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MAT1100 LECTURE NOTES
FURTHER INTEGRAL CALCULUS

Further Integration formulae

Most of these important further integration formulae emanate from the fact that
integration is the reverse process of differentiation.

1. Iexdx =e* +c, since;—x(ex) = e”*,
2. IaXdX=%+C,a>0,a¢1,since%(ﬁa") = a”*.
3. jsin xdX = —Ccos X +cC, since:—x(— cosx) = sinx.
4. ICOS xdx =sin x+c¢, since %(sin X) = COS X.
5. Itan xdx = In[sec x|+ ¢, since
[tanxdx = — [ 2% gx = —In|cos x|.

CcCosXx

=1In|(cosx)"!| =1In |$| = In|secx]|.

6. _[cot xdx = In[sin x| +c, since
[cotxdx = [ =>Zdx = In|sinx]|.

Sinx

. d
7. Iseczxdx =tanx+c, smcea(tanx) = sec? x.

. d

8. Icsczxdx =—cotx+c, smcea(cotx) = —csc? x.
9. Isec xdx = In[sec x + tan x|+ ¢, since

f secx+tanx fseczx+secxtanx

secxdx = dx = In|secx + tan x|.

secx+tanx secx+tanx

10. Icscxdx = Injcsc x —cot x| + ¢, since

csc?x—cscx cotx

fcscx—cotx dx = ]n|cscx — COtx|.

cscxdx = [

cscx—cotx cscx—cotx
. d
11. J.secxtan xdx =secx+c, since - (secx) = secxtanx.
. d
12. J.cscxcot xdx = —CsCX+C, since - (—cscx) = cscx cotx
1 . d 1

13. ——dx =arctan x+c, since — (arctan x) = ——.

1+ X2 dx x2+1



. . d : 1
=arcsin x+¢, since — (arcsinx) = —

1—x?

11.2 Integration Methods
Apart from the above integration formulae there are other various methods used in
the evaluation of indefinite integrals. These are
1. Integration by Substitution

To evaluate the integral [ f(g(x))g’ (x)dx, it is often useful to
substitute g(x) with a new variable, say U, so that
u = g(x)and du = g'(x)dx, and the integral becomes

[ f(9())g'()dx = [ f(w)du, (11.2.1)

which is easier to evaluate. After finding the right side of (11.2.1),
replace u with g(x) to obtain the results in terms of X.

Example 1 Find I—gdx.
(x +5)
. 2 -1
Solution: Here, note that g(x) =x"+5, f(g(x) = G
Thus we let, u=x? +5so that du = 2xdx .
:j dx f—du ju du=3u° +c= 3(x +5)

Example 2 Evaluate the integral J.Sins X oS xdX .
Solution: Here, note that g(x) =sinx, f(g(x)) = (sinx)>, and

g'(x) = cosx dx. Hence, letting = sinx du =cosdx.
] 1 1.
= IsmS X €0 Xdx = J.usdu ==u’+c==sin®x+c.
6 6

Example 3 Evaluate each of the following the integrals:

(a) ijx—Jrldx.
Solution: Let X+1=U?sothat X =U? —1. Then dx = 2udu.
Thus,
_[x\/x_+1dx: 2.|‘(u2 —1)u2du :2_|.(u4 —u®)du

NN :é(\/x_Jrl)5 —§<\/m.)3 +C

5 3



(b) j\/SX__de.

Solution: Let 3— X = U?so that X =3—U?. Then dx = —2udu.

Thus,

J‘ﬁdx=—2}3_uu2du :—ZI(S—ujdu

=—6Inju| +u? +c=-6INV3—x+(3—x)+c

(c) I(x +1)(x +3)° dx.

Solution: Let X+3=Usothat X+1=u—2.Then dx=du.

Thus,

j(x+l)(x+3)5dx =j(u —2)u’du :.f(u6 —2u5)du

N +c:l(x+3)7 —l(x+3)6 +C
7 6 7 3

2. Quick Integration by Inspection

We have two simple formulae which enable us to find integrals almost immediately.

(a) The firstis

Jo Mg k= [g(0T"* +¢, =1 (11.2.2)

This formula is justified by noting that

i{i[g(x)]”l} - ' (g

dx (r+1

Example 6.2.3 Find J.GXZ(ZX3 +5)3dx.

Solution:

Here note that g(x) =2x>+5and g'(x) = 6x? . Therefore

[6x2(2x* +5) dx = %(2x3 +5) +c.

(b) The second quick integration formula is

Igl(x)dx =Injg(x)|+c . (11.2.3)
9(x)

This formula is justified by noting that



d _9'(™
&{In|g(x)|}_ 00

Example: 2.1 Find Iidx.
xIn x

Solution: Note that g(x) =Inxand g'(x) = 1
X

1
XIn x

Therefore, j dx = In(In x) +c.

Note that both formulae emanate from the substitution method.
3. Integration by Parts

Suppose f and g are differentiable functions of X.Then by the rule of the
derivative of products we have

f.9)' =fg +f'.g (11.2.4)

Integrating both sides of equation (11.2.4) with respect to X yields

f:—x [fC0).g()]dx = [[f(x).-9'(x) + f'(x).g(x)]dx  (11.2.5)

f0).9C) = [If (). g’ C)ldx + [[f' (x). g(x)]dx (11.2.6)

Thus, from (3.3) we have the integration by parts formula which is written as
jf(x)g'(x)dx = f(x)g(x)—jg(x) f'(x)dx. (11.2.7)
The formula is easily remembered when the following substitutions are made:
u= f(x)and dv=g'(x)dx = du = f'(x)dx and v:.[g'(x)dx.

These substitutions transforms (3.4) to

judv=uv—jvdu (11.2.8)

Example: 3.1 Find Ixzexdx.
Solution: Let u=x%and dv=e*dx. =>du=2xand v= Iexdx =e*.

Thus, Ixzexdx = uv—J‘vdu = x%e* —ZI xe*dx.



To evaluate Ixexdx we use integration by parts again.

Thus, welet u=Xand dv=e*dx. =>du=dxandv = e*.
= xe*dx = uv — [vdu = xe* — [e*dx =xe* —e* + ¢,
Therefore,
[x2e*dx = x?e* — 2(xe* —e* + ¢;)
=x%e* —2(xe* —e*) +c
=x%e*—2e*(x—1) +c
Now to determine which part of the integral is U and the other dv in the
application of formula (3.5) the following two rules may be used:

(i) The part selected as dv must be easily integrated.

(ii) J.vdu must not be more complicated than Judv.

However, the following is the list of common integrals with suggestions for the
choices of U and dv:

1. For integrals of the form
fx"exdx, fx" sin x dx, fx” cos x dx,

let u=x"andletdv = e*dx,dv = sinxdx or dv = cos x dx.
2. For integral of the form
[x™Inxdx, [ x™arcsinxdx, [ x™arccos x dx,

let u = In x, arcsin x or arccos x and dv = x"dx.

Example 3.2 Find Ixz In xdx .

Solution: Since the derivative of InXis a power of X, let u =Inxand dv = x*dxso

that du :ldxand V:%XS.

X
Applying equation (3.5) gives

1 1 1 1 1
Jx*Inxdx =zx*Inx — - [x® —dx = x*Inx — 5 [« dx



1 11
=-x*Inx—-=.2x>+¢
3 33
1 1
=-x*lnx—-=x3>+¢
3 9
Example 3.3 Find [ arcsin x dx.

Since it is easier to differentiate arcsin x than integrating it,

. 1
let u = arcsinx and dv = dx so that du = ﬁdx andv = x.

Thus,

. . X
J xarcsinx dx = xarcsinx — [ = dx.
—-X

To evaluate f\/%dx use the substitution method. Let t = 1 — x?

so that dt = —2xdx or xdx = —%dt. Thus,

a 1rd 1,0 -2 1(2),% 1
fﬁdX=—;fﬁdt=—;ft 2dt=—5(z)t2=—t2=_\/1_x2_
Therefore,

[ x arcsin x dx = x arcsinx + V1 — x2 + c.
3. For integrals of the form

je" sin x dx orjexcosxdx,

let u to be either e* or sin x (cos x). If you take u = e* then
dv = sin xdx (or cos x dx). If you take u = sin x or cos x then

dv = e*dx. Upon integration you will obtain the same result.

Example 3.4 Find J'eX COS XdX .

Solution: Since there is no clue as to which function to take as U, arbitrarily choose
u=e*and dv=cosxdx.Then du=e*dxand v =sinxdx . Applying (3.5) yields

jexcos xdx = e” sin x—J'eXsin xdx . (11.2.9)

Iex sin xdx can be evaluated the same way. Let u =e*and

dv=sinxdx = du=e*duand v=-cosX. Thus



Iex sin xdx = —e* cos X +J.eX COS xdx

Therefore, replacing the integral of [ e* sin x dx in (3.6) we have
J.eX cos xdx = e* sin x —[—e” cos X Jr'feX cos xdx]
fex cosxdx = e*sinx + e* cosx — f e* cosxdx

= Zjexcosxdx:exsinx+excosx

= jexcosxdx:g[exsinx+excosx]+c

4. Integration by Partial Fractions

4 3
X" =x>=-x-1
Example: 4.1 Evaluate J—z dx.
X“(x-1)
oo xP=x¥-x-1 X+1
Solution: =

X_
x*(x-1) x*(x-1)

x+1 _A B C  AX(x-1)+B(x-1)+Cx’
x x* x-1 x?(x-1)

X*(x-1)
X+1= Ax(x—-1)+B(x-1) +Cx*

When x=0, 1=—-B =B=-1

= X+1=Ax(x-1)—(x—1)+Cx>
When x=1, 2=C =C=2

=  X+1=Ax(x-1)—(x-1) +2x?
When X=-1 0=2A+2+2 = A=-2

X+1 -2 1

2
TV N VD)
x“(x-1) x x° x-1

X —x*—x-1 -2 1 2 2 1
B e = +t7
X“(x-=1)

4 3
jwdxzj(ﬂzﬂz _Ljdx
X“(x=1) X 1

zlx2 +2In|x|—1—ln|x—]1+c
2 X



3X+2
X3 + X

Example: 4.2 Evaluate the integral j dx

. 3X+2
Solution: We resolve 3
X + X

into partial fractions.

3Xx+2  3x+2 _é+BX+C_A(X2+l)+X(BX+C)
XX4+x x(x*+1) x  x*+1 X(x* +1)

= 3x+2=AX*>+1) + x(Bx+C)

When x=0, 2=A

= 3x+2=2(x* +1) + x(Bx +C)

When x=1, 5=4+B+C =B+C=1
When x=-1 -1=4+B-C =B-C=-5
Thus, B=-—2and C=3

3X+2 2 3-2x
== —+
XX4+x X x*+1
Therefore,
_[3)3(+2dx:j(g+32_2dex:2.|‘£dx+3j—d21 X — EX dx
X° + X X X°+1 X X +1 X +1

=2In|x +3tan" x— In(x2 +1)+ C
5. Trigonometric Integrals

Some trigonometric integrals are evaluated using some of the following
trigonometric identities:

1. sin®@+cos’* 0 =1

2. 1+tan®@=sec’ O

3. 1+cot®’@=csc’ @

4. sin®6=1(1-cos20)

5. cos® 6 =1(1+cos26)

6. sin@cosd =3sin20

7. sinacos £ =1(sin(a - B) +sin(a + f))
8. sinasin B =1(cos(a - B) —cos(a + f3))
9. cosacos f =1(cos(a — B) +cos(a + )

Below are two substitution rules which are used in finding the
indicated integrals:



(i)

(i)

For the integral of the form
Isinm xcos" xdx,

if m is odd, substitute U = COS X. If n is odd, substitute U =Sin X .
3

Example 5.1: Find '|.sin3 XC0S* XdX .

Solution: Here m =3, which is odd. Then we let
U =CO0S X so that du = —sin xdx.
Now, we need to rewrite as

3 3
Isins XC0s4 xdx = J.sinz Xsin xcos* xdx
3
= J.(l—cos2 x)cos* xsin xdx

3 7
= —J'(cos“— cos* xJ(—sin x)dx
3 7
= —I[u“ —u4xjdu

7 11
S e TR AT
7 11

4 7 11
=—| —C0S* X——C0S* X |+C
7 11

For the integral of the form
Itanm xsec" xdx,

If mis odd, substitute U =S€eC X, and if n is even, substitute U =tan Xx.

Example 5.2 Find J‘tan6 xsec? xdx

Solution: Here n = 4 and is even. So we let U = tan X so that
du =sec? xdx . Thus, rewriting the integral we have
J'tan6 xsec” xdx = jtan6 xsec’xsec’ xdx
= j tan® x(1+ tan® x) sec® xdx
=Iu6(1+ u®)du = _[(u6 +u® Hu
= %u7 +%U9 +C

=ltan7 x+1tan9 X+C
7 9

More examples: Evaluate each of the following examples:




1. Isin2 X c0s? xdx .

Solution: We rewrite the integral in terms of the identities

sin® @ = 1(1—cos 20) and cos® 6 = 1(1+cos 26)
and obtain

J.sinz xcos” xdx = J.%(l—cos 2x)- 1 (1+ cos 2x Jdx

(1 —2Lcos4x)x = %j(l— cos 4x)dx
X —1sin4x)+c
2. J.Zsin 4x cos 3xdx

Solution: We rewrite the integral in terms of the identities
sinacos B =1 (sin(a — B) +sin(a + p)).
Thus
2sin 4xcos 3x = sin(4x — 3x) + sin(4x + 3x)

=sinX+sin7x

Therefore,

.[Zsin 4 cos 3xdx = _[(sin X +sin 7x )i

=—C0SX—1cos7x+c

11.3 Application of definite integrals
1 Area under the curve
(a) Let [a,b] be an interval on which a given function f(x) >0 Vx e[a,b]

and is continuous on the interval. Let X,,X;, -+, X,;, X, be points on the

interval such that a=X, <X, <---<X,; <X, =b and let AX=X, —X,.

v

Xn—2Xn-1

10



Thus, as Ax = 0 and n — oo the area between the curve y = f(X) and the x - axis

from x=a to x=D, is given by

Ax lim D (x)Ax= [ f (x)dx.
k=L a

N—+co

ie. A=j:f(x)dx (11.3.1)

(b)) If f(x) is continuous and f(x) < 0 on the interval [a,b], then

the area A of the region R between the curve and the x — axis is given
by

b a
A:—ja f (x)dx :jb f (x)dx (11.3.2)
Y a
a b R
0 "X
R
y = f(x)

Example 11.3.1 Find the area bounded by the curve y =x* and the x — axis from
X=-2to Xx=5

Solution

v

Areaz—f_ozx3 dx+f05x3 dx
1 1
= 1M, + 1
_1 4_ %) 4+ Loe _ o4
=2 ((=2)* =09+, (* =09

11



=i(16-+625)::$§sq.Unn

2 Area between two Curves

If we assume that f(x)and g(x) are continuous functions such that
0<g(x)< f(x) for a<x<Db, then the area A of the region Zbetween the curves
y=f(x) and y=g(x)from x=a and x=Db, is given by

A= [ f(9dx— [ g(x)ax= [ [ (x) - g(x)]dx (11.3.3)

The formula (11.3.3) holds when one or both curve y = f(x) and y = g(x) lie

partially or completely below the x — axis.

y y
t QUL “/\
—
R R y=g)
// ”
y =g(x) \ a 0 b
X \\_/ A\
a 0] b X

Example 11.3.2 Find the area of the region bounded by the curves y =X and

y=X
16
Solution

Solution: First we must find the points of intersection of the two
curves by solving the two equations simultaneously.

12



X——=0
16
4
X X =0
16

= X=0,x=2,x=-2

64 64 8 .
- +2+2——=§squareun|ts.

9% 96

3 More Applications of Integration

Example 11.3.3. The rate of increase of a population P of
microorganisms at time t is given by Z—I: = kP, where k is a positive
constant. Given that at t = 0 the population was of size 8, andatt = 1
the population is 56, find the size of the population at time t = 2.

Solution: Here we are asked to find P. This can be found by using the
fact that integration is the reverse operation of differentiation.

Thus, to find P we first separate the variables of Z—I: = kP and

integrate both sides.
i.e. [-dP =k [dt

= In|P| =kt + c. (11.3.4)

13



Next we need to use the given conditions to find the values of k
and c.

Fort=0,P =8 =2In8=k(0)+c = c =1In8.
This means that (11.3.4) becomes
In|P| = kt + In8.
Also, replacingt = 1 and P = 56 in (11.3.5) we have

= In56 = k(1) + In8 = k = In56 — In8 = Zn% = In7.

Hence, (11.3.5) becomes

In|P| = tin7 + [n8.
or In|P| = In8(7).
or P=8x7t

Therefore, at time t = 2,

P =8x7%=392

Example 11.3.4 The mass M at time t of the leaves of a certain plant
caries according to the differential equation

M _ M- M2
dt

(a) Giventhatt = 0,M = 0.5, find an expression for M in terms of t.
(b) Find a value for M when t = [n2.

(c) Explain what happens to the value of M as t increases.

Solution: (a) First we must separate the variables in the given
differential equation and integrate both sides:

[ ——dM = [ dt

M—-M?2

[——aM = [dt

M(1-M)
1 1
f (E-i'm)dM: fdt
InM|—In|l1-M|=t+c
In L| =t+c
1-M
Whent = 0 and M = 0.5, we have
mMl1=04+c =>c=0
Therefore, (11.3.6) becomes

M
|| = ¢
1-M

14

(11.3.5)

(11.3.6)



M t
or —=ce
M

ey

et 1
M=—orM=1—-— (11.3.7)
1+e 1+e
elnz 2
(b) Whent = In2,M = ——= =-.
1+etm 3
(c) As tincreases, M approaches 1.
Example 11.3.5 The rate of depreciation Z—Z of a machine is inversely
proportional to the square of t + 1, where V is the value of the machine
t years after it has been purchased. If the initial value of the machine
was worth $500,000, and its value decreased by $100,000 in the first
year, estimate its value after 4 years.
. av 1 av ok
Solution: @t Y er2 at - (t+1)?
Separating the variables in the differential equation and
integrating both sides we have
1
[dV =k/[ ot
N v="E4¢ (11.3.8)
t+1
Note that whent = 0,V = 500,000.
Thus, substituting these in (11.3.8) we have
500,000 = -k + ¢
= ¢ = 500,000 + k (11.3.9)
Also, whent =1, ¥V = 400,000. Substituting in (11.3.8) we have
400,000 = = + ¢
= 400,000 = = + (500,000 + k)
= k = —200,000
= ¢ = 300,000
Hence, (11.3.8) becomes
v = =222 4 300,000 (11.3.10)

Therefore, using ((11.3.10)) we find V after t = 4 years:

V= % + 300,000 = $250,000.

15
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1.

Integrate the following functions with respect to x:

(@) 2+7%x)° (b) 3V/2-5x (c) (d) 4vX +/Ax+1—4(1—3x)° .

(4x +5)°
Evaluate the following integrals:

(a) _[x(x +3)%dx (b) _[x(x +3)%dx (c) J‘ﬁdx (d) J-liossl:x

(&) [ 2%*3 e (8) [ _ax (h) [cos® xdx-
(X* +3x+4)° 1+x

Evaluate the following integrals:
(a) _[xe’xdx (b) _[x3 In 3xdx (c) j(1+ x)e*dx (d) Ixz sin xdx

(e) _ftan’lxdx-

Use partial fractions to find the following integrals:

@ X ax () [X=2g0 (O[3 gy (d) [X+X*5g,
X+1 x? -1 (X+D(X+2) X(X +1)?

(e) J- 12x ax () J- X2 +2x+4
(2—)E@-x)(4—x) (2x—1)(xZ -1

Evaluate the following definite integrals:

(a)fzg(x2 + 2x — 1)dx (b) flz xeX’dx  (c) f://: cos2xdx

(d) f;7/° sinZxdx (e) [P —dx  (f) [} x2(x® + 1)*dx.

2+1

Find the areas bounded by the specified lines and curves in the following
questions:
(a) The x- and y-axes, the line x = 3 and the curve y = x2 + 1.

(b) The x-axis, the lines x = 1 and x = 4 and the curve xy = 2.

(c) The x-axis, and the curve y = 1 — x?2,

(d) The y-axis, and the curve x = 9 — y?2,

(e) The curve y = x(x — 1)(x — 2), and the x-axis.

Compute the area of the region for which x € [—1,2] and which is bounded by the
graphs of the function fand g where

flx) = —%xz +1landg(x) = %xz - 3.

The Goldegg Chicken Farm produces E(t) dozen eggs in t days. Its production
rate (in dozen/day) is given by

E'(t) = 150 + ét,
find

16



10.

11.

(a) the number of eggs produced in t days assuming E(0) = 0
(b) the number of eggs produced in one year (365 days)

(c) the average daily production.

Consider an (idealized) experiment in which a colony of live bacteria is
introduced to a limited food supply. Suppose the rate of change in the number of
N of live bacteria with respect to time is given by

N'(t) = 6000t — 75t*.

Find the size N(t) of the population of the bacteria at time t if initially 1000
bacteria were introduced to the food supply.

An object on the ground is projected vertically with initial velocity of 32 m/sec. If
the acceleration a(t) = —10.6 m/sec?, find

(a) the velocity function,
(b) the distance at time t,
(c) the height the object will attain,

(d) the height of the object in 5 seconds.
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