MAT 1100 LECTURE NOTES

10 Further Differential Calculus

10.1 Some Important limits of Trigonometric functions

2.

6-0

Proof: We consider an arc of a circle of radius 1, as shown in the diagram below.
Let the line OC make an angle of 8 with the line OA.

The length of the arc of radius 1 with angle at centre @ is just 8. The length of the
line BC = tan @ and the length of the line AD = sin 6.

Clearly, from the diagram,

AD < arc BD < BC.
That is

sinf < 6 < tan@.

Dividing through by sin 8 we obtain

0 < 1

sinf® ~ cos@’
and taking reciprocals, we have

1<

cosGS¥<1.

But (lgirré cos 8 = 1. This means that

lim cos 8 < lim (Si“") < lim 1
6-0 6-0 0 6-0
implying that
~ /sinf
1 <lim (—) <1
6-0 g
Therefore,

. cosf-1

lim ( ) =0.

6-0 0

cosf-1 cosf-1 _ cosf+1 _ cos’0-1 _  -sin?6 (_1) (sine) ( sin @ )
- 6 cosO+1 6(cosO+1) - 6(cos6+1) - 0 cosO+1

Proof:

But lim (Sine) =1and lim( sinf ) =0.
6-0 \ 6 0—0 \cosf+1



Therefore,

lim (C"S:‘l) = (=1)(1)(0) = 0.

6-0

10.2 Derivative of Trigonometric functions

1. i(sin X) = COS X
dx

Proof: From first principle,
sin(x + h) —sin x

d, . :
&(sm X) = ng(])

_lim sin xcos h + cos xsin h —sin x
" he0 h

._sinxJcosh—1] . cosxsinh
=lim————=+lim——
h—0 h h—0 h

[cosh —1]
h

) . . sinh
=sinxlim +cos xlim——
h—0 h—»0 h

= (sin X) x 0+ (cos xX) x1 = cos X

2. i(cosx) =—sin X
dx

Proof: From first principle,
cos(x + h) —cos x

d .
o (cosx) = ng(}

cos X cos h —sin xsinh —cos x

=lim
h—0 h
. cosx[cosh—1] . sinxsinh
=lim———-lim——
h—0 h h—0 h

. [cosh—-1] . .. sinh
= c0s X lim ————= —sin xlim ——
h—0 h h—»0 h

= (cos x) x 0 —(sin x) x1=—sin X

d
3. — (tan x) = sec® x
dx
d d (sinx COS X €0S X —Sin X(—sin X
Proof: —(tanx) = — = 5 ( )
dx dx \ cos x COS“ X
2 H—
COS“ X+SIn “X 1 2
= 5 = > — =Sec” X
COS“ X CoS“ X
d 2
4. —(cot X) = —csc” x
dx



d d ( cos x sin x(—=sin x) — cos x(cos X
Proof: — (cot X)=—( - j: ( ) 5 ( )
dx dx \ sin x sin“ X
—(sin 2x + cos? x 1
_( — ) __ —— =—csc’ X
sin” X sin“ x
d
5. — (secx) =secxtanx
dx
d d 1 cos X) x 0 —1(-sin X
Proof: —(secx) =— :( ) 2( )
dx dx \ cos x COS“ X
sin x 1 sin x
= — = x =secxtanx
COS° X COSX COS X
d
6. — (cscx) = —cscxcot X
dx
d d 1 sin x) x 0 —1(cos X
Proof: —(cscx) =—| — =( )X_ > ( )
dx dx \ sin x sin“ x

_—cosx -1 , COSX

=—— == —~ —_cscxcot X
sin®x  sinx sinx

10.3 Derivatives of Exponential and logarithmic functions
1. The Derivative of log,x

Consider the expression

1
(1 +p)»
Notice that for
p=1 (1+ 1) = 2.0000
p=1 (1+3)% = 2.2500
p=1 (1+9)* = 2.4414
1 1
p=— (141 = 2.7048
= (1 +——)100 = 27181
1000 1000
etc.

This is suggesting that lim,,_,(1 + p)l/p exists and it is an irrational
number 2.7181 ---. This is the number denoted by e. Thus,

limy,_o(1+p)Y/P = e ~ 2.7181 .

We can now use this to prove, from first principle, that



d 1
—(lo ="log, e
dX( d, X) <1095

f(x+h)—f(x) _1
h T h

o (2)
b0+
oo (2

(1+%>’”"

Letting p = h/x we note thatas h - 0,p — 0. Therefore,
lim f(x+h)—f(x)

h—0 h

Proof: [logy,(x + h) — logyx]

><IH :Iv—‘ :Iv—‘

1. 11
=;Ip|irglogb(1+ p)e =;Iogbe

Example : Given that y = log, (3x + 2x*), find y'.

Solution: Lett = 3x + 2x*. Then y = log,t. Therefore by chain rule
dy _dy dt _1 3
= X tlogbex (3 +8x°)
_ 3+8x3 I
T 3x42xt 0gpe.

2. The Derivative of log.x or Inx

d 1 1
— (l0gex) = —log.e = -

3. The Derivative of e*

i X\ — X
dx(e)—e

Proof: Lety = e*.Thenx = Iny.

Differentiating with respect to y we have Z—; = %
Now,
d 1 1
ay _ —y=e~.

dx dx/dy 1/y

Example : Find f'(x) given that f(x) = e?* + e*'"*,

Solution: Let u = e®* and v = e*"™*_ Then
du d
— =% x—(2x) = 2e%*
dx dx
dv xln x d xln x 1
—=e X —(xlnx) = e X (Inx + x.-
dx dx( ) ( + x)



= (Inx + 1)e*n*

f'(x) =2 +(Inx+1)e*"*.

4, The Derivative of b*

= (b*) = b*Inb

Proof: y =b* = x =log,y.Changing the base from b to e we have

__logey _ 1
- logeb - logeb

logey.

Differentiating x with respect to y we obtain

dx _ 1 1 1 1 1

= X = = =
dy logeb y ylogeb ylnb b*Iinb

Therefore
2 = p*Inb.
dx

Example: Find f'(x) given that (x) = 3*71.2% .
Solution: f(x) = 3¥7%.2% = 2 (3%) x 2*
1 1
= 2% (3 (3*n3)) + 3 3%(2%In2)
= §2x3x(ln3 + In2)
= 2*3*"1In6

5. Derivatives of Inverse trigonometric functions

Derivatives of y = sin"1x, y = cos ™ x and y = tan"1x

d,.o_q.N_ 1 .
1. = (sin™'x) = — provided |x| < 1.

Proof: y = sin~1x. Then x = siny.

dx dy 1 1 1
Thus—=cosy = —= = — = .
dy dx cosy [1-sin?y V1-x2

d 1y 1 .
2. ™ (cos™'x) = — provided |x| < 1.

Proof: y = cos~'x. Then x = cosy.

dx . dy 1 1 1
Thus—= —siny =2 —=———=— = — .
dy dx siny J1-cos2y V1—x2
d _ 1
3. — (tan™'x) = L Vx eR
dx 1+x2

Proof: y = tan™'x. Then x = tany.



dx
Thus — = sec’y = —==
dy

dy 1 1 1

dx  sec?y  1+tan?y  1+x2

Example: Calculate the derivate of the given function.

(@) sin"™/x (b)) cosT(1—2x) (c) tan"'(x®+1)

Solution: (a) We let y = sin~*/x and u = vx. Then y = sin™u.

Thus, by the chain rule

dy _dy _ du

dx du dx’

1 du 1

V1-u? dx  2vx

But &y _
du

. d
This means that = =
dx

Therefore

d . _4 1 1
—Sin "Vvx = = .
dx 2VxVi—x  2Vx—x2

(b) Welety = cos™ (1 — 2x) andu = 1 — 2x. Theny = cosu.

(c)

Thus, by the chain rule

d d du
dy _dy . du

dx du dx’

1
1-u? dx

d
But = —
du

. dy _ _
This means thata = ==X (—=2).

Therefore

(-2) _ 2 _ 1
J1-(1—20)2  Vax—4x? ~ Vx—x2

a4 . -10q _ —_
— COS (1-2x) =

Welety = tan 1(x3 + 1) and = (x3 + 1) . Then y = tan"1w.

Thus, by the chain rule

dy _dy du
dx  du’ dx

d 1 du
But = = and — = 3x2.
du 14+u? dx
) d 1
This means that =% = —— x 3x2.
dx 14+u?

Therefore



6.

d -1 3 3x2 3x2
—tan™ " (x 1) = = .
dx ( + ) 1+(x341)2 x6+2x3+2

Derivatives of y = sec™1x, y = cosec™x and y = cot " 1x

1

d -1, _
(a)dxsec X =—= x>1
d | _
(b)dxsec x—xm,x< 1

In general,

d 1. -1 _
(c)dxsec x——lxlm,x< lorx>1

d _1 -1
a)—cosecT x =——, x>1
( )dx xVx2-1’

d 1.1 _
(b)dxcosec x—x—m,x< 1

In general,

d _1 -1
c)—cosecT x=———, x < —-lorx>1
( )dx lx|Vx2-1"

Vx eR

a . _
—cot™lx = :
dx 1+x2

Exercise: Prove 4 to 6 the same way as in 1 to 3.

2.5.1 Gradient function

The gradient of a curve at any point on the curve is defined as the gradient of the

tangent to the curve at that point and measures the rate of increase of y with respect

to x.

The better approximation to the gradient of the tangent AT is obtained
when B moves along the curve as it approaches Ai.e. as B — A on the

curve

gradient of chord AB — gradient of tangent AT
grandient of AT = limg_, s{gradient of chord AB}

. Sy
= lim —
5x—0 Sx
_ay
T odx



2.5.2

2.53

Thus, if the curve is define by y = f(x), then Z—z = f'(x) gives the
gradient of the curve at any point on the curve. Thus

2= f'(x)

is called the gradient function. Therefore, the gradient function, at the
point where it is defined, gives the gradient of the curve at the point.

Example: Find the gradient of the curve y = 2x(x? — 6) at the point x = 2.

Solution: The gradient function is

Yy _ 2 _
dx—6x 12.

Therefore the gradient of the curve at the point x = 2 is

d
ﬁ Loz = 6(2)2 — 12 = 12.

Note: The gradient of the curve at any given point gives the gradient of the tangent to
the curve at that point.

Equations of Tangents and Normal lines to a curve

Example Find the equation of the tangent and of the normal to
the curve y = x? + 5x — 2 at the point where the curve cuts the line
x = 4.
. . . d
Solution: Gradient function ﬁ =2x+5.

Atx =4, Z—i = 2(4) + 5 = 13 = gradient of the tangent = 13.

The gradient of the normal to the curve is — 11—3

When x = 4,y = 42 + 5(4) — 2 = 34. Thus the curve cuts the line
x = 4 at the point (4,34).
Therefore, the equation of the tangent is

y—34=13(x —4)
or
13x —y—18=0.

The equation of the normal to the curve is
1
y—34= —E(X—‘l')
or
x+ 13y — 446 = 0.
Increasing and Decreasing Functions

A function f is said to be increasing over an interval if for any two
points x; and x, of the interval such that x; < x,, we have

f(x1) < f(x2).

Similarly fis decreasing over the interval if x; < x, implies



f(x1) < fx2).

The following theorem helps to determine whether a function is
increasing or decreasing:

Theorem 2.1.1 If a function f is differentiable, then it is increasing over
the interval on which f'(x) > 0 and it is decreasing over any interval on which

f'(x) <o0.

Proof: Let f'(c) > 0. We show that f is increasing on the interval [x;, x;]

y 4

O [x; c Xo

Now, if a function fis continuous on a closed interval [x4, x,] and
is differentiable in the open interval (x4, x;), then there exist a
real number ¢ € (x4, x,) such that the gradient of the tangent to
the curve at x = c is equal to that of the line through the points

(x1, £(x1)) and (x, f (x2)) i.e.
fl(x) — f(x2)=f(x1)

Xy—X1
From (2.4.1) we have
flx2) = fx) = f(©)(x2 — x1)
Since x; < X3, X, —x; > 0. From the hypothesis, f'(c) > 0. Thus
the right-hand side of (2.4.2) is positive. This implies that
fQ) = f(x) >0
= f(xz) > f(x1).
Therefore by definition fis increasing.
For a decreasing function over an interval [x4, x,], the proof is
similar.
Example: Find the intervals in which the function f defined by
f(x) =x3—6x2+9x—7.

is (a) increasing



(b) decreasing.
Solution: f(x) = x3 — 6x2 + 9x — 7. Differentiating, we get
f'(x) =3x% —12x +9 = 3(x% — 4x + 3)
or f'(x) =30(x—-1)(x—-3).

Now, f'(x) is zero only for the values x = 1 and x = 3. The two points where
the derivative is zero divides the x - axis into three intervals:

—o<x<],1<x<3and3 <x < oo,
Ifx <1,thenx<3=>x—-1<0and x—3 < 0.Hence (x —1)(x —3) > 0.

Thus,
f'(x) =30 —-1D(x—-3)>0.

and fis increasing.
Similarly, if x >3, then x>1 = x—1>0 and x —3 > 0, implying that
(x—1)(x—3) > 0.Thus,
f'(x) =3(x—1)(x—-3) >0.
and fis increasing.
Ifl<x<3,thenx—1> 0andx — 3 < 0 and therefore
x—1Dx—-3)<0=f"(x) =3(x—1)(x —3) <0.Hence, in the
interval 1 < x < 3 fis decreasing.

Therefore, fis increasing in the intervals —co < x < 1and 3 < x < o0, and is
decreasingin the interval 1 < x < 3.

2.5.4 Stationary points

A stationary value of a function f(x) is any value of f(x) at which its
rate of change with respect to x is zero. i.e. stationary values of f(x)

occur when :—x (f(x)) =0.

yA
(x2,¥2)
y2 = f(x2) '
=0
= f) D |
(X1, Y1) i -
0 x| Xy T x

In the diagram the function has stationary values at f (x1) and f(x;).

The values of x at which the function f attains its stationary values are

10



called critical values or critical points.

The points (x1,y;) and (x,, y,) are called stationary points.

At critical values, the gradient of the curve is zero. Thus, at
. d
critical values — (f(x)) =0.

Example Find the critical values of the function

f(x) = 2x3 —3x% —36x + 5.
Hence, state the stationary value of the function.
Solution: Differentiating w.r.t. x we get

f'(x) = 6x% — 6x — 36.
Thus, the critical values satisfy the equation

fl(x) =6x2—6x—36=0

or x2—x—-6=0
or x+2)(x—3)=0
Therefore, the critical values are x = —2 and x = 3.

Hence, the stationary values of the function are f(—2) = 49 and

f(3) = —76.

A curve may have several stationary points which are also called turning points of the
curve. These occur in different categories:

y

A /y = f(x)
-

s

B

4

0]

Nature of Stationary Values or Points

Method 1 (First Derivative test)

Let a curve be defined by y = f(x). When moving through a stationary point if
(a) L 5 0 followed by 2 — 0 and then 2 < 0, then the stationary point is
dx dx dx

maximum;

11



(b) 2 <0 followed by Y — 0 and then 2 > 0, then the stationary point is
dx dx dx
minimum;

ay ay _ dy dy dy _
(c) — > 0 followed bya = 0 and then - > Oor < 0 followed by = O0and

d . . . . .
then é < 0, then the turning point is point of inflexion.

Maximum Minimum Inflexion

Sign of 2 \when 0
dx

moving through a /
. . +ve -ve -ve +ve
stationary point
- 0 \_
0 +/_
Example: Find the relative maxima and the relative minima for the function

fO) = (x*— 0%

Solution: At critical values: f'(x) = 2(x? — 4) x 2x = 0.
i.e.

x(x+2)(x—=2)=0
Thus, the critical valuesare x = 0,x = —2 and x = 2.

Next, we look at the signs of the values of f'(x) in the neighbourhood
of these critical values.

For the critical value x = —2, we shall consider the signs of the values  f(— g) and
f(=3.

==t r (-9 =2 -] xa(-D =% <o

Atx =-2,f'(—=2) =0.

ax=-3 f(-H =2 [(—%)2 - 4] x2(-3)=Z>o.

Moving along the curve from — g throughx = -2 to —gthe gradient of

the curve is - followed by 0 and then + . This means that the function has a relative
minimum at x = —2 and thisis f(—2) = ((-2)? —4)?2 =0

The shape of the curve in the neighbourhood of x = —2 is as follows:

12



dy dy
E<O\ /E>0

Nzx=-2/

d
Y _
dx

For the critical value x = 0, we shall consider the signs of the values f'(— %) and f’(%).

1 4( 1) _ 1\2 1\ _ 15
rx=— (-3) =2|(=3) -4 x2(-5) =F >0
Atx =0, f'(0) = 0.
1 (1) _ 1\2 1\ _ 15
mx=— £ (5) =2[() -4]x2(5) =-F <0
Moving along the curve from — % through x = 0 to % the gradient of the curve is

positive, followed by 0 and then negative. This means that the function has a relative
maximum at x = 0 and the relative maximum is f(0) = (0% — 4)? = 16.

dy _

dx_O

x=0
d d
2>0 =)
dx v d.

For the critical value x = 2, we shall consider the signs of the values
! 3 1 5

F&and Q).

3 . (3) _ - [(3)? 3\ 27
rx=3 () =26) -4 x2()=-F <0
Atx =2,f'(2) =0.

5 1,5\ 5)2 5\ _ 45

m=3r@=2|() -4x2()=F>0

. 3 5 . . .
Moving along the curve from Ethrough x=2 toEthe gradient of the curve is negative,

followed by 0 and then positive. This means that the function has a relative minimum
atx = 2 and thisis f(2) = ((2)2—-4)?2=0

The shape of the curve in the neighbourhood of x = 2 is as follows:
< 0\ Y0
dx dx

N\wx=2 7
dy_o

ax

13



Note that the points (—2,0) and (2,0) are minimum turning points and the point
(0,16) is the maximum turning point for given curve.

Method 2 (The Second Derivative test)

Let the function be defined by y = f(x). Then = f'(x) is the first
2
derivative of y w.r.t. x, = f'""(x) is the second derivative of y w.r.t.

X, and — = f'""(x) is the third derivative of y w.r.t. x. In general,

dy

== f(”) (x) is the nth derivative of y w.r.t. x.

Example Find the first, second and the third derivatives of the
functiony = x? + ? with respect to x.

dy
Solution: The first derivative of y w.r.t. x is o =2x —— the second
d2
derivative of y w.r.t. x is — Tz =2 + - and the third derivative of y w.r.t.
. d3y 158
XIS = "

For the curve y = f(x) we can also determine the nature of the stationary value (or

2
the turning point) at critical values by finding the value of% = f""(x), and where

necessary, the value of = f""(x).

d%y
This is because the second derivative, d— = f''(x), measures the change in
gradient.

d
1. |If 3; =0and2 7 > 0, the critical value yields a minimum stationary value of the
function and hence it yield a minimum turning point.
dy d?y . . . .
2. If = 0 and oz < 0, the critical value yields a maximum stationary value of the
function and hence it yields a maximum turning point.
dy d?%y . . . . .
3. If e 0 and i 0, the critical value yields a minimum or maximum turning

point or point of inflexion.

In this case we need to use method 1 to determine the nature of the stationary
value.

Example: Determine the nature of the stationary values for the curve y = x* — 9.

dy
Solution: — ol = 4x3 = 0 = x = 0 is the only critical value.

14



2
At this critical value = 0.

Moving through — 5, 0 and then ; we have:

__lay_,. 1Ly3_ 1 )
Atx = —, — = 4( 2) = 2<O,

—n Y _ 3_0.
Atx—O,dx—4(O) =0;

—1lay_
Atx—z,dx—4(

3 _1
)P =2>0.

Therefore, the curve has a minimum stationary value at x = 0, and this
y=0*-9=-9

Note that though at the point x = 0, — = 0, and in this case the critical value
does not yield a point of inflexion but a minimum turning point.

4. Ifz—z = 0and? d— =0, but ¢ 0, the critical value yields a point of inflexion.

Example: Determine the nature of the turning point for the curve
y = x3 —3x% + 3x.

Solution: & dx =3x2—-6x+3=0>3(x—1)2=0= x = 1. The curve only
has one critical value.

d2

d2—6x—6 andatx—l——6(1) 6—Oand——6¢0

Therefore, at x = 1, the curve has a point of inflexion and this point of
inflexion is (1,1).

To confirm that indeed this is a point of inflexion, we use method 1.

Wefindthevaluesofd—yatxz —l,x= 1andx=3.
dx 2 2
Atx=+2=32_343=3509,

2 dx 4 4
Atx=1z—y—3—6+3—0,
Atx=3,l_zi—9+3—— 0.

2 dx 4

Moving along the curve from > through x=1to % the gradient of the

curve is + followed by 0 and then + . This means that the curve has a
point of inflexion at x = 1.

Note that the shape of the curve in the neighbourhood of x = 1 is as shown
In the diagram below:

15



|
Y50 / x=1
dx

2.4.5 Applications of Maxima and Minima

Example: A farmer having 120m of fencing wishes to contain a cow in a rectangular
plot of land along the bank of a river. What should the dimensions of the rectangle
be to provide the cow with maximum grazing ground? (Assume that no fencing is
needed along the river, which is flowing along a straight edge.)

Solution:
Yy
X X
/\J\
> N

Notice that

2x +y =120
= y =120 — 2x (1)
Area of the rectangle is

A =xy (2)

Replacing (1) into (2) yields
A =x(120 — 2x) = 120x — 2x?
or A =120x — 2x?

To maximise the area A, we need to differentiate A w.r.t. x and find the critical
values.

94 _120—4x =0
dx
= x = 30.

Applying the second derivative test, we have

16



2
A _ _4<0

dx?

This means that x = 30 yields the maximum area and hence, the largest
grazing ground. Therefore the dimension of the rectangle are 30m x 60m.

Example: A soup manufacturing company wishes to pack 25 cm?® of mushroom soup
in a can in the form of a right circular cylinder. Find the dimensions of the can if the
surface area is to be minimum.

Solution: Let the dimensions of the rectangle be 22nr X h.

2Tr cm

hcm

Curved surface area of a cylinder is 2nrh.

r

\\_/
A =nr?
The Volume of the cylinder is
V=nr’h =25
. 25
ie. h = —

Surface area of the metal used is

A = 2nrh + 2nr?
. _ 25 2
i.e. A =2nr (nrz) + 2nr
or A= sr_o + 2mr2.

Thus, to minimize A, we need to find the critical values, by first differentiating
A w.r.t. r and equating the derivative to zero.

17



dA 50
—=——=44nr =0
dar T2
25
— 1‘3 = —
2T
3125
— r = —.
21

. . 3 ,25
The only critical value is r = py

Applying the second derivative we find

d?4 100
— =—+4147.
dr? r3 +

325
Atr = |—,
21

d2A

dr?

=L03+47r=8n+4n= 12 > 0.
325
(&)
Therefore, A is minimum when r = 3\/% The corresponding value

2

of hish = —= =2—5(2—")§.

<3 25>2 m \25
33
271

2.5.6 Curve Sketching and Graphs of Rational Functions

1. Graphs of Polynomial Functions

Example: Sketch the graph of y = x* — 4x3 + 4x2 + 1.

Solution: % =4x3 —12x% + 8x = 4x(x? — 3x + 2) = 4x(x — 1) (x — 2).

The critical pointsarex = 0,x = 1and x = 2.

a’y 2 2
— = 12x° — 24x + 8 = 4(3x* — 6x + 2).

dx2

dz . - . .
Atx = O,ﬁ =8 > 0 =>x = 0 yields a minimum turning point,

which is (0,1).

2
Atx = 1,3732/ = —4 < 0 =x = 1yields a maximum turning point,
which is (1,2).

2
Atx = 2,3732/ = 8 > 0 =>x = 2 yields a minimum turning point,
which is (2,1).

To find points of inflexions we set the second derivative to zero
and find the critical points which yields these points. Thus

d’y 2 ;
5= 0 when 3x“ — 6x + 2 = 0 i.e. when

18



6+V36—24 _ 6+V12 1
6 6 V3
3
Y — 24x — 24.
X
1 ddy 1 _ 24 24
Ar=1+5"2=24(1+5)-24=24+2-24=250
1 13
>x = 1+\/_y|eldsapomt of inflexion, which is (1+\/_, —).

— 1L 4y _ AN _oa—9a _F _op__ 2
Atx =1 W,d3_24(1 F)-24=2-2-24=-250

1 13

>x=1-——= ylelds the other point of inflexion, which is (1 — \/_,?).

N

Finally, plot these points and sketch the curve which passes through the points.

y

A

13

1+%2)

relative maximum

v
(1,2)

0,1) (2,1)

v

7
(0] \ X
relative minima

2. Graphs of Rational Functions

Curve sketching by looking at what happens either as x = 4o or when
f(x) = £oo as approaches a finite value.
Definition (Horizontal Asymptote)

Let ¢ be a real number. Suppose f(x) = c asx = o oras x = —oo. Then
the horizontal line y = c is called a horizontal asymptote of the graph of f.

y
y = c is a horizontal asymptote
‘ y=fx)

(@]
<Y
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Definition (Vertical Asymptote)

Let a be a real number. Suppose f(x) » twasx > atorasx - a”.
Then the vertical line x = a is called a vertical asymptote of the graph of f.

YVa )
= a is a vertical dsymptote
|
1
1
1
1
1
1
y = 0 is a horizpntal asymptote
O >x

x = b is a vertical asymptote

ek Rl el

Example: Sketch the graph of y = ﬁ
Solution: Note that the function is not defined at x = —1.

Now we observe the following:

Ifx < —1,theny = % > 0, (since the numerator is negative and the

denominator is negative.)
If—1<x<0,theny =—-—< 0.
1+x

Ifx=0,theny=£=0

Ifx>0,then0<y=1i—x<1.

Furthermore,

. X . . .
lim,_,_;+ — = —oo (since the numerator is negative and the
x= 1+x

denominator is positive) and

lim,_1- ﬁ = oo (since the numerator and the denominator are both

negative).

Thus, the line x = —1 is a vertical asymptote.
Also,

. X . 1
lunxqaaz:;——lunxqagzﬁ—:-— 1.

and
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lim = lim L =1
X——00 1+x - X— 00 (%)_'_1 -

Therefore, as x —» +o0,y — 1. Thus, the line y = 1 is a horizontal asymptote

for the function y = ;:—x

dy _ (1+x)(1)-x(1) _ 1

Now dx 1+x)2  (1+x)2

Clearly, Z—Z > 0Vx € R, x # —1 =the function is always increasing (except

at x = —1) where it is not defined.
a?y_4d 2 _ __~2 _
=z = 2n 1+x) = R # 0Vx € Rexceptx = —1.

This means that the curve has no critical points.

y
x 1 A
Y= 1 i
1
: horizontal asymptote
: /
--------- il LT T T T T LD VR |
1 »
e X
_———
vertical asymptote !
1
x=-1
1
' _ X
y —
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10.

TUTORIAL SHEET 14

Find the derivative of each of the following functions from first principle:
(a) sin2x (b) cos3x.

Differentiate with respect to x:

3 sin X + €os X b sin(3x +1)
sSin X —Cos X cos(2x + 3)

(d) sin?(2x) x cos®(5x) .

(c) tan*(7x* +3x+9)

Differentiate each of the following functions:
(@) F(x)=e** (b) f(x)=e""""* (c) f(t)=e'sin?(cost)

(d) f(u)=cos(e®) (e) f(x)=6% (f) f(x)=25"

For each of the following implicit functions, find g—y:
X

2 2 2 3 X 1 1 1

(@ y+xy+y =2 (b) x“+xy"+y =2 (c) x=ye (d)7+722

(e) sinxcosy =2 (f) xe¥ =x+1.

Differentiate each of the following functions:

(a) f(x)=log,(5x+1) (b) f(x)=In(x*sinx) (c) f(t)=log,(x*+e*)
(d) f(u)=e*""* (e) f(x)=log,[logs(~'x*+1)].

Use the rules of logarithms to simplify the expression and find f '(x):

16 2 8 2X 7
(a) f(x)=In X+ (2x° +x) (b) f(x)=In (e* +6) \/x5+4 .
VX2 +4 (e‘x+ex)
2 3 4
For each of the given functions, find d Z, d Z and d—zlz
dx°  dx dx

(a) y=2x*-3x* (b) sinx+cosy==7.
Find the indicated value:
(a) f()=~4—x, f"(=5) (b) F(x)=(x*—2x), ")
() f()=2t+3, ().
2

If x®y =2, find the value of 3—3, when x =1.
X

Let f be a function defined by f(x) = 2x — x2.

(a) Find the equation of the tangent and normal line to the graph of f at the point
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

(33)
2'4)"
(b) At what point on the curve is the tangent line parallel to the x — axis?

Find the point at which the slope of the tangent line to the curve y = 5 + 3x — x3
is 3.

Find the equation of the tangent line to the curve 2y? — 3x? = 6 at point (2,3).

Find where fis increasing and where it is decreasing, and sketch the graph of f:
(@) f(x) =x3—3x%2—9x + 15 (b) f(x) = 4x* + x2.
Suppose the rate R of an autocatalytic reaction is given by

R=kx(4—x), 0<x<4

where k is a positive constant and x is the amount of substance produced. Find the
interval where the rate R is increasing and where it is decreasing. Sketch the
graph.

Find the critical values and determine the relative maxima and the relative
minima. Find the absolute extrema if any exist.

(@) f(x) =x3+3x2—-12x+7, —wo<x<o®
(b) f(x) =2x*—x2%, —1<x<1.
If the selling price x is related to the profit P by the equation
P = 5000x — 125x2
(a) For what range of values of x is the profit increasing?
(b) For what range of values of x is the profit decreasing?
(c) Determine the value of x that would yield maximum profit.

Find the turning points on y = 3x* + 4x3 — 12x2. Give a rough sketch of the
curve.

An open rectangular box is made from a square sheet of cardboard by removing a
square from each corner and joining the cut edges. If the cardboard is of edge

0.5 m, find the maximum volume of the box.
1075
H

The concentration of hydrogen ion in a solution is givenby X = H + . For

what value of H is the concentration a minimum?

Sketch the graph of each given function showing clearly any asymptotes, turning
points, points of intersection with the coordinate axes and the behavior of the
curve when a and /or y are very large:

X X X—2

0 VY ey

1 -2
(@) y=—r (b)y="—) (dy=

X
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