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Introduction to the Module

Aim: The aim of this module is to equip students taking Agriculture Business Management

with necessary skills, and knowledge in Mathematics relevant to their field of study.
Objectives: By the end of this Module students should be able to:

e Understand and operate with sets

e Use Relations and Functions in their daily life activities

e Use algebra in their daily calculations

e Understand logarithms and Exponential functions and their uses

e Understand Matrices in their applications in real life situations

e Understand differentiations and their applications in real life situations
Introduction

This course is intended for people who completed grade 12, and are following a Degree
program in ABM. This Course aims to give students Mathematical concepts, knowledge and
skills which will help them in later courses in agriculture economics. The module begins by
reviewing grade 12 works such as sets, relations, functions and theory of quadratic equations
then the module proceeds to exponentials, logarithms, matrices, and lastly introduction to
differential calculus. Therefore, it is important that we begin by introducing some notations
and symbolism here which will help you understand some basic concepts when we meet them

later in this module.
Objectives:

Upon completion of the module Error! No text of specified style in document. you will be

able to:
e Understand the theory of sets and apply them in economics settings

e Write the domain, co domain and range of any given function
Solve any quadratic equation

e Graph any quadratic function and write the max or min point of the function



Unit 1 Set Theory

1.1 Introduction

The module begins by reviewing grade 12 works such as sets, relations, functions and theory
of quadratic equations. Set theory forms a basis for higher mathematics, statistics and
probability theories. Therefore, it is important that we begin by introducing some notations
and symbolism here which will help you understand some basic concepts when we meet them

later in this module.

1.2 Objectives

Upon completion of this unit you will be able to:
e Operate sets very well
e Understand the set of real numbers as sets
e Understand binary operations

e Understand the schematic diagram of numbers and their relations

1.3 Sets
Definition: A set is a collection of objects which are alike.

In this context, examples of sets are:

o Names of wild animals
. Employees of a certain firm
. Set of books in the library
. Set o f real numbers which satisfies the equation: x> +2x—3=0
Definition: A Universal set is the collection of the entire collection of objects. Notation;

U = Universal set. For example:

° A set of animals
) A set of books

. A set of employees



Venn Diagrams_ Venn diagrams are used to visualize sets and their relations to one another.

universal set

Figure 1.3.1

Above is a diagrammatic representation of set A. The set can be represented mathematically

as: A={1,3,5,7,9} .

Note that set A = (the circle) is a subset of the Universal set (U) (the rectangle), because a
circle is contained in the rectangle. In symbols we write: A — U . That is all elements in A are

all elements of U.

A set can either be described or members of the set can be listed.
Examplel.3.1

Let A be a set of vowels in the English alphabet. This set describes the set of vowels, but we

can list the members of this set as:

A={a,e,i,o,u} Note that there are 5 vowels in the English alphabet. a is a member of set A

in symbols we write a € 4or we can say a belong to set A, or a is an element of A. But the
letter ¢ is not an element of A, in symbols ¢ ¢ A4, reads ¢ do not belong to A or c is not a

member of A.



Description of set Listing the elements of the set

A= set of positive multiples of | 4={3,6,9,12,15}
3 less than 18

B=set of vowels

C= set of domestic animals

D= set of prime numbers D= {2,3,5,7,1 1,13,17,..... }

E= set of rational numbers

F= set of irrational numbers

G= set of real numbers

Dog, cow, john, Mary, car, wood

I=1{3,69,12,15}

Table 1.3.1
You can fill in this table as an exercise.
1.3.1 Equal Sets

Definition Two sets A and B are said to be equal if and only if every element of A is an

element of B and every element of B is an element of A. That is, they have same elements.
Example 1.3.2

Let A={1,2,3,4} and B ={4,1,2,3} then4 = B, reads A is equal to B. If
Ac BandBc A= A=B

Let 4={1,2,3}and B ={a,b,c} then 4 ~ B, reads A is equivalent to B. Two sets are

equivalent if and only if they have the same number of elements.



1.3.2 Subsets

Definition. A set A is a subset of a set B, written, A c B, if every element of A is also an

element of B.

In fact this is a proper subset; it means B has some elements which are not elements of A. If
Ac B and B < 4 then4 = B . Or we can have 4 — B that means every elements of A are

elements of B and every element of B are elements of A.

Subsets. If B is a subset of A. Then all of the elements of B are also in A.

universal set

Figure 1.3.2
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These are recaps from secondary mathematics.

1.3.3 Operations on sets

Symbols

U= union, M= intersection, 4'= A compliment means all elements in the universal set

except those in A, ¢ = empty set or { } and not both.

Just as we add, subtract numbers; we can also take the union, intersection and complements

of sets.



Intersection of sets: Notation: 4 N B, reads A intersection B
Definition: Intersection: is a set of elements which are found in both sets.

A N B is a set of elements found in both A and B

intersection

Figure 1.3.3

The intersection of sets A and B contains a particular group of elements that exist in set A

and in set B.

Union of sets: Notation; 4 B read, A union B
Definition: Union; is a set of elements which are found in A and B.

A U Bis a set of elements which are found in A as well in B( note that elements found in

both A and B are written once).

union

Figure 1.3.4



The union of sets A and B contains all the elements from set A as well as set B including

elements found in both sets but written once.

Complement: Notation; 4' reads, A complement

Definition: A4' is the set of elements in the universal set except elements in A.

set A

universal set
Figure 1.3.5

A' (A-dash)is called the complement of A. It contains all elements which are not members of
A.

A and A' together make up the Universal set. Thatis AU A'=U

A B T . Q ‘
Q"'-—_ c ! __) ‘ AB

A B
Figure 1.3.6

Example 1.3.3

Let u = {a,e,i,o,u} and subsets 4 = {a,e,u} and B = {a,i,o}

Find :

(1) AN B (i1) AUB (i)  A'nB'
(iv)  (AuB)

Solutions

(i) List the elements found in both A and B

ANB= {a} , note that a is the only element found in both A and B



Figure 1.3.7

(i1))  Here list all the elements found in A and those elements found in B

AUB= {a,e, i,o,u}, note that ‘a’ which appears in both A and B it is written once.

U A
I ""'\--..\_\_I,_,.,--"'/
B

Figure 1.3.8

(iii) List the elements of A’ and B’ and write the elements found in both A’ and B’

A'= {i,o} and B'= {e,u} then A'NB'= { }means there is no element common in A’ and B’.

Figure 1.3.9

(iv) List the elements found in A and B then find the complement of this set.

A= {a,e,u}and B= {a,i,o}then, AUB= {a,e,i,o,u} (AuB)=¢

2

Figure 1.3.10



De Morgan’s Law
(AN B)'=A'UB' and (AU B)'= ANB'
You can verify de Morgan’s laws by showing that the LHS = RHS of the De Morgan’s law.

Example 1.3.4 LetU = {0,1,2,3,4,5,6,7,8,9,10}, and A = setof evennumberslessthanl0 and

B= set of prime numbers less than 9. Verify De Morgan’s laws:

(1) (AN B)'=A'UB'

(i1) (AUB)'=ANB'

Solutions

(1) You find list the elements of A and B firstas; 4 = {0,2,4,6,8} and B = {2,3,5,7} and
we then find 4~ B = {2} and we find the complement of this intersection
(4N B)=1{0,1,3,4,5,6,7,8,9,10}.
Then you find A complement and B complement as: A'= {1,3,5,7,9,10} and
B'={0,1,,4,6,8,9,10} and then we find 4'UB") ={0,1,3,4,5,6,7,8,9,10}
Now you can see that (4N B)'= A'UB'= {0,1,3,4,5,6,7,8,9,10}

Hence, De Morgan’s law has been verified.

(i)  You should try (4U B)'= ANB'

Disjoint Sets Two sets A and B are said to be disjoint sets if and only if their intersection is

empty.
Thatis, AnNB=¢

Example 1.3.5 Let U = the set of positive counting numbers, be the Universal set , and A =

the set of even numbers and B = be the set of odd numbers. Find 4 ~ B ?

Solution We know that there is no number which is both even and odd, so AN B =¢

Equivalent sets: Two sets A and B are said to be equivalent sets if and only if they have the

same number of elements, and these elements are not the same.
Example 1.3.6 Let A={a,b,c,d} and B={1,2,3,4}

The two sets are equivalent and we write 4 ~ B



1.3.4 Laws of the algebraic of sets

la. AuAd=4 Ib. AnAd=4 Idempotent laws
2a. (AUB)LUC=4u(BUC(C) 2b. (ANB)NC=AN(BNC) Associative laws
32. AUB=BuU 4 3b. AnB=Bn 4 Commutative laws

4a. AV(BNC)=(AUB)Nn(AUC) 4b. AN(BUC)=(ANnB)u(AnC) Distributive

laws
Sa. Aug=A4 5b. AnU=4 Identity laws
6.a. AOU=U6b. An¢g=A4 Identity laws
TJa. AUA =U Tb. AnAd =¢ Compliment laws
8a. .(4) =4 8b. U =¢,¢ =U
Compliment laws
9a. (AUB)=A NB 9. (ANB)=A UB De Morgan’s laws

1.4 Sets of Numbers
Notations and symbols

N = {1,2,3,4, ..... }, the set of natural numbers or counting numbers
W = {0,1,2,3,4,5, ....... }, the set of whole numbers

Z= {....,—3,—2,—1,0,1,2,3,4, ...... }, the set of integers. Note that the set of integers has three sets

of numbers, namely the negative numbers, zero and positive numbers.

What this means is the this set contains the set of whole numbers W, and the set of Natural

numbers N. in symbols we write, N — W < Z . The set of positive integers can be written as:
Z" = {1,2,3,4,5, ..... }and the set of negative integers can be written as: Z~ = { ........ —3,—2,—1},

the two set plus 0 gives the set of integers.

The next set to this set of integers is called the set of rational numbers.



Definition 1: A rational number is defined as ; O = {%,b # 0, wherea,b € R} , that is the set

. . . a .
of rational numbers can be written in the form 3 b # 0 where a and b are integers. Note

that in mathematics division by 0 is not allowed, therefore, where an unknown appears in

the denominator, it is only valid in a case where it assume that the value is not zero in the

. . a . .
denominator. A number in the form 3 can be expressed in decimal form, and two

possibilities arises: (1) either the decimal terminates such as : %, %, %, etc. These have
terminal decimals. (2) repeated or non terminal decimals such as: % =0.3333........ ,

27—2:3.142857142857 .....

This set of rational numbers contains all integers, in symbols we write: Z < O, since whole
. . a 3 .. .

numbers can be written in the form 3 for example, 3 = T’ hence it is a rational number by

definition.

Definition 2: A rational numbers can be written as a terminating decimals or decimals repeat

For example% = (.75, this is an example of terminating decimals , % =0.33333....... , this is
an example of repeating decimals. This type of decimals can be expressed in another shorter
form, that is, % =0.3333...... = O.é , the bar on top shows that 3 repeats.

What is known is that 0.75 can easily be converted to a fraction which is% . What would be

. . . .1
interesting to us here is how can 0.3333...... be converted to a fract1on§. Take for

example1
3

Leta =0.3 , multiply 10 both side of the equation. We multiply by 10 because the repeating
decimal has on digit after the decimal point. If the repeating digits were two we would have

multiplied by 100.



Other examples are: 2.412 means 2.412121212..... that is 12 repeats, 1.5437=1.54377777....

: : a .
If a number cannot be written in the form 3 b # 0 where a and b are integers or cannot be

written as terminating decimals or repeated decimals, then this number is an Irrational

number(l). Thatis, QNI =¢, but O NI = R ,that is the set of rational numbers plus the set

of irrational numbers equal the set of Real numbers. That is the set of real numbers contains

rational numbers and irrational numbers. 2

Example 1.4.1 Prove that +/2 is irrational.
. . . . . o a
Proof We assume that +/2 is rational. Since it is rational, then we can write it in the form;,

a . a
b#0 Thatis V2 = b’ b#0 Take the equation/2 =0 eqn (1), where aand b are
prime ( that mean a and b have no common factor). And square both sides, and we get

2
a

2:?,

2b* =a’, )
This implies a” is divisible by 2, then a is divisible by 2. That is a has a factor 2 say a =27,
for some integer r. We substitute a = 2r in (2), and we get;

2b* = (2r)*, this implies, 2b° = 4r° , b* =2r*, this implies b is divisible by 2, then b is

divisible by 2. Now we have found a common factor 2 this is a contradiction by (1)

Therefore, V2 is not rational, hence V2 is irrational.



Note that the set of real numbers is the union of the set of rational number and the set of

irrational number. This implies that R = QU [, a real number is either rational or irrational,

that is O N1 =¢ . The set of real numbers are closed on the number line.

Real numbers

You can represent a subsets of real numbers in interval form such as: (a,b) is an open interval,
[a,b] as a closed interval, (a,b] as an open-closed interval, and [a,b) as a closed- open interval.

In lower mathematics these sets where represented using set builder notation for

instance (a,b) = {x ra<x<bxe R}, while [a,b] = {x ra<x<bxe R}

Example 1.4.2 Given that the universal set is R, 4 =(—1,4] and B =[0,7]. Find the following

sets and illustrate them on the number line. 4' (i) ANB (iii)) A'NB
Solutions

(1) You draw a number line to help you visualize the given set. Note that the interval (-

1,4] is open-closed interval and this can be illustrated on a number line as follows:

ij Jf.-"

o

) -
1

T

Diagram 1.4.1
Therefore A'=(—o0,—1]U(4,0)

(i1))  The shaded part in the number line is the intersection of A and B as shown below:

A B
W5
- ¥ ® -
*?—_.—_,,'_;,—,——"
2 i 2 4 &

Diagram 1.4.2

Thatis AN B=[0,4]

1.4.1 Some properties of real numbers

1. Identity element.
0 is an identity element under the operation +; 0+4=4

1 is an identity element under the operation x, 1x4=4



2. commutative properties
The operation + is commutative; a+b=b+a, for real numbers a and b
The operation x is commutative; axb = bxa , for real numbers a and b
3. Inverse element

The operation + has an inverse element 0, for real number a

The operation x has an inverse element a ', for real number a
4. Transitive property

if a>band b>c . then g > ¢
5. Associative property

The operation + is associative

The operation x is associative
6. The distributive property

The operation x is distributive over +a(b+c)=ab+ac

SCHEMATIC DIAGEAM OF NUMBERS

COMPLEX NUMBER
{Cl

I

REAL MLIMBERS
(R

RATIONAL NUMBERS IRRATIONAL NUMBERS
{=1] 4]

INTEGERS
(Z)

it

WHOLE NUBERS
(W)

it

NATURAL NUMBERS
(M)

Diagram 1.4.3

1.4.2 Binary Operations

In mathematics you are interested in the study of basic operations of algebra, such as :
+,—,%,+. You have studied these operations at school, but in this section, you will study the
use of these operations in details.

Definition: The operation * is a binary operation in S, if and only if , for every

a,be S ,thea*be S . Otherwise the operation * is not a binary operation in S.



You know the product of 3 and 4 as 12. In this case the operation is multiplication, that is
*=x.

This * can be defined in any way different from the four basic operations given above as will
be illustrated below.

Example 1.4.3
(a) State whether the * defined as : a *b =~/a —b is a binary operation in the set of real

numbers.

Solution: All you need is to find choices of a and b were a*b fails. If you take a=1 and b=5,

thea*b=+1-5=+4—-4,the V-4 ¢ R, therefore * is not a binary operation in the set of real

numbers.
(b) State whether * defined as * = +, in the set of real numbers. Is * commutative.

Solution: Take any two numbers in the set of real numbers, say

a . . . .
a,beR ,then a*b:a+b:;eR, hence * =+ is a binary operation on R. But * =+ is not

. . a b
commutative since a *b = Z +#—=b*q.
a

Exercise 1.1

1. fA={1234},B={2,4,6,8},C={3,4,5,6} and the universal set X ={
1,2,3,4,5,6,7,8,9 }.
(a) Find (i) A” (i) (ANB) (ili) B-C (iv) (4UB) (V)
AN(B-C) (vi) (X-C) n(4-B)
(b)  Confirm
(1) the associative laws: (ANB)NC=A4AN(BNC)
and(AuB)LUC=4U(BUC(C)

(i1) the distributive laws: AN (BUC) =(AN) U (AN C)and
AU(BNC)=(AUB)N(AUC)
(1i1) the De Morgan’s laws: (4UB) =4 NB and (ANB) =4 UB
2. (a) If Ac B, then simplify if possible (i) (AN B) (i) 4 UB (iii)) AU B’
(iv) AN(AUB)



3. Inthe Venn Diagram below , shade : (i) W—V (ii) V' UW (iii) VW'
(iv) V- W’

4. In problems (a) to (h) find expression of the form % for the given decimal expansions,

where a and b are integers.
(@ 05 (b) 312 (¢) 1134 (d) -4357 (e) 9413
(®  0.9999... (g)1.3333.... (h) 0.85
5. (a) Find an irrational number which lie between (i) 2 and 3 (ii) 19 and 19.01
(iii) -4 and -2
(b) Each of the following operation in LII and III is a binary operation on R.
I: a*b=(a—b)a+b),a,beR,
II: a*b=ab,a,b € R,
II: a*b=2“" Ja,be R
(1) Determine which of I, II III is commutative
(i)  Foreach of I, Il andIIl, evaluate (3*2)* 5
6. Giventhesets X={0,1}andY={0,1,2}
(a)  Check whether each of the following operations +, -, X, + is a binary operation
onX and Y.
(b)  Also check whether the operation is commutative and associative
7. 1fA=[1,4],B=(2,8),C=]3, 6) and the universal set X =[1, 9 ] . Find each of the
following sets and display it on the number line. (i) B’ (ii)(4 U B) (iii) B—C (iv)
(ANB) (v) AN(B-C)

(vi) (X—=C) N (4-B).



8. An operation * is defined on the set { 3,5,7 } in the table below as follows: a*b is the

result where the row along “a” and column a long “b” meet. e.g.5%7="7.

(i) Is this operation a binary operation on set { 3,5,7 }
(i1) Is this operation commutative

(iii)Evaluate (5%7)*3



Unit 2 Relations and Functions

2.1 Introduction
This unit begins with defining what a relation is and develops the concepts of domain and
range which are later extended to functions. One-to-one functions are discussed and even/odd

and composite functions are also discussed.

2.2 Objectives
Upon completion of this unit you will be able to:

= Define a function

=  State the difference between a relation and a function

=  Write the domain and range of a function

= State whether the function is 1-1 or onto

=  Find the inverse of a function and graph the function and its inverse

=  Calculate composite functions
2.3 Relation A relation R from a set A to a set B assigns to each pair (a,b) in AxB exactly
one of the following statements:
(i) “ais related to b”, written aRb

(i) “aisnot related to b” written ﬂ;é?
A relation from a set A to the same set A is called a relation in A

Example 2.3.1

1. Marriage is a relation from the set M of men to the set W of women. For, given any man
meM and any we W, either m is married to w or m is not married to w.

2. Order, symbolized by “<” or equivalently, “x is less than y” is a relation in any set of real

numbers. For, given any order pair (a,b) of real numbers, either a<b or ¢ 7! &
3. Perpendicularity is a relation in the set of lines in the plane. For, given any pair of lines a

and b, either a is perpendicular to b or a is not perpendicular to b.



4. X =n=set of Natural numbers and Y= n+2

This a 'notation' for expressing a relation between two variables(say X and Y).

-

GO S W

+
Y]

domain Co domain

Figure 1.3.1

Individual values of these variables are called elements eg Domain; X = {1,2,3,4,5,6,....}

Y ={3,4,56,78,...}

and Co domain: . Note that Y values are all images of element in X,

this is also called the Range

The first set of elements ( X) is called the domain . The second set of elements ( Y) is called
the Co domain . If all elements in Y are some images of some elements in X the co domain

is called the range.

Example 2.3.2 A simple relation like y = x?> can be more accurately expressed using the
following format: {(x, Y):iy=x’,x,y€ R}. In this example the Domain is X = {x X e R},
that is all real numbers is the domain. But the co domain is Y = {y 1y e R}, and the Range

Y:{y:yZO,yeR}

The sketch of the graph of the function y = x’

Here, you will observe that there are no values of x whose images are negatives. The images

are always 0 or positives. This gives a good distinction example of Co domain and the Range.



Y is a set of real numbers but some real numbers are not images of the x values in the

Domain.
2.3.1 Inverse Relation

Let R be a relation from A to B. The inverse of R , denoted by R™', is the relation from B to

A which consists of those ordered pairs which when reversed belong to R:

R ={(b,a):(a,b) ¢ R}

Example: 2.3.3 Consider a mapping

A— PR o B

1

2

Figure 2.3.3

R={(1,2),(1,3),2,3)}

R ={2.D),3.1).(3.2)}

Example 2.3.4 The inverse of the relations defined by; “x is the husband of y”

and “ x is taller than y” are respectively. “ y is the wife of x”” and “ y is shorter than x”.
2.3.2 One-One mapping

Here one element of the domain is associated with one and only one element of the range.

23
B A E—

: 8
= Y
3 5

1
P
5 ,.f
o - .-/

ATy Rangas

Figure 2.3.4



2.3.3 Onto

A relation is onto if and only if every element in Y is some image of some element in the

domain X. (orif'Y is filled)

Example: Let a relation be defined as given below:

" Figure 3.3.5

R ={(1,a),(2,b),(3,a),(4,b),(5,¢)}

The co domain is {a,b,c} and the range is {a,b,c}, that means the co domain is equal to the

range , hence , the relation is onto.
2.3.4 Many-One mapping

Here more than one element of the domain can be associated with one particular element of

the range.
Example 2.3.5 Consider the relation {(x, Y)iy=x’x,yeZ —-4<x<4x# 0}.

Z is the set of integers(positive & negative whole numbers not including zero)

domain range

Figure 2.3.6



2.3.5 Functions

Notation: y = f(x), this notation will be used throughout this module.

Definition: [f there is associated with each element of a set X exactly one element of another

set Y, then this association constitutes a function from X to Y and is written f : X —> Y.

The unique element in Y assigned to x € X by f denoted by f(x) , and called the image of x

under f or the value of f at x. The domain of f is X, and the co domain Y. The range of f is
denoted by f(x) is the set of images, that is, f(x) = { f(x):xeX } By definition, all

functions are relations but not all relations are functions.

Figure 2.3.7

Domain = {xl,xz,x3,x4} , the Co domain = {yl,yz,y3,y4} , and the range = {y,,y,,y,} note that

¥, 1s not an image of any element in the domain. Hence by definition f is a function.

A function f'is into if it is a function by definition, a function f'is 1-1 if every element of the
domain X has one and only one image in the co domain Y, a function f is onto if the co

domain is equal to the range.

Example 2.3.6 Let a mapping be

Figure 2.3.8

This is not a function because x, has two images y, and y, ( refer to the definition of a

function).



2.3.5 One to one functions

A function f'is 1-1 if every element in the domain X is assigned to exactly one and only one

element in the co domain Y.

Example2.3.7 Let the mapping be given as: x X

Figure 1.3.9
The function is one-to-one, since every element of X has one and only one image in the co

domain Y.

A function f'is one to one if for every a,b € X ,then, f(a)= f(b)= a=>b. Using this

condition, we can show that any given function is either one to one or not.

Example 2.3.8 Show that the function f(x)=3x—11is one to one.
Solution: We take any a,b € X , we show that for any a, bin X f(a)=f(b)=>a=b
If x = a this implies f(a)=3a—1 and f(b) =3b—1, then we show f(a)= f(b)=a=b

That is f(a) = f(b) implies 3a-1 = 3b-1=3a =3b = a =b . Hence the function f(x)=3x-1

is one to one.
Example2.3.9 Show that the function f(x)=3x"—1is not one to one.

Solution: We take any a,b € X , we show that forany a,bin X f(a)= f(b)=>a#b

If x = a this implies f(a)=3a’—1 and f(b)=3b" -1, then we show f(a)= f(b)=a=#b
That is f(a) = f(b) implies 3a° —1=3b> —1 this implies

3a>-1=3b>-1 3a’=3b"=3a"-3b>=0=a>-b*=0=(a—b)a+b)=0=a=>b and
a=—b that we have a is equal to b and —b. Hence, by definition the function f(x)=23x" -1
is not a one to one function. 4 property of one-one functions is that on a graph a horizontal

line will only cut the graph once.



2.3.6  Onto functions: A function f is onto if the co domain is equal to the range.

Example 2..3.10 Let a mapping be as given below:

i - / 2 Y 5
T X =Y
Figure 2.3.10

This relation is a function, by definition, this function is not 1 — 1, but f is onto since the co

domain is equal to the range: Co domain = {y, } and the range = {y, }.Hence, f is onto.

Example 2.3.11 Let a mapping be

Figure 1.3.11

The function f is not onto since the co domain is not equal to the range. In this example the

element y;,is in the co domain but it is not an image of any of the element of the domain.

Example 2.3.12 Let a function be defined as : {(x, y):y=x+2,x,yeR’ }, Where R* is the

set of positive real numbers. Show that the function fis 1-1.

Solution: The domain is all positive real numbers; X = {x x>0,xe R} and the range
isY ={y:y>2,yeR}. We can use the condition , A function f is one to one if for every

a,be X ,then, f(a)= f(b)=a=bThatis, f(a)=a+2 and f(b)=>b+2this implies

f(a) = f(b) implies a+2=b + 2 That is, a =b, Hence, {(x, y):y=x+2,x,yeR" }, is one to

one.



Example 2.3.13 Find the domain and range of the functions given below:

(@)

f(x)=x+1 (i) fx)=x"-1 (iii)) f(x)=vx" -9

Solutions:

)

(i)

(iii)

. . . 10 .
The expressions not allowed in mathematics are : 0 v—ve . So if none of these can

be arrived at for any real number, then the function is defined ( or exist) everywhere.
So you should avoid these expressions.(i) The function f(x)=x+1 has Domain:

D= {x 1X€ R} since there is no value of x which can give you any of the expressions
given above. Range: Range= {y (ye R}. Note that the domain are the x- values while
the range are the images of x which are the y-values.

The function f(x)=x"—1 has the domain: D = {x 1XE R}, while the range is

Range= {y y>-lLye R}. There is no value of x which will give you the y value less

than -1.

The function f(x)=+/x" —9 , has a radical so, you need to avoid all values of x
whose images will give you negatives. So you take what is in the radical and you want
it to be greater than or equal to zero. So we set, x* —9 >0 these are the only values of

2 2 2
) _ X -9=x"-3"20 . . .
x where the function exists. Therefore, To satisfies this inequality,
(x=3)(x+3)=20
you solve this as an equation to find the critical values as: x =3 or -3.
xe3 o€x< 3

> 3
x+3 — + +
x—3 - - +
ey © | - | @

Diagram 2.3.1

The circled signs are the intervals where the function exists. Therefore, the domain:

D:{x:xS—3,xeR}u{x:x23,xeR}. The range is: Range:{y:yZO,yeR}. Note that

there is no value of x which will give an image as negative, and the least image is when x is

either 3 or -3 and the image is 0.



2.3.7 Inverse Function f !

The inverse function is obtained by interchanging x and y in the function equation and then
rearranging to make x the subject. This technique was used in high schools. Given any

function f(x)=2x+3 we make x the subject as follows:

y=2x+3

y=3=2x

xziy_3
2

x—3

Then the inverse of the given function is f~'(x) = . A function f has an inverse if and

only if it is one to one. If f! exists then, ff'(x)= f~' f(x) = x. It is also a condition that the
two functions be 'one to one'. That is the domain of f is identical to the range of its inverse
function f~' . When graphed, the function and its inverse are reflections either side of the

line y=x.

Example 2.3.14 Find the inverse of the function (below) and graph the function and its

inverse on the same axes. 1/ X 2x+3 xeR]
= y=2x+73
interchanging x and ¥
= x=2y+3
= x=3=1y
= 2y=x—13
= y=3(z-3

= :_f'l:Jrl—:»%(x—ﬂl, xeR|

You can graph f(x) and its inverse f ' (x) on the same coordinate system as below:

-x) = 1(X=3)
i :

Figure 2.3.12
You can observe that the graph of an inverse of a function is simply the mirror image of the

function in the line y = x .



2.3.8 Composite functions

Consider a mapping given below:

rd " .-" ,-"l..
.lf : ::\'f ,!'i--a.___ﬁ' Il'f 4 x"-l
| = e el
[ =g e =
| | R B
I'. o il o I llll
R L L

Figure 2,313

This is a composite function written as gof , read the composite function of fand g.

gof (x)=g(f(x)). In this mapping above gof (3) = g(f(3)) = g(b) =n . Note that X is the

domain of f and Y is the co domain of f, while Y is the domain of g and Z is the co domain of

g. But X is the domain of gof and Z is the co domain of gof .
gof ={(L.m),(2.n),(3,n).(4,5)}.

Therefore, you can find the inverse of the composite function as;

(gof)' = {(m,l),(n,2),(n,3),(k,4)} One useful property of inverse composite function is:
(gof)'=f"og"

Example 2.3.15 Let f(x)=3x+1 and g(x) =+ x—1, express in terms of x the following:

i) gof, (i) (gof)" (i) gof(2)

Solutions

i) gof(0)=g(f(x)=gBx+1)=[Bx+1)-1=+3x

(i1))  Here you need to find the inverse of each function as follows:

f(x)=3x+1
y=3x+1 Therefore, f~'(x)= x-1
3x=y-1 3

y-1
3



y=x=1 Therefore, g~'(x) = x> +1
y - =x-1
x=y'+1

Therefore , using the condition, (gof)™" = f 'og™

_ o U _ X+1-1 ¥? Lox
(go)'=fTog" =T (g =T +])= 3 =?Theref0re, (gOf)l=?

You can verify this by finding the inverse of gof using the conventional method.

(iii) gof (x) = V3x by (i) above , gof (2) =+/3(2) = J6
2.3.9 Even and odd functions

Definition: A function fis an even function if and only if f(—x) = f(x), and a function is
odd if and only if f(—x)=—f(x). In establishing on whether a function is odd or even, all

you need is to verify these two conditions. If both conditions fail, then a function is neither

odd nor even. In fact there are some functions which are neither even nor odd.

Example 2.3.16 Verify whether each of the given function is even, odd or neither.

@) f(x)=x"+2x () f(x)=x-2x (i)  f(x)=2x"+1
Solutions

(1) Using the conditions given above, you proceed as follows: Let £(x) = x* +2x7,
and f(=x) = (=x)* +2(=x)" = f(-x)=x" +2x" = f(x), hence f(—x)= f(x) is
satisfied. That means the function f(x) = x* +2x”, is an even function.

(i1) Let f(x)=x"—2x, and f(=x) = (=x)’ = 2(=x) = —x’ + 2x =[x’ —2x] = —f(x) , That
means the function f(x) = x’ — 2x, is an odd function.

(iii) Let f(x)=2x"+1,and f(-x)=2(-x)’ +1==2x"+1#—f(x)or— f(x), hence

f(x)=2x"+1 is neither even nor odd,

If a function is neither even nor odd then it is said to be neither.



Your interest in this section is as follows:

e To be able to write the domain and the range of any given function
e To be able to state whether the function is 1-1 or onto

e To be able to show that the function is 1-1 or not

e To be able to find the inverse of a function

e To be able to write the composite functions in terms of x.

e To be able to state whether the given function is odd, even, or neither.

Exercise 2

1. The function f and g are defined by f(x)=x"and g(x)= %x +1 for all real values of x in

the domain 0 < x<3.

(a) Find f'(x) and g”'(x) in terms of x

(b) Sketch , in the same diagram, the graphs of f, g, f~'(x) and g™'(x)
2. The functions fand g are defined by f(x)=2x+LxeR and g(x)= l,x eR,x#0
X

(a) Calculate the value of gf(2)
(b) Find g~'(x) in terms of x

(c) Calculate the value of x for which fg(x) = x

3. The functions f and g are defined by f(x) =

,xeR1<x<9 and
3x-2

f(x)=x",xeR,1<x<3.Find

(a) The range of f
(b) The inverse function, /' (x), state its domain

(c) The composite function fg and state its domain

(d) The solution of the equation fg(x)= Ll
x —

4. Given the function f(x)=+1-x



(1) Find the domain of f(x)
(i1) Find the range of f(x)
(iii))  Sketch the graph of f(x)
5. Given the function gx)= —|x—3|
(1) Find the domain of g(x)
(i1) Find the range of g(x)
(iii)  Sketch the graph of g(x)
(iv)  Find the intersection of g(x) with the line 2y +x = -2
6. The fish population y in a certain river is related to the tons of pollutants x according

to the following y = 100,000 — 1 500x

(a) What are the domain and the range of this function?
(b) Sketch the graph of this function.
(c) Suppose that 17.5 tons of pollutants is deemed critical. How many fish

would be in the stream at the critical level of pollution?
7. (a) Show that the following functions are not 1 -1 .

(y = x*+3x+2 (i) y=x*
(b) Show that the following functionsare 1—1.
i) y=3x+4 () y=S5
8. For each of the following functions state whether the function is odd, even or neither
of these. (i) fx) = 4-3x° (i)  f(x) = 3x*>+x

(iif) £(x) = x— (vi) fx) = 2+ ¥
X



3.0 Algebra

3.1 Introduction

This unit begins with linear and quadratic functions, the difference between a function and an
equation are explained with the help of examples. Theory of quadratic functions is explained
in relations to their turning points called maximum or minimum. Solutions of quadratic
equations are explored and discuss their relationships to the coefficients of the quadratic
equations. Lastly the unit discusses polynomials in relations to remainder and factor

theorems, inequalities are also discussed and the unit end with binomial expansions

3.2 Objectives

Upon completion of this unit you will be able to:

] Distinguish between a linear and quadratic functions

] Solve quadratic equations using completing of square method
] Find the maximum or minimum of a quadratic function

] solve a polynomial equation

] Expand any expression raised to rational power of n.

] Expand expressions using Binomial Theorem

] Solve inequalities

33 Linear and quadratic functions

The simplest function defined in mathematics by means of a non trivial algebraic expression
is the function defined by the equation y = f(x) =mx+c.

Definition: The function /', defined by the first degree equation f = {(x, y):y=mx+ c},
where m and c are constants, is called a linear function.

The function derives its name from the fact that its graph is a straight line. Moreover, any
straight line other than x =k (a straight line parallel to the y-axis) can be represented by such
an equation with the appropriate m and c. You will consider the linear function’s algebraic
properties and its zeros, rather than the geometric properties. The zero of a function is the x-
coordinate or x- value for which y, the value of the function, is zero. Hence, you let y =0,
and you can find the zero of a linear function by solving the equation mx+c¢ =0 for x. Note
that y = f(x) =mx+c. is a linear function while mx+c =0 is called a linear equation. In
general, the zeros of a function are the roots or solution of the equation f(x) =0. There are

many methods that you can use to solve an equation. However, any method that produces an



equivalent equation, one which has the same roots, and only those roots, is allowed. Some
procedures, such as squaring, may introduce new factors, and some, such as dividing, may
lose some factors, so that extreme care should be exercised in using such procedures.
Furthermore, it is always wise to check any purported solution, for the ultimate test of a
number as a root of any equation is not how it is obtained, but whether it satisfies the
equation. The following operations are called permissible, since they always result in
equations which are equivalent to the original, that is, the new equation has exactly the same
roots.

1. The same number or algebraic expression may be added to or subtracted from both

members of an equation.
2. Both members of an equation may be multiplied or divided by any nonzero number.

Example 3.3.1 Solve the following equations 4x—5=x+7

Solution:
dx—-5=x+7
4x—-x=7-5
3x=2
2
x==
3

Example 3.3.2 Solve the equation x—1=3
Solution: This equation has solution x =4. But if you square both sides you will get:
(x—1)> =9. If this equation is solved, one of its roots i.e. -2, although it does not satisfy the

original equation.

2x+5 Sx

Example 3.3.3 Solve the equation S T =X
x—
Solution:
2x+5 S5x
- =x
2 x -1

2x+5)(x-1)-5x(2) _ .
2(x—-1)
2x2+5x—-2x+5=2x*-2x

x=-1
3.4 Maximum and Minimum
The second type of algebraic function usually considered is one in which the defining
equation is of the second degree.

Definition: The function f*, defined by the second degree

equation f = {(x, Y)iy=ax’ +bx+ c}, is called a quadratic function. Note that



y = f(x)=ax’ + bx+c is a quadratic function while ax” +bx+c =0 is called a quadratic
equation. In general, the zeros of a function are the roots or solution of the equation
f(x)=0.

A quadratic function has on turning point called either the maximum point or a minimum

point. You can determine whether the function is maximum or minimum by the coefficient of

the x*. If a >0, then the function has a minimum, but if a <0, then the function has a

maximum.
The graph of the general quadratic function may be sketched by the more direct process of

expressing the quadratic function in terms of the square of a linear function. Consider the
function f(x)=ax’ +bx+c, you complete square of this function as follows:

f(x)=ax’+bx+c  factor out a

2
f(x)=a(x*+ éx + E) takethe coefficient of x, half it ,and squareit and add a zero(éj
a a a

F=a + 2xr G-y 19
a a a a

C

F=dl+ -y €
a a a

c

F) =dl(e 2y -2 4
a a a

£ = alx+ 2y 4+ 220,
a a

. . b . e .
Since the square quantity (x + 2—) > 0, the expression within the bracket has its least value
a

when x = —Zi .If a >0, the function has its least value at x = —2i . This least value of the
a a

function ,

-b o . b ac-b’
ac ), is called its minimum. The least point, (——, ac
a

) , is called the minimum

(

a

. b . . .
point. If, however, a <0, when x = Y the function has its greatest value called its
a

s _ b ac-b’
%) The greatest point (——, =
a

) , is called the

maximum, and is also equal to (
a

2

b aczh ) , is called the vertex of the parabola,

maximum point. In either case the point (——,
a

a
with this point found, and an additional point or two points , the graph can be sketched like

the one below:



y=Jfl)=ad’ +bxte

N N/
7 wm

ac — b _\_\_\_ I /

[ Rt
2. =2,
& &

Figure 3.4.1

3.5 Theory of Quadratic equations
The general form of a quadratic equation is: ax” +bx+c =0, where a, b & ¢ are constants

The expression b° —4ac is called the discriminate and it is given the letter A (delta).

All quadratic equations have two roots/solutions. These roots are real (Distinct or equal) or

complex. “complex - involving the square root of -1

_-‘ ¥

Figure 3.5.1

You can determine the nature of the roots of a given quadratic equation by calculating the

value of the discriminant »* —4ac=A. If

1) b* —4ac >0, then the quadratic equation has two distinct real roots. Thatis A >0
(i1) b*> —4ac =0, then the quadratic equation has one real root.

(iii)  b*—4ac<0, the quadratic equation has imaginary root

Solution by factorizing - This is best understood with an example. solve: x-Tx+12=10



You must first ask yourself which two factors when multiplied will give 12 ? The factor pairs
of 12 are: 1 x 12,2 x 6 and 3 x4 You must decide which of these factor pairs added or

subtracted will give 7 ?

1:12 ..gives 13,11,2:6 ....gives 8,4,3 : 4 ....gives 7, 1 so x> —7x+12=(x+3)(x+4)
Which combination when multiplied makes +12 and which when added gives -7?

These are the choices: (+3)(+4), (-3)(+4), (+3)(-4), (-3)(-4). Clearly, (-3)(-4) are the two

factors we want. Therefore x* —7x+12 = (x=3)(x —4)

Now to solve the equation x* —7x+12 =0 factorizing, as above , (x—3)(x—4) =0 either

x—3=0 orx—4=0 forthe equation to be true. So the roots of the equation are: x = 3,

From “O” level you know that you can solve quadratic equation by:

o Factorization method
. Using a formula-
. Graphical method

. Completing the squares- this method is not used at “O” level, so it will be explained

here. The other methods are covered at secondary mathematics.
3.6 Solution of quadratic equation

You are now in a position to find the zeros of quadratic equation. Recall that the equation

f(x) =0, which is the values of x where y =0, are what you are interested. Generally, two

values of x can be found, but these values can be determined by the discriminate b —4ac

without solving the equation. The zeros or the solutions of a quadratic equation are values of

x where the graph ./ (¥) = ax’ +bx+¢ crosses or meets the x-axis. The two roots can be
found graphically, by factorization, by using a formula, or by completing the squares. In this

section a method of completing squares will be demonstrated below.



Example 3.6.1 Solve the following equation ax’ +bx+c=0 , using the method of

completing squares.

Solution: Take the equation

ax’ +bx +c =0 transpose c

ax’ +bx = —c  Divide by athrough out

x” + éx = -5 take the coefficien tof x,half it and square it and add it to both sides
a

2a da
2 J—
x+i: + b éiac
2a 4a
2 —
X+—-= iu solve for x
2a 2a
b b*—-4ac )
X =——* ————  to give you the formula
2a 2a
‘= —b++/b? —4ac
2a
—b+b* -4 —b—~b* -4
There are two roots or solutions such as x = b+b ac or x= b=vb ac . These

2a 2a

are the roots, zeros, or solutions of the quadratic equation ax’ +bx+c=0 [ solving

quadratic equation, you can use any method provided the method of solving is not given in

the question.



Example 3.6.2 Solve the equation 3x' —x=10 , using completing square method.

Solution: you set

) 1 10
X - —x = —
3 3
, 1 1)’ 10 1)’
X~ - —x + - — = — + - —
3 6 3 6
1\ 10 1
X - — = — —
6 3 36
2
[ x - 1—) = 120 =+ 1 take square root both sides
6 36
1 121
X _ —_— =
6 36
x - é_: * o solve for x
X = 1_—_{— L
6 6
x = 2 or Sl
3

5
The two roots are 2 or 3 If the method of solving is not specified in the question, you can

use any method and it will give you the same solutions.

Example 3.6.3 Find the two values of x that satisfy the following quadratic equation:

2 - . .
2x® +2x=4=10 I this equation, you have;
a =2, b=5 e =—<

—& * A JE — A
2ex

—5 .57 — 4020~
2 2

—5 25+ 32

x =

-5+

]
57
—
L 57
2

L Lh

=—-1.25+1.8%
x=—-1.25+1.82 , x = 0.&4
x=—-1.25-1.8%2, x=—-311



Relations between zeros and coefficients of the quadratic equations

If ¢ and g are roots of a given quadratic equation, then the standard form of a quadratic

equation is;
x* —(a+ f)x+af =0, and the general equation of a quadratic equation is ax” +bx+c =0,

you divide this later equation by a throughout, you get: x* + éx +£=0.0n comparing the
a a

two equations, you will get:
a+ﬁ:—é and ocﬁ:E
a a

Example 3.6.4 Without solving, form a quadratic equation whose roots are the squares of the

roots of the equation: 2x” +x—-6=0

Solution: Let o and £ be the roots of the given equation 2x” +x—6=0. You compare the

equation x* — (¢ + B)x + aff = 0, with the given equation with 1 as the coefficient of x7,
x +%x—3=0 and then you will have; a+ﬁ=—%, and off =-3.

25

Since (a + )’ =a’ +2af + 3, the sum of the roots for the new equation is & + f° = 2

and the product is, (af)* =9 . Therefore, the required equation is x> — 27er +9=0, which
is4x’ —25x+36=0.

3.7  Polynomials

3.7.1 Introduction A functions of the form f(x) =a x" +ax"" +a,x" > +...+a,_x+a,,
where a,, fori =1,2,3,...,n are constants and n is a positive integer. This is called a

polynomial function of order n. If you set f(x) =0, then we

2

havea,x" +ax"" +a,x"* +...+a, x+a, =0, this called a polynomial equation of order n.

If you have a function of the form: f(x)=3x" —2x’ + x +1 this is a polynomial of order 5.

And if you have an equation of the form 3x* —2x’ + x +1=0 this is a polynomial equation of
order 4. Note that a polynomial of order n has a finite sum of n terms. Our task on

polynomials is either to sketch if you have a polynomial function or solving for the



polynomials roots if you have a polynomial equation. To do this we shall begin by looking at
polynomial expression called algebraic expressions. We should look at how to divide

expression by another expression.
3.7.2 Division of algebraic expressions

Just as you divide any real number by another real, such as 345 divided by 34, you carried out

the operations as follows: 34 1342 this can also be done when dividing algebraic

expressions.

Long division: If f{x) is divided by d(x) and d(x) is non zero, and the degree of d(x)< the
degree of f{x), then two unique polynomials g(x) the quotient and r(x) the remainder exist, so

that:

éﬁ::i;: :g(x}+@

d(x)
Note - the degree of 7(x) is less than the degree of d(x).

Example 3.7.1

S+ x = 3x+ 2
r=2K+5

Sx+11
2 —Zx+ 5 }513 + x¥— 3x +2

(52 —10x%+ 252
11x* - 2Bx+ 2

-(11x2=22x+55)
—6x—53

Sx 4+ 2 —3x+ 2 —ix—53
=5x+11+

=-2x+5 —2x+5

2

- Sxsll=[ 9X+3I3
»—-—2x+5

Synthetic division: You can determine the quotient and remainder when an expression f(x) is

divided by a factor x-a, where a is a constant using a method called synthetic division.



The process of division for polynomial in x ( or any one letter) may be greatly simplified
when the divisor is in the form x — a. This process, known as synthetic division, will be

llustrated.

Example 3.7.2 Divide 5x° —14x +3 by x — 2 using synthetic division.

Solution: You write the coefficients of the expression as follows:

5 0 -14 3
2 10 0 12

5 10 6 @\
/ remainder

Coefficients of the
guotient

The procedure is as follows: after writing the coefficients of the expression, you find a, in this
case a =2. You write the division upside down, drop 5 the coefficient of the highest power,
multiply this by a, in this case by 2, write the answer under the next coefficient, add write the
answer below, in this case 10, multiply your answer by 2, write the answer, 20 under the next
coefficient, add, your answer is 6, multiply 6 by 2 and write your answer under the constant
3, add, you will get 15. The number 15 is the remainder, while your quotient is: 5x°10x + 6
and remainder 6. This is easier and faster in find the quotient and remainder, than the long

division.

3.7.3 The Remainder Theorem: If a polynomial f(x) is divided by (x-a), where a is any

constant, until a constant remainder independent of x is obtained, this remainder is equal to

f(a).
Example 3.7.2 Find the remainder when (2x*+3x+x) is divided by (x+4).
Fix)=22+3x"+ x is divided by (x+4)

If a polynomial F{x) 1z divided by {x-a),

the remander 15 ).

= (x+d)=i{x-a), . a=-4
F4)= 2047 + 3(-4)* + (-4)
=-128+45-4
= -84

the remanderiz — &4




The reader may wish to verify this answer by using algebraic division.

3.7.4 The Factor Theorem
(a special case of the Remainder Theorem) . If f(a) =R is zero , that is, a is a zero of f(x),

then (x—a) is a factor of the polynomial f{x).

The converse is true , that is, If (x-a) is a factor of f(x), then f(a) =R =0, and a is a zero

of £(x).

use the Factor Thearem to find factors of the function

Example 3.7.3
xamp flx)=r+3xt-x-3

choosing factors of the highest constant 3

1,-1,3,-3
S = +30° - (-3

=1+3-1-3=10 o (x-1) afactor
FED= 074300 (-1)-3

=—1+3+1-3=10 S(x+1) a factor
S =3 +3037-(3)-3
=2T+27-3-3=48 . (x—3) not a factor

FED= D+ 33 -(-3)-3
=-27T+27+3-3=0 . (x+73) a factor

4328 -x-3=(z-D){x+1)(x+3)

nb. thesign change ofthe constant F(5) = (x-5)

Fundamental Theorem of algebra: Every polynomial function whose defining equation is

f)=ax"+ax"" +a,x" 7 +..+a, x+a,
For n>1and a, # 0, has at least one (real or complex) root or at most n roots.

3.8 Inequalities:

Expressions involving inequality signs such as <, >, or <, > are called inequalities. These

type of inequalities do not demand one value as an answer but a set of values which will

satisfy the inequality.


http://www.a-levelmathstutor.com/polynomials.php

3.8.1 Linear Inequalities

Inequalities of the form (x—a)>0or (x+a) <0 are called linear inequalities. Our problem

is to find the set of values that satisfied the inequality.

Example 3.8.1 Find the solution set for the following inequality: (x+1)<0.

Solution: We solve the inequality as follows: (x+1)<0
x<-1

The solution set is {x x<-l,xe R}, this is written in set builder notation
3.8.2 Quadratic Inequalities.

Inequalities of the form ax’® +bx + ¢ >0 are called quadratic inequalities because they
involve quadratics. Inequalities of this form require you to factorize the expression on the left
hand side. After factorizing then you follows the following procedures in order for you get

the set(s) of values that satisfies the inequality.

Example 3.8.2 Find the solution set for the inequality x* +3x+2<0

Solution: You begin by factorizing the quadratic expression as follows;
X +3x+2<0
(x+2)(x+1)<0

To find the solution set of this inequality, you find the critical values of the inequality by
solving for x. In this case x =-2 or -1. You make a table showing the critical points as shown
below: Take a number in the given interval and substitute in the factor and write the sign in
the box as indicated, and the last row which is the product of the two factors will determine
the solution depending on the inequality given in the question. In this case, you want less that

or equal so your solution will be the interval with a negative in the last row.

x< 2 2 2ex=1 S |
x+1 - ) .
x+2 - + +
(x+2)(x+1) + - *

Diagram 3.8.1



The table above shows that the sets of point which satisfies the given quadratic inequality is

read from the last row, ie the shaded part, which is fx2<x<-LxeR},

Example 3.8.3 Find the solution set for the following inequality x—_i >2
X+

Solution. To find the solution set of this problem, you first transpose 2 to the left because you
cannot cross multiply since the denominator is a variable. Note that when you multiply by a
negative quantity the sign changes, so x is a variable and it can assume a negative number,

but you do not know for which values. You proceed as follows:

x__1>2

x+1

x—1

—=2>0

x+1

x—1—2UHJ)>O
x+1

x—1—2x—2>0
x+1

—x—3>0

x+1
x+3<0
x+1

Note the change of the sign from greater than zero to less than zero.

You now find the critical values of the numerator and denominator and proceed as example 1

given above. The critical values are: x =-3 and x =-1

x< 3 A I | 1 x=1
x+ 3 ) +
+
x+1 - - +
(xd3) - - "
{x+1)

Diagram 3.8.2



3.9 Binomial Theorem

Introduction: This section of work is to do with the expansion of expressions of the forms:
(a+b)", where a,be R, neZ". Pascal's Triangle and the Binomial Theorem give you a
way of expressing the expansion as a sum of ordered terms. You will also discuss expressions

of the form: (1+ x)", where x is a variable and n is a rational number or negative integers.

3.9.1 Pascal's Triangle

You know the expansion of the following:

(a+b)’ = 1

(a+b) = a+b

(a+b) = a’* +2ab+ b’
(a+b) = a’ +3a’bh+3ab’> + b’
etc

See the coefficients of the terms given in each of the expressions given above. The

coefficients follow the following patterns:

1
11

1 21
1331
14641
1 510105 1

Diagram X.9.1

The first line represents the coefficients for n=0. (a+b)’= 1 . The second line represents the

coefficients for n=1. (a+b)'= a + b. The third line represents the coefficients for n=2.

(a+b)’ =a’ +2ab+b*. The sixth line represents the coefficients for n=5.

(a+b)’ =a’ +5a*b+10a’b*> +10a°b’> +5ab* + b .

This is a method of predicting the coefficients of the binomial series is called Pascal triangle,
since the coefficients form a triangle. Coefficients are the constants(1,2,3,4,5,6 etc.) that
multiply each variable, or group of variables. Consider (a+b)" variables a, b, and n a positive

integer. The Binomial Theorem builds on Pascal's Triangle in practical terms, since writing



out triangles of numbers has its limitations. It is generally difficult to use Pascal’s triangle

for n greater than 6, hence the use of Binomial Theorem becomes necessary. For

example (a + b)*°, this would require you to tabulate the coefficients from 2 to 19 in order to
obtain the coefficients of (a + )™ . It is now necessary to state the Binomial Theorem which

will help you to expand expressions like (a + b)*. In using this theorem, you need to know

combinations and to appreciate this; a theorem may make it easy to follow:

Theorem: The total number of combinations of n objects taken r at a time C(n,r) is given by

!
the expression: C(n,r) = ﬁ . This formula is valid for positive valuesn € Z , also
n—r)r!

n 2 r always. This formula gives the coefficients of the Binomial coefficients. The following
notations are use for the formula given above. nl=n(n—1)(n—2)(n-23)....... 1, that is,
3=32.1=6, 2!=2.1=2, 1!=1, and 0!=1 by definition. Therefore,

S _ 5543,

=G m w21

Theorem: (The Binomial Theorem): For any positive integer n,
(a+b)' =C(n,0)a" +C(n))a"'b+C(n2)a" b +....+C(n,r)a" b +...+C(n,n)b"
where 'n' is the power/index of the original expression and 'r' is the number order. You can

immediately note the following properties of the expansion given above for any positive

integer n.

(1) The number of terms in any identity is n+1.

(2) The first term in the identity is a” and the last term is b"

(3) The exponent of a decreases by one and that of b increases by one from any term to the
next term, so that the sum of the exponents of a and b in any term is n.

(4) For the first term and last, the second and next to the last , the third and from the last ,

and so forth, terms of the identity, the coefficients are the same.

This is a way of finding all the terms of the expansion, the coefficients and the powers of the

variables.

(a+8)" = Cno)a" +(nha™ b+ X(nDa™ b +.... + (r)a™ b +...+ ()b’
/ / / /

Firse term Second term Third term {r+1)th term

Diagram 2.9.2



Our interest is generally to find the n™ term; all you need is to understand the equation given
above. Note that term 1 has the power of b zero and r = 0, second term has power of b as 1
and r = 1, third term has power of b as 2 and r = 2 etc. You can determine the n' term of the

expansion using this theory.

Example 3.9.1 Expand the expression (a +b)’. You proceed as follows:
(@+d) =a’+ Ca'b + ‘Ca'd® + ‘Ca’t + Cadt + &

s 51 543.2.1
C, = - -
(5-DI (4.3.2.11
e __ S 54321 54 20
-zl (32021 21 2
e S1 54321 54 20
f5-313 (20321 21 2
s 51 5.4.3.2.1

VTEoas 4321

(@+d)Y =a” + 5a'h + 102°8° + 102%° + Sab* + &°

Example 3.9.2 Write down (3x—2)’ as a Binomial expansion, using

(a+b)’ =a +C(5,)a’b+C(5.2)a’b> + C(53)a*h’ + C(5,4)ab* +b°

And the value of the coefficients from the previous , leta =3x, b=-2

(Bx—2)’ =(3x)’ + C(5,H(3x)*(-2) + C(5,2)(3x)*(-2)* + C(5,3)(3x)* (-2)* + C(5,4)(3x)(-2)* + (-2)°
(3x—2)° =243x" +5(81x*)(=2) +10(27x7)(4) +10(9x>)(—8) + 5(3x)(16) + (—32)

(3x—2)° =243x° —810x" +1080x° — 720x” + 240x — 32
Example: 3.9.3  Find the 15" term in the expansion of (3 +2x)

20

n
Solution: Using the general form ( Ja”"b’ , you know n =20, if you want the 15%

7

term, this means that » =14, a =3 and b =2x , substitute these values in the general form

as: 20 320—14(2x)14
14

20! 36 214xl4

N4

20.19.18.17.16.15.14!.36‘214.)(14
6.5.4.3.2.1.14!

19.17.8.15.3°.2M x™




This is the 15™ term of the given expansion.

16
Example 3.9.4. Find the term independent of x in the expansion of (x - l)
X

: n
Solution: You write the general term(

]a”"b’ , in this case you know the value of n as n =
-

16, you know the value of a as a = x and the value of b asb = 1 , but you don’t know r, so you
X

need to find r. You substitute these values in the general form and solve for r, then substitute

the value of r and you will find the term which will have no x.

16
x16—r (_ l)r
X

r

16

r

16

r

xl()—r (_ 1)r x—r

(_ 1)r x16—2r

But you want a term which has no x, that mean you set16 —2r = 0, because x° is 1. That

means 7 =8 . Now you substitute r in the general form and simplify as follows:

16 1)® 16716
g |CDx

16!
TR

16.15.14.13.12.11.10.9.8!
8.7.6.5.4.3.2.1.8!
13.11.10.9

12870

This is the 9™ term which is independent of x in the expansion.



3.9.2 The Expansion of (I1+ x)"

The above method of expanding expressions of the form (a+5)" is only used when n is a

positive integer. For negative powers of rational numbers and negative integer, this method

will not work. Instead we use the form:

nx n(n—1)x* N n(n—1)(n-2)x’

A T 2 3

F e For ne Z and Q This

series is valid in the region |x| <1. You will be expected to write this series generally up to

including the x3, and write the region where this series is valid.

Example 3.9.5 Write the expansion of the expression+/2 —3x , and write the region where

this expansion is valid.

1
Solution: This expression can be written as: (2 —3x)?, so we can compare this expression

with the form given above. That means we write it in the form; (1+ x)" and compare, and

1 1
what you see is that (2 —3x)? can be written as; [2(1+ (—%x)]2 Now we can compare as:

3 1 . . )
X = —Ex ,and n = E and substitute these in the expression

n(n—-0x* nn-1)(n-2)x°
2! i 3!

1+x)" =1+ nl_)'c + F reenn and this is what we get; so using

x=—§x and n=l we have
2 2
11 11 1
3 L 1 5(5—1) 5(5—1)(5—2)
21+ (-2x)]2 =+2[1+—x+ X X F o, ]
2 2 2! 3!

1
[2(1+ (—%x)]2 =2[1+ %x—%xz +%x3 e ] This series is valid in the region

<1

3
—X|
2

which implies |x| <§



Exercise 3

1. Solve the following quadratic equations by factorization method.
) x*—4x-12 =0 (i) 3x*+5x-12 =0
(iii) 34x—-1)Y+1 =16 (iv) (x-2)y =-4
2. Use the method of completing the squares to solve each of the following equations.
(1) x*—10x +24 =0 (i) 2x*+12x+5 =0
(iii) 3x2+12-2 =0 (iv) x*-3x=-1
3. Without solving the equation, determine the nature of roots of the following
equations.
(1) 4x* +20x+25 =0 i) x*+4x +7 =0
(i) 16x? = 40x —25 (ivy 2x*+5+7=0
4. If o and B are the roots of the equation x> —4x + 2 = 0, find the value of :
) é+% ()  (a+1)(B+1) i) ol+p?

1,1
al+1  pP+1

(iv) o’B+ap® (V) (a-B) (VD)

5. If o and B are the roots of the equation x*>—4x +2 = 0, find equations whose
roots are; (i) a + 3 , B + 3 (i1) a+33,p + 3a
6. (a) Find two numbers whose sum is 16 and whose product is a maximum.

(b) A man with 180m of fencing wishes to fence off an area in the shape of a
rectangle. What should be the dimension of the area if the enclosed space is to be as

large as possible?
7. For each of the following functions, find the maximum or minimum point and value.
Sketch the graph

(i) fx) = x> +6x+5 (i) fix) = x> +x-6



(i) fx) = 22+ 5x— 12 Gv)  f() = 22+ 11x— 15
(iv) f(x) = -3x>+5x—4

8. Suppose that the equation p(x) = —2x> +280x — 1000 , where x represents the number

of items sold, describes the profit function for a certain business. How many items

should be sold to maximize the profit?

9. The height of a projectile fired vertically into the air ( neglecting air resistance) at an

initial velocity of 96 feet per second is a function of time x and is given by the equation
f(x) =96x—16x". Find the highest point reached by the projectile.
10. Find the value of k so that the equation:
(i) 2x* +kx—15=0 has one root =3

(i) 3x* + kx —2 = 0 has roots whose sum is equal to 6

(iii) 5x* —8x +k =0 has roots whose product is equal to %

(iv) 3x* —5x +8 = kx has roots numerically equal but opposite in sign.

11. (a) Find the range of values of k so that the equation:
(i) 3x* —4kx + k = 0 will have real roots
(i) kx* + 43x + k =1 will have imaginary roots
(b)  Find the range of values of k or value of k so that the graph of the function

where y equals:

(i) 3x* —9x+k will touch (have its vertex on ) the x axis.

(i) x* + 2kx + % —k will not intersect the x axis’

(iii) 4x* + 4[2kx + k +3 will intersect the x axis inn two real points.

12. Find the remainder when
(@ S5+6x+7x—x3 is divided by x +2
(b) 6+ 7x*—15x+4 isdividedby x-—1
() x*-3x*+2x%+5 is divided by x—1
(d  8*—-10x>+7x+3 isdividedby 2x-—1

(e) 9x3 + 4 is divided by 3x+2



13.

14.

Factorize the following polynomials

(a) 6x3 —5x*—17x+6
(b) 2+ TP 17x2-Tx+ 15
(c) 6x* +31x3 +57x% + 44x + 12

By using Synthetic Division, find the quotient and remainder when
(@ x*-2x*-3x2-4x-8 isdivided by (i) x—2 (i) x+1

(b) X +3x2-2x—5 isdivided by () x+2 (i) x-3

15. Show that x +yisa factorof x’+y> and x’+y’. By using synthetic division, find

16.

17.

18.

19.

20.

21.

22.

the quotient in each case.

Factorize the polynomial x* — 3x? + 4x + 12. Hence calculate the ranges of values of x

for which x3 —3x% > -4x—12.

Factorize the expression 6x° — 7x?> —x + 12. Hence calculate the ranges of values of x

for which 6x3 —7x* > 12 —x .

Given that (x+2) isa factor of 2x*+ 6x? + 6x — 5, find the remainder when the

expression is divided by (2x—1).

The expression 3x> +2x?>—bx +a is divisible by (x— 1) but leaves a remainder of

10 when divided by (x+ 1). Find the values ofa and b.

The expression 6x> —23x? +ax +b gives a remainder of 11 when divided by (x—3)
and a remainder of —21 when divided by (x + 1). Find the values ofa and b and
hence factorize the expression.

1

Find the first four terms in the series expansion of (1 — —)E in ascending power of x.
X

The series expansion of (1+ px)?in ascending powers of x has coefficients -10 and 75

inx and x* terms respectively.

(a) Find the values of p and q

(b) Find the coefficient of the x*and x*terms in the expansion

(c) State the set of values of x for which the series is valid.

23.

Expand the following up and including the term x’



3
(a) (1+2x)2 (b) N4 +3x (c) IL
- X
24. Find the 15" term in the expansion (x — %)20 . Hence find the tem independent of x.
X

25. Find the values of x for which the following inequalities are satisfied:

(1) 3x-7>0 (i) 5x-3<8x-12 (iii) x*+2x>99

X —

2 >0 (vi)

(iv) X +2x+4>0 (V)
x—5 x—2



Unit 4 Logarithm and Exponential functions

4.1 Introduction

This unit introduces special functions which plays major roles in calculus. It shows the
connectedness of these two functions which would help you when navigating from one base
to the other. Graphs of these functions are explored and show how these functions can help

certain types of equations.

4.2 Objectives

Upon completion of this unit you will be able to:

= Graph logarithms or exponential functions

= Solve equations involving logarithms and exponentials

= Apply laws of logarithms in solving logarithmic equations.

4.3 Exponential function

A function of the form f'(x)=e" where x is real and a is a positive constant is called an
exponential function. The word “exponential” comes from the word exponent, which is
another word for “power’ or “index’. So for an exponential function f(x)=e",x € R, the

variable x is call the power , or the index, or the exponent. For a =2, 3, etc, you can see how

the graph of each of these functions look like.

f@=1
f@=2"
1
:—-.f——f:ff
U X
Figure 4.3.1

The Natural Logarithm function

The graph of the function f(x)=e",x € R s as follows:



L

Figure 4.9.2

You can see that this function is one-to-one. So it must have an inverse. To find the inverse

function, write x = ¢”, and try to make y the subject of the equation. In the expression e, e

is called the base and y is called the power, or index or exponent. A fourth name for y is the

logarithm. So the expression x =e” can be interpreted as meaning that y is the logarithm of

the number x in the base e. We write this as y = log_ x or more usually as y =Inx.
Logarithm in base e is usually called natural logarithm.

The function g(x)=Inx,x >0, is the inverse of the function f(x)=e",x € R, thatis

g = f"", and the graphs of f and its inverse are shown below:

¥

A=

Figure 4.9.3

These are the graphs of ¢ and of Inx. You can see that the graph of y =Inx is the

reflection of the graph of y=¢" intheline y=x.

4.4 Logarithms

You have seen in the section above that the word power, index, exponent, and logarithm are

synonymous: they are four different words to describe exactly the same thing.

power
eiponent
Index nEmber
legarithms *\-\.\_\_\_\_‘ ./’
a’ =h

/,"

base

Diagram 4.9.1



In this module use the word “logarithm” and take the base to the positive (a >0), and the

graph will look like:

Figure 4.9.4

Now the statement b = a° reads ‘the number b is equal to the base a raised to the logarithm
c’. another way of reading the statement is ‘c is the logarithm of the number b to the base a’.

What this means that you can express an exponential form into logarithm and vise-visa. That

is, a° =b < ¢ =log_b. This is a very useful relationship between exponential and logarithm
when changing bases of logarithms.

Laws of logarithm

1. log, MN =log M +log N

- M - - -
2. log Vo log, M —log N

3. log" =nlog"”

4. log! =1

5 log, 1=10
Example 4.4.1 Find x if log}’ = x
Solution: You write this in exponential form: log, 32 =x < 2" = 32 this the same as
& 2" =2°, by inspection you have x =5

243

Example 4.4.2 Find the value of log;

Solution: This can be written as: log, 243 = log, 3° = 5log,3 =5



Example 4.4.3 Simplify log_4 + 2log_ 3 +log, 3* —log_6

Solution:: This can be written as:

498

log 4 +log, 23" +log, 9 —log_ 6=log, = lc-gﬂ% =log_54

Equations of the form a* =5

Although you can solve equation such as 3* =9, 4 =64, and so on, because the value of x is

an integer, in general you cannot solve such equations by inspection. It is time consuming to

find a solution to 5 =67 by trial and improvement. The standard method of solving such

equations is by taking logarithms with suitable base.

Example 4.4.4 Solve the equation 2(5°")-5" =6

Solution: In solving such equations, you let z = 5" and your equation becomes 2z> —z =6

Which is a quadratic equation and when you solve this equation your solutions are z = 2,——.

You ignore the negative since there is no logarithm of a negative number. So you use z = 2,

from this value you can find the value of x as follows: z = 5" implies 2 = 5" taking logarithm

to base 5 will give you x = log, 2

Exercise 4

1. Solve the equations

(@ 57 =43 (b) 477 =7 (c) 25" =5""-6 (d) 2e*+2e " =5
(e) 2(3*)-93")+4=0() 4™ +48=4"7 (g 27" =3(2")-1

2. Find the values of x for which log}—2log’ =1

3. Solve the equations

a)log.(2— 3x) = log(éx® — 16x + 2) (b) logi+4log’ =5
3 3 g g



4,

(i)

(1) Find the values of x for which 2In2x—61In2 = In(x - 3)

Given thatx +y=2 and 3" =4’ Show that x = % ,and findyina
n

similar form.



Unit 5 Matrices

5.1 Introduction

This unit begins by reviewing basic operations of matrices; these are addition, subtraction,
and multiplications of matrices. The ‘O ‘level knowledge of matrices is extended from a 2x2
matrices to a 3x3 matrices. The unit discusses determinants, transpose, and inverses of a 3x3
matrices. Lastly, the unit explores the methods of solving systems of equations using

matrices.

5.2 Objectives

Upon completion of this unit you will be able to:

] Add, subtract, and multiply matrices
] Find the inverse of a matrix
] Solve systems of equations using matrix methods

53 Operations on matrices

A matrix is an array of numbers arranged in rows and columns, such as

3 4 -2
2 3
, |-1 0 3 or
0 -1
2 1 2 3

Such an array of numbers is called a Matrix. The numbers such as; 2, 3 for first one are called
the elements or entries of the matrix. The horizontal line 2 , 3 are called rows while the
vertical line are called columns. In general, if a rectangular array has m rows and n columns,
you call it an m x n matrix. Therefore the matrix given above is a 2x2 matrix, it means it has
two rows and two columns. The number of rows is stated first, followed by the number of
columns. Then you have the first matrix a 2x2 matrix, the second as a 3x3 matrix and the last

one is a 3x1 matrix.

5.3.1 Basic properties of Matrices

You use capital letters to denote matrices, and you enclose actual matrix in square brackets.
Definition: Two matrices A and B are equal if and only if :

(1) The two matrices have the same number of rows and columns

(i1) Their corresponding elements are equal.



Definition: The sum of two matrices A and B denoted by A + B, is the matrix such that each

of its elements is the sum of the corresponding elements of A and B.

2 3 1 2
Example 5.3.1: If 4= , B= , find A + B.
1 5 0 4

1+0 5+4

241 3+2
Then A+ B= |

35
= { 9} with the definition of any operation, you can now think

of the possibility of an “identity matrix” of the operation addition.

Definition: If all of the entries of a matrix are zeros, the matrix is called the zero matrix, and

is denoted by O.

0 0
{0 0} That is A+O = A for any matrix A. Furthermore, there is the inverse matrix

with respect to addition called the negative of A and denoted by —A, such that A +(-A) = O.

Note that you can only add matrices of the same size or matrices of the same order.

Definition: The product of a scalar k and a matrix A , denoted by kA, is the matrix in which

2 3
each entry is k times the corresponding element of A. For example, if 4= L 5} , then

4 6
24= . Where k = 2.
2 10

Definition: The product of two matrices A and B is the matrix AB whose entry in the i row
and j™ column is the sum of the products formed by multiplying each entry in the i" row of A
by the corresponding entry in the j column of B.

32-1 02
Example 5.3.2 If 4= [1 5 4 } andB=|1 3 |, find AB and BA

5-2

Solution: You can multiply matrices if they are of the same order, or the number of elements
of the rows of the first matrix is equal to the number of elements of the columns of the second
matrix. For instance, a 2x3 matrix can be multiplied by a 3x3 matrix and the product will be a
2x3 matrix. In this example you are multiplying a 2x3 matrix by a 3x2 matrix and the product

will be a 2x2 matrix.



0 2

3 2 _1 Ax0-+2x1H-1)x5 3x2-+2x3H-1)x(-2)
1 3 - 1x0+2x1+4x5 2+32 2

1 2 4 ) ) xHIxl+4x 1x2+2x3+4x(-2)

-2 14
- 22 0

Note that matrices are not commutative. 4B # BA
54 Determinant of a matrix

You may have learnt how to find a determinant of a 2x2 matrix a ‘O ‘level mathematics. In
this section you will learn how to find the determinant of a 3x3 matrix. Note that determinant

can only be found in a square matrix. You cannot find a determinant for a rectangular matrix.

If a matrix A= [a

b
]be a 2x2 matrix, the determinant of A,
c

writtendet 4 = 4| = J= ad —bc

a b
c

To find the determinant of a 3x3 matrix is not as easy as this one. Take for example a general

a b c a b c
o e fl |d f| |d e
3x3 matrix like B=|d e f |,then |B|=d e fl=a -b +c
. Ao i g i) (g A
g h i g h i

The 3x3 matrix is decomposed in determinants of 2x2 matrix which you can easily evaluate

each of the 2x2 matrices and add the to find the determinant of a 3x3 matrix.

1 2 4
Example 5.4.1 Giventhat A=|-1 3 0, find |4].
0 1 5
1
4|=]-1 3 o<1 9o " Yia! 3:1(15-0)—2(—5—0)+4(-1-0)
1 5] “lo 5 o 1
0 1 5
Solution: =15+10-4

=21

That means the determinant of A is 21.



5.5 Transpose of a Matrix

If you have a matrix and take its first row and write this as the first column, then take its
second row and write this as the second column, and so no, the resulting matrix is called the

transpose of the first matrix.

2 1 2 2 1 1
If A=| 1 4 6|, then the transpose of A, written 4" =1 4 -1
1 -1 2 2 6 2

5.6 The inverse of a matrix

Just as you were able to find inverse of functions, you learnt that a function has an inverse if
and only if the function is 1-1. Also here, the inverse of matrix exists if and only if the
determinant of the matrix is non zero. Note that you can only find an inverse of a square

=In

matrix. You will write the inverse of a matrix A as” 4

Definition: An inverse of matrix A is defined as:

A = L adjoint.A" .
4
Read ad joint A matrix transpose divided by the determinant of A. What you need to learn is
how to find this ad joint matrix which has to be transposed. This ad joint matrix is a matrix of
co-factors called minors which will be demonstrated here on how to get it. A general

approach will be used here on how to get the ad joint matrix.

Take for instance the matrix

a b c
A=|d e f
g h i

The minor of this matrix are: a,, reads the element of the first row and first column, q,,,
reads the element of the first row and second column, a,,, reads element of the second row

and first column, and so on.

Therefore, the minors are computed as follows:

=df —eg

. d f| .
=ei—fh a,= |=di—fg ap; =
g i A



C ) a ¢ . a b
a,, = . =bi—ch a, = ¢ i =ai—cg Ay g h =ah—bg
b ¢ a c a b
a; = fzbf—ce ap =, fzaf—cd ay =, e_ae_bd

Now you impose negative positive to each of these minors stating from a,, as positive and

write them 1n as matrix as shown below:

(ei—fh) —(ai—cg) (bi—ch)
AdJ.A=|—-(bi—ch) (ai—cg) —(ah—bg) | Thisis the ad joit matrix A

(bf —ce) —(af —cd) (ae—bd)

(ei— fh)y —(bi—ch) (bf —ce)
Adjoint A" =| —(ai—cg) (ai—cg) —(af —cd)
(bi—ch) —(ah—bg) (ae—bd)

Therefore,

(ei—fh) —(bi—ch) (bf —ce)
A7 =%Adjoint A'= % —(ai—cg) (ai—cg) —(af —cd)
| | | | (bi—ch) —(ah—bg) (ae—bd)

1 2 4
Example 5.6.1 Let 4= -1 3 0], Find the inverse of A.
0 I 5

Solution: You find the determinant of the matrix A.

1 2 4
3.0 -1 0 [-1 3
l4=-1 3 o=1" -2 +4 =15+10-4=21
15 jo 5 o 1
0 15
|4 =21
30 -1 0 L
a,, = = a,, = = a,, = =-—
11 1 5 12 0 5 13 0 1
2.4 1 ‘ LA e
a, = =10—-4 = a,, = = a,, = =-—
21 1 5 22 0 5 23 0 1




> 4 12 b4 4 ! 3+2=5
a = = — a = = — a = = =
31 3 O 32 _1 O 33 _1
15 -6 -12
AdjiA"=| 5 5 -4
-1 -1 5
15 -6 -12
Therefore, A~ = % 5 5 -4
-1 -1 5

Note that 47'4=1
5.7 Simultaneous equations

You came across simultaneous equations in two equations in two unknown in junior
mathematics and solved these equations using; elimination method, substitution method, and
graphical methods. In this section you will learn how to solve systems of equations in three

equations in three unknown using matrix methods. Two methods will be demonstrated here;
(a) Inverse Method

In this method you will use the fact that A™'4 = I in solving system of equations. To do that
you need to express the system of equation in the matrix form like AY = B. Where A is the
matrix of the coefficients of the variables, Y is the column vector of the variables and B the

column vector of constants.

Given a system of equation as:
ax+by+cz=m
dx+ey+ fz=n
gx+hy+jz=p
You can express this system of equation in matrix form as;
AX =D where the matrix A is
a b c X m
A=|d e f|, X=|y|,and D=| n | and your system of equation can be
g hJ z p

written as:



a b c\x

m

d e f | y|=|n|.Youcan solve this system of equation using either Inverse of
g h jhz) \p

a matrix or using crammers’ rule.

(a) Inverse of a matrix method

You need to find the determinant of the matrix A, and get its inverse 4", and using the

relationship 4™' 4= I, you will be able to find the values of x, y, and z.

Example 5.7.1 Solve the following system of equations using inverse of a matrix method.

2x+y—z=1
x+3z=2
-3x-y+z=-1

Solution: You write this system in matrix form as: 4Y = B

2 1 -1Yx) (1
1 0 3|yl=l2]
3 -1 1 )\z) |-1

2 1 -1 x 1
Where A=| 1 0 3|,X=|yl|l,and D=| 2
-3 -1 1 z -1

There |A| = -3, you can verify this value.

You now find the adjoint matrix of co factor minors:

0 3 3 1 3 10 1 0 .
a, = =3a = a, = =—
Tl P30 B3 -1
1 -1 2 -1 2 1
e T e N = U T
1 -1 3 -1 . 2 1 |
a,, = =30, = = Arn = —
31 0 3 32 1 3 33 1 0
Therefore, the ad joint matrix transpose is;
3 0 3 3 0 3
Adj.A" =| =10 -1 -7, therefore, 4™ _ 1L -10 -1 =7| (2

-1 -1 -1 -1 -1 -1



Multiply (2) to (1)

30 32 1 -I)x 3 0 31

L—10—1—71 0 3y=i—10—1—72

-1 -1 -1\-3 -1 1)z -1 -1 -1)-1

The left hand side of the equationis A4 =1

0 0Yx 3 0 3 1

1 0y :% -10 -1 =71 2

0 1)\z -1 -1 =-1)\-1
1 0 O 0
01 0fy|=-t|-5

-3
00 z -2
X . 0 )
.. ) 5

=——| —5 |This implies, x =0,y ==,z =—
y 3 . p y 32 3
- _

(b) Using Cramer’s rule

You can solve the same equation using crammer’s rule, where you use determinants only.

a b c\x) (m a b ¢

Take the general form |d e f | y|=| n |, in here you take your 4=|d e f |and
g h jhz) \p g hj

|4

, define the following determinants as follows:

m b c a m c¢ a b m
|A1|=nef,
p h j g p J g h p

A2| =d n f|,and |A1| =|d e n| Thatis you replace the i" column

by D. Then your x, y, and z values are found by:

x=@, yzﬁ,and z=M
|4 |4 ||

Example 5.7.2 Solve the following system of equations using inverse of a matrix method.
2x+y—-z=1
x+3z=2
-3x—-y+z=-1



2 1 —1\«x 1 2 1 -1
Solution: This system is oftheform | 1 0 3 | y(=| 2 |and 4= 1 0 3
-3 -1 1 )\z -1 -3 -1 1

We know |A| =-3 and you find the determinants of the 4.

I 1 -1 2 1 -1 2 1 1

l4]=]2 0 3]=0 4,[=]1 2 3|=-5 |4|=/1 0 2|==2
-1 -1 1 -3 -1 1 -3 -1 -1
Therefore, using Cremer’s rule the solutions are:
A A - Al -
ekl oo el =5 s Al -2 2
|4 -3 |4 -3 3 l4 -3 3
Exercise 5
1. Evaluate
-7 6 -9 2 -8 -7 -9 3
(a) + (b) +
-5 4 1 -3 -5 4 4 -9
1 -3 2 2 -3 6
( A | I d 2 4 5
¢) 0 -6 3 (d)
0O 0 -2 -1 0 -5
2. Find the inverse of
2 1 -5 2 21
-3 2
(a) 17 (b) 1 0 -2 (c) 4 1 5
0 0 3 -1 17
2 -1 3 1 2 4
3. Given that A=|1 4 -7 and B=| 3 1 -2
0 6 -3 -1 1 3
find (a) AT (b) BT

Hence find (¢) (AB)T (d) (BA)T

4. Solve the system of equations.



(a) 4x + 3y + 5z =11

9x + 4y + 15z = 13

I
N

12x + 10y — 3z
(b) 5x + 4y +2z =16
7x — 8y + 3z = —45
x + 6y —4z =16
5. Solve the system of equations

(a) Using matrix method.

(b) Using Cramer’s rule.
) x+y+2z-2=0 (i) x+y+z=2
-3x+y+2z-1=0 x+2y+3z=6

6x+2y+z+4=0 3x+2y-z=-4






Unit 6

6.1

Differentiations

Introduction

This unit begins with the background of the development of calculus by Isaac Newton (1642-
1727) and Gottfried Wilhelm Leibniz (1646-1716). Their investigation on the slope of a

tangent on curves at a given point and finding the areas of irregular shapes in a plane gave

birth to differential and integral calculus respectively.

The unit also gives an overview of the linkage between pre calculus mathematics with

differential calculus just to show you that differential calculus is not independent of pre

calculus mathematics.

6.2

Objectives

Upon completion of this unit you will be able to:

6.3

Explain how differential calculus was developed

Find the limit of a function as x approaches a given number

Apply rules

of derivatives

Find derivatives of a function from first principles

Apply differentiation to curve sketching

Find maximum and minimum of the curve

Apply derivatives to tangents and normal to curves

Apply derivatives to related rates of change

Back ground

Historically, the development of calculus by Isaac Newton (1642-1727) and Gottfried

Wilhelm Leibniz (1646-1716) resulted from the investigation of the following problems:

(@)

.

T
o

f__.-fi"=f(7";|

'_,_-f‘ Tangent

v

P

-

(a) VWhat iz the glope of the tangent line T
Figure 6.3.1

Finding the

tangent line to a curve at a given point on the curve



(i1) Finding the area of a planar region bounded by an arbitrary cure

Y

(E) W'hat is the area of the regon R
- Figure §3.2

The tangent line problem might appear to be unrelated to any practical applications of
mathematics, but as you will see later, the problem of finding the rate of change of one
quantity with respect to another is mathematically equivalent to the geometric problem of
finding the slope of the tangent line to a curve at a given point on the curve. It is precisely the
discovery of the relationship between these two problems that spurred the development of
calculus in the seventeenth century and made it such an indispensable tool for solving

practical problems. The following are the few examples of such problems:

. Finding the rate of change of a bacteria population with respect to time

. Finding the velocity of an object

. Finding the rate of change of a company’s profit with respect to time

. Finding the rate of change of a travel agency’s revenue with respect to the

agency’s expenditure for advertising.

The study of tangents-line problem led to the creation of differential calculus, which relies on
the concept of the derivative of a function. The study of the area problem led to the creation
of integral calculus, which relies on the concept of the ant-derivative or integral, of function.
Both the derivative of a function and the integral of a function are defined in terms of a more

fundamental concept called — Limit.
What is Calculus?

Calculus can be referred to as a “ Limit Machine” that involves three stages. The first stage
is pre-calculus mathematics such as the slope of a straight line or area of a rectangle. The
second stage is the limit process and the third stage is new calculus formulation, such as

derivative of integral.



Driffereniial & Integral
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’V Limit Process
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| Pre-Calculus Mathematics

DHagram 6.3.1

Students who learn calculus as a collection of new formulas, and reduce calculus to the
memorization of differentiation and integral formulas miss a great deal of understanding and
lacks self confidence and satisfaction of the subject matter. As a result they may not
appreciate the applications of calculus in modeling real life situations in economics, business
and engineering. In this text, our goal is to learn how pre calculus formulas and techniques

are used as building blocks to produce the more general calculus formulas and techniques.

Pre calculus Mathematics With Differential calculus
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Curvature of a circle
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Instantaneous rate of change at t=a

Curvature of a curve
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Maximum height of a curve
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Tangent plane to a surface
Direction of motion along
A curved line.

Figure 6.3.3(b)

These are some of the examples of pre calculus formulas required to understand differential
calculus formulas. In the study of calculus, what happens to the value of a function as the
independent variable gets very close to a particular value is very important. We came across
this concept in the introduction where you zoomed in on a curve to get an approximation for
the slope of that curve. This lead to the theory of limits and continuity as x approaches a

particular number or approaches a number from either the left or right.
6.4

Limits

In this unit you will learn how to take limits. As consecutive points, given by the terms of the

1 . .
sequence 2 —— as shown on a number scale, it is noted that they cluster about the point 2.
n

o
|
]

. PR T —
2

il 2 =
0 >
DHagram 6.9.1

In such a way that there are points of the sequences whose distance from 2 is less than any

pre assigned positive number, however small. In this unit we shall be interested in the limit of



a function. Let x — 2, then f(x)=x" — 4 as limit. Under this assumption, we say “the

limit , as x approaches 2, of x* is 4” and write limx* =4

x—2
Right and Left limits: as x — 2 over the sequence given above, its value is always less than
2. We say that x approaches 2 from the left and write x — 2~ . Similarly, as x — 2 over the

given sequence 2 + l, its value is always greater than 2. We say that x approaches 2 from the
n

right and we write x — 2" . Clearly, the statement lim f'(x) exists implies that both the left
lim f(x) and the right limit lim f(x) exists and are equal. However, the existence of the

X—a

right (left) limits does not imply the existence of the left ( right) limit.

Example 6.4.1 The function f(x)=+v9—x> has the interval —3 < x <3 as domain of

definition. If a is any number on the open interval —3 < x <3, then lim+/9 — x° exists and is

xX—a

equal to V9 —a” . Now consider a = 3. First , let x approaches 3 from the left, then

lim v9—x? = 0. Next, let x approaches 3 from the right, then lim V9 — x> does not exist

x—3" x—3"

since for x>3, Y9 — x” is imaginary. Thus, lim+/9 — x> does not exist.
x—3

Theorems: The following theorems on limits are listed for future reference.

1. Iff(x)=c, a constant, then lim f(x) =c¢
If lim f(x) = 4 and lim g(x) = B, then

2. limk.f(x) = kA, k being a constant

3. m{f(x) £ g(x)] =1lim f(x) Flimg(x) = A+ B

4. lim[f'(x).g(x)] = lim f(x).lim g(x) = 4.B



lim £(x)
limZ &) _ ot A g
wag(x) limg(x) B

6. limy//(x) = 4lim / (x) = 14
These results may be very useful in the next sections.

6.4.1 Limits as x Approaches a Particular Number

Sometimes, finding the limiting value of an expression means simply substituting a number

directly in the function..

Example 6.4.2 Find the limit as ¢ approaches 10 of the expression P = 3¢+ 7.

Answer , We write this using limit notation as: lim(3¢ + 7)

t—10

In this example there is no complication - we simply substitute and write 1irlré(3t +7=37

t—

There is no complication because f{f) = 3¢ + 7 is a continuous function. But there are cases

where we cannot simply substitute like this.

Example 6.4.3 We know that x cannot equal 3 in the following expression (because we

x*=2x-3

cannot have a denominator equal to zero): f(x)= 3

However, we can see that the function approaches a particular value as x approaches 3 from

the left:

fx) 3.5 3.6 3.7 3.8 3.9

Continuing, we get closer and closer to x = 3:

X 2.9 292 1294 [296 (297 (298 [2.99



http://www.intmath.com/Functions-and-graphs/7_Continuous-discontinuous-functions.php

fix) |39 392 394 (396 |3.97 |3.98 |3.99

X 3.5 3.1 3.01 3.00001
fx) 4.5 4.1 4.01 4.00001
Table 6.9.1

Likewise, approaching x = 3 from the right gives the same limit value: We note that the

2
. . . . . xT=2x-3
function value is getting closer and closer to 4. We write: lim———— =4

x—3 X — 3
NOTE: We could have evaluated this limit by factorizing first:

CAUTION: The factorizing process is only possible in this example because we have:

x # 3. This is a typical problem in the study of introductory limits. It appears to be a bit
trivial , in that we could have factored it, cancelled and substituted x = 3 like we just saw. But
the example is important for the concept that there is no actual value of the function when

x =3, but if we get really, really close to 3, the function value is really close to some value (4,

in this case).

Note that if you get the form % when you substitute directly in the function, this form is

called indeterminate, means you cannot determine the limit , so you use factorization method

to cancel one of the zeros, generally the zero in the denominator but not always.

2 f—
Example 6.4.3 Find the limit lim 2x 25
=5 x7 +x-30

Solution Although the limit in question is the ratio of two polynomials, x = 5 makes both the

numerator and denominator equal to zero. We need to factor both numerator and denominator

as shown below. o L=Dx )
] @[5)(;; + &)



Simplify to obtain

_ fim (x+ 50
F=3 B

10
11

2
b

Example 6.4.4 Find the limit liIIll N
=1 x —

Solution If you substitute x = -1 directly in the function, you will get % and this form is

called indeterminate, meaning you cannot determine the limit of the function as x approaches

-1.

So we factorize the numerator and simplify the expression and then take limit.

2_ p—
TN 1 - lim (x =1)(x+1)
P>l oy — 1 K1 (x = 1)

. oxt -1 = TDix+D
litn = lim
=1l x—1 1 Lf—/]_)

lim (x +1) = 2

6.4.2 Limits as x Approaches Infinity

When taking limits as x approaches infinity, written as; lim f(x), and we find the form O%O

this form is also indeterminate. In this case we cannot factorize into factors as shown in the

two examples above, what we need to do is factor out the highest power of x, and use the fact
. (1
that lim| — |=0.
X—>Fo0 X

Example 6.4.5 Find the limit lim(5 = 3%
0 6x +1

).
Solution: This time it is not so obvious what the limit value is. We could substitute larger and

larger values of x until we could see what was happening (try 100, then 1000, then 1000000

and so on). Or, we could rearrange the expression and use the fact that lim(lj =0,to find

X—>00 X



the limiting value. We divide throughout by x to get the expression in a form where we can

evaluate it.

. . . . 5-3x )
Notice that we cannot substitute oo into the fraction [6 lj’ because this does not make
X+

5—3(0)

mathematical sense. Please do not write
6(0) +1

J . It has no meaning

2
Example 6.4.6 Find the limit lim#
oo 4y +2x -1

Solution . Factor x ? in the denominator and simplify.

i sz:é 1
;’*’(4+;—?)

As x takes large values (infinity), the terms 2/x and 1/x ? approaches 0 hence the limit is

3

x—1

Example 6.4.7 Find the lim—; 3
+

X0 2x

Solution . Factor x ? in the numerator and denominator and simplify.

1 1
sz(;—x—g)
e (2+%}.



As x takes large values (infinity), the terms 1/x and 1/x? and 3/x % approaches 0 hence the

limit is

6.5 Differentiation

Introduction. In this unit we begin by introducing the concept of differentiation using the
concept of slope of a straight line. This will be developed to derivative of a function from
first principles which illustrate the ideas of limits which we discussed in the previous unit.
Then we will discuss differentiation of functions using basic rules, and finally we shall
discuss some examples of the applications of differentiations in economics and businesses.
Differentiations can also be applied in areas such as: Temperature change at a particular time,
Velocity of a falling object at a particular time, Current through a circuit at a particular time,
Variation in stock market prices at a particular time , Population growth at a particular time ,

Temperature increase as density increases in a gas .
4.5.1 The Slope (gradient) of a Tangent to a Curve (Numerical Approach)

Since we can model many physical problems using curves, it is important to obtain an
understanding of the slopes (gradient) of curves at various points and what a slope means in
real applications. Remember: We are trying to find the rate of change of one variable
compared to another. In this section, we show you one of the historical approaches for
finding slopes( gradient) of tangents, before differentiation was developed. This is to give
you an idea of how it works. Before we proceed, let look at a numerical example given below

just as a motivation into this unit.

Example6.5.1 Find the slope (gradient) of the curve f{x) = x? at the point (2,4), using a

numerical method.

Solution. We start with a point O(1, 1) which is near P(2,4):

Figure 6.5.1



y2_y1=4 1=3

The slope (gradient) of PQ is given by: m = -
x,—x 2-1

Now we move Q further around the curve so it is closer to P. Let's use Q(1.5,2.25) which is

closer to P(2,4):

q¥
5 f
4]
3
] (1.5, 2.25)
z
13
,,,,,,,,,,,,,,,,,,,,, kY
2 1 a o4 2
Figure 6.5.2

Y,—y _4-225 35

The slope (gradient) of PQ is now given by: m = =
xX,—x, 2-15

We see that this is already a pretty good approximation to the tangent at P, but not good

enough.

Now we move Q even closer to P, say (0(1.9,3.61). Now we have:

P (2. 4)
(1.9, 3.61)

So m= =



We can see that we are very close to the required slope (gradient). Now if Q is moved to
(1.99,3.9601), then slope PQ is 3.99. If Q is (1.999,3.996001), then the slope is 3.999.
Clearly, as x — 2, the slope of PQ — 4. But notice that we cannot actually let x = 2, since the

fraction for m would have 0 on the bottom, and so it would be undefined.

We have found that the rate of change of y with respect to x is 4 units at the pointx =2 . We
will now extend this numerical approach so that we can find the slope of any continuous
curve if we know the function. We will see an algebraic approach that can be used for most

functions.

6.5.2 The Derivative from First Principles

In this section, we will differentiate a function from "first principles". This means we will
start from scratch and use algebra to find a general expression for the slope of a curve, at any

value x.

A first principle is also known as "delta method", since many texts use Ax (for "change in x)
and Ay (for "change in »"). This makes the algebra appear more difficult, so here we use 4 for
Ax instead. We still call it "delta method". We look at the general case and write our

functions involving the familiar x (independent) and y (dependent) variables.

» Jix)

Figure 6.9.4

We wish to find an algebraic method to find the slope of y = f{x) at P, to save doing the
numerical substitutions that we saw in the last section (Slope of a Tangent to a Curve -

Numerical approach). We can approximate this value by taking a point somewhere near to

P(x, fix)), say O(x + h, fix + h)).

T Flx)

Figure 6.5.5



The value % is an approximation to the slope of the tangent which we require. We can also

write this slope as "change in y / change in x" or: m = % If we move Q closer and closer to

P, the line PQ will get closer and closer to the tangent at P and so the slope of PQ gets closer

to the slope that we want.

Figure gz

If we let O go all the way to touch P (i.e. # = 0), then we would have the exact slope of the

tangent.

Consider figure 6.5.4 given below:

Figure 6.5.7

In this work, we write

- changeiny as Ay

- changeinx as Ax



g flx+h)-f)

Now, % can be written: i e— So also, the slope PO will be given by:

L nmh A SR — ()

X, —x, Ax h

. But we require the slope at P, so we let # — 0 (that is

let 4 approach 0), then in effect, Q will approach P and % will approach the required slope.

Ay S = @)

dx 0 h

Putting this together, we can write the slope of the tangent at P as:

This is called differentiation from first principles, (or the delta method). It gives the
instantaneous rate of change of y with respect to x. This is equivalent to the following (where

before we were using /4 for Ax): & = lim &y
dx A0 Ax

You will also come across the following for delta method: & = lim St Z)x_ S )

X Ax—0
The slope (gradient) of a curve at the point P means the slope (gradient) of the tangent at the
point P. Note that the slope (gradient) of a straight line is the same along the line while the

slope (gradient) of a curve is different at every point along the curve. We need to find this

slop (gradient) to solve many applications since it tells us the rate of change at a particular

instant.
And we write % = hrro1w and this is called the derivative of f(x) from first
principles and this becomes & = lim St h) = f(x)

dx x—0 h
Notation for the derivatives

IMPORTANT: The derivative (also called differentiation) can be written in several ways.

This can cause some confusion when we first learn about differentiation. The following are

equivalent ways of writing the first derivative of y = f{x): Z—y or f’(x)ory’.
X



Example 6.5.2 Find Z—y from first principles if y = 2x*+ 3x.
X

Solution: f{x) = 2x*+ 3x so

Flx ) =2x+ 27 +3(x + /1)
=2(x% + 2xh + )+ 3x + 3k

=2x% +Axh+ 20 +3x + 3k

We now need to find:

@ _lim f(x+A)— f(x)

dy k=0 h
_ lim [2::62 + dxh + 2R + 3x + 3h] - [2.%2 + 3x]
T a0 5
_ lim 4xh+ 20+ 3h
i—{ ki

lim
= Ax +2h +3
f1—0

=dx+3
We have found an expression that can give us the slope of the tangent anywhere on the curve.
If x = -2, the slope is 4(-2) + 3 = -5 (red, in the graph below)
If x =1, the slope is 4(1) + 3 = 7 (green)
If x = 4, the slope is 4(4) + 3 = 19 (black)

We can see that our answers are correct when we graph the curve (which is a parabola) and
observe the slopes of the tangents.

50
a0

204 x=d

Slope = 19
204 & i
- =2 Slope = 7
Slope = -5 104 x 1
4 D 3 R
C-10] T
-207

Figure 6.5.8



http://www.intmath.com/Quadratic-equations/4_Graph-quadratic-function.php

This is what makes calculus so powerful. We can find the slope anywhere on the curve (i.e.

the rate of change of the function anywhere).

Example 6.5.3

a. Find y’ from first principles if y = x*+ 4x.

b. Find the slope of the tangent where x = 1 and also where x = -6.

c. Sketch the curve and both tangents.

Solution:

a. Note: y' means "the first derivative". This can also be written dy/dx.
Now flx) = x> + 4x

SR ) = (e + D7+ ACx + D)
=x2 +2xh + 8 +Ax + 11

So

Ay _ lim F(x + 5 — F(x)

I Fi—>0 N
tim [(x + 27 + Adx v D] —[x7 + 4x]
T =0 FA

lirm [x2 + 2xkr+ BT o+ Ax + Ak] — [x?' + 4x]
f1—=0 -

lim 2xfr + &2 + 4k
Ffi—=0 52

Tlimm

=h$0(2_x + Fz+ 4)

=2x + 4
b. Whenx=1,m=2(1)+4=6
When x = -6, m = 2(-6) + 4 = -8

c. Sketch:



x=1]
Slope==6
Ty Y

: i 2
\

Figure 6.5.9

Example 6.5.4 Find y' from first principles if:  f(x) = x7,

‘r+ Az)? — z?
Pl = pm EHEDT
— b (3;2 + Z(AI)J: —l—Amg} —
Mn—1 ﬁ.T‘J
—  lim 2(Ar)r + AL
Ar—{ Ax
= Eﬁ}ﬂ{?z + AJ:]
= 2z
as expected.
o dy 1
Example 6.5.5 From first principles find e of f(x)=—
x X
1 _ 1
’ _ = =+ M =
filz) = lm =20—=
T— .1:+:vﬂ::!:
_ ]j.l'I'l (1:+£'LIJ(I)
Mr—10 ‘l"‘\ o
CrAnE
o - r+4Az)(x
o .j]flz;:lzblﬂ ﬂ:[;
—1
= 1 S —
a=2o (z + Az)(z)
. 1
- T2

T



6.5.3 Rules of Derivatives

The good news is that we can find the derivatives of polynomial expressions without using

the delta method that we met in the derivative from first principles. They follow from the

"first principles" approach to differentiating, and make life much easier for us.

Constant:

n-th power of

X:

Constant

product:

Derivative of
sum or

difference:

Derivative of

product

Derivative of

quotient

d© _,
dx

d n n-1

—X =nx

dx

d d
E(C)’) = Ca(y)

i(uiv)zd—u_ﬂ
dx dx dx

d(uv) y dv N du
dx dx dx

du dv
V——U—
d (ﬂ): dx  dx

dx v V

This is basic. In English, it means that if a quantity has a

constant value, then the rate of change is zero.

This follows from the delta method.

Here, y is some function of x. It means that if we are finding the
derivative of a constant times that function, it is the same as
finding the derivative of the function first, then multiplying by

the constant.

Here, u and v are functions of x. The derivative of the sum is

equal to the derivative of the first plus derivative of the second.

Here, u and v are functions of x. The derivative of the product is
equal to the first x derivative of the second plus the second x

derivative of the first.

Here, u and v are functions of x. The derivative of the quotient is
equal to the denominator x derivative of the numerator minus
the numerator x derivative of the denominator divided by the

denominator squared.


http://www.intmath.com/Differentiation/3_Derivative-first-principles.php

y=e" — =e" Special function
dx
d 1 ) .
y= 1n|x| L , x#0 Special function
dx x

6.5.4 Function of a Function

If y is a function of u, and u is a function of x, then we say
"y is a function of the function u".

Example 6.5.6 Consider the function

y = (5x + 7)!2. If we let u = 5x + 7 (the inner-most expression), then we could write our

original function as y = u'?
We have written y as a function of #, and in turn, u is a function of x.

This is a vital concept in differentiation, since many of the functions we meet from now on

will be functions of functions, and we need to recognise them in order to differentiate them

properly.
6.5.5 Chain Rule

To find the derivative of a function of a function, we need to use the Chain Rule:

dv _dv du
dx du dx

This means we need to :
1. Recognize u (always choose the inner-most expression, usually the part inside
brackets, or under the square root sign).

2. Then we need to re-express y in terms of u.



3. Then we differentiate y (with respect to u), then we re-express everything in terms of

X.
4. The next step is to find du/dx.

5.  Then we multiply dy/du and du/dx.
Lody o 5
Example 6.5.7 Find = ify = (x*+ 3)°.
x

Solution In this case, we let u = x> + 3 and then y = u°. We see that: y is a function of u. u is a

function of x and this means we use the chain rule; For the chain rule, we firstly need to find

d—y=5u4 =5(x*+3)*and Q:2x. So
dx dx

dv _dv du
dx du dx

=5(x" +3)*(2x)

=10x(x* +3)*

Example 6.5.8 Find % if y=+4x"—x.
X

1
Solution: We write the given function as y = (4x” — x)A , we let u =4x” —x, and our

function now becomes, y = u% . Applying the chain rule Y = Qﬂ , & = lu_% and
dx du dx du 2

du _ 8x —1.Therefore, Y _ luf% (8x-1)
dx dx 2

:%(4952 —x)_%(Sx—l), since u =4x* —x.



Example 6.5.9 Find Z—y if y=(x"+5x)°
X

differentiate (x° +5x)°

lety =(x* +5x)° and t=x"+5x

then y=t°

ayvis, g

dx ot

using the Chain Ruls

@ B D ey

dr  dt dx i’

' £la e o

—  —=6{x"+3xy(2x+5
e ( T )

=6{2x +5¥x* =357

6.5.6 The Derivative of a Power of a Function (Power Rule)

An extension of the chain rule is the Power Rule for differentiating. We are finding the

derivative of x",n € R (a power of a function): Let y = x", therefore, Z—y =nx"" % , by the
x x
chain rule, give & =nx""
dx

Example6.5.10 Find the derivative of y=(2x’ —1)

In the case of y = (2x’ —1) we have a power of a function. So % =6x" —0=06x"
X

4.5.7 The Product Rule Equation
If u and v are two differentiable functions of x, then the derivative of uv is given by:

dy dv  du . . S .
y =uv —— =u— +v— this can also be written, using 'prime notation' as :
> dx dx  dx

Y =v) =uv +vu



Example 6.5.11 Find & of the given function : y = (x> +1)°(x’ +1)*;

dx
Solution: Let u = (x> +1)’ and v =(x" +1)*; so we have,
Y=y
L I+ 17 2x i 2(x° +1).3x°
x ofx
d_y =i @ + vdi
ofx o afx

j—"”’ =+ 2 A D3 i D3 + D e
X

=6x(x +Cx + D +ex(x + D (x + 1)

= 6x(x" + 1P (2" + 1) x(x* + 1) + (27 +1)]

= 6x(x + 17 (2" + {2 +x+ 27 +1]

=6x(x + 1P (2T + (22 +x+ D

Example 6.5.12 Find z—y of the given function : y = (x> —4)(x+3)°.
X
Solution. Let u=x>—-4 and v=(x+3)>, so we have;
Y=
d;u =2x ﬁ =2(x+3)
dx dx
; dy  dv o du
using — =u—tvr—
dx  dx o dx

& (- D2x+ N+ (x+3% 2x
dx
= 2(x+3)(x* — )+ 2xix + 3
=2(x+3){ 2" ~ 4+ 2" +3x]

= 2(x+3(2x° +3x-4)




Example 6.5.13 Find Z—y of the given function : y = (x> +3)/(2+x) .
X

1
Solution. Let u=(x>+3) and v=2+ x)é , So we have,
¥ =2
g Pl
&x dx 2

using d—y=uﬁ +vdj
ax ax &
L _rnloraHigrabon
ox 2
(2+3  2x(2+x”%
202+ x)7 1
_ P 322+ 0% 2z 0%
22+ )2
_ (2 + B +Ax2+
202+ 278
_ix® +3) +8x +4x°
202+ 2%
Sx? + Bx + 3
22+ ) E
& _GxrHE+D
dx  2(z+x7t

6.5.8 The quotient Rule Equation

As with the Product Rule, , if u and v are two differentiable functions of x, then the derivative

du dv
v dy Vi Caw
of u/vis given by: y=— I = M .This can also be written, using 'prime
X v
. Covu —uy
notation' as : y =————_This rule must be remembered, and note that you cannot
v

interchange the positions of these letters from where they are placed, otherwise the derivative
will be wrong. The choice of u and v can be any of the two given functions. The examples

below illustrate this rule:



_ 2
Example 6.5.14 Find & of the given function: y = (x=3)

dx (x+2)*
Solution; Let u =(x—3)* and v=(x+2)>, so we have;
oy
=X
-l
cfis e
E—Z(x 3] E—Z(x+2j
s e
A _ Vdx dx
A 1
gy (x+ 2 x—E—x— 3% 2+ 2
e tx 2
x 2P 2 -3 —(x -3 2(x+ 2D
- (x+ 2"
Pkt S8l = {a-=3]]
- (x+2)°
_ 2(x—3]:_x+2—x+3;:
- (x+ 20
_ 2(x =350
iz + 2R

ch  10(x— =
o Cx+ 207

Example 6.5.15 Find 4 of the given function y = al

dx Ja+x)

. 1
Solution: Leu=xt and v= (1+x2)5
s
g
e
s =1 ﬁ=l_2x(1+xﬂj_}5
cfx X 2
= x(1+x2) 7%
L dv
d_y = ofx X
X 32
AN a2 A
(L)
e P e i
€1+ x*)

mult. top & bottormn by (1 +x2}'1"£
_ i+ =z —xF
1+ =)
Py 1

X (1 +x3}§“§r




1—x?

Example 6.5.16 Find y of the following; y =

1+x*
Solution: Letu=1-x*and v=1+x* ,s0
s
y = —
1
gy Elug,
dx %
vdﬂ —u v
d_y - dx ax
% 1
O 5 e G DSl Rl S s
(1+ x%*
_ —(2x+2x") - (2x - 2x7)
st
_—2x-2x - 2x+2x
(1+ x*)
v _ 4x
dx  (1+x%)°

6.6 Applications of Differentiation; Curve Sketching, Determination of Maximum or

Minimum of a function.

In this unit we further explore the power of the derivatives, which we use to help analyse the
properties of functions. The information obtained can then be used to accurately sketch
graphs of functions. As we have seen on numerous occassions, the graph of a function is a
useful aid for visualizing the function’s properties from a practical point of view. The graph
of a function also gives at one glance a complete summary of all the information captured by

the function.

6.6.1 Curve Sketching
In curve sketching you need to be Out Comes
Upon completion of this unit you will be able to:
Sketch the curve, showing important features. Avoid drawing x-y boxes and just joining the

dots. In this section we will be using calculus to help find important points on the curve.

The kinds of things we will be searching for in this section are indicated in table 4.1.1:



X - intercept Use y = 0. Note : In many cases,

finding x-intercepts is not easy.

y- intercept Usex=0

Relative ( local) Maximum Use Z_y =0, sign: x > —
x

Relative ( local ) mini i
ealVe( oca )mmlmum Use j_y:0,51gn:——>+
X

Points of inflection 2 2
d sz,andsignof d g}
dx dx

changes

Table 6.6.1

The maximum or minimum of any curve is the turning point of the curve to give the highest
point for the maximum or the lowest point for the minimum. The turning point can be
referred to as ; critical value, stationary point, extrema. At this point the derivative of the

function is equal to zero. Therefore, when looking for the turning point we solve the

equation% = 0. The solution(s) of this equation gives the value(s) of x for which the curve
X

d2y

dx?

has its maximum or minimum. However, if we solve the equation =0, the solution(s)

will give you the values of x where the curve changes from concave down to concave up, and

this point is called point of inflection(s).

6.6.2 Increasing and Decreasing Functions and the First Derivative Test

We begin by discussing how derivatives can be used to classify relative extrema as either
relative minima or relative maxima. We begin by defining increasing and decreasing

functions.
Definition:  Increasing and Decreasing Functions

A function f'is increasing on an interval if for any two numbers x, and x, in the interval,

x, < x,implies f(x, < f(x,). A function f is decreasing on an interval if for any two numbers



x, and x, in the interval, x, < x, implies f(x, > f(x,). A function is increasing if, as x

moves to the right, its graph moves up, and is decreasing if its graph moves down.

For example, Fig.6.6.2 above the function is decreasing on the interval (—o0,a), is constant
on the interval (a,b), and is increasing on the interval (b,0). The theorem below states that , a

positive derivative implies that the function is is increasing; a negative derivative implies that
the function is decreasing; and zero derivative on an entire interval implies that the function

is constant on that interval.
Theorem 6.6.1 Test for Increasing and Decreasing Functions

Let f be a function that is continuous on the closed interval [a,b] and differentiable on the

open interval (a,b).
1. Iff°(x)>0 forall x in (a,b), then f is increasing on [a,b]
2. Iff (x) <0 forall x in (a,b) , then f is decreasing on [a,b]
3. Iff°(x)=0 forall x in (a,b), then f is constant on [a,b]
Example: 6.6.1 Find the open intervals on which f(x) = x* — %xz , s increasing or

decreasing.

Solution Note that f1s continuous on the entire real line. To determine the critical

numbers of f, we find f * (x) and set it to zero.
f'(x)=3x"-3x=0
3x(x—-1)=0

X=0,1 Critical numbers



Because there are no points for which f © is undefined, you can conclude that x =0 and x = 1
are the only critical numbers. The following table summarizes the testing of the three

intervals determined by these two critical numbers.

Intepal| =<y <0 0= 1 lax <>
Test Value -—] -2
¥
Signeofi’ (x fxy=6=01 1 3| f{=6=0
o - I
Conchssion Increasing Decreasmg Iscreasing
Table: 6.6.1

We can show this graphically as follows:

fixy=x" - 2 4t
5
0,8) o
u
"___..'-" -‘_""‘-\-L_\ 1 ;’/
1 s T
[g=l ] /.. decreasing e ‘_’_,_.-" Increasing
/ L=z}

rd

Figure §.6.2

You can see that f'is increasing on the interval (—o,0)and (1,) and decreasing on the

interval ( 0, 1 ) as shown on fig 6.6.2.
Guidelines for finding intervals on which a Function is Increasing or Decreasing.

Let f be continuous on the interval (a,b). To find the open intervals on which f'is increasing or

decreasing, use the following steps.

1. Locate the critical numbers of fin (a,b), and use these numbers to determine test
intervals.
2. Determine the sign of f * (x) at one test value in each of the intervals.

3. Use theorem 4.1.1 to decide whether f'is increasing or decreasing on each interval.

These guidelines are also valid if the interval (a,b) is replaced by an interval of the form

(_OO’ b)’ (a’ OO)’ or (_OO’ OO)



6.6.2 First Derivative Test

After you have determined the intervals on which a function is increasing or decreasing, it is

not difficult to locate the relative extrema of the function. In Fig. 4.1.2 above, the function

f(x)=x- %xz has a relative maximum at the point (0,0) because f is increasing

immediately to the left of x = 0 and decreasing immediately at the point  (1,— %) because f'is

decreasing immediately to the left at x = 1 . The following Theorem called the first

Derivative Test makes it clear;
Theorem: 6.6.2 The First Derivative test

Let c be a critical number of a function f that is continuous on an open interval I containing c.
If f is differentiable on the interval, except possibly at c, then 9¢) can be classified as

follows:

1. Iff° (x) changes from negative to positive at c, then f(c) is a relative minimum of f.

2. Iff° (x) changes from positive to negative at c, then f(c) is a relative maximum of f.

In determining the relative maximum or minimum of a function, we can use another
approach, called the second Derivative Test. This test is based on the fact that if the graph of
a function f is concave upward on an open interval containing ¢, and f ‘( ¢) = 0, f(c) must be a
relative minimum of f. Similarly, if the graph of a function f is concave downward on an
open interval containing ¢, and  f ‘(c) =0, f ( ¢) must be a relative maximum of f. The

second derivative test can be stated without a proof as:

(c.f. Fig. 6.6.3(a),(b) below)

Fled=0

e Coancave upward ‘J_Hff

\M“xh_ﬁ/

; %
e

IFF (e) = 0and F"{c) =0, Fic) is & relative minimam

Figure 6.6.3a



F'{c) <o

A

X

: N
IFF"(c)=0and F" {c) <0, Fc)is a relative maximum
Figure £.6.3h

If these two graphs are put together it will look like the figure 6.6.4 below:

Point of inflection

d

di’z =0 K \— Concave down

"

4y <
izli' =5 ax*
deZ ., Concave up
Figure 6,6.4
. . . dy Loody .
This method involves finding i of the curve. The equation i =0 will give you the turning
X

point(s) of the curve, when the value(s) of x is/ are substituted in the original equation y =
f(x) , you will get the turning point, since it will have x- value and y-value , this is a point in

the plane. To check whether a particular point at x = a is a local (relative) minimum or

d2y

7 -
X

maximum, we use the second derivative test as follows: Find At the pointx =a;

Theorem: 6.6.3 Second Derivative Test
Let f be a function such that f'(a) =0 and the second derivative exists on an open interval
containing a.

2
(1) If p V>0 atx= a, then the point at x = a is a local minimum.

2
X



2

(i) If c:; 2} <0 at x = a, then the point at x = a is a local maximum
X

2

(i) If Z Y —0 at x = a, the Test Fails.
X

=

When the test fails, it means at x = a the point is neither a local minimum nor local
maximum, this point is called an inflexion point., a point where the function changes from

concave downward to concave upward. In this case, you can use the first derivative test.

Example:6.6.2 Find the relative extrema for
f(x)=-3x" +5x’
Solution We begin by finding the critical values of f by solving the equation f ‘(a) = 0.

f'(x)=—15x* +15x* =15x*(1-x*) =0
x=-1,0,1

We now find the second derivative
f"(x)= —60x” +30x = 30(—2x3 +X)

You can now apply the Second Derivative Test as follows:

Point Signof /" Conclusion
' B F(=-1)=30>0 Felative Minimum
(1,2) Fr")y==30<0 Relative Maximum
(0,00 Frm=0 Tast Fails

Table 6.6.3

Because the second derivative test fails at (0,0) , you can use the first derivative test and
observe that f increases to the left and right of x = 0. That is, (0,0) is neither a relative

minimum nor a relative maximum.

The second derivative can tell us the shape of a curve at any point.

d2y
x2

o If > 0, the curve will have a minimum-type shape (called concave up)



— =D

Figure 6.6.5 (a)

2
Example:6.6.3 y = x> + 3x - 2 has % =2x+3 and j { =2>0, for all values of x. So it
X X
d’y
has a concave up shape for all x. If e <0, the curve will have a maximum-type shape
X
(called concave down)
i = d}'r <1
— s’
|
Figuae ﬁ.ﬁ.Sh

Example: 6.6.4

2
y =x3—2x+5 has d—y:3x2—2 and d f=6x<0 for all values of x < 0. So it has a

dx dx

concave down shape for all x < 0.

Determining Maximum/Minimum using gradient method

A local maximum occurs when y’'= 0 and y’ changes sign from positive to negative (as we

go left to right).

— Local M

=0
Pastive alo ¥

b —

Figure §,6.6a

Hegative glops, y* <0

A local minimum occurs when y'= 0 and y’ changes sign from negative to positive.

Positive slope
Megative slnpe.y'-«:n/ y'=0

R\—Local Dlipursn w'=0

Figure 6.6.6b ,



6.7  Finding Points of Inflection

A point of inflection is a point where the shape of the curve changes from a maximum-type

2 2

shape ( Z’ g} <0) to a minimum-type shape ( Z’ g} >0). Clearly, the point of inflection will
x x

occur when

dzy d 2y

~-=0 and when there is a change in sign (from plus — minus or minus — plus) of T

dx
Taking the example 1 above, we want to check which point is maximum and which one is
minimum, we proceed as follows: Take the points (-L,8) ans (3,-24) which are the turning

points:

2 2
d
Using the second derivative test , we find d—f Here —i} =6x-6
dx dx
At (-1,8), we substitute x = -1 in the second derivative and get 6(-1)-6= -12 <0, therefore, the

point  (-1,8) is a maximum. Check the conditions given above.

At (3,-24) , we substitute x = 3 in the second derivative and we get 6(3)-6 = 12 >0, therefore

the point (3,-24) is a minimum.

Example : 6.7.1. Find the stationary points of the curve whose function is

f(x)=x"-3x>-9x+3

Solution We first find Z—y of the given function and then solve the equation% =0.The
X X

solutions to this equation will give us the values of x where the function has a maximum and

a minimum. When these values of x are substituted in the original function the points

obtained are called turning points respectively. % =3x% —6x—9, to solve the equation
X

Z—y =0, we set; 3x” —6x—9 =0, the solution to this quadratic equation is x =—1 or 3
x

Therefore, the turning points occurs at x =—1 or 3.We get the turning points by substituting

these values in f(x). The turning points are (-1,8) and (3,-24). The next step is to check which



point is a maximum and which one is a minimum. There are two methods of checking the

nature of the turning points, these are:

(a) We can use the second Derivative Test to determine the nature of these points as follows:

Using theorem 4.2.1, given above, we find the second derivative as follows;

2

Atx=-1, % =6x—-6=6(-1)—6=-12<0, this implies that at (-1, 8), the function has
X

dzy

2 =
X

a relative Maximum. At x = 3, 6x—6=6(3)-6=18—6=12>0, this implies that

at (3, -24), the function has a minimum.

(b) We can determine the nature of the turning points by using the gradient method as follows;

A local maximum occurs when y'= 0 and y’ changes sign from positive to negative (as we

go left to right) and

A local minimum occurs when y'= 0 and y’ changes sign from negative to positive.

(1) So, we take the point (-1,8) and the first derivative is- & =3x> —6x—9, we take a

dx
point to the left of the critical value x = -1, which is x = -2, and substitute in the first
derivative as; % =3x" —6x-9=3(-2)> -6(-2)-9=12+12-9 =15, implies the gradient
X

is Positive.

Then take another value of x on the right of the critical value, say 0. Substitute it in the first

derivative as : @ _ 3x* —=6x-9=3(0)° —6(0)—9 = -9, implies the gradient is negative.

dx
This means the function is increasing up to (-1,8) and then decrease after this point. That is

the point is a relative maximum point.

(i)  Now we take the point (3,-24), we take appoint to the left of the value x = 3, say, 0.
We substitute this value x = 0 in the first derivative as follows:

d—y=3x2

p —6x-9=3(0)> —6(0)—9 = -9 <0, implies the gradient is negative.
X



Then, we take a value to the right of x = 3, say x = 4, and substitute it in the first derivative as

follows; % =3x" —6x-9=3(4)’ —6(4)—9 =15> 0, implies the gradient is Positive.
X

This means the function is decreasing up to (3,-24) and then increases. That is, the point (3,-

24) is a relative Minimum point.

The shape of the graph of this function, would look like Figure 4.3.1 given below.

(18

d’z_r

g M

‘/dr

0 ( Point of inflection )

(3.-24)

Figure 6,7.1

6.8 Tangents & Normals
6.8.1 Tangents

The gradient of the tangent to the curve y = f(x) at the point (x1, y1) on the curve is given by:

the value of dy/dx, when x =x1 andy = y1

el

Fisure G6.8.1



6.8.2 Normal Two lines of gradients mi, mz respectively are perpendicular to each other if

the product, m 1x m2=-1

Equation of a tangent The equation of a tangent is found using the equation for a straight

line of gradient m, passing through the point (x1, y1) ¥ —y, = m(x —x,). To obtain the
equation we substitute in the values for x1 and y1 and m (%) and rearrange to make y the
X

subject.

Example: 8.8.1 Find the equation of the tangent to the curve y =2x" at the point (1,2).

Solution: The gradient of the tangent line at the point (1,2) to the function y =2x> is:

m=ﬂ=4x=4(l)=4
dx

Using the general equation of a straight line, y —y, =m (x—x,), where (x,,y,) is a point

(1,2). We have

Y=y =m(x—x)
y=2=4(x-1)
y—2=4x-4
y=4x-6
y—4x+6=0

This is the equation of the tangent line to the function y=2x" at the point (1,2).

Equation of a normal

The equation of a normal is found in the same way as the tangent. The gradient (m 2) of the

normal is calculated from; m,m, =—1 (where m 1 is the gradient of the tangent) so

m, =——
m,



Example: 8.8.2

Find the equation of the normal to the curve: y=x?+4x +3, at the point (-1,0).

Solution: Therefore gradient (m, ), for the function y = x> +4x+3 is; Z:—y =2x+4,at
X

the point (-1, 0), implies you substitute these values in the first derivative as;

m, = % =2x+4=2(-1)+4 =2 that means the gradient of this function at the point (-1,0) is
X

Let the gradient of then normal line be (m,), we know that the product of the tangent and

normal gradients is linked by the following relationship: ~ m,.m, =—1

But we know m, =2, therefore,

Using the general equation of a straight line, y —y, =m,(x—x,), where (x,,y,)

is a point (-1,0).

y=0=-2(x=(-D)

1
=——(x+1
y==70+D
o 1 1
So our normal line is y=——x——
2 2
2y=—x-1
2y+x+1=0

This is the equation of the line which is normal to a tangent line at the point (-1,0).



6.9 Related Rates

You have seen how the chain rule can be used to find Z—y implicitly. Another important use
X

of the chain rule is to find the rates of change of two or more related variables that are

changing with respect to time.

For example, when water is drained out of a conical tank, the figure below; the volume V, the

radius r, and the height h of the water level are all functions of time t. Knowing that these

variables are related by the equation 7 = %rzh

Figure 6.9.1

You can differentiate implicitly with respect to t to obtain the related rate equation

d—sz r2@+h(2r£)
dt 3 dt dt
=£[r2 @+2rh£j
3 dt dt

From this equation you can see that the rate of change of V is related to the rates of change of
both h and r. Finding the Related Rate. In the conical tank shown above, suppose that the
height is changing at a rate of -0.2 cm per minute and the radius is changing at the rate of -0.1
cm per minute. What is the rate of change in the volume when the radius is r = 1cm and the

height is h = 2 em? Does the rate of change in volume depend on the values of r and h?
Guidelines for solving related rate problems

1. Identify all given quantities and quantities to be determined. Make a sketch and label the

quantities.



2. Write an equation involving the variables whose rates of change either are given or are to
be determined.

3. Using the chain rule, implicitly differentiate both sides of the equation with respect to
time t.

4. After completing step 3, substitute into the resulting equation all known values for the

variables and their rates of change. Then solve for the required rate of change.
Example: 6.9.1

Air is being pumped into a spherical balloon at a rate of 4.5 cubic cm per minute. Find the

rate of change of the radius when the radius is 2 cm.

Solution Let V be the volume of the balloon and let r be its radius. Since the volume is

increasing at a rate of 4.5 cubic cm per minute, you know that at time t the rate of change of

the volume is a = 2 .
d 2
. v 9 .
Now the problem can be stated as follows: Given rate: o = 5 ( constant rate ). Find;
t
dr when r=2
dt

To find the rate of change of the radius, you must find an equation that relates the radius r to

3

the volume V. V = gﬂr (Volume of sphere ). Implicit differentiation with respect to t

produces
cil_V =4m? % (Differentiation with respect to t )
t t
dr 1 dv dr
= = — Solve for —
dt 4w’ (dx) ( dt )

Finally, when r = 2, the rate of change of the radius is

d 1

dr__1 (2. 0.09 cm per min ute
dt 16rx

2

In this example note that the volume is increasing at a constant rate but the radius is

increasing at a variable rate. Just because two rates are related does not mean that they are



proportional. In this example, the radius is growing more and more slowly as t increases.
Why?

The Chain Rule is a means of connecting the rates of change of dependent variables.

The derivative tells us the rate of change of one quantity compared to another at a particular
instant or point (so we call it "instantaneous rate of change"). This concept has many
applications in electricity, dynamics, economics, fluid flow, population modeling, queuing
theory and so on. Wherever a quantity is always changing in value, we can use calculus

(differentiation and integration) to model its behaviour.

In this section, we will be talking about events at certain times, so we will be using At instead

of the Ax that we saw in the last section Derivative from first principles.

Note: This section is part of the introduction to differentiation. We learn some (much easier)

rules for differentiating in the next section, Derivatives of polynomial.

Example: 6.9.2 If air is blown into a spherical balloon at the rate of 10 cm? how quickly will

the radius grow?

if the radius of the balloon is »
then the volume 7 =;l:-r5

T -
and b =4ar-
{ii"

the mate of change of volume with time

d

is given byo - =10cm’® /sec.

using the Chain Rule

dv  dv dr dl7 .
T— — and —=4ar-
di  dr df ar

Ldr _dV 1 dV ar —10 1

“dt dt dV dt dv dart
Fr iy
_ 3
C 2at

LA




Example: 2.9.7 A spherical raindrop is formed by condensation. In an interval of 10 sec. its
volume increases at a constant rate from 0.010mm? to 0.500mm? Find the rate at which the

surface area of the raindrop is increasing, when its radius is 1.0mm

radiusy rren

wolume ¥ is given b = %Iﬂ';
ﬂ= 4_ﬂ_3y3 =dg¥?
dr 3

also, aread is given by A=dgr’
A

—— =dg. dr==8xvr
v

wol. increases at a constant rate b
05— 0010=0490 mu’ in 10 sec.
d¥ 049

g0 — = ——" = 0.049 mm’ .5
ot 10

e are required to find % when ¥ = 1. 0mun

using the Chain Fule, E= [.:i..cl ar

dr vavl ar
(oo
dy GV
E=[8ﬂ?’. 1\]D_D4g=[2xﬂ.ﬂ49]=ﬂ.098
ot Ay ¥ ¥

4 0.093

when ¥ = 1. Oty = 0.098rmun’ . s,

surface area, for a radius of loumn, increases by 0.098mum’ . s

Summary
In this unit you learned the following concepts:

is the derivative of y w.r.t.x from first principles.

dx XX

2. For any functions uv, then

i(u tv)= du + ? derivatives of sum and difference
X

dx dx

dw) _ u dv + v% product of functions- product rule
dx dx  dx

du dv

V— —u—

d u,_dx  dx
( )_ V2

P , rational functions- quotient rule
x v



The Chain Rule
If h(x) = g[f(x)], then A'(x) = %g[f (0] =g'f ()] (%)

Equivalently, if we write y = h(x) =g(u), where u = f(x), then
General power Rule

If the function f'is differentiable and A(x) =[ f(x)]" (n, a real number ), then
d n n—1
h'(x) = d—[f(X)] =n[f ()] f'(x)
x

We observe that h(x) = g[f(x)], where g(x) = x", so that, by virtue of the chain rule, we have

h'(x)=g'[f(0]f'(x)
=nlf()]"" f'(x)

dzy
dx’®

Since g'(x)=nx"", »",  f"(x),

These are the forms of writing the second derivative of y = f(x)
Guidelines for solving related rate problems

1. Identify all given quantities and quantities to be determined. Make a sketch and label the
quantities.

2. Write an equation involving the variables whose rates of change either are given or are to
be determined.

3. Using the chain rule, implicitly differentiate both sides of the equation with respect to time

t.

4. After completing step 3, substitute into the resulting equation all known values for the

variables and their rates of change. Then solve for the required rate of change.

Increasing and Decreasing Functions

A function f'is increasing on an interval if for any two numbers x, and x, in the interval,

x; < x,implies f(x; < f(x,).



A function f'is decreasing on an interval if for any two numbers x, and x, in the interval,
x, <x,implies f(x, > f(x,)
Test for Increasing and Decreasing Functions

Let f be a function that is continuous on the closed interval [a,b] and differentiable on the

open interval (a,b).

1. If £ * (x) > 0 for all x in (a,b), then f is increasing on [a,b]

2.If £ (x) <0 for all x in (a,b) , then f is decreasing on [a,b]

3.If £ (x) =0 for all x in (a,b), then f is constant on [a,b]

Guidelines for finding intervals on which a Function is Increasing or Decreasing.

Let f be continuous on the interval (a,b). To find the open intervals on which f'is increasing or

decreasing, use the following steps.

1. Locate the critical numbers of f'in (a,b), and use these numbers to determine test intervals.
2. Determine the sign of [ * (x) at one test value in each of the intervals.

3. Use theorem 4.1.1 to decide whether f'is increasing or decreasing on each interval.
The First Derivative test

Let ¢ be a critical number of a function fthat is continuous on an open interval I containing
c. If fis differentiable on the interval, except possibly at c, then f9c) can be classified as
follows:

1. Iff * (x) changes from negative to positive at c, then f(c) is a relative minimum of f.

Iff * (x) changes from positive to negative at c, then f{(c) is a relative maximum of f.

Second Derivative Test

Let f be a function such that f'(a) =0 and the second derivative exists on an open interval
containing a.

2

(1) If Z’ f >0 at x = a, then the point at x = a is a local minimum.
X

2

(i1) If ) g} <0 at x = a, then the point at x = a is a local maximum
X




2

(i) If c:; Y -0 atx= a, the Test Fails.
X

=

Exercise: 6
1. Calculate the following limits
2 _ 2L
0 lim* =L i), limeS— e Gy im0 (iv)
-2 x—1 X—>0 x2+3x x—3 x=3
. 1-x7
lim{ —
o 8x” +5
. dy
2. (a) From first principles find I of :
X
(@) y=2x+1 () y=x"+3x"-2
1 1
: =+/2x—1 v =— vi =
(iv) Y o ®) 7 x+1 o)y Vx+1

|
i) y="" wii)  y=3
x—1

(b) Find % of the following ;
X

(D)y = -7x° (i)  y=3x-1 (i) y=13x"-6x"-x-1

iv) y= —%xg + lx4 -3x* ) y=x*—=9x% —5x, at the point (3,15).

2
. vo2
V) pexlte=
X
3. Sketch the following curve by finding intercepts, maxima and minima and points of

inflection:

(a) y=x"-9x



(b) y=x*"—6x>
(c) y=x"-5x"

4. Find the critical numbers ( if any) and the open intervals on which the function is

increasing or decreasing.
@ y=(x=1)(x-3)
(®) y=+x(x-3)
(c) f(x)=-2x"+4x+3
(d) f(x)=x"—6x
(e) f(x)=2x*+3x>—12x

x° —5x
5

® fx)=

(@ f(x)=x"+1
(h) f(x)=5-|x-3|

2

i f(x)=

x> =9

() f(x)=x"—6x"+15
® f(x)=(x-17
) f)=x+t

X

Xt =2x+1

(m) f(x) = )

1 o .
5. Let f(x)= ZX4 —8x, use the first derivative test to find any relative extrema of the

function. Use your graph to verify your answers.



6. Let (x) = x+cosx, find any points of inflection of the function in the interval

0<x<2r.
7. Find the second derivative of the function

X
(1-x)’

(@  y=2x"+sin2x (b) y=cotx (c) y= (d) y=xtanx

8. Find the equation of the tangent and normal to the curve of the equation at the

indicated point. Graph the function, the tangent and the normal lines.
(@ y=(x+3)" at(:2,1)

(b) y=3(x-2)° at (3,1)

(c) x*+y* =20, at (2, 4)

9. Find the points on the graph of y = %x3 +x° —x—1 when the slope is (a) -1 (b) 2
() 0

10. Sketch the graph of f(x)=4- |x - 2|

(a) Is f continuous at x = 2?
(b) Is f differentiable at x = 2? Explain
11. Show that the function satisfies the given differential equation.
Function Equation
y=2sinx+3cosx y'"+y=0

10—cosx , .
= xXy'+y =sinx
X
12. The cross section of a 5 meter trough is an isosceles trapezoid with a 2 meter lower base, a 3
meter upper base , and an altitude of 2 meters. Water is running into the trough at a rate of 1
cubic meter per minute. How fast is the water level rising when the water level is i meter
deep?

13. Find all relative extrema. Use the second derivative test where applicable.



(a) f(x):x+i (b) f(x)=x4—4x3+2 (©) f(x)=cosx—x, [0,47]
X

14. The radius r of a circle is increasing at a rate of 2 centimetres per minute. Find the rate of

change of the area when (a) r=6cmand (b) r=24cm. (13)

15. A spherical balloon is inflated with gas at the rate of 500cubic cm per minute. How fast is the
radius of the balloon increasing at the instant the radius is (a) 30 cm and (b) 60 cm

16. A all edges of a cube are expanding at a rate of 3cm per second.

(1) How fast is the volume changing when each edge is 10 cm

(i1) How fast is the volume changing when each edge is (i) 1 cm and (ii) 10 cm

17. At a sand and gravel plant, sand is falling off a conveyor and onto a conical pile at a rate of
10 cubic meters per minute. The diameter of the base of the cone is approximately three times
the altitude. At what rate is the height of the pile changing when the pile is 15 meters high?
21)

2 3
18. Find% , % , % for the following functions:
x x x

(1) X2 +2x-2xy> =2

_ x*(Bx+1)
xt+2

(i)
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