
<. _]_100
0 Ty
—100 _

9.2.1 Basic Properties of an Exponential function
An exponential function f(x) = b* has the following properties:
(8) f(xy +x5) = b¥1+%2 = b*1 - b%2 = f(x;) - £(xz)
(b) f(xy —xz) = b™17%2 = b*1/b*2 = f(x1)/f (x2)
(€) f(x1) < f(xy)ifand onlyif x; < x,
i.e. b*r < b*2 ifand onlyif x; < x,

d) f(x) » +oasx - +wi.e b* > +0asx - +oo
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9.3

(e) f(x) =b* - 0asx — —oo Oras x — +oo

Logarithmic functions

Letb> 0 (b # 1). Then the function f(x) = b* has domain {x|x € R} and

range {y|y > 0}. It is self evident that f is one-to-one. Therefore it has

an inverse function f 1 with domain {x|x > 0} and range {y|y € R}. This inverse
function is denoted by

f7H(x) = logpx,

Read as logarithm to base b of x. The function f 1 is called the logarithmic function.
The graph of £~ is a reflection of the graph of f through the line y = x.

Note that if £~ is the inverse y = log,x of the function y = b*(= x = b¥) then

x = blogv* = pY,

implying that
y = logyx if and only if x = b

The graphs of y = b* and f~1(x) = log,x are shown in the figure below.

y y = b*

—

The graph of the logarithmic function y = log,x passes through the point (1,0). This
follows from the fact that the graph of an exponential function y = b* passes through
the point (0,1).
Important points about the graph of y = log,,x:

e asx—>0F,y—>—o

e log,x does not exist for negative values of x

e whenx=1,y=0

e asx — +oo,y = 4oo (slowly).
Since the range of y = b* is y > 0, the domain of y = log,x is x > 0.
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Thus the logarithmic function is not defined for negative values of x.

The inverse of y = e* isy = log,x and is called the natural
logarithmic function. Often it is written as y = Inx.

Example 9.3.1 Sketch the graphs of
@ y =In(—x) (b)y =In(3—-x) (©)y =2+ 1In(3x)
Graph (a) y

y =1In(—x)

Note that y = In(—x) is only defined for x < 0 and passes through the
Point (-1,0).

(b) Fory =In(3 — x),
whenx - 3,y —» —oo
y does not exist for values of x > 3
whenx =2,In(3—2)=In1=0

as x — oo, y = oo (slowly)

y=In3—x) vy %x=3

In3

AN

v

(c) Fory =2 +In(3x),asx » 0,y - —oo, andwhenng,y=2+ln1 = 2.

Now as x — oo,y — oo (slowly).
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9.3.1

y y =2+ 1In(3x)

G2

Basic Properties of Logarithms

Let b, u and v be positive numbers and b > 1. Then

@) {logpxy = logpx + log,y
(b) Proof

Letu = log,x and v = log,y. Then x = b* and y = b".
Thus

x.y =b*. bY =b**ifandonly if log,x.y =u+v
Therefore

logy,xy = logyx + logyy.

(C)IOgb§==IOgbx-—IOgby

Proof: Letu = log,x and v = log,y. Then x = b* and y = b".
Thus

fzﬂzbu—v

= wmdmwﬁw%§=u—u

Therefore
X
log, v logyx — logyy.

(d)|logp1 =0

Proof: Let u = log,1. Then b* = 1, implying that u = 0.

Therefore,
log,1 = 0.

() |logyb =1
Proof: Let u = log,b. Then b* = b, implying that u = 1.

Therefore,

logy,b = 1.

(Flogyx™ = nlogpx
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Proof: Let u = logpx. Then b* = x. Thus x™ = (b*)™ = b™".
Implying that

nu = logyx™
Therefore,

nlogpx = logyx™.

The following formula is used to change the base of the logarithm to
another:

(9)|logpx ==

Proof: Let N = log,x. Then x = b", implying that
logax = log,b" = Nlog,b

__loggx
- logab

Therefore,

The special case of (g) is obtained when x = a.

(h)| logya =

logab

Clearly, by (g) and (e), we have

logga 1
logba - logab - loggab
Example 9.3.2 Simplify:
() %logZS — 2log3 + 2log6 (b) log(x + 1) — log(x? — 1)

1
Solution: (a) %logZS —2log3 + 2log6 = log25z — log3? + log6>

= log5 — log9 + log36

= 1pq 3236
= Og 9
= log20
(x+1) (x+1)
(b) log(x + 1) —log(x* — 1) = log (;2—1) - (x+316)(x—1)

37
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9.3.2 Exponential and Logarithmic Equations

Example 9.3.3 Solve the equations:

(@) 4***1 =3 (b)) 2(2%*)-52¥)+2=0 (€) log,x + log,2 = 2.
Solution (a) 4%**1 =3

= 4(4%) =3
> 42 =2
4
= [n4** = ln%
= 2xln4 = ln%
= 2x= ln%/ln4
X = ln%/21n4
(b) 22*)-52%+2=0
2(2%)2 =52 +2=0
Letting u = 2* we have
2u” —5u+2=0
QCu-1Dm-2)=0
u= %or u=2
> 2% =or2* =2
Taking logarithms base 2 on both sides yields
log,2* = log, G) = log,1 —log,2 = -1
= xlog,2 = -1

x =—1o0rlog,2* =log,2 = xlog,2 =10g,2 =>x=1

(© log,x +log,2 =2

Changing the logarithmic base from x to 2 we have

1
or log,x + ooar 2

Multiplying through by log,x yields
(log,x)? + 1 = 2log,x
Letting u = log,x we have the equation

u?—-2u+1=0
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or(u—12=0
s>u=1 = log,x=1
x =2
Example 9.3.4 Solve the simultaneous equations
2logy = log2 + logx and 2Y = 4*
Solution Let 2logy = log2 + logx be (1) and 2¥ = 4* (II)
Using (I1) we have
2V =4% = 2V = (22)* = 2% oy =2x
Substituting this in (1) we have
2log2x = log2 + logx
log(2x)? = log 2x
(2x)% = 2x
(2x)2=2x=0o0r2x(2x—1) =0
2x=0o0r 2x=1
x=0o0r x=1/2

v oo Yoy

But the equation will not be defined at x = 0, since log0 is not
defined.

x=3 =>y=2(3)=1
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11.

TUTORIAL SHEET 13

Solve each of the following equations.

@3 =27 (b)) @) =% (27%=9"" (d) ()™ =2"
Sketch the graph of each of the following functions.

@ f(0=3" (b) F)=() (© f(=2" (d) f(=2"

Suppose that in a certain bacteria culture, the equation Q(t) =1000e™" expresses

the number of bacteria present as a function of time t, where t is expressed in
hours. How many bacteria are present at the end of 2 hours? 3 hours? % hours?

0.4t

Suppose that a certain substance has a half-life of 20 years. If there are presently
2500 milligrams of the substance, then the equation Q(t) = 2500(2) /% yields

the amount remaining after t years. How much remains after 40 years? 50%
years?

Write each of the following in algorithmic form. For example, 2* =16 becomes
log,16 =4.

(@ 10'=10 (b) (2)° =2 () 102 =0.01 (d) 10° =100,000.

Write each of the following in exponential form.
For example, log, 8 =3 becomes 2° =8.
(a) log,64=6 (b) log,,0.00001=-5 (c) log,(%)=—4.

Solve each of the following equations:

(@) 2 +3(2°)—4=0 (b) 3> —26(3*)-9=0 (c) 4" —6(2*)-16=0.
Solve each of the following equations:

(@) logs x=2 (b) log,m=2 (c) log,3=1.

Express the following as a simple logarithm. For example
X3
3Iogb[7j = log, x° —log, y°.

(a) 2log, x+4log, y—3log, z (b) 2log, x+3log, (x—1) —4log, (2x +5)
(c) 3log, x—3log, x+4log, y.

Solve each of the following equations.

(@) log,,5+10g,, x =1 (b) log,, x+log,,(x—3) =1

(c) log,,(x—4)+log,,(x—-1) =1 (d) log,,(x+2)—log,, x =1.

Solve the simultaneous equations.

@ 2lgy=Ig2+Igx; 2Y=4" (b) log, x =y =log,(2x-1).
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12.

Solve the simultaneous equation

log(x+y)=0; 2logx=Ilog(y+1).
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MAT 1100 LECTURE NOTES

10 Further Differential Calculus

10.1 Some Important limits of Trigonometric functions

2.

6-0

Proof: We consider an arc of a circle of radius 1, as shown in the diagram below.
Let the line OC make an angle of 8 with the line OA.

The length of the arc of radius 1 with angle at centre @ is just 8. The length of the
line BC = tan @ and the length of the line AD = sin 6.

Clearly, from the diagram,

AD < arc BD < BC.
That is

sinf < 6 < tan@.

Dividing through by sin 8 we obtain

0 < 1

sinf® ~ cos@’
and taking reciprocals, we have

1<

cosGS¥<1.

But (lgirré cos 8 = 1. This means that

lim cos 8 < lim (Si“") < lim 1
6-0 6-0 0 6-0
implying that
~ /sinf
1 <lim (—) <1
6-0 g
Therefore,

. cosf-1

lim ( ) =0.

6-0 0

cosf-1 cosf-1 _ cosf+1 _ cos’0-1 _  -sin?6 (_1) (sine) ( sin @ )
- 6 cosO+1 6(cosO+1) - 6(cos6+1) - 0 cosO+1

Proof:

But lim (Sine) =1and lim( sinf ) =0.
6-0 \ 6 0—0 \cosf+1



Therefore,

lim (C"S:‘l) = (=1)(1)(0) = 0.

6-0

10.2 Derivative of Trigonometric functions

1. i(sin X) = COS X
dx

Proof: From first principle,
sin(x + h) —sin x

d, . :
&(sm X) = ng(])

_lim sin xcos h + cos xsin h —sin x
" he0 h

._sinxJcosh—1] . cosxsinh
=lim————=+lim——
h—0 h h—0 h

[cosh —1]
h

) . . sinh
=sinxlim +cos xlim——
h—0 h—»0 h

= (sin X) x 0+ (cos xX) x1 = cos X

2. i(cosx) =—sin X
dx

Proof: From first principle,
cos(x + h) —cos x

d .
o (cosx) = ng(}

cos X cos h —sin xsinh —cos x

=lim
h—0 h
. cosx[cosh—1] . sinxsinh
=lim———-lim——
h—0 h h—0 h

. [cosh—-1] . .. sinh
= c0s X lim ————= —sin xlim ——
h—0 h h—»0 h

= (cos x) x 0 —(sin x) x1=—sin X

d
3. — (tan x) = sec® x
dx
d d (sinx COS X €0S X —Sin X(—sin X
Proof: —(tanx) = — = 5 ( )
dx dx \ cos x COS“ X
2 H—
COS“ X+SIn “X 1 2
= 5 = > — =Sec” X
COS“ X CoS“ X
d 2
4. —(cot X) = —csc” x
dx



d d ( cos x sin x(—=sin x) — cos x(cos X
Proof: — (cot X)=—( - j: ( ) 5 ( )
dx dx \ sin x sin“ X
—(sin 2x + cos? x 1
_( — ) __ —— =—csc’ X
sin” X sin“ x
d
5. — (secx) =secxtanx
dx
d d 1 cos X) x 0 —1(-sin X
Proof: —(secx) =— :( ) 2( )
dx dx \ cos x COS“ X
sin x 1 sin x
= — = x =secxtanx
COS° X COSX COS X
d
6. — (cscx) = —cscxcot X
dx
d d 1 sin x) x 0 —1(cos X
Proof: —(cscx) =—| — =( )X_ > ( )
dx dx \ sin x sin“ x

_—cosx -1 , COSX

=—— == —~ —_cscxcot X
sin®x  sinx sinx

10.3 Derivatives of Exponential and logarithmic functions
1. The Derivative of log,x

Consider the expression

1
(1 +p)»
Notice that for
p=1 (1+ 1) = 2.0000
p=1 (1+3)% = 2.2500
p=1 (1+9)* = 2.4414
1 1
p=— (141 = 2.7048
= (1 +——)100 = 27181
1000 1000
etc.

This is suggesting that lim,,_,(1 + p)l/p exists and it is an irrational
number 2.7181 ---. This is the number denoted by e. Thus,

limy,_o(1+p)Y/P = e ~ 2.7181 .

We can now use this to prove, from first principle, that



d 1
—(lo ="log, e
dX( d, X) <1095

f(x+h)—f(x) _1
h T h

o (2)
b0+
oo (2

(1+%>’”"

Letting p = h/x we note thatas h - 0,p — 0. Therefore,
lim f(x+h)—f(x)

h—0 h

Proof: [logy,(x + h) — logyx]

><IH :Iv—‘ :Iv—‘

1. 11
=;Ip|irglogb(1+ p)e =;Iogbe

Example : Given that y = log, (3x + 2x*), find y'.

Solution: Lett = 3x + 2x*. Then y = log,t. Therefore by chain rule
dy _dy dt _1 3
= X tlogbex (3 +8x°)
_ 3+8x3 I
T 3x42xt 0gpe.

2. The Derivative of log.x or Inx

d 1 1
— (l0gex) = —log.e = -

3. The Derivative of e*

i X\ — X
dx(e)—e

Proof: Lety = e*.Thenx = Iny.

Differentiating with respect to y we have Z—; = %
Now,
d 1 1
ay _ —y=e~.

dx dx/dy 1/y

Example : Find f'(x) given that f(x) = e?* + e*'"*,

Solution: Let u = e®* and v = e*"™*_ Then
du d
— =% x—(2x) = 2e%*
dx dx
dv xln x d xln x 1
—=e X —(xlnx) = e X (Inx + x.-
dx dx( ) ( + x)



= (Inx + 1)e*n*

f'(x) =2 +(Inx+1)e*"*.

4, The Derivative of b*

= (b*) = b*Inb

Proof: y =b* = x =log,y.Changing the base from b to e we have

__logey _ 1
- logeb - logeb

logey.

Differentiating x with respect to y we obtain

dx _ 1 1 1 1 1

= X = = =
dy logeb y ylogeb ylnb b*Iinb

Therefore
2 = p*Inb.
dx

Example: Find f'(x) given that (x) = 3*71.2% .
Solution: f(x) = 3¥7%.2% = 2 (3%) x 2*
1 1
= 2% (3 (3*n3)) + 3 3%(2%In2)
= §2x3x(ln3 + In2)
= 2*3*"1In6

5. Derivatives of Inverse trigonometric functions

Derivatives of y = sin"1x, y = cos ™ x and y = tan"1x

d,.o_q.N_ 1 .
1. = (sin™'x) = — provided |x| < 1.

Proof: y = sin~1x. Then x = siny.

dx dy 1 1 1
Thus—=cosy = —= = — = .
dy dx cosy [1-sin?y V1-x2

d 1y 1 .
2. ™ (cos™'x) = — provided |x| < 1.

Proof: y = cos~'x. Then x = cosy.

dx . dy 1 1 1
Thus—= —siny =2 —=———=— = — .
dy dx siny J1-cos2y V1—x2
d _ 1
3. — (tan™'x) = L Vx eR
dx 1+x2

Proof: y = tan™'x. Then x = tany.



dx
Thus — = sec’y = —==
dy

dy 1 1 1

dx  sec?y  1+tan?y  1+x2

Example: Calculate the derivate of the given function.

(@) sin"™/x (b)) cosT(1—2x) (c) tan"'(x®+1)

Solution: (a) We let y = sin~*/x and u = vx. Then y = sin™u.

Thus, by the chain rule

dy _dy _ du

dx du dx’

1 du 1

V1-u? dx  2vx

But &y _
du

. d
This means that = =
dx

Therefore

d . _4 1 1
—Sin "Vvx = = .
dx 2VxVi—x  2Vx—x2

(b) Welety = cos™ (1 — 2x) andu = 1 — 2x. Theny = cosu.

(c)

Thus, by the chain rule

d d du
dy _dy . du

dx du dx’

1
1-u? dx

d
But = —
du

. dy _ _
This means thata = ==X (—=2).

Therefore

(-2) _ 2 _ 1
J1-(1—20)2  Vax—4x? ~ Vx—x2

a4 . -10q _ —_
— COS (1-2x) =

Welety = tan 1(x3 + 1) and = (x3 + 1) . Then y = tan"1w.

Thus, by the chain rule

dy _dy du
dx  du’ dx

d 1 du
But = = and — = 3x2.
du 14+u? dx
) d 1
This means that =% = —— x 3x2.
dx 14+u?

Therefore



6.

d -1 3 3x2 3x2
—tan™ " (x 1) = = .
dx ( + ) 1+(x341)2 x6+2x3+2

Derivatives of y = sec™1x, y = cosec™x and y = cot " 1x

1

d -1, _
(a)dxsec X =—= x>1
d | _
(b)dxsec x—xm,x< 1

In general,

d 1. -1 _
(c)dxsec x——lxlm,x< lorx>1

d _1 -1
a)—cosecT x =——, x>1
( )dx xVx2-1’

d 1.1 _
(b)dxcosec x—x—m,x< 1

In general,

d _1 -1
c)—cosecT x=———, x < —-lorx>1
( )dx lx|Vx2-1"

Vx eR

a . _
—cot™lx = :
dx 1+x2

Exercise: Prove 4 to 6 the same way as in 1 to 3.

2.5.1 Gradient function

The gradient of a curve at any point on the curve is defined as the gradient of the

tangent to the curve at that point and measures the rate of increase of y with respect

to x.

The better approximation to the gradient of the tangent AT is obtained
when B moves along the curve as it approaches Ai.e. as B — A on the

curve

gradient of chord AB — gradient of tangent AT
grandient of AT = limg_, s{gradient of chord AB}

. Sy
= lim —
5x—0 Sx
_ay
T odx



2.5.2

2.53

Thus, if the curve is define by y = f(x), then Z—z = f'(x) gives the
gradient of the curve at any point on the curve. Thus

2= f'(x)

is called the gradient function. Therefore, the gradient function, at the
point where it is defined, gives the gradient of the curve at the point.

Example: Find the gradient of the curve y = 2x(x? — 6) at the point x = 2.

Solution: The gradient function is

Yy _ 2 _
dx—6x 12.

Therefore the gradient of the curve at the point x = 2 is

d
ﬁ Loz = 6(2)2 — 12 = 12.

Note: The gradient of the curve at any given point gives the gradient of the tangent to
the curve at that point.

Equations of Tangents and Normal lines to a curve

Example Find the equation of the tangent and of the normal to
the curve y = x? + 5x — 2 at the point where the curve cuts the line
x = 4.
. . . d
Solution: Gradient function ﬁ =2x+5.

Atx =4, Z—i = 2(4) + 5 = 13 = gradient of the tangent = 13.

The gradient of the normal to the curve is — 11—3

When x = 4,y = 42 + 5(4) — 2 = 34. Thus the curve cuts the line
x = 4 at the point (4,34).
Therefore, the equation of the tangent is

y—34=13(x —4)
or
13x —y—18=0.

The equation of the normal to the curve is
1
y—34= —E(X—‘l')
or
x+ 13y — 446 = 0.
Increasing and Decreasing Functions

A function f is said to be increasing over an interval if for any two
points x; and x, of the interval such that x; < x,, we have

f(x1) < f(x2).

Similarly fis decreasing over the interval if x; < x, implies



f(x1) < fx2).

The following theorem helps to determine whether a function is
increasing or decreasing:

Theorem 2.1.1 If a function f is differentiable, then it is increasing over
the interval on which f'(x) > 0 and it is decreasing over any interval on which

f'(x) <o0.

Proof: Let f'(c) > 0. We show that f is increasing on the interval [x;, x;]

y 4

O [x; c Xo

Now, if a function fis continuous on a closed interval [x4, x,] and
is differentiable in the open interval (x4, x;), then there exist a
real number ¢ € (x4, x,) such that the gradient of the tangent to
the curve at x = c is equal to that of the line through the points

(x1, £(x1)) and (x, f (x2)) i.e.
fl(x) — f(x2)=f(x1)

Xy—X1
From (2.4.1) we have
flx2) = fx) = f(©)(x2 — x1)
Since x; < X3, X, —x; > 0. From the hypothesis, f'(c) > 0. Thus
the right-hand side of (2.4.2) is positive. This implies that
fQ) = f(x) >0
= f(xz) > f(x1).
Therefore by definition fis increasing.
For a decreasing function over an interval [x4, x,], the proof is
similar.
Example: Find the intervals in which the function f defined by
f(x) =x3—6x2+9x—7.

is (a) increasing



(b) decreasing.
Solution: f(x) = x3 — 6x2 + 9x — 7. Differentiating, we get
f'(x) =3x% —12x +9 = 3(x% — 4x + 3)
or f'(x) =30(x—-1)(x—-3).

Now, f'(x) is zero only for the values x = 1 and x = 3. The two points where
the derivative is zero divides the x - axis into three intervals:

—o<x<],1<x<3and3 <x < oo,
Ifx <1,thenx<3=>x—-1<0and x—3 < 0.Hence (x —1)(x —3) > 0.

Thus,
f'(x) =30 —-1D(x—-3)>0.

and fis increasing.
Similarly, if x >3, then x>1 = x—1>0 and x —3 > 0, implying that
(x—1)(x—3) > 0.Thus,
f'(x) =3(x—1)(x—-3) >0.
and fis increasing.
Ifl<x<3,thenx—1> 0andx — 3 < 0 and therefore
x—1Dx—-3)<0=f"(x) =3(x—1)(x —3) <0.Hence, in the
interval 1 < x < 3 fis decreasing.

Therefore, fis increasing in the intervals —co < x < 1and 3 < x < o0, and is
decreasingin the interval 1 < x < 3.

2.5.4 Stationary points

A stationary value of a function f(x) is any value of f(x) at which its
rate of change with respect to x is zero. i.e. stationary values of f(x)

occur when :—x (f(x)) =0.

yA
(x2,¥2)
y2 = f(x2) '
=0
= f) D |
(X1, Y1) i -
0 x| Xy T x

In the diagram the function has stationary values at f (x1) and f(x;).

The values of x at which the function f attains its stationary values are

10



called critical values or critical points.

The points (x1,y;) and (x,, y,) are called stationary points.

At critical values, the gradient of the curve is zero. Thus, at
. d
critical values — (f(x)) =0.

Example Find the critical values of the function

f(x) = 2x3 —3x% —36x + 5.
Hence, state the stationary value of the function.
Solution: Differentiating w.r.t. x we get

f'(x) = 6x% — 6x — 36.
Thus, the critical values satisfy the equation

fl(x) =6x2—6x—36=0

or x2—x—-6=0
or x+2)(x—3)=0
Therefore, the critical values are x = —2 and x = 3.

Hence, the stationary values of the function are f(—2) = 49 and

f(3) = —76.

A curve may have several stationary points which are also called turning points of the
curve. These occur in different categories:

y

A /y = f(x)
-

s

B

4

0]

Nature of Stationary Values or Points

Method 1 (First Derivative test)

Let a curve be defined by y = f(x). When moving through a stationary point if
(a) L 5 0 followed by 2 — 0 and then 2 < 0, then the stationary point is
dx dx dx

maximum;

11



(b) 2 <0 followed by Y — 0 and then 2 > 0, then the stationary point is
dx dx dx
minimum;

ay ay _ dy dy dy _
(c) — > 0 followed bya = 0 and then - > Oor < 0 followed by = O0and

d . . . . .
then é < 0, then the turning point is point of inflexion.

Maximum Minimum Inflexion

Sign of 2 \when 0
dx

moving through a /
. . +ve -ve -ve +ve
stationary point
- 0 \_
0 +/_
Example: Find the relative maxima and the relative minima for the function

fO) = (x*— 0%

Solution: At critical values: f'(x) = 2(x? — 4) x 2x = 0.
i.e.

x(x+2)(x—=2)=0
Thus, the critical valuesare x = 0,x = —2 and x = 2.

Next, we look at the signs of the values of f'(x) in the neighbourhood
of these critical values.

For the critical value x = —2, we shall consider the signs of the values  f(— g) and
f(=3.

==t r (-9 =2 -] xa(-D =% <o

Atx =-2,f'(—=2) =0.

ax=-3 f(-H =2 [(—%)2 - 4] x2(-3)=Z>o.

Moving along the curve from — g throughx = -2 to —gthe gradient of

the curve is - followed by 0 and then + . This means that the function has a relative
minimum at x = —2 and thisis f(—2) = ((-2)? —4)?2 =0

The shape of the curve in the neighbourhood of x = —2 is as follows:

12



dy dy
E<O\ /E>0

Nzx=-2/

d
Y _
dx

For the critical value x = 0, we shall consider the signs of the values f'(— %) and f’(%).

1 4( 1) _ 1\2 1\ _ 15
rx=— (-3) =2|(=3) -4 x2(-5) =F >0
Atx =0, f'(0) = 0.
1 (1) _ 1\2 1\ _ 15
mx=— £ (5) =2[() -4]x2(5) =-F <0
Moving along the curve from — % through x = 0 to % the gradient of the curve is

positive, followed by 0 and then negative. This means that the function has a relative
maximum at x = 0 and the relative maximum is f(0) = (0% — 4)? = 16.

dy _

dx_O

x=0
d d
2>0 =)
dx v d.

For the critical value x = 2, we shall consider the signs of the values
! 3 1 5

F&and Q).

3 . (3) _ - [(3)? 3\ 27
rx=3 () =26) -4 x2()=-F <0
Atx =2,f'(2) =0.

5 1,5\ 5)2 5\ _ 45

m=3r@=2|() -4x2()=F>0

. 3 5 . . .
Moving along the curve from Ethrough x=2 toEthe gradient of the curve is negative,

followed by 0 and then positive. This means that the function has a relative minimum
atx = 2 and thisis f(2) = ((2)2—-4)?2=0

The shape of the curve in the neighbourhood of x = 2 is as follows:
< 0\ Y0
dx dx

N\wx=2 7
dy_o

ax

13



Note that the points (—2,0) and (2,0) are minimum turning points and the point
(0,16) is the maximum turning point for given curve.

Method 2 (The Second Derivative test)

Let the function be defined by y = f(x). Then = f'(x) is the first
2
derivative of y w.r.t. x, = f'""(x) is the second derivative of y w.r.t.

X, and — = f'""(x) is the third derivative of y w.r.t. x. In general,

dy

== f(”) (x) is the nth derivative of y w.r.t. x.

Example Find the first, second and the third derivatives of the
functiony = x? + ? with respect to x.

dy
Solution: The first derivative of y w.r.t. x is o =2x —— the second
d2
derivative of y w.r.t. x is — Tz =2 + - and the third derivative of y w.r.t.
. d3y 158
XIS = "

For the curve y = f(x) we can also determine the nature of the stationary value (or

2
the turning point) at critical values by finding the value of% = f""(x), and where

necessary, the value of = f""(x).

d%y
This is because the second derivative, d— = f''(x), measures the change in
gradient.

d
1. |If 3; =0and2 7 > 0, the critical value yields a minimum stationary value of the
function and hence it yield a minimum turning point.
dy d?y . . . .
2. If = 0 and oz < 0, the critical value yields a maximum stationary value of the
function and hence it yields a maximum turning point.
dy d?%y . . . . .
3. If e 0 and i 0, the critical value yields a minimum or maximum turning

point or point of inflexion.

In this case we need to use method 1 to determine the nature of the stationary
value.

Example: Determine the nature of the stationary values for the curve y = x* — 9.

dy
Solution: — ol = 4x3 = 0 = x = 0 is the only critical value.

14



2
At this critical value = 0.

Moving through — 5, 0 and then ; we have:

__lay_,. 1Ly3_ 1 )
Atx = —, — = 4( 2) = 2<O,

—n Y _ 3_0.
Atx—O,dx—4(O) =0;

—1lay_
Atx—z,dx—4(

3 _1
)P =2>0.

Therefore, the curve has a minimum stationary value at x = 0, and this
y=0*-9=-9

Note that though at the point x = 0, — = 0, and in this case the critical value
does not yield a point of inflexion but a minimum turning point.

4. Ifz—z = 0and? d— =0, but ¢ 0, the critical value yields a point of inflexion.

Example: Determine the nature of the turning point for the curve
y = x3 —3x% + 3x.

Solution: & dx =3x2—-6x+3=0>3(x—1)2=0= x = 1. The curve only
has one critical value.

d2

d2—6x—6 andatx—l——6(1) 6—Oand——6¢0

Therefore, at x = 1, the curve has a point of inflexion and this point of
inflexion is (1,1).

To confirm that indeed this is a point of inflexion, we use method 1.

Wefindthevaluesofd—yatxz —l,x= 1andx=3.
dx 2 2
Atx=+2=32_343=3509,

2 dx 4 4
Atx=1z—y—3—6+3—0,
Atx=3,l_zi—9+3—— 0.

2 dx 4

Moving along the curve from > through x=1to % the gradient of the

curve is + followed by 0 and then + . This means that the curve has a
point of inflexion at x = 1.

Note that the shape of the curve in the neighbourhood of x = 1 is as shown
In the diagram below:

15



|
Y50 / x=1
dx

2.4.5 Applications of Maxima and Minima

Example: A farmer having 120m of fencing wishes to contain a cow in a rectangular
plot of land along the bank of a river. What should the dimensions of the rectangle
be to provide the cow with maximum grazing ground? (Assume that no fencing is
needed along the river, which is flowing along a straight edge.)

Solution:
Yy
X X
/\J\
> N

Notice that

2x +y =120
= y =120 — 2x (1)
Area of the rectangle is

A =xy (2)

Replacing (1) into (2) yields
A =x(120 — 2x) = 120x — 2x?
or A =120x — 2x?

To maximise the area A, we need to differentiate A w.r.t. x and find the critical
values.

94 _120—4x =0
dx
= x = 30.

Applying the second derivative test, we have

16



2
A _ _4<0

dx?

This means that x = 30 yields the maximum area and hence, the largest
grazing ground. Therefore the dimension of the rectangle are 30m x 60m.

Example: A soup manufacturing company wishes to pack 25 cm?® of mushroom soup
in a can in the form of a right circular cylinder. Find the dimensions of the can if the
surface area is to be minimum.

Solution: Let the dimensions of the rectangle be 22nr X h.

2Tr cm

hcm

Curved surface area of a cylinder is 2nrh.

r

\\_/
A =nr?
The Volume of the cylinder is
V=nr’h =25
. 25
ie. h = —

Surface area of the metal used is

A = 2nrh + 2nr?
. _ 25 2
i.e. A =2nr (nrz) + 2nr
or A= sr_o + 2mr2.

Thus, to minimize A, we need to find the critical values, by first differentiating
A w.r.t. r and equating the derivative to zero.

17



dA 50
—=——=44nr =0
dar T2
25
— 1‘3 = —
2T
3125
— r = —.
21

. . 3 ,25
The only critical value is r = py

Applying the second derivative we find

d?4 100
— =—+4147.
dr? r3 +

325
Atr = |—,
21

d2A

dr?

=L03+47r=8n+4n= 12 > 0.
325
(&)
Therefore, A is minimum when r = 3\/% The corresponding value

2

of hish = —= =2—5(2—")§.

<3 25>2 m \25
33
271

2.5.6 Curve Sketching and Graphs of Rational Functions

1. Graphs of Polynomial Functions

Example: Sketch the graph of y = x* — 4x3 + 4x2 + 1.

Solution: % =4x3 —12x% + 8x = 4x(x? — 3x + 2) = 4x(x — 1) (x — 2).

The critical pointsarex = 0,x = 1and x = 2.

a’y 2 2
— = 12x° — 24x + 8 = 4(3x* — 6x + 2).

dx2

dz . - . .
Atx = O,ﬁ =8 > 0 =>x = 0 yields a minimum turning point,

which is (0,1).

2
Atx = 1,3732/ = —4 < 0 =x = 1yields a maximum turning point,
which is (1,2).

2
Atx = 2,3732/ = 8 > 0 =>x = 2 yields a minimum turning point,
which is (2,1).

To find points of inflexions we set the second derivative to zero
and find the critical points which yields these points. Thus

d’y 2 ;
5= 0 when 3x“ — 6x + 2 = 0 i.e. when

18



6+V36—24 _ 6+V12 1
6 6 V3
3
Y — 24x — 24.
X
1 ddy 1 _ 24 24
Ar=1+5"2=24(1+5)-24=24+2-24=250
1 13
>x = 1+\/_y|eldsapomt of inflexion, which is (1+\/_, —).

— 1L 4y _ AN _oa—9a _F _op__ 2
Atx =1 W,d3_24(1 F)-24=2-2-24=-250

1 13

>x=1-——= ylelds the other point of inflexion, which is (1 — \/_,?).

N

Finally, plot these points and sketch the curve which passes through the points.

y

A

13

1+%2)

relative maximum

v
(1,2)

0,1) (2,1)

v

7
(0] \ X
relative minima

2. Graphs of Rational Functions

Curve sketching by looking at what happens either as x = 4o or when
f(x) = £oo as approaches a finite value.
Definition (Horizontal Asymptote)

Let ¢ be a real number. Suppose f(x) = c asx = o oras x = —oo. Then
the horizontal line y = c is called a horizontal asymptote of the graph of f.

y
y = c is a horizontal asymptote
‘ y=fx)

(@]
<Y

19



Definition (Vertical Asymptote)

Let a be a real number. Suppose f(x) » twasx > atorasx - a”.
Then the vertical line x = a is called a vertical asymptote of the graph of f.

YVa )
= a is a vertical dsymptote
|
1
1
1
1
1
1
y = 0 is a horizpntal asymptote
O >x

x = b is a vertical asymptote

ek Rl el

Example: Sketch the graph of y = ﬁ
Solution: Note that the function is not defined at x = —1.

Now we observe the following:

Ifx < —1,theny = % > 0, (since the numerator is negative and the

denominator is negative.)
If—1<x<0,theny =—-—< 0.
1+x

Ifx=0,theny=£=0

Ifx>0,then0<y=1i—x<1.

Furthermore,

. X . . .
lim,_,_;+ — = —oo (since the numerator is negative and the
x= 1+x

denominator is positive) and

lim,_1- ﬁ = oo (since the numerator and the denominator are both

negative).

Thus, the line x = —1 is a vertical asymptote.
Also,

. X . 1
lunxqaaz:;——lunxqagzﬁ—:-— 1.

and

20



lim = lim L =1
X——00 1+x - X— 00 (%)_'_1 -

Therefore, as x —» +o0,y — 1. Thus, the line y = 1 is a horizontal asymptote

for the function y = ;:—x

dy _ (1+x)(1)-x(1) _ 1

Now dx 1+x)2  (1+x)2

Clearly, Z—Z > 0Vx € R, x # —1 =the function is always increasing (except

at x = —1) where it is not defined.
a?y_4d 2 _ __~2 _
=z = 2n 1+x) = R # 0Vx € Rexceptx = —1.

This means that the curve has no critical points.

y
x 1 A
Y= 1 i
1
: horizontal asymptote
: /
--------- il LT T T T T LD VR |
1 »
e X
_———
vertical asymptote !
1
x=-1
1
' _ X
y —
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TUTORIAL SHEET 14

Find the derivative of each of the following functions from first principle:
(a) sin2x (b) cos3x.

Differentiate with respect to x:

3 sin X + €os X b sin(3x +1)
sSin X —Cos X cos(2x + 3)

(d) sin?(2x) x cos®(5x) .

(c) tan*(7x* +3x+9)

Differentiate each of the following functions:
(@) F(x)=e** (b) f(x)=e""""* (c) f(t)=e'sin?(cost)

(d) f(u)=cos(e®) (e) f(x)=6% (f) f(x)=25"

For each of the following implicit functions, find g—y:
X

2 2 2 3 X 1 1 1

(@ y+xy+y =2 (b) x“+xy"+y =2 (c) x=ye (d)7+722

(e) sinxcosy =2 (f) xe¥ =x+1.

Differentiate each of the following functions:

(a) f(x)=log,(5x+1) (b) f(x)=In(x*sinx) (c) f(t)=log,(x*+e*)
(d) f(u)=e*""* (e) f(x)=log,[logs(~'x*+1)].

Use the rules of logarithms to simplify the expression and find f '(x):

16 2 8 2X 7
(a) f(x)=In X+ (2x° +x) (b) f(x)=In (e* +6) \/x5+4 .
VX2 +4 (e‘x+ex)
2 3 4
For each of the given functions, find d Z, d Z and d—zlz
dx°  dx dx

(a) y=2x*-3x* (b) sinx+cosy==7.
Find the indicated value:
(a) f()=~4—x, f"(=5) (b) F(x)=(x*—2x), ")
() f()=2t+3, ().
2

If x®y =2, find the value of 3—3, when x =1.
X

Let f be a function defined by f(x) = 2x — x2.

(a) Find the equation of the tangent and normal line to the graph of f at the point

22



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

(33)
2'4)"
(b) At what point on the curve is the tangent line parallel to the x — axis?

Find the point at which the slope of the tangent line to the curve y = 5 + 3x — x3
is 3.

Find the equation of the tangent line to the curve 2y? — 3x? = 6 at point (2,3).

Find where fis increasing and where it is decreasing, and sketch the graph of f:
(@) f(x) =x3—3x%2—9x + 15 (b) f(x) = 4x* + x2.
Suppose the rate R of an autocatalytic reaction is given by

R=kx(4—x), 0<x<4

where k is a positive constant and x is the amount of substance produced. Find the
interval where the rate R is increasing and where it is decreasing. Sketch the
graph.

Find the critical values and determine the relative maxima and the relative
minima. Find the absolute extrema if any exist.

(@) f(x) =x3+3x2—-12x+7, —wo<x<o®
(b) f(x) =2x*—x2%, —1<x<1.
If the selling price x is related to the profit P by the equation
P = 5000x — 125x2
(a) For what range of values of x is the profit increasing?
(b) For what range of values of x is the profit decreasing?
(c) Determine the value of x that would yield maximum profit.

Find the turning points on y = 3x* + 4x3 — 12x2. Give a rough sketch of the
curve.

An open rectangular box is made from a square sheet of cardboard by removing a
square from each corner and joining the cut edges. If the cardboard is of edge

0.5 m, find the maximum volume of the box.
1075
H

The concentration of hydrogen ion in a solution is givenby X = H + . For

what value of H is the concentration a minimum?

Sketch the graph of each given function showing clearly any asymptotes, turning
points, points of intersection with the coordinate axes and the behavior of the
curve when a and /or y are very large:

X X X—2

0 VY ey

1 -2
(@) y=—r (b)y="—) (dy=

X
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MAT1100 LECTURE NOTES
FURTHER INTEGRAL CALCULUS

Further Integration formulae

Most of these important further integration formulae emanate from the fact that
integration is the reverse process of differentiation.

1. Iexdx =e* +c, since;—x(ex) = e”*,
2. IaXdX=%+C,a>0,a¢1,since%(ﬁa") = a”*.
3. jsin xdX = —Ccos X +cC, since:—x(— cosx) = sinx.
4. ICOS xdx =sin x+c¢, since %(sin X) = COS X.
5. Itan xdx = In[sec x|+ ¢, since
[tanxdx = — [ 2% gx = —In|cos x|.

CcCosXx

=1In|(cosx)"!| =1In |$| = In|secx]|.

6. _[cot xdx = In[sin x| +c, since
[cotxdx = [ =>Zdx = In|sinx]|.

Sinx

. d
7. Iseczxdx =tanx+c, smcea(tanx) = sec? x.

. d

8. Icsczxdx =—cotx+c, smcea(cotx) = —csc? x.
9. Isec xdx = In[sec x + tan x|+ ¢, since

f secx+tanx fseczx+secxtanx

secxdx = dx = In|secx + tan x|.

secx+tanx secx+tanx

10. Icscxdx = Injcsc x —cot x| + ¢, since

csc?x—cscx cotx

fcscx—cotx dx = ]n|cscx — COtx|.

cscxdx = [

cscx—cotx cscx—cotx
. d
11. J.secxtan xdx =secx+c, since - (secx) = secxtanx.
. d
12. J.cscxcot xdx = —CsCX+C, since - (—cscx) = cscx cotx
1 . d 1

13. ——dx =arctan x+c, since — (arctan x) = ——.

1+ X2 dx x2+1



. . d : 1
=arcsin x+¢, since — (arcsinx) = —

1—x?

11.2 Integration Methods
Apart from the above integration formulae there are other various methods used in
the evaluation of indefinite integrals. These are
1. Integration by Substitution

To evaluate the integral [ f(g(x))g’ (x)dx, it is often useful to
substitute g(x) with a new variable, say U, so that
u = g(x)and du = g'(x)dx, and the integral becomes

[ f(9())g'()dx = [ f(w)du, (11.2.1)

which is easier to evaluate. After finding the right side of (11.2.1),
replace u with g(x) to obtain the results in terms of X.

Example 1 Find I—gdx.
(x +5)
. 2 -1
Solution: Here, note that g(x) =x"+5, f(g(x) = G
Thus we let, u=x? +5so that du = 2xdx .
:j dx f—du ju du=3u° +c= 3(x +5)

Example 2 Evaluate the integral J.Sins X oS xdX .
Solution: Here, note that g(x) =sinx, f(g(x)) = (sinx)>, and

g'(x) = cosx dx. Hence, letting = sinx du =cosdx.
] 1 1.
= IsmS X €0 Xdx = J.usdu ==u’+c==sin®x+c.
6 6

Example 3 Evaluate each of the following the integrals:

(a) ijx—Jrldx.
Solution: Let X+1=U?sothat X =U? —1. Then dx = 2udu.
Thus,
_[x\/x_+1dx: 2.|‘(u2 —1)u2du :2_|.(u4 —u®)du

NN :é(\/x_Jrl)5 —§<\/m.)3 +C

5 3



(b) j\/SX__de.

Solution: Let 3— X = U?so that X =3—U?. Then dx = —2udu.

Thus,

J‘ﬁdx=—2}3_uu2du :—ZI(S—ujdu

=—6Inju| +u? +c=-6INV3—x+(3—x)+c

(c) I(x +1)(x +3)° dx.

Solution: Let X+3=Usothat X+1=u—2.Then dx=du.

Thus,

j(x+l)(x+3)5dx =j(u —2)u’du :.f(u6 —2u5)du

N +c:l(x+3)7 —l(x+3)6 +C
7 6 7 3

2. Quick Integration by Inspection

We have two simple formulae which enable us to find integrals almost immediately.

(a) The firstis

Jo Mg k= [g(0T"* +¢, =1 (11.2.2)

This formula is justified by noting that

i{i[g(x)]”l} - ' (g

dx (r+1

Example 6.2.3 Find J.GXZ(ZX3 +5)3dx.

Solution:

Here note that g(x) =2x>+5and g'(x) = 6x? . Therefore

[6x2(2x* +5) dx = %(2x3 +5) +c.

(b) The second quick integration formula is

Igl(x)dx =Injg(x)|+c . (11.2.3)
9(x)

This formula is justified by noting that



d _9'(™
&{In|g(x)|}_ 00

Example: 2.1 Find Iidx.
xIn x

Solution: Note that g(x) =Inxand g'(x) = 1
X

1
XIn x

Therefore, j dx = In(In x) +c.

Note that both formulae emanate from the substitution method.
3. Integration by Parts

Suppose f and g are differentiable functions of X.Then by the rule of the
derivative of products we have

f.9)' =fg +f'.g (11.2.4)

Integrating both sides of equation (11.2.4) with respect to X yields

f:—x [fC0).g()]dx = [[f(x).-9'(x) + f'(x).g(x)]dx  (11.2.5)

f0).9C) = [If (). g’ C)ldx + [[f' (x). g(x)]dx (11.2.6)

Thus, from (3.3) we have the integration by parts formula which is written as
jf(x)g'(x)dx = f(x)g(x)—jg(x) f'(x)dx. (11.2.7)
The formula is easily remembered when the following substitutions are made:
u= f(x)and dv=g'(x)dx = du = f'(x)dx and v:.[g'(x)dx.

These substitutions transforms (3.4) to

judv=uv—jvdu (11.2.8)

Example: 3.1 Find Ixzexdx.
Solution: Let u=x%and dv=e*dx. =>du=2xand v= Iexdx =e*.

Thus, Ixzexdx = uv—J‘vdu = x%e* —ZI xe*dx.



To evaluate Ixexdx we use integration by parts again.

Thus, welet u=Xand dv=e*dx. =>du=dxandv = e*.
= xe*dx = uv — [vdu = xe* — [e*dx =xe* —e* + ¢,
Therefore,
[x2e*dx = x?e* — 2(xe* —e* + ¢;)
=x%e* —2(xe* —e*) +c
=x%e*—2e*(x—1) +c
Now to determine which part of the integral is U and the other dv in the
application of formula (3.5) the following two rules may be used:

(i) The part selected as dv must be easily integrated.

(ii) J.vdu must not be more complicated than Judv.

However, the following is the list of common integrals with suggestions for the
choices of U and dv:

1. For integrals of the form
fx"exdx, fx" sin x dx, fx” cos x dx,

let u=x"andletdv = e*dx,dv = sinxdx or dv = cos x dx.
2. For integral of the form
[x™Inxdx, [ x™arcsinxdx, [ x™arccos x dx,

let u = In x, arcsin x or arccos x and dv = x"dx.

Example 3.2 Find Ixz In xdx .

Solution: Since the derivative of InXis a power of X, let u =Inxand dv = x*dxso

that du :ldxand V:%XS.

X
Applying equation (3.5) gives

1 1 1 1 1
Jx*Inxdx =zx*Inx — - [x® —dx = x*Inx — 5 [« dx



1 11
=-x*Inx—-=.2x>+¢
3 33
1 1
=-x*lnx—-=x3>+¢
3 9
Example 3.3 Find [ arcsin x dx.

Since it is easier to differentiate arcsin x than integrating it,

. 1
let u = arcsinx and dv = dx so that du = ﬁdx andv = x.

Thus,

. . X
J xarcsinx dx = xarcsinx — [ = dx.
—-X

To evaluate f\/%dx use the substitution method. Let t = 1 — x?

so that dt = —2xdx or xdx = —%dt. Thus,

a 1rd 1,0 -2 1(2),% 1
fﬁdX=—;fﬁdt=—;ft 2dt=—5(z)t2=—t2=_\/1_x2_
Therefore,

[ x arcsin x dx = x arcsinx + V1 — x2 + c.
3. For integrals of the form

je" sin x dx orjexcosxdx,

let u to be either e* or sin x (cos x). If you take u = e* then
dv = sin xdx (or cos x dx). If you take u = sin x or cos x then

dv = e*dx. Upon integration you will obtain the same result.

Example 3.4 Find J'eX COS XdX .

Solution: Since there is no clue as to which function to take as U, arbitrarily choose
u=e*and dv=cosxdx.Then du=e*dxand v =sinxdx . Applying (3.5) yields

jexcos xdx = e” sin x—J'eXsin xdx . (11.2.9)

Iex sin xdx can be evaluated the same way. Let u =e*and

dv=sinxdx = du=e*duand v=-cosX. Thus



Iex sin xdx = —e* cos X +J.eX COS xdx

Therefore, replacing the integral of [ e* sin x dx in (3.6) we have
J.eX cos xdx = e* sin x —[—e” cos X Jr'feX cos xdx]
fex cosxdx = e*sinx + e* cosx — f e* cosxdx

= Zjexcosxdx:exsinx+excosx

= jexcosxdx:g[exsinx+excosx]+c

4. Integration by Partial Fractions

4 3
X" =x>=-x-1
Example: 4.1 Evaluate J—z dx.
X“(x-1)
oo xP=x¥-x-1 X+1
Solution: =

X_
x*(x-1) x*(x-1)

x+1 _A B C  AX(x-1)+B(x-1)+Cx’
x x* x-1 x?(x-1)

X*(x-1)
X+1= Ax(x—-1)+B(x-1) +Cx*

When x=0, 1=—-B =B=-1

= X+1=Ax(x-1)—(x—1)+Cx>
When x=1, 2=C =C=2

=  X+1=Ax(x-1)—(x-1) +2x?
When X=-1 0=2A+2+2 = A=-2

X+1 -2 1

2
TV N VD)
x“(x-1) x x° x-1

X —x*—x-1 -2 1 2 2 1
B e = +t7
X“(x-=1)

4 3
jwdxzj(ﬂzﬂz _Ljdx
X“(x=1) X 1

zlx2 +2In|x|—1—ln|x—]1+c
2 X



3X+2
X3 + X

Example: 4.2 Evaluate the integral j dx

. 3X+2
Solution: We resolve 3
X + X

into partial fractions.

3Xx+2  3x+2 _é+BX+C_A(X2+l)+X(BX+C)
XX4+x x(x*+1) x  x*+1 X(x* +1)

= 3x+2=AX*>+1) + x(Bx+C)

When x=0, 2=A

= 3x+2=2(x* +1) + x(Bx +C)

When x=1, 5=4+B+C =B+C=1
When x=-1 -1=4+B-C =B-C=-5
Thus, B=-—2and C=3

3X+2 2 3-2x
== —+
XX4+x X x*+1
Therefore,
_[3)3(+2dx:j(g+32_2dex:2.|‘£dx+3j—d21 X — EX dx
X° + X X X°+1 X X +1 X +1

=2In|x +3tan" x— In(x2 +1)+ C
5. Trigonometric Integrals

Some trigonometric integrals are evaluated using some of the following
trigonometric identities:

1. sin®@+cos’* 0 =1

2. 1+tan®@=sec’ O

3. 1+cot®’@=csc’ @

4. sin®6=1(1-cos20)

5. cos® 6 =1(1+cos26)

6. sin@cosd =3sin20

7. sinacos £ =1(sin(a - B) +sin(a + f))
8. sinasin B =1(cos(a - B) —cos(a + f3))
9. cosacos f =1(cos(a — B) +cos(a + )

Below are two substitution rules which are used in finding the
indicated integrals:



(i)

(i)

For the integral of the form
Isinm xcos" xdx,

if m is odd, substitute U = COS X. If n is odd, substitute U =Sin X .
3

Example 5.1: Find '|.sin3 XC0S* XdX .

Solution: Here m =3, which is odd. Then we let
U =CO0S X so that du = —sin xdx.
Now, we need to rewrite as

3 3
Isins XC0s4 xdx = J.sinz Xsin xcos* xdx
3
= J.(l—cos2 x)cos* xsin xdx

3 7
= —J'(cos“— cos* xJ(—sin x)dx
3 7
= —I[u“ —u4xjdu

7 11
S e TR AT
7 11

4 7 11
=—| —C0S* X——C0S* X |+C
7 11

For the integral of the form
Itanm xsec" xdx,

If mis odd, substitute U =S€eC X, and if n is even, substitute U =tan Xx.

Example 5.2 Find J‘tan6 xsec? xdx

Solution: Here n = 4 and is even. So we let U = tan X so that
du =sec? xdx . Thus, rewriting the integral we have
J'tan6 xsec” xdx = jtan6 xsec’xsec’ xdx
= j tan® x(1+ tan® x) sec® xdx
=Iu6(1+ u®)du = _[(u6 +u® Hu
= %u7 +%U9 +C

=ltan7 x+1tan9 X+C
7 9

More examples: Evaluate each of the following examples:




1. Isin2 X c0s? xdx .

Solution: We rewrite the integral in terms of the identities

sin® @ = 1(1—cos 20) and cos® 6 = 1(1+cos 26)
and obtain

J.sinz xcos” xdx = J.%(l—cos 2x)- 1 (1+ cos 2x Jdx

(1 —2Lcos4x)x = %j(l— cos 4x)dx
X —1sin4x)+c
2. J.Zsin 4x cos 3xdx

Solution: We rewrite the integral in terms of the identities
sinacos B =1 (sin(a — B) +sin(a + p)).
Thus
2sin 4xcos 3x = sin(4x — 3x) + sin(4x + 3x)

=sinX+sin7x

Therefore,

.[Zsin 4 cos 3xdx = _[(sin X +sin 7x )i

=—C0SX—1cos7x+c

11.3 Application of definite integrals
1 Area under the curve
(a) Let [a,b] be an interval on which a given function f(x) >0 Vx e[a,b]

and is continuous on the interval. Let X,,X;, -+, X,;, X, be points on the

interval such that a=X, <X, <---<X,; <X, =b and let AX=X, —X,.

v

Xn—2Xn-1

10



Thus, as Ax = 0 and n — oo the area between the curve y = f(X) and the x - axis

from x=a to x=D, is given by

Ax lim D (x)Ax= [ f (x)dx.
k=L a

N—+co

ie. A=j:f(x)dx (11.3.1)

(b)) If f(x) is continuous and f(x) < 0 on the interval [a,b], then

the area A of the region R between the curve and the x — axis is given
by

b a
A:—ja f (x)dx :jb f (x)dx (11.3.2)
Y a
a b R
0 "X
R
y = f(x)

Example 11.3.1 Find the area bounded by the curve y =x* and the x — axis from
X=-2to Xx=5

Solution

v

Areaz—f_ozx3 dx+f05x3 dx
1 1
= 1M, + 1
_1 4_ %) 4+ Loe _ o4
=2 ((=2)* =09+, (* =09

11



=i(16-+625)::$§sq.Unn

2 Area between two Curves

If we assume that f(x)and g(x) are continuous functions such that
0<g(x)< f(x) for a<x<Db, then the area A of the region Zbetween the curves
y=f(x) and y=g(x)from x=a and x=Db, is given by

A= [ f(9dx— [ g(x)ax= [ [ (x) - g(x)]dx (11.3.3)

The formula (11.3.3) holds when one or both curve y = f(x) and y = g(x) lie

partially or completely below the x — axis.

y y
t QUL “/\
—
R R y=g)
// ”
y =g(x) \ a 0 b
X \\_/ A\
a 0] b X

Example 11.3.2 Find the area of the region bounded by the curves y =X and

y=X
16
Solution

Solution: First we must find the points of intersection of the two
curves by solving the two equations simultaneously.

12



X——=0
16
4
X X =0
16

= X=0,x=2,x=-2

64 64 8 .
- +2+2——=§squareun|ts.

9% 96

3 More Applications of Integration

Example 11.3.3. The rate of increase of a population P of
microorganisms at time t is given by Z—I: = kP, where k is a positive
constant. Given that at t = 0 the population was of size 8, andatt = 1
the population is 56, find the size of the population at time t = 2.

Solution: Here we are asked to find P. This can be found by using the
fact that integration is the reverse operation of differentiation.

Thus, to find P we first separate the variables of Z—I: = kP and

integrate both sides.
i.e. [-dP =k [dt

= In|P| =kt + c. (11.3.4)

13



Next we need to use the given conditions to find the values of k
and c.

Fort=0,P =8 =2In8=k(0)+c = c =1In8.
This means that (11.3.4) becomes
In|P| = kt + In8.
Also, replacingt = 1 and P = 56 in (11.3.5) we have

= In56 = k(1) + In8 = k = In56 — In8 = Zn% = In7.

Hence, (11.3.5) becomes

In|P| = tin7 + [n8.
or In|P| = In8(7).
or P=8x7t

Therefore, at time t = 2,

P =8x7%=392

Example 11.3.4 The mass M at time t of the leaves of a certain plant
caries according to the differential equation

M _ M- M2
dt

(a) Giventhatt = 0,M = 0.5, find an expression for M in terms of t.
(b) Find a value for M when t = [n2.

(c) Explain what happens to the value of M as t increases.

Solution: (a) First we must separate the variables in the given
differential equation and integrate both sides:

[ ——dM = [ dt

M—-M?2

[——aM = [dt

M(1-M)
1 1
f (E-i'm)dM: fdt
InM|—In|l1-M|=t+c
In L| =t+c
1-M
Whent = 0 and M = 0.5, we have
mMl1=04+c =>c=0
Therefore, (11.3.6) becomes

M
|| = ¢
1-M

14
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M t
or —=ce
M

ey

et 1
M=—orM=1—-— (11.3.7)
1+e 1+e
elnz 2
(b) Whent = In2,M = ——= =-.
1+etm 3
(c) As tincreases, M approaches 1.
Example 11.3.5 The rate of depreciation Z—Z of a machine is inversely
proportional to the square of t + 1, where V is the value of the machine
t years after it has been purchased. If the initial value of the machine
was worth $500,000, and its value decreased by $100,000 in the first
year, estimate its value after 4 years.
. av 1 av ok
Solution: @t Y er2 at - (t+1)?
Separating the variables in the differential equation and
integrating both sides we have
1
[dV =k/[ ot
N v="E4¢ (11.3.8)
t+1
Note that whent = 0,V = 500,000.
Thus, substituting these in (11.3.8) we have
500,000 = -k + ¢
= ¢ = 500,000 + k (11.3.9)
Also, whent =1, ¥V = 400,000. Substituting in (11.3.8) we have
400,000 = = + ¢
= 400,000 = = + (500,000 + k)
= k = —200,000
= ¢ = 300,000
Hence, (11.3.8) becomes
v = =222 4 300,000 (11.3.10)

Therefore, using ((11.3.10)) we find V after t = 4 years:

V= % + 300,000 = $250,000.
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TUTORIAL SHEET 15

1.

Integrate the following functions with respect to x:

(@) 2+7%x)° (b) 3V/2-5x (c) (d) 4vX +/Ax+1—4(1—3x)° .

(4x +5)°
Evaluate the following integrals:

(a) _[x(x +3)%dx (b) _[x(x +3)%dx (c) J‘ﬁdx (d) J-liossl:x

(&) [ 2%*3 e (8) [ _ax (h) [cos® xdx-
(X* +3x+4)° 1+x

Evaluate the following integrals:
(a) _[xe’xdx (b) _[x3 In 3xdx (c) j(1+ x)e*dx (d) Ixz sin xdx

(e) _ftan’lxdx-

Use partial fractions to find the following integrals:

@ X ax () [X=2g0 (O[3 gy (d) [X+X*5g,
X+1 x? -1 (X+D(X+2) X(X +1)?

(e) J- 12x ax () J- X2 +2x+4
(2—)E@-x)(4—x) (2x—1)(xZ -1

Evaluate the following definite integrals:

(a)fzg(x2 + 2x — 1)dx (b) flz xeX’dx  (c) f://: cos2xdx

(d) f;7/° sinZxdx (e) [P —dx  (f) [} x2(x® + 1)*dx.

2+1

Find the areas bounded by the specified lines and curves in the following
questions:
(a) The x- and y-axes, the line x = 3 and the curve y = x2 + 1.

(b) The x-axis, the lines x = 1 and x = 4 and the curve xy = 2.

(c) The x-axis, and the curve y = 1 — x?2,

(d) The y-axis, and the curve x = 9 — y?2,

(e) The curve y = x(x — 1)(x — 2), and the x-axis.

Compute the area of the region for which x € [—1,2] and which is bounded by the
graphs of the function fand g where

flx) = —%xz +1landg(x) = %xz - 3.

The Goldegg Chicken Farm produces E(t) dozen eggs in t days. Its production
rate (in dozen/day) is given by

E'(t) = 150 + ét,
find

16



10.

11.

(a) the number of eggs produced in t days assuming E(0) = 0
(b) the number of eggs produced in one year (365 days)

(c) the average daily production.

Consider an (idealized) experiment in which a colony of live bacteria is
introduced to a limited food supply. Suppose the rate of change in the number of
N of live bacteria with respect to time is given by

N'(t) = 6000t — 75t*.

Find the size N(t) of the population of the bacteria at time t if initially 1000
bacteria were introduced to the food supply.

An object on the ground is projected vertically with initial velocity of 32 m/sec. If
the acceleration a(t) = —10.6 m/sec?, find

(a) the velocity function,
(b) the distance at time t,
(c) the height the object will attain,

(d) the height of the object in 5 seconds.
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