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Introduction to the Module 

Aim: The aim of this module is to equip students taking Agriculture Business Management 

with necessary skills, and knowledge in Mathematics relevant to their field of study.  

Objectives: By the end of this Module students should be able to: 

 Understand and operate with sets 

 Use Relations and Functions in their daily life activities 

 Use algebra in their daily calculations 

 Understand logarithms and Exponential functions and their uses 

 Understand  Matrices in their applications in real life situations 

 Understand differentiations and their applications in real life situations 

Introduction 

This course is intended for people who completed grade 12, and are following a Degree 

program in ABM. This Course aims to give students Mathematical concepts, knowledge and 

skills which will help them in later courses in agriculture economics. The module begins by 

reviewing grade 12 works such as sets, relations, functions and theory of quadratic equations 

then the module proceeds to exponentials, logarithms, matrices, and lastly introduction to 

differential calculus. Therefore, it is important that we begin by introducing some notations 

and symbolism here which will help you understand some basic concepts when we meet them 

later in this module. 

Objectives: 

Upon completion of the module Error! No text of specified style in document. you will be 

able to: 

 Understand the theory of sets and apply them in economics settings 

 Write the domain, co domain and range of any given function 

Solve any quadratic equation 

 Graph any quadratic function  and write the max or min point of the function 

 



 

Unit 1  Set Theory 

1.1 Introduction 

The module begins by reviewing grade 12 works such as sets, relations, functions and theory 

of quadratic equations. Set theory forms a basis for higher mathematics, statistics and 

probability theories. Therefore, it is important that we begin by introducing some notations 

and symbolism here which will help you understand some basic concepts when we meet them 

later in this module. 

1.2 Objectives 

Upon completion of this unit you will be able to: 

 Operate sets very well 

 Understand the set of real numbers as sets 

 Understand binary operations 

 Understand the schematic diagram of numbers and their relations 

1.3 Sets 

 Definition: A set is a collection of objects which are alike.  

In this context, examples of sets are: 

 Names of wild animals 

 Employees of a certain firm 

 Set of books in the library 

 Set o f real numbers which satisfies the equation: 0322  xx  

Definition: A Universal set is the collection of the entire collection of objects. Notation; 

UniversalU   set. For example: 

 A set of animals 

 A set of books 

 A set of employees 

 



 

Venn Diagrams  Venn diagrams are used to visualize sets and their relations to one another.  

 

 

 

 

 

 

Above is a diagrammatic representation of set A. The set can be represented mathematically 

as: A={1,3,5,7,9} . 

Note that set A = (the circle) is a subset of the Universal set (U) (the rectangle), because a 

circle is contained in the rectangle. In symbols we write: UA  . That is all elements in A are 

all elements of U.  

A set can either be described or members of the set can be listed. 

Example1.3.1 

Let A be a set of vowels in the English alphabet. This set describes the set  of vowels, but we 

can list the members of this set as: 

},,,,{ uoieaA   Note that there are 5 vowels in the English alphabet.  a is a member of set A 

in symbols we write Aa or we can say a belong to set A, or a is an element of A. But the 

letter c is not an element of A, in symbols Ac , reads c do not belong to A or c is not a 

member of A. 

 

 

 



 

                  

 

 

 

 

 

 

 

 

 

 

                                                                             Table 1.3.1 

You  can fill in this table as an exercise. 

 1.3.1 Equal Sets 

Definition  Two sets A and B are said to be equal if and only if every element of A is an 

element of B and every element of B is an element of A. That is, they have same elements. 

Example 1.3.2 

Let }4,3,2,1{A  and  }3,2,1,4{B  then BA  , reads A is equal to B. If 

BAABandBA   

Let }3,2,1{A and  },,{ cbaB   then BA  , reads A is equivalent to B. Two sets are 

equivalent if and only if they have the same number of elements. 

 

 

Description of set Listing the elements of the set 

A= set of positive  multiples of 

3 less than 18 

}15,12,9,6,3{A  

B= set of vowels  

C= set of domestic animals  

D= set of prime numbers  ,.....17,13,11,7,5,3,2D  

E= set of rational numbers  

F= set of irrational numbers  

G= set of real numbers  

 Dog, cow, john, Mary, car, wood 

  15,12,9,6,3I  



1.3.2 Subsets 

Definition. A set A is a subset of a set B, written, BA  , if every element of A is also an 

element of B.  

In fact this is a proper subset; it means B has some elements which are not elements of A. If  

BA   and AB   then BA  . Or we can have BA   that means every elements of A are 

elements of B and every element of B are elements of A.  

Subsets. If B is a subset of A. Then all of the elements of B are also in A.  

 

 

 These are recaps from secondary mathematics. 

1.3.3 Operations on sets 

Symbols 

= union,  = intersection, 'A = A compliment means all elements in the universal set 

except those in A,   = empty set or   and not both. 

Just as we add, subtract numbers; we can also take the union, intersection and complements 

of sets. 



Intersection of sets: Notation: BA  , reads A intersection B 

Definition: Intersection: is a set of elements which are found in both sets. 

BA   is a set of elements found in both A and B 

  

The intersection of sets A and B contains a particular group of elements that exist in set A 

and in set B.  

Union of sets: Notation; BA  read, A union B 

Definition: Union; is a set of elements which are found in A and B. 

BA  is a set of elements which are found in A as well in B( note that elements found in 

both A and B are written once). 

 



The union of sets A and B contains all the elements from set A as well as set  B including 

elements found in both sets but written once.  

Complement: Notation; 'A  reads, A complement 

Definition: 'A  is the set of elements in the universal set except elements in A. 

 

 

 

A' (A-dash)is called the complement of A. It contains all elements which are not members of 

A.  

A and A' together make up the Universal set. That is UAA  '  

   

Example 1.3.3 

Let  uoieau ,,,,  and subsets  ueaA ,,  and  oiaB ,,  

Find : 

(i) BA    (ii) BA    (iii) '' BA   

(iv) )'( BA  

Solutions 

(i) List the elements found in both A and B 

 aBA  , note that a is the only element found in both A and B 



   

(ii) Here list all the elements found in A  and those elements found in  B 

 uoieaBA ,,,, , note that ‘a’ which appears in both A and B it is written once. 

    

(iii) List the elements of A’ and B’ and write the elements found in both A’ and B’ 

 oiA ,'  and  ueB ,'  then   '' BA means there is no element common   in A’ and B’. 

    

(iv) List the elements found in A and B then find the complement of this set. 

 ueaA ,, and  oiaB ,, then,  uoieaBA ,,,, ,   )'( BA  

      

 

 



De Morgan’s Law 

'')'( BABA   and '')'( BABA   

You  can verify de Morgan’s laws by showing that the LHS = RHS of the De Morgan’s law. 

Example 1.3.4 Let  10,9,8,7,6,5,4,3,2,1,0U , and 10thanlessnumbersevenofsetA   and 

B= set of prime numbers less than 9. Verify De Morgan’s laws: 

(i) '')'( BABA   

(ii) '')'( BABA   

Solutions 

(i) You  find  list the elements of A and B  first as;  8,6,4,2,0A  and  7,5,3,2B  and 

we then find  2 BA  and we find the complement of this intersection 

 10,9,8,7,6,5,4,3,1,0)'(  BA . 

Then you  find A complement and B complement as:  10,9,7,5,3,1'A  and 

 10,9,8,6,4,,1,0'B  and then  we find  10,9,8,7,6,5,4,3,1,0)'' BA  

Now you can see that '')'( BABA  = 10,9,8,7,6,5,4,3,1,0  

Hence, De Morgan’s law has been verified. 

(ii) You  should try '')'( BABA    

Disjoint Sets Two sets A and B are said to be disjoint sets if and only if their intersection is 

empty. 

That is,  BA  

Example 1.3.5 Let U = the set of positive counting numbers, be the Universal set , and A = 

the set of even numbers and B = be the set of odd numbers. Find BA  ? 

Solution We know that there is no number which is both even and odd, so  BA  

Equivalent sets: Two sets A and B are said to be equivalent sets if and only if they have the 

same number of elements, and these elements are not the same. 

Example 1.3.6 Let A = { a, b , c , d} and  B= { 1,2,3,4} 

The two sets are equivalent and we write BA   



 1.3.4 Laws of the algebraic of sets 

1a. AAA            1 b. AAA                           Idempotent laws 

2a. )()( CBACBA     2b. )()( CBACBA    Associative laws 

3a. ABBA       3b. ABBA           Commutative laws 

4a. )()()( CABACBA    4b. )()()( CABACBA   Distributive 

laws 

5a.  AA   5b. AUA          Identity laws  

6.a.  UUA   6b. AA        Identity laws 

7a.   UAA  '       7b.  'AA    Compliment laws 

8a.   . AA '' )(        8b. UU  '' ,   

 Compliment laws 

9a.   '')( BABA   9b.    '')( BABA     De Morgan’s laws 

1.4 Sets of Numbers  

Notations and symbols 

 ,.....4,3,2,1N , the set of natural numbers or counting numbers    

 ,.......5,4,3,2,1,0W , the set of whole numbers 

 ,......4,3,2,1,0,1,2,3...., Z , the set of integers. Note that the set of integers has three sets 

of numbers, namely the negative numbers, zero and positive numbers. 

What this means is the this set contains the set of whole numbers W, and the set of Natural 

numbers N. in symbols we write, ZWN  . The set of positive integers can be written as: 

 ,.....5,4,3,2,1Z and the set of negative integers can be written as:  1,2,3........ Z , 

the two set plus 0 gives the set of integers.  

The next set to this set of integers is called the set of rational numbers.  



Definition 1:  A rational number is defined as ; 








 Rbawhereb
b

a
Q ,,0, , that is the set  

of rational numbers can be written in the form 
b

a
, 0b  where a and b are integers.  Note 

that in mathematics division  by 0  is not allowed, therefore, where an unknown appears in 

the denominator, it is only valid in a case where it  assume  that the value  is not zero in the 

denominator. A number in the form  
b

a
   can be expressed in decimal form, and two 

possibilities arises: (1) either the decimal terminates such as : 
2

1
, 

4

3
, 

5

2
, etc. These have 

terminal decimals. (2) repeated or non terminal decimals such as: ........3333.0
3

1
   ,  

.....571428571428.3
7

22
  

This set of rational numbers contains all integers, in symbols we write: QZ  , since whole 

numbers can be written in the form 
b

a
, for example, 

1

3
3  , hence it is  a rational number by 

definition.  

Definition 2: A rational numbers can be written as a terminating decimals or decimals repeat 

For example 75.0
4

3
 , this is an example of terminating decimals , .......33333.0

3

1
  , this is 

an example of repeating decimals. This type of decimals can be expressed in another shorter 

form, that is, 3.0......3333.0
3

1 

 , the bar on top shows that 3 repeats.  

What is known is that o.75 can easily be converted to a fraction which is
4

3
. What would be 

interesting to us here is how can 0.3333…… be converted to a fraction
3

1
. Take for 

example
3

1
. 

Let


 3.0a , multiply 10 both side of the equation. We multiply by 10 because the repeating 

decimal has on digit after the decimal point. If the repeating digits were two we would have 

multiplied by 100. 





 3.310a     ……(1) 



 3.0a        …….(2) 

Subtract (2) from (1) 39  a , Divide by 9 both sides 

9

3
a , 

3

1
a  

Other examples are: 
___

124.2  means 2.412121212..... that is 12 repeats, 
_

7543.1 =1.54377777.... 

If a number cannot be written in the form 
b

a
, 0b  where a and b are integers or cannot be 

written as terminating decimals or repeated decimals, then this number is an Irrational 

number(I). That is,  IQ , but RIQ  ,that is the set of rational numbers plus the set 

of irrational numbers equal the set of Real numbers. That is the set of real numbers contains 

rational numbers and irrational numbers. 2 

Example 1.4.1 Prove that 2  is irrational. 

Proof We assume that 2  is rational. Since it is rational, then we can write it in the form
b

a
, 

0b . That is 0,2  b
b

a
, Take the equation

b

a
2 ,             eqn (1),  where  a and b are 

prime ( that mean a and b have no common factor). And square both sides, and we get 

2

2

2
b

a
 ,  222 ab  ,         (2) 

This implies 2a is divisible by 2, then a is divisible by 2. That is a has a factor 2 say ra 2 , 

for some integer r. We substitute a = 2r in  (2), and we get; 

22 )2(2 rb  , this implies, 22 42 rb  , 
22 2rb  , this implies 2b is divisible by 2, then b is 

divisible by 2. Now we have found a common factor 2 this is a contradiction by  (1) 

Therefore, 2  is not rational, hence 2  is irrational. 



Note that the set of real numbers is the union of the set of rational number and the set of 

irrational number. This implies that IQR  , a real number is either rational or irrational, 

that is  IQ . The set of real numbers are closed on the number line. 

Real numbers 

You can represent a subsets of real numbers in interval form such as: (a,b) is an open interval, 

[a,b] as a closed interval, (a,b] as an open-closed interval, and [a,b) as a closed- open interval. 

In lower mathematics these sets where represented using set builder notation for 

instance  Rxbxaxba  ,:),( , while  Rxbxaxba  ,:],[  

Example 1.4.2 Given that the universal set is R, ]4,1(A  and ]7,0[B . Find the following 

sets and illustrate them on the number line. 'A    (ii)   BA    (iii)    BA'  

Solutions 

(i) You draw a number line to help you visualize the given set. Note that the interval (-

1,4] is open-closed interval and this can be illustrated on a number line as follows: 

 

Therefore ),4(]1,(' A  

(ii) The shaded part in the number line is the intersection of A and B as shown below: 

 

That is ]4,0[ BA  

1.4.1 Some properties of real numbers 

1. Identity element. 

 0 is an identity element under the operation +; 0+4=4 

 1 is an identity element under the operation x, 1x4=4 

  



2. commutative properties 

 The operation  + is commutative;  a+b=b+a, for real numbers a and b 

 The operation x is commutative;  axb = bxa , for real numbers a and b 

3. Inverse element 

 The operation + has an inverse element 0, for real number a 

 The operation x has an inverse element 1a , for real number a 

4. Transitive property 

 if ba  and cb  ,then ca   

5. Associative property 

 The operation + is associative 

 The operation x is associative 

6. The distributive property 

 The operation x is distributive over +a(b+c)=ab+ac 

   

1.4.2         Binary Operations 

In mathematics you are interested in the study of basic operations of algebra, such as : 

 ,,, . You have studied these operations at school, but in this section, you will study the 

use of these operations in details. 

Definition: The operation * is a binary operation in S, if and only if , for every 

SbatheSba  *,, . Otherwise the operation * is not a binary operation in S. 



You know the product of 3 and 4 as 12. In this case the operation is multiplication, that is 

* . 

This * can be defined in any way different from the four basic operations given above as will 

be illustrated below. 

Example 1.4.3 

(a) State whether the * defined as : baba * is a binary operation in the set of real 

numbers. 

Solution: All you need is to find choices of a and b were a*b fails. If you take a=1 and b=5, 

the 451* ba , the R 4 , therefore * is not a binary operation in the set of real 

numbers. 

(b) State whether * defined as * , in the set of real numbers. Is * commutative. 

Solution: Take any two numbers in the set of real numbers, say 

R
b

a
babathenRba  *,, , hence *  is a binary operation on R. But *  is not 

commutative since ab
a

b

b

a
ba **  . 

Exercise 1.1 

1. If A = { 1,2,3,4 } , B ={ 2,4,6,8 } , C ={ 3, 4 , 5, 6 } and the universal set  X ={ 

1,2,3,4,5,6,7,8,9 }. 

(a) Find  (i)  A’     (ii)    ')( BA    (iii)    B – C    (iv)    ')( BA   (v)   

)( CBA                   (vi)   )()( ' BACX   

(b)       Confirm   

(i) the associative laws:  )()( CBACBA    

and )()( CBACBA   

(ii) the distributive laws: )()()( CAACBA  and 

)()()( CABACBA   

(iii) the De Morgan’s laws: ''')( BABA   and    ''')( BABA   

2. (a)       If  BA  , then simplify if possible (i)  )( BA  (ii)  '' BA   (iii) 'BA                                                                          

(iv)  )(' BAA   

 

 



3. In the Venn Diagram below , shade :  (i)  W – V   (ii)  WV '  (iii) 'WV        

          (iv) V’ – W’ 

 

 

 

 

4. In problems (a) to (h) find expression of the form 
b

a
 for the given decimal expansions, 

where a and b are integers. 

    (a) 5.0  (b) 21.3  (c) 34.11  (d)    573.4   (e) 413.9  

  (f) 0.9999… (g)1.3333…. (h) 0.85 

5.     (a) Find an irrational number which lie between (i) 2 and 3   (ii)  19 and 19.01  

      (iii)  -4 and -2  

(b) Each of the following operation in I,II and III is a binary operation on R. 

            I  :   a*b = (a – b)(a + b) , a, b  R,  

            II :   a*b = ab , a, b  R, 

           III:  a*b = ba2  , a, b  R 

(i) Determine which of I, II III is commutative 

(ii)     For each of I , II  and III , evaluate  (3* 2 ) * 5 

6. Given the sets  X = { 0, 1 } and Y = { 0, 1, 2 }  

(a)  Check whether each of the following operations +, -, x , ÷  is a binary operation 

on X  and Y. 

(b) Also check whether the operation is commutative and associative 

7. If A = [ 1, 4] , B = ( 2, 8 ) , C = [ 3, 6 ) and the universal set X = [1, 9 ] . Find each of the  

following sets and display it on the number line. (i)  B’  (ii) ')( BA   (iii)   B – C  (iv) 

')( BA (v)  )( CBA     

      (vi) )()( ' BACX  . 

 

 

 



8. An operation * is defined on the set { 3,5,7 } in the table below as follows: a*b  is the 

result  where the row along “a” and column a long “b” meet.  e.g . 5*7 = 7. 

 

 

(i) Is this operation a binary operation on set  { 3,5,7 } 

(ii) Is this operation commutative 

(iii)Evaluate (5*7)*3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Unit 2 Relations and Functions 

2.1 Introduction 

This unit begins with defining what a relation is and develops the concepts of domain and 

range which are later extended to functions. One-to-one functions are discussed and even/odd  

and composite functions are also discussed. 

2.2 Objectives 

Upon completion of this unit you will be able to: 

 Define  a function 

 State the difference between a relation and a function 

 Write the domain and range of a function 

 State whether the function is 1-1 or onto  

 Find the inverse of a function and graph the function and its inverse 

 Calculate composite functions 

2.3 Relation A relation R from a set A to a set B assigns to each pair (a,b) in AxB exactly 
one of the following statements: 

(i) “a is related to b”, written aRb 

(ii) “ a is not related to b” written   

A relation from a set A to the same set A is called a relation in A 

Example 2.3.1  

1. Marriage is a relation from the set M of men to the set W of women. For, given any man 

Mm  and any  Ww , either m is married to w or m is not married to w. 

2. Order, symbolized by “<” or equivalently, “x is less than y” is a relation in any set of real 

numbers. For, given any order pair (a,b) of real numbers, either a<b or  

3. Perpendicularity is a relation in the set of lines in the plane. For, given any pair of lines a 

and b , either a is perpendicular to b or a is not perpendicular to b. 

 

 

 



4. X = n=set of Natural numbers and Y=  n+2 

This a 'notation' for expressing a relation between two variables(say X and Y). 

  

 

 

 

Individual values of these variables are called elements  eg   Domain;  ,....6,5,4,3,2,1X  

and Co domain:  ,....8,7,6,5,4,3Y . Note that Y values are all images of element in X, 

this is also called the Range 

The first set of elements ( X) is called the domain . The second set of elements ( Y) is called 

the Co domain . If all elements in Y are some images of some elements in X the co domain 

is called the range. 

Example 2.3.2 A simple relation like y = x2 can be more accurately expressed using the 

following format:  Ryxxyyx  ,,:),( 2 . In this example the Domain is  RxxX  : , 

that is all real numbers is the domain. But the co domain is  RyyY  : , and the Range 

 RyyyY  ,0:  

The sketch of the graph of the function 2xy    

                               

 

 

 

Here, you will observe that there are no values of x whose images are negatives. The images 

are always 0 or positives. This gives a good distinction example of Co domain and the Range. 



Y is a set of real numbers but some real numbers are not images of the x values in the 

Domain. 

2.3.1 Inverse Relation 

Let R be a relation from A to B. The inverse of R , denoted by 1R , is the relation from B to 

A which consists of those ordered pairs which when reversed belong to R: 

 RbaabR  ),(:),(1   

Example: 2.3.3  Consider a mapping  

   

  

 

                          )3,2(),3,1(),2,1(R  

             )2,3(),1,3(),1,2(1 R  

Example 2.3.4 The inverse of the relations defined by;  “ x is the husband of y” 

and “ x is taller than y” are respectively. “ y is the wife of x” and “ y is shorter than x”. 

2.3.2 One-One mapping  

Here one element of the domain is associated with one and only one element of the range. 

  

 

 

 

 

 



2.3.3 Onto 

A relation is onto if and only if  every element in Y is some image of some element in the 

domain X. ( or if Y is filled) 

Example:  Let a relation be defined as given below: 

    

 

 

                                    ),5(),,4(),,3(),,2(),,1( cbabaR   

The co domain is  cba ,,  and the range is  cba ,, , that means the co domain is equal to the 

range , hence , the relation is onto. 

2.3.4 Many-One mapping  

Here more than one element of the domain can be associated with one particular element of 

the range.  

Example 2.3.5 Consider the relation 0,44,,,:),( 2  xxZyxxyyx . 

Z is the set of integers(positive & negative whole numbers not including zero)  

 

 

 

 

 

 



2.3.5 Functions 

Notation: )(xfy  , this notation will be used throughout this module. 

Definition: If there is associated with each element of a set X exactly one element of another 

set Y, then this association constitutes a function from X to Y and is written YXf : . 

The unique element in Y assigned to Xx  by f denoted by f(x) , and called the image of x 

under f or the value of f at x. The domain of f is X, and the co domain Y. The range of f is 

denoted by )(xf  is the set of images, that is,  Xxxfxf  :)()( . By definition, all 

functions are relations but not all relations are functions. 

   

Domain = 4321 ,,, xxxx  , the Co domain = 4321 ,,, yyyy , and the range =  421 ,, yyy  note that 

3y is not an image of any element in the domain. Hence by definition f is a function. 

A function f is  into if it is a function by definition, a function f is 1-1 if every element of the 

domain X has one and only one image in the co domain Y, a function f is onto if the co 

domain is equal to the range. 

Example 2.3.6  Let a mapping be 

   

 

 

This is not a function because 3x  has two images 42 yandy ( refer to the definition of a 

function). 



2.3.5 One to one functions 

A function f is 1-1 if every element in the domain X is assigned to exactly one and only one 

element in the co domain Y. 

Example2.3.7 Let the mapping be given as: 

   

 

The function is one-to-one, since every element of X has one and only one image in the co 

domain Y. 

A function f is one to one if for every babfafthenXba  )()(,,, . Using this 

condition, we can show that any given function is either one to one or not. 

Example 2.3.8 Show that the function 13)(  xxf is one to one. 

Solution: We take any Xba , , we show that for any a, b in X babfaf  )()(  

If x = a this implies 13)(  aaf  and 13)(  bbf , then we show babfaf  )()(  

That is f(a) = f(b) implies 3a-1 = 3b-1 baba  33 . Hence the function 13)(  xxf  

is one to one. 

Example2.3.9  Show that the function 13)( 2  xxf is not one to one.  

Solution: We take any Xba , , we show that for any a, b in X babfaf  )()(  

If x = a this implies 13)( 2  aaf  and 13)( 2  bbf , then we show babfaf  )()(    

That is f(a) = f(b) implies 1313 22  ba  this implies 

1313 22  ba andbabababababa  0))((003333 222222

ba   that we have a is equal to b and –b. Hence, by definition the function 13)( 2  xxf  

is not a one to one function. A property of one-one functions is that on a graph a horizontal 

line will only cut the graph once. 



2.3.6     Onto functions: A function f is onto if the co domain is equal to the range. 

Example 2..3.10  Let a mapping be as given below: 

   

 

 

This relation is a function, by definition, this function is not 1 – 1, but f is onto since the co 

domain is equal to the range: Co domain =  1y  and the range =  1y .Hence, f is onto. 

Example 2.3.11  Let a mapping be  

    

 

 

The function f is not onto since the co domain is not equal to the range. In this example the 

element 3y is in the co domain but it is not an image of any of the element of the domain. 

Example 2.3.12  Let a function be defined as :    Ryxxyyx ,,2:),( , Where R+  is the 

set of positive real numbers. Show that the function f is 1-1. 

Solution: The domain is all positive real numbers;  RxxxX  ,0:  and the range 

is  RyyyY  ,2: . We can use the condition , A function f is one to one if for every 

babfafthenXba  )()(,,, That is, 2)(  aaf  and 2)(  bbf this implies  

f(a) = f(b) implies a+2= b + 2 That is, ba  , Hence,   Ryxxyyx ,,2:),( , is one to 

one. 

 

 



Example 2.3.13  Find the domain and range of the functions given below:  

(i) 1)(  xxf  (ii) 1)( 2  xxf  (iii) 9)( 2  xxf   

Solutions: 

(i) The expressions not allowed in mathematics are : ve,
0

0
,

0

1
. So if none of these can 

be arrived at for any real number, then the function is defined ( or exist) everywhere. 

So you should avoid these expressions.(i) The function 1)(  xxf  has Domain: 

 RxxD  :  since there is no value of x which can give you any of the expressions 

given above. Range:  RyyRange  : . Note that the domain are the x- values while 

the range are the images of x which are the y-values. 

(ii) The function 1)( 2  xxf  has the domain:  RxxD  : , while the range is 

 RyyyRange  ,1: . There is no value of x which will give you the y value less 

than -1. 

(iii) The function 9)( 2  xxf , has a radical so, you need to avoid all values of x 

whose images will give you negatives. So you take what is in the radical and you want 

it to be greater than or equal to zero. So we set, 092 x  these are the only values of 

x where the function exists. Therefore, 
0)3)(3(

039 222





xx

xx
To satisfies this inequality, 

you solve this as an equation to find the critical values as: x = 3 or -3. 

   

 

 

The circled signs are the intervals where the function exists. Therefore, the domain: 

   RxxxRxxxD  ,3:,3: . The range is:  RyyyRange  ,0: . Note that 

there is no value of x which will give an image as negative, and the least image is when x is 

either 3 or -3 and the image is 0. 
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xy
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2.3.7 Inverse Function f -1  

The inverse function is obtained by interchanging x and y in the function equation and then 

rearranging to make x the subject. This technique was used in high schools. Given any 

function 32)(  xxf  we make x the subject as follows: 

   

Then the inverse of the given function is 
2

3
)(1 
 x

xf . A function f has an inverse if and 

only if it is one to one. If  f -1 exists then, xxffxff   )()( 11 . It is also a condition that the 

two functions be 'one to one'. That is the domain of f is identical to the range of its inverse 

function  1f  . When graphed, the function and its inverse are reflections either side of the 

line   y = x.  

Example 2.3.14  Find the inverse of the function (below) and graph the function and its 

inverse on the same axes.  

 

 

 

 

You can graph f(x) and its inverse )(1 xf   on the same coordinate system as below: 

    

 

 

 

You can observe that the graph of an inverse of a function is simply the mirror image of the 

function in the line xy  . 



2.3.8 Composite functions 

Consider a mapping given below: 

    

 

 

This is a composite function written as fg , read the composite function of f and g. 

))(()( xfgxfg  . In this mapping above nbgfgfg  )())3(()3( . Note that X is the 

domain of f and Y is the co domain of f, while Y is the domain of g and Z is the co domain of 

g. But X is the domain of  fg  and Z is the co domain of fg . 

 ),4(),,3(),,2(),,1( knnmfg  . 

Therefore, you can find the inverse of the composite function as; 

 )4,(),3,(),2,(),1,()( 1 knnmfg   One useful property of inverse composite function is: 

111)(   gffg   

Example 2.3.15   Let 13)(  xxf  and 1)(  xxg , express in terms of x the following: 

(i) fg ,   (ii)      1)( fg     (iii)    )2(gof  

Solutions  

(i) xxxgxfgxfg 31)13()13())(()(   

(ii) Here you need to find the inverse of each function as follows: 

  

3

1

13

13

13)(










y
y

yx

xy

xxf

  Therefore, 
3

1
)(1 
 x

xf  



1

1

1

1)(

2

2









yx

xy

xy

xxg

         Therefore, 1)( 21  xxg   

Therefore , using the condition, 111)(   gffg    

33

11
)1()()(

22
2111111 xx

xfgfgffg 


   Therefore,  
3

)(
2

1 x
fg 

 

You can verify this by finding the inverse of  fg  using the conventional method.  

(iii) 
xxgof 3)(   by (i) above , 6)2(3)2( gof  

2.3.9 Even and odd functions 

Definition: A function f is an even function if and only if )()( xfxf  , and a function is 

odd if and only if )()( xfxf  .  In establishing on whether a function is odd or even, all 

you need is to verify these two conditions. If both conditions fail, then a function is neither 

odd nor even. In fact there are some functions which are neither even nor odd. 

Example 2.3.16  Verify whether each of the given function is even, odd or neither. 

(i) 24 2)( xxxf   (ii) xxxf 2)( 3   (iii) 12)( 2  xxf  

Solutions 

(i) Using the conditions given above, you proceed as follows: Let 24 2)( xxxf  , 

and )(2)()(2)()( 2424 xfxxxfxxxf  , hence )()( xfxf   is 

satisfied. That means the function 24 2)( xxxf  , is an even function. 

(ii) Let xxxf 2)( 3  , and )(]2[2)(2)()( 333 xfxxxxxxxf  , That 

means the function xxxf 2)( 3  , is an odd function. 

(iii) Let 12)( 2  xxf , and )()(121)(2)( 22 xforxfxxxf  , hence 

12)( 2  xxf  is neither even nor odd, 

If a function is neither even nor odd then it is said to be neither. 



Your interest in this section is as follows: 

 To be able to write the domain and the range of any given function 

 To be able to state whether the function is 1-1 or onto 

 To be able to show that the function is 1-1 or not 

 To be able to find the inverse of a function 

 To be able to write the composite functions in terms of x. 

 To be able to state whether the given function is odd, even, or neither. 

Exercise 2 

1. The function f and g are defined by 2)( xxf  and 1
2

1
)(  xxg  for all real values of x in 

the domain 30  x .  

(a) Find )(1 xf   and )(1 xg  in terms of x 

(b) Sketch , in the same diagram, the graphs of f, g, )(1 xf   and )(1 xg  

2. The functions f and g are defined by Rxxxf  ,12)(  and 0,,
1

)(  xRx
x

xg  

(a) Calculate the value of gf(2) 

(b) Find )(1 xg  in terms of x 

(c) Calculate the value of x for which fg(x) = x 

3. The functions f and g are defined by 91,,
23

25
)( 


 xRx

x
xf

 
 and 

31,,)( 2  xRxxxf . Find 

(a) The range of f 

(b) The inverse function, )(1 xf  , state its domain 

(c) The composite function fg and state its domain 

(d) The solution of the equation 
1

2
)(




x
xfg  

4. Given the function  xx  1)(f    



(i)         Find the domain of  f(x) 

(ii)         Find the range of f(x) 

(iii) Sketch the graph of  f(x) 

5. Given the function  g(x) =  – | x – 3 | 

(i) Find the domain of  g(x) 

(ii) Find the range of  g(x) 

(iii) Sketch the graph of   g(x) 

(iv) Find the intersection of  g(x)  with the line  2y + x  =  – 2 

6. The fish population  y  in a certain river is related to the tons of pollutants  x  according 

to the following  y  =  100,000 – 1 500x 

(a)  What are the domain and the range of this function? 

(b)  Sketch the graph of this function. 

(c) Suppose that 17.5 tons of pollutants is deemed critical.     How many fish 

would   be in the stream at the critical level of pollution?  

7. (a) Show that the following functions are not  1 – 1 . 

(i) y  =  x2 + 3x + 2     (ii)    y  =  x2 

(b) Show that the following functions are   1 – 1 .  

(i) y  =  3x + 4     (ii)       y  =  5 

8. For each of the following functions state whether the function is odd, even or neither 

of these.  (i) f(x)  =  4 – 3x2   (ii) f(x)  =  3x2 + x   

(iii) 
x

xx
1

)(f     (vi) f(x)  =  2 +  x2    

 

 

 

 

 

 



3.0 Algebra 

3.1 Introduction 

This unit begins with linear and quadratic functions, the difference between a function and an 

equation are explained with the help of examples. Theory of quadratic functions is explained 

in relations to their turning points called maximum or minimum. Solutions of quadratic 

equations are explored and discuss their relationships to the coefficients of the quadratic 

equations. Lastly the unit discusses polynomials in relations to remainder and factor 

theorems, inequalities are also discussed and the unit end with binomial expansions 

3.2 Objectives 

Upon completion of this unit you will be able to: 

 Distinguish between a linear and quadratic functions 

 Solve quadratic equations using completing of square method 

 Find the maximum or minimum of a quadratic function 

 solve a polynomial equation 

 Expand any expression raised to rational power of n. 

 Expand expressions using Binomial Theorem 

 Solve inequalities 

 

3.3 Linear and quadratic functions 

The simplest function defined in mathematics by means of a non trivial algebraic expression 

is the function defined by the equation .)( cmxxfy   

Definition: The function f , defined by the first degree equation  cmxyyxf  :),( , 

where m and c are constants, is called a linear function. 

The function derives its name from the fact that its graph is a straight line. Moreover, any 

straight line other than kx   (a straight line parallel to the y-axis) can be represented by such 

an equation with the appropriate m and c. You will consider the linear function’s algebraic 

properties and its zeros, rather than the geometric properties. The zero of a function is the x- 

coordinate or x- value for which y, the value of the function, is zero. Hence, you let 0y , 

and you can find the zero of a linear function by solving the equation 0 cmx  for x. Note 

that .)( cmxxfy   is a linear function while 0 cmx  is called a linear equation. In 

general, the zeros of a function are the roots or solution of the equation 0)( xf . There are 

many methods that you can use to solve an equation. However, any method that produces an 



equivalent equation, one which has the same roots, and only those roots, is allowed. Some 

procedures, such as squaring, may introduce new factors, and some, such as dividing, may 

lose some factors, so that extreme care should be exercised in using such procedures. 

Furthermore, it is always wise to check any purported solution, for the ultimate test of a 

number as a root of any equation is not how it is obtained, but whether it satisfies the 

equation. The following operations are called permissible, since they always result in 

equations which are equivalent to the original, that is, the new equation has exactly the same 

roots. 

1. The same number or algebraic expression may be added to or subtracted from both 

members of an equation.  

2. Both members of an equation may be multiplied or divided by any nonzero number. 

Example 3.3.1 Solve the following equations  754  xx  

Solution: 
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2

23
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x
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Example 3.3.2 Solve the equation 31x  

Solution: This equation has solution 4x . But if you square both sides you will get: 

9)1( 2 x . If this equation is solved, one of its roots  i.e.  -2, although it does not satisfy the 

original equation. 

Example 3.3.3   Solve the equation  x
x

xx







1

5

2

52
 

Solution:  
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3.4 Maximum and Minimum 

The second type of algebraic function usually considered is one in which the defining 

equation is of the second degree. 

Definition: The function f , defined by the second degree 

equation  cbxaxyyxf  2:),( , is called a quadratic function. Note that 
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cbxaxxfy  2)(  is a quadratic function while 02  cbxax  is called a quadratic 

equation. In general, the zeros of a function are the roots or solution of the equation 

0)( xf . 

A quadratic function has on turning point called either the maximum point or a minimum 

point. You can determine whether the function is maximum or minimum by the coefficient of 

the 2x . If 0a , then the function has a minimum, but if 0a , then the function has a 

maximum. 

The graph of the general quadratic function may be sketched by the more direct process of 

expressing the quadratic function in terms of the square of a linear function. Consider the 

function cbxaxxf  2)( , you complete square of this function as follows:                                                 

   

 

 

 

 

 

 

 

 

Since the square quantity 0)
2

( 
a

b
x , the expression within the bracket has its least value 

when 
a

b
x

2
 . If 0a , the function has its least value at 

a

b
x

2
 . This least value of the 

function ,  

   )(
2

a

bac 
, is called its minimum. The least point, ),(

2

a

bac

a

b 
  , is called the minimum 

point. If, however, 0a , when 
a

b
x

2
 , the function has its greatest value called its 

maximum, and is also equal to )(
2

a

bac 
  . The greatest point ),(

2

a

bac

a

b 
  , is called the 

maximum point. In either case the point ),(
2

a

bac

a

b 
  , is called the vertex of the parabola, 

with this point found, and an additional point or  two points , the graph can be sketched like 

the one below: 



  

3.5 Theory of Quadratic equations 

The general form of a quadratic equation is: 02  cbxax , where a, b & c are constants 

The expression acb 42   is called the discriminate and it is given the letter Δ (delta). 

All quadratic equations have two roots/solutions. These roots are real (Distinct or equal) or 

complex.   *complex - involving the square root of -1 

 

 

 

 

You can determine the nature of the roots of a given quadratic equation by calculating the 

value of the discriminant  acb 42 . If 

(i) 042  acb , then the quadratic equation has two distinct real roots. That is 0  

(ii) 042  acb , then the quadratic equation has one real root. 

(iii) 042  acb , the quadratic equation has imaginary root 

 Solution by factorizing - This is best understood with an example. solve:  



You must first ask yourself which two factors when multiplied will give 12 ? The factor pairs 

of 12 are : 1 x 12, 2 x 6 and 3 x 4  You must decide which of these factor pairs added or 

subtracted will give 7 ?  

1 : 12 ...gives 13, 11 , 2 : 6 .....gives 8, 4, 3 : 4 .....gives 7, 1  so )4)(3(1272  xxxx  

Which combination when multiplied makes +12 and which when added gives -7?  

These are the choices: (+3)(+4), (-3)(+4), (+3)(-4), (-3)(-4). Clearly, (-3)(-4) are the two 

factors we want. Therefore )4)(3(1272  xxxx  

Now to solve the equation 01272  xx   factorizing, as above , 0)4)(3(  xx  either 

03 x   or 04 x    for the equation to be true. So the roots of the equation are: x = 3, 

 x = 4  

From “O” level you know that you can solve quadratic equation by:  

 Factorization method 

 Using a formula- 

 Graphical method 

 Completing the squares- this method is not used at “O” level, so it will be explained 

here. The other methods are covered at secondary mathematics. 

3.6  Solution of quadratic equation 

You are now in a position to find the zeros of quadratic equation. Recall that the equation 

0)( xf , which is the values of x where 0y , are what you are interested. Generally, two 

values of x can be found, but these values can be determined by the discriminate  acb 42   

without solving the equation. The zeros or the solutions of a quadratic equation are values of 

x where the graph cbxaxxf  2)(   crosses or meets the x-axis. The two roots can be 

found graphically, by factorization, by using a formula, or by completing the squares. In this 

section a method of completing squares will be demonstrated below. 

 



Example 3.6.1  Solve the following equation 02  cbxax , using the method of 

completing squares. 

Solution: Take the equation  

a

acbb
x

formulatheyougiveto
a

acb

a

b
x

xforsolve
a

acb

a

b
x

a

acb

a

b
x

sidesbothrootsquaretake
a

acb

a

b
x

a

c

a

b

a

b
x

a

c

a

b

a

b
x

a

b
x

sidesbothtoitaddanditsquareandithalfxoftcoefficienthetake
a

c
x

a

b
x

outthroughabyDividecbxax

ctransposecbxax

2

4

2

4

2

2

4

2

4

4

2

4

4

2

42

22

,

0

2

2

2

2

2

2

22

2

22

22

2

2

2

2




























































There are two roots or solutions such as 
a

acbb
x

2

42 
  or 

a

acbb
x

2

42 
 . These 

are the roots, zeros, or solutions of the quadratic equation 02  cbxax  In solving 

quadratic equation, you can use any method provided the method of solving is not given in 

the question.  

 

 

 

 



Example 3.6.2  Solve the  equation  103 2  xx , using completing square method. 

Solution: you set  
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The two roots are 2 or 
3

5
. If the method of solving is not specified in the question, you can 

use any method and it will give you the same solutions. 

Example 3.6.3    Find the two values of x that satisfy the following quadratic equation: 

 In this equation, you have;  

 

 

 

 

 

 



Relations between zeros and coefficients of the quadratic equations 

If   and   are roots of a given quadratic equation, then the standard form of a quadratic 

equation is; 

0)(2   xx , and the general equation of a quadratic equation is 02  cbxax , 

you divide this later equation by a throughout, you get: 02 
a

c
x

a

b
x . On comparing the 

two equations, you will get:  

 
a

b
   and 

a

c
  

Example 3.6.4 Without solving, form a quadratic equation whose roots are the squares of the 

roots of the equation:  062 2  xx  

Solution: Let   and   be the roots of the given equation 062 2  xx . You compare the 

equation 0)(2   xx , with the given equation with 1 as the coefficient of 2x , 

03
2

12  xx  and then you will have; 
2

1
  , and 3 . 

Since 222 2)(   , the sum of the roots for the new equation is 
4

2522   , 

and the product is, 9)( 2   . Therefore, the required equation is 09
4

252  xx , which 

is 036254 2  xx . 

3.7 Polynomials 

3.7.1 Introduction A functions of the form nn
nnn

o axaxaxaxaxf  


1
2

2
1

1 ....)( , 

where niforai ,...,3,2,1,   are constants and n is a positive integer. This is called a 

polynomial function of order n. If you set 0)( xf , then we 

have 0.... 1
2

2
1

1  


nn
nnn

o axaxaxaxa , this called a polynomial equation of order n. 

If you have a function of the form: 123)( 35  xxxxf  this is a polynomial of order 5. 

And if you have an equation of the form 0123 34  xxx  this is a polynomial equation of 

order 4. Note that a polynomial of order n has a finite sum of n terms. Our task on 

polynomials is either to sketch if you have a polynomial function or solving for the 



polynomials roots if you have a polynomial equation. To do this we shall begin by looking at 

polynomial expression called algebraic expressions. We should look at how to divide 

expression by another expression. 

3.7.2 Division of algebraic expressions 

Just as you divide any real number by another real, such as 345 divided by 34, you carried out 

the operations as follows: 34234   this can also be done when dividing algebraic 

expressions.  

Long division: If f(x) is divided by d(x)  and  d(x)  is non zero, and the degree of d(x)  the 

degree of f(x), then two unique polynomials q(x)  the quotient and r(x) the remainder exist, so 

that:  

 

Note - the degree of r(x) is less than the degree of d(x).  

Example 3.7.1 

 

Synthetic division: You can determine the quotient and remainder when an expression f(x) is 

divided by a factor x-a, where a is a constant using a method called synthetic division. 



The process of division for polynomial in x ( or any one letter) may be greatly simplified 

when the divisor is in the form x – a. This process, known as synthetic division, will be 

illustrated. 

Example 3.7.2  Divide 3145 3  xx  by x – 2 using synthetic division. 

Solution: You write the coefficients of the expression as follows: 

   

The procedure is as follows: after writing the coefficients of the expression, you find a, in this 

case a = 2. You write the division upside down, drop 5 the coefficient of the highest power, 

multiply this by a, in this case by 2, write the answer under the next coefficient, add write the 

answer below, in this case 10, multiply your answer by 2, write the answer, 20 under the next 

coefficient, add, your answer is 6, multiply 6 by 2 and write your answer under the constant 

3, add, you will get 15. The number 15 is the remainder, while your quotient is: 6105 2 xx  

and remainder 6. This is easier and faster in find the quotient and remainder, than the long 

division. 

3.7.3 The Remainder Theorem: If a polynomial f(x) is divided by (x-a), where a is any 

constant, until a constant remainder independent of x is obtained, this remainder is equal to  

f(a).  

Example 3.7.2  Find the remainder when (2x3+3x+x) is divided by (x+4).  

 

         

 

 



  The reader may wish to verify this answer by using algebraic division. 

3.7.4 The Factor Theorem 

( a special case of the Remainder Theorem) . If f(a) = R  is zero , that is, a is a zero of f(x), 

then  (x−a) is a factor of the polynomial f(x). 

The converse is true , that is, If (x-a) is a factor of f(x), then f(a) = R = 0, and a is a zero 

of f(x). 

Example 3.7.3 

 

 

 

 

 

 

 

 

Fundamental Theorem of algebra: Every polynomial function whose defining equation is 

nn
nnn

o axaxaxaxaxf  


1
2

2
1

1 ....)(   

For 01 0  aandn , has at least one (real or complex)  root or at most n roots.  

3.8   Inequalities:  

Expressions involving inequality signs such as <, >, or ,  are called inequalities. These 

type of inequalities do not demand one value as an answer but a set of values which will 

satisfy the inequality. 
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3.8.1 Linear Inequalities 

Inequalities of the form 0)(  ax or 0)(  ax  are called linear inequalities. Our problem 

is to find the set of values that satisfied the inequality.  

Example 3.8.1 Find the solution set for the following inequality: 0)1( x . 

Solution: We solve the inequality as follows: 

The solution set is Rxxx  ,1: , this is written in set builder notation 

3.8.2 Quadratic Inequalities. 

Inequalities of the form 02  cbxax  are called quadratic inequalities because they 

involve quadratics. Inequalities of this form require you to factorize the expression on the left 

hand side. After factorizing then you follows the following procedures in order for you get 

the set(s) of values that satisfies the inequality. 

Example 3.8.2  Find the solution set for the inequality 0232  xx  

Solution: You begin by factorizing the quadratic expression as follows; 

   

To find the solution set of this inequality, you find the critical values of the inequality by 

solving for x. In this case x = -2 or -1. You make a table showing the critical points as shown 

below: Take a number in the given interval and substitute in the factor and write the sign in 

the box as indicated, and the last row which is the product of the two factors will determine 

the solution depending on the inequality given in the question. In this case, you want less that  

or equal so your solution will be the interval with a negative in the last row. 

  

 

 



The table above shows that the sets of point which satisfies the given quadratic inequality is 

read from the last row, ie the shaded part, which is  Rxxx  ,12; . 

Example 3.8.3  Find the solution set for the following inequality 2
1

1






x

x
 

Solution. To find the solution set of this problem, you first transpose 2 to the left because you 

cannot cross multiply since the denominator is a variable. Note that when you multiply by a 

negative quantity the sign changes, so x is a variable and it can assume a negative number, 

but you do not know for which values. You proceed as follows: 

   

0
1

3

0
1

3

0
1

221

0
1

)1(21

02
1

1

2
1

1































x

x

x

x

x

xx

x

xx

x

x

x

x

 

Note the change of the sign from greater than zero to less than zero.  

You now find the critical values of the numerator and denominator and proceed as example 1 

given above. The critical values are: 3x  and 1x  

  

 

 

 

 

 

 



3.9 Binomial Theorem 

Introduction: This section of work is to do with the expansion of expressions of the forms: 

nba )(  , where Rba ,  ,  Zn . Pascal's Triangle and the Binomial Theorem give you a 

way of expressing the expansion as a sum of ordered terms. You will also discuss expressions 

of the form: nx)1(  , where x is a variable and n is a rational number or negative integers. 

3.9.1 Pascal's Triangle  

You know the expansion of the following: 

etc

babbaaba

bababa

baba

ba

32232

222

1

0

33)(

2)(

)(

1)(


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



 

See the coefficients of the terms given in each of the expressions given above. The 

coefficients follow the following patterns: 

    

The first line represents the coefficients for n=0. (a+b)0= 1 . The second line represents the 

coefficients for n=1. (a+b)1= a + b. The third line represents the coefficients for n=2. 

222 2)( bababa  . The sixth line represents the coefficients for n=5. 

543223455 510105)( babbababaaba  . 

This is a method of predicting the coefficients of the binomial series is called Pascal triangle, 

since the coefficients form a triangle. Coefficients are the constants(1,2,3,4,5,6 etc.) that 

multiply each variable, or group of variables. Consider (a+b)n variables a, b, and n a positive 

integer. The Binomial Theorem builds on Pascal's Triangle in practical terms, since writing 



out triangles of numbers has its limitations. It is generally difficult to use Pascal’s  triangle 

for n greater than 6, hence the use of Binomial Theorem becomes necessary. For 

example 20)( ba  , this would require you to tabulate the coefficients from 2 to 19 in order to 

obtain the coefficients of 20)( ba  . It is now necessary to state the Binomial Theorem which 

will help you to expand expressions like 20)( ba  . In using this theorem, you need to know 

combinations and to appreciate this; a theorem may make it easy to follow: 

Theorem: The total number of combinations of n objects taken r at a time C(n,r) is given by 

the expression: 
!)!(

!
),(

rrn

n
rnC


 . This formula is valid for positive values Zn , also 

rn   always. This formula gives the coefficients of the Binomial coefficients. The following 

notations are use for the formula given above. 1).......3)(2)(1(!  nnnnn , that is, 

61.2.3!3  , 21.2!2  , 1!1 , and 1!0   by definition. Therefore, 

10
!3.1.2

!3.4.5

!3!2

!5

!3)!35(

!5
)3,5( 


C . 

Theorem: (The Binomial Theorem): For any positive integer n, 

nrrnnnnn bnnCbarnCbanCbanCanCba ),(....),(.....)2,()1,()0,()( 221  
 

where 'n' is the power/index of the original expression and 'r' is the number order. You can 

immediately note the following properties of the expansion given above for any positive 

integer n. 

(1) The number of terms in any identity is n+1. 

(2) The first term in the identity is na  and the last term is nb  

(3) The exponent of a decreases by one and that of b increases by one from any term to the 

next term, so that the sum of the exponents of a and b in any term is n. 

(4) For the first term and last, the second and next to the last , the third and from the last , 

and so forth, terms of the identity, the coefficients are the same.  

This is a way of finding all the terms of the expansion, the coefficients and the powers of the 

variables. 

  



14146

14146

14146

141420

.2.3.15.8.17.19

.2.3.
!14.1.2.3.4.5.6

!14.15.16.17.18.19.20

2.3
!14!6

!20

)2(3
14

20

x

x

x

x










Our interest is generally to find the nth term; all you need is to understand the equation given 

above. Note that term 1 has the power of b zero and r = 0 , second term has power of b as 1 

and r = 1, third term has power of b as 2 and r = 2 etc. You can determine the nth term of the 

expansion using this theory. 

Example 3.9.1 Expand the expression 5)( ba  . You proceed as follows:  

 

 

 

 

 

 

Example 3.9.2  Write down 5)23( x  as a Binomial expansion, using 

543223455 )4,5()3,5()2,5()1,5()( babCbaCbaCbaCaba   

And the value of the coefficients from the previous , let a = 3x, b = -2 

322407201080810243)23(
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Example: 3.9.3     Find the 15th term in the expansion of   20
23 x  

Solution:  Using the general form rrn ba
r

n 





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


, you know 20n , if you want the 15th 

term, this means that 14r ,  3a  and xb 2  , substitute these values in the general form 

as: 

   

 



This is the 15th term of the given expansion.  

Example 3.9.4. Find the term independent of x in the expansion of  

16
1

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x
x  

Solution: You write the general term rrn ba
r

n 


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




, in this case you know the value of n as n = 

16, you know the value of a as a = x and the value of b as
x

b
1

 , but you don’t know r, so you 

need to find r. You substitute these values in the general form and solve for r, then substitute 

the value of r and you will find the term which will have no x. 
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But you want a term which has no x, that mean you set 0216  r , because x0 is 1. That 

means 8r . Now you substitute r in the general form and simplify as follows: 
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This is the 9th term which is independent of x in the expansion. 

 

 

 



3.9.2 The Expansion of nx)1(   

The above method of expanding expressions of the form nba )(    is only used when n is a 

positive integer. For negative powers of rational numbers and negative integer, this method 

will not work. Instead we use the form: 

  .......
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x n   For QandZn   This 

series is valid in the region 1x . You will be expected to write this series generally up to 

including the x3, and write the region where this series is valid.  

Example 3.9.5  Write the expansion of the expression x32  , and write the region where 

this expansion is valid. 

Solution:  This expression can be written as: 2

1

)32( x , so we can compare this expression 

with the form given above. That means we write it in the form; nx)1(   and compare, and 

what you see is that  2
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Exercise 3 

1. Solve the following quadratic equations by factorization method. 

(i) x2 – 4x – 12  =  0               (ii) 3x2 + 5x – 12  =  0 

(iii) 3(4x – 1 )2 + 1  =  16  (iv) (x – 2 )2  =  – 4  

2. Use the method of completing the squares to solve each of the following equations. 

(i) x2 – 10x  + 24  =  0  (ii) 2x2 + 12x + 5  =  0 

(iii) 3x2 + 12 – 2   =  0  (iv) x2  –  3x  =  – 1   

3. Without solving the equation, determine the nature of roots of the following 

equations. 

(i) 4x2 + 20x + 25  =  0  (ii) x2 + 4x  + 7  =  0 

(iii) 16x2  =  40x – 25   (iv) 2x2  +  5  +  7  =  0 

4. If        and      are the roots of the equation  x2  – 4 x  +  2  =  0 ,  find the value of : 

(i) 





11
 (ii) )1()1(   (iii) 22   

(iv) 22   (v) 2)(   (vi) 
1

1

1

1
22 




  

5. If    and     are the roots of the equation   x2 – 4x  + 2  =  0 , find equations whose  

roots  are; (i)   +  3  ,    +  3  (ii)   +  3  ,    +  3   

6. (a) Find two numbers whose sum is  16  and  whose product is a maximum. 

(b) A man with 180m  of fencing wishes to fence off an area in the shape of a 

rectangle.  What should be the dimension of the area if the enclosed space is to be as 

large as possible?  

7. For each of the following functions, find the maximum or minimum point and value. 

       Sketch the graph  

(i) f(x)  =  x2 +6x + 5  (ii) f(x)  =  x2 + x – 6  



(iii) f(x)  =  2x2 + 5x – 12   (iv) f(x)  =  – 2x2 + 11x – 15   

(iv) f(x)  =  – 3x2 + 5x – 4     

8. Suppose that the equation 10002802)( 2  xxxp , where x represents the number   

of items sold, describes the profit function for a certain business. How many items 

should be sold to maximize the profit? 

9. The height of a projectile fired vertically into the air ( neglecting air resistance) at an 

initial velocity of 96 feet per second is a function of time x and is given by the equation 

21696)( xxxf  . Find the highest  point reached by the projectile. 

10. Find the value of k so that the equation: 

(i) 0152 2  kxx  has one root = 3 

(ii) 023 2  kxx  has roots whose sum is equal to 6 

(iii) 085 2  kxx  has roots whose product is equal to 
5

1
 

(iv)  kxxx  853 2  has roots numerically equal but opposite in sign.  

11. (a) Find the range of values of k so that the equation: 

(i) 043 2  kkxx  will have real roots 

(ii) 1342  kxkx  will have imaginary roots 

(b) Find the range of values of k or value of k so that the graph of the function  

where y equals: 

(i) kxx  93 2  will touch (have its vertex on ) the x axis. 

(ii) kkxx 
4

3
22  will not intersect the x axis` 

(iii) 3244 2  kkxx  will intersect the x axis inn two real  points. 

12. Find the remainder when 

 (a) 5 + 6x + 7x2 – x3    is divided by  x + 2 

 (b) 6x3 + 7x2 – 15x + 4    is divided by   x – 1  

 (c) x4 – 3x3 + 2x2 + 5    is divided by   x – 1 

 (d) 8x3 – 10x2 + 7x + 3    is divided by   2x – 1 

 (e) 9x3 + 4     is divided by   3x + 2 



13. Factorize the following polynomials 

(a) 6x3 – 5x2 – 17x + 6 

(b) 2x4 + 7x3 – 17x2 – 7x + 15 

(c) 6x4 + 31x3 + 57x2 + 44x + 12 

  14. By using Synthetic Division, find the quotient and remainder when 

 (a) x4 – 2x3 – 3x2 – 4x – 8    is divided by  (i)  x – 2  (ii)   x + 1 

 (b) x3 + 3x2 – 2x – 5   is divided by     (i)  x + 2  (ii)   x - 3 

15. Show that   x + y is a factor of   x5 + y5   and   x7 + y7.  By using synthetic division, find 

the quotient in each case.         

16. Factorize the polynomial x3 – 3x2 + 4x + 12.  Hence calculate the ranges of values of x 

for which   x3 – 3x2    - 4x – 12.   

17. Factorize the expression   6x3 – 7x2 – x + 12.  Hence calculate the ranges of values of x 

for which 6x3 – 7x2  > 12 – x  .    

18. Given that   ( x + 2 )   is a factor of   2x3 + 6x2 + 6x – 5, find the remainder when the 

expression is divided by   ( 2x – 1 ) . 

19. The expression   3x3 + 2x2 – bx + a   is divisible by  ( x – 1 )  but leaves a remainder of 

10 when divided by  ( x + 1 ).  Find the values of a   and   b.     

20. The expression   6x3 – 23x2 + ax + b  gives a remainder of  11 when divided by  ( x – 3 )  

and a remainder of  – 21  when divided by  ( x + 1 ).  Find the values of a   and   b   and 

hence factorize the expression. 

21. Find the first four terms in the series expansion of 2

1

)
2

1(
x

  in ascending power of x. 

22. The series expansion of qpx)1(  in ascending powers of x has coefficients -10 and 75 

in x and 2x  terms respectively. 

(a) Find the values of p and q 

(b) Find the coefficient of the 3x and 4x terms in the expansion 

(c) State the set of values of x for which the series is valid. 

        23. Expand the following up and including the term 3x  



(a) 2

3

)21( x  (b) x34   (c) 
x1

1
 

24. Find the 15th term in the expansion 20)
2

1
(

x
x  . Hence find the tem independent of x. 

25. Find the values of x for which the following inequalities are satisfied: 

(i) 3x-7 > 0     (ii) 5x-3 < 8x-12 (iii) 9922  xx  

        (iv) 0422  xx  (v) 0
5

2






x

x
 (vi) 

3

1

2

1


x
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Unit 4 Logarithm and Exponential functions 

4.1 Introduction 

This unit introduces special functions which plays major roles in calculus. It shows the 

connectedness of these two functions which would help you when navigating from one base 

to the other. Graphs of these functions are explored and show how these functions can help 

certain types of equations. 

4.2 Objectives 

Upon completion of this unit you will be able to: 

 Graph logarithms or exponential functions 

 Solve equations involving logarithms and exponentials 

 Apply laws of logarithms in solving logarithmic equations. 

4.3 Exponential function 

A function of the form xexf )(  where x is real and a is a positive constant is called an 

exponential function. The word “exponential” comes from the word exponent, which is 

another word for “power’ or “index’. So for an exponential function Rxexf x  ,)( , the 

variable x is call the power , or the index, or the exponent. For a = 2, 3, etc, you can see how 

the graph of each of these functions look like. 

   

The Natural Logarithm function 

The graph of the function Rxexf x  ,)( is as follows:  



   

You can see that this function is one-to-one. So it must have an inverse. To find the inverse 

function,  write yex  , and try to make y the subject of the equation. In the expression ye , e 

is called the base and y is called the power, or index or exponent. A fourth name for y is the 

logarithm. So the expression yex   can be interpreted as meaning that y is the logarithm of 

the number x in the base e. We write this as  or more usually as xy ln . 

Logarithm in base e is usually called natural logarithm. 

The function 0,ln)(  xxxg , is the inverse of the function Rxexf x  ,)( , that is 

1 fg , and the graphs of f and its inverse are shown below: 

   

 

 

 

These are the graphs of xe  and of xln . You can see that the graph of xy ln  is the 

reflection of the graph of  xey   in the line xy  . 

4.4 Logarithms 

You have seen in the section above that the word power, index, exponent, and logarithm are 

synonymous: they are four different words to describe exactly the same thing. 

    



In this module use the word “logarithm” and take the base to the positive )0( a , and the 

graph will look like: 

   

 

 

Now the statement cab   reads ‘the number b is equal to the base a raised to the logarithm 

c’. another way of reading the statement is ‘c is the logarithm of the number b to the base a’. 

What this means that you can express an exponential form into logarithm and vise-visa. That 

is,  bac  . This is a very useful relationship between exponential and logarithm 

when changing bases of logarithms. 

Laws of logarithm 

1.  

2.  

3. M
a

M
a n

n

loglog   

4. 1log a
a  

5.  

Example 4.4.1  Find x if x32
2log  

Solution: You write this in exponential form:  322  x this the same as 

522  x , by inspection you have x = 5 

Example 4.4.2  Find the value of 243
3log

 

Solution: This can be written as:  



Example 4.4.3  Simplify  

Solution:: This can be written as: 

=  

Equations of the form bax   

Although you can solve equation such as 93 x , 644 x , and so on, because the value of x is 

an integer, in general you cannot solve such equations by inspection. It is time consuming to 

find a solution to 675 x by trial and improvement. The standard method of solving such 

equations is by taking logarithms with suitable base. 

Example 4.4.4  Solve the equation 65)5(2 2  xx  

Solution:  In solving such equations, you let xz 5  and your equation becomes 62 2  zz   

Which is a quadratic equation and when you solve this equation your solutions are
2

3
,2 z . 

You ignore the negative since there is no logarithm of a negative number. So you use z = 2, 

from this value you can find the value of x as follows: xz 5 implies x52   taking logarithm 

to base 5 will give you  

Exercise 4 

1. Solve the equations 

 (a)     435 23 X       (b)   323 74   xx   (c) 6525 1  xx    (d ) 522  xx ee  

 (e)  04)3(9)3(2 2  xx  (f)   22 4484  xx  (g)   1)2(32 12  xx  

2. Find the values of x for which 1log2log 3
3  x
x  

3. Solve the equations 

(a)            (b)    5log4log 2
2  x
x  



 4.      (i) Find the values of x for which )3ln(2ln62ln2  xx  

(ii) Given that x + y = 2  and yx 43   Show that  
12ln

16ln
x  , and find y in a   

similar form. 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Unit 5 Matrices 

5.1 Introduction 

This unit begins by reviewing basic operations of matrices; these are addition, subtraction, 

and multiplications of matrices. The ‘O ‘level knowledge of matrices is extended from a 2x2 

matrices to a 3x3 matrices. The unit discusses determinants, transpose, and inverses of a 3x3 

matrices. Lastly, the unit explores the methods of solving systems of equations using 

matrices. 

5.2 Objectives 

Upon completion of this unit you will be able to: 

 Add, subtract, and multiply matrices 

 Find the inverse of a matrix 

 Solve systems of equations using matrix methods 

5.3 Operations on matrices 

A matrix is an array of numbers arranged in rows and columns, such as  










10

32
  ,   





















212

301

243

   or    

















3

0

2

 

Such an array of numbers is called a Matrix. The numbers such as; 2, 3 for first one are called 

the elements or entries of the matrix. The horizontal line 2 , 3 are called rows while the 

vertical line are called columns. In general, if a rectangular array has m rows and n columns, 

you call it an m x n matrix. Therefore the matrix given above is a 2x2 matrix, it means it has 

two rows and two columns. The number of rows is stated first, followed by the number of 

columns. Then you have the first matrix a 2x2 matrix, the second as a 3x3 matrix and the last 

one is a 3x1 matrix.  

5.3.1 Basic properties of Matrices 

You use capital letters to denote matrices, and you enclose actual matrix in square brackets. 

Definition: Two matrices A and B are equal if and only if : 

(i) The two matrices have the same number of rows and columns 

(ii) Their corresponding elements are equal. 



Definition: The sum of two matrices A and B denoted by A + B, is the matrix such that each 

of its elements is the sum of the corresponding elements of A and B. 

Example 5.3.1: If 









51

32
A  ,  










40

21
B  , find A + B. 

Then 






















91

53

4501

2312
BA  with the definition of any operation, you can now think 

of the possibility of an “identity matrix” of the operation addition.  

Definition: If all of the entries of a matrix are zeros, the matrix is called the zero matrix, and 

is denoted by O. 

 








00

00
 That is A+O = A for any matrix A. Furthermore, there is the inverse matrix 

with respect to addition called the negative of A and denoted by –A, such that A +(-A) = O. 

Note that you can only add matrices of the same size or matrices of the same order.  

Definition: The product of a scalar k and a matrix A , denoted by kA, is the matrix in which 

each entry is k times the corresponding element of A. For example, if 









51

32
A , then 











102

64
2A . Where k = 2. 

Definition:  The product of two matrices A and B is the matrix AB whose entry in the ith row 

and jth column is the sum of the products formed by multiplying each entry in the ith row of A 

by the corresponding entry in the jth column of B. 

Example 5.3.2  If 






 


4

1

2

2

1

3
A , and





















2

3

2

5

1

0

B , find AB and BA 

Solution: You can multiply matrices if they are of the same order, or the number of  elements 

of the rows of the first matrix is equal to the number of elements of the columns of the second 

matrix. For instance, a 2x3 matrix can be multiplied by a 3x3 matrix and the product will be a 

2x3 matrix. In this example you are multiplying a 2x3 matrix by a 3x2 matrix and the product 

will be a 2x2 matrix. 

 

   



 

 

 

 

Note that matrices are not commutative. BAAB   

5.4 Determinant of a matrix 

You may have learnt how to find a determinant of a 2x2 matrix a ‘O ‘level mathematics. In 

this section you will learn how to find the determinant of a 3x3 matrix. Note that determinant 

can only be found in a square matrix. You cannot find a determinant for a rectangular matrix.  

If a matrix A= 








dc

ba
be a 2x2 matrix, the determinant of A, 

written bcad
dc

ba
AA det  

To find the determinant of a 3x3 matrix is not as easy as this one. Take for example a general 

3x3 matrix like 


















ihg

fed

cba

B , then 
hg

ed
c

ig

fd
b

ih

fe
a

ihg

fed

cba

B   

The 3x3 matrix is decomposed in determinants of 2x2 matrix which you can easily evaluate 

each of the 2x2 matrices and add the to find the determinant of a 3x3 matrix. 

Example 5.4.1  Given that 


















510

031

421

A , find A . 

Solution:  

21

41015

)01(4)05(2)015(1
10

31
4

50

01
2

51

03
1

510

031

421











A

 

That means the determinant of A is 21. 

 

 



5.5 Transpose of a Matrix 

If you have a matrix and take its first row and write this as the first column, then take its 

second row and write this as the second column, and so no, the resulting matrix is called the 

transpose of the first matrix. 

If 




















211

641

212

A , then the transpose of A, written 


















262

141

112
TA  

5.6 The inverse of a matrix 

Just as you were able to find inverse of functions, you learnt that a function has an inverse if 

and only if the function is 1-1. Also here, the inverse of matrix exists if and only if the 

determinant of the matrix is non zero. Note that you can only find an inverse of a square 

matrix. You will write the inverse of a matrix A as” "1A . 

Definition: An inverse of matrix A is defined as: 

  TAadjo
A

A .int
11  . 

 Read ad joint A matrix transpose divided by the determinant of A. What you need to learn is 

how to find this ad joint matrix which has to be transposed. This ad joint matrix is a matrix of 

co-factors called minors which will be demonstrated here on how to get it. A general 

approach will be used here on how to get the ad joint matrix. 

Take for instance the matrix  

  


















ihg

fed

cba

A  

The minor of this matrix are: 11a  reads the element of the first row and first column, 12a , 

reads the element of the first row and second column, 21a , reads element of the second row 

and first column, and so on. 

Therefore, the minors are computed as follows: 

fhei
ih

fe
a 11  fgdi

ig

fd
a 12   egdf

fg

ed
a 13  



chbi
ih

cb
a 21   cgai

ig

ca
a 22   bgah

hg

ba
a 23  

cebf
fe

cb
a 31  cdaf

fd

ca
a 32   bdae

ed

ba
a 33  

Now you impose negative positive to each of these minors stating from 11a  as positive and 

write them in as matrix as shown below: 

























)()()(

)()()(

)()()(

.

bdaecdafcebf

bgahcgaichbi

chbicgaifhei

AAdJ  This is the ad joit matrix A 

























)()()(

)()()(

)()()(

int

bdaebgahchbi

cdafcgaicgai

cebfchbifhei

AjoAd T  

Therefore,  

TAAdjo
A

A int
11  = 























)()()(

)()()(

)()()(
1

bdaebgahchbi

cdafcgaicgai

cebfchbifhei

A
 

Example 5.6.1  Let 


















510

031

421

A , Find the inverse of A. 

Solution: You find the determinant of the matrix A. 

2141015
10

31
4

50

01
2

51

03
1

510

031

421







A  

21A  

15
51

03
11 a   5

50

01
12 


a   1

10

31
13 


a  

6410
51

42
21 a  5

50

41
22 a   1

10

21
23 a  



12
03

42
31 a  4

01

41
32 


a   523

31

21
33 


a  

 
























511

455

12615
TAdjA  

Therefore, 
























511

455

12615

21

11A  

Note that IAA 1
 

5.7 Simultaneous equations 

You came across simultaneous equations in two equations in two unknown in junior 

mathematics and solved these equations using; elimination method, substitution method, and 

graphical methods. In this section you will learn how to solve systems of equations in three 

equations in three unknown using matrix methods. Two methods will be demonstrated here; 

(a)  Inverse Method 

In this method you will use the fact that IAA 1  in solving system of equations. To do that 

you need to express the system of equation in the matrix form like BAY  . Where A is the 

matrix of the coefficients of the variables, Y is the column vector of the variables and B the 

column vector of constants. 

Given a system of equation as: 

 

pjzhygx

nfzeydx

mczbyax







 

You can express this system of equation in matrix form as; 

 DAX   where the matrix A is 

 


















jhg

fed

cba

A  ,  


















z

y

x

X , and 


















p

n

m

D  and your system of equation can be 

written as: 



 

















































p

n

m

z

y

x

jhg

fed

cba

. You can solve this system of equation using either Inverse of 

a matrix or using crammers’ rule. 

(a) Inverse of a matrix method 

You need to find the determinant of the matrix A, and get its inverse 1A , and using the 

relationship IAA 1 , you will be able to find the values of x, y, and z. 

Example 5.7.1  Solve the following system of equations using inverse of a matrix method. 

   

13

23

12







zyx

zx

zyx

 

Solution: You write this system in matrix form as: BAY   
























































1

2

1

113

301

112

z

y

x

 (1) 

Where 






















113

301

112

A , 


















z

y

x

X , and 




















1

2

1

D  

 

There 3A , you can verify this value. 

You now find the adjoint matrix of co factor minors: 

 

3
11

30
11 


a  10

13

31
12 


a   1

13

01
13 


a  

0
11

11
21 




a  1

13

12
22 




a   1

13

12
23 


a  

3
30

11
31 


a  7

31

12
32 


a   1

01

12
33 a  

Therefore, the ad joint matrix transpose is; 





















111

7110

303

. TAAdj , therefore, 1A





















111

7110

303

3

1
 (2) 



Multiply (2) to (1) 
































































































1

2

1

111

7110

303

3

1

113

301

112

111

7110

303

3

1

z

y

x

 

The left hand side of the equation is IAA 1  







































































1

2

1

111

7110

303

3

1

100

010

001

z

y

x

 























































2

5

0

3

1

100

010

001

z

y

x

 







































2

5

0

3

1

z

y

x

This implies, 
3

2
,

3

5
,0  zyx  

(b) Using Cramer’s rule 

You can solve the same equation using crammer’s rule, where you use determinants only. 

Take the  general form 

















































p

n

m

z

y

x

jhg

fed

cba

, in here you take your 


















jhg

fed

cba

A  and 

A , define the following determinants as follows: 

 

jhp

fen

cbm

A 1 ,  

jpg

fnd

cma

A 2 , and 

phg

ned

mba

A 1  That is you replace the ith column 

by D. Then your x, y, and z values are found by: 

A

A
x 1 , 

A

A
y 2 , and 

A

A
z 3  

Example 5.7.2  Solve the following system of equations using inverse of a matrix method. 

   

13

23

12







zyx

zx

zyx

 



Solution: This system is of the form 























































1

2

1

113

301

112

z

y

x

 and 






















113

301

112

A  

We know 3A   and you find the determinants of the iA . 

0

111

302

111

1 





A  5

113

321

112

2 





A  2

113

201

112

3 



A  

Therefore, using Cremer’s rule the solutions are: 

0
3

01 



A

A
x , 

3

5

3

52 





A

A
y , and 

3

2

3

23 





A

A
z  

 

Exercise 5 

1. Evaluate 

 (a) 

























31

29

45

67
  (b) 


























94

39

45

78
 

 (c) 



































200

401

231

360

453
 (d) 

501

542

632







 

2. Find the inverse of 

 (a) 












71

23
 (b) 





















300

201

512

  (c) 
















 711

514

122

  

3. Given that  
























360

741

312

A            and         




















311

213

421

B      

 find   (a)   AT  (b)   BT 

Hence find (c)   (AB)T (d)   (BA)T 

4. Solve the system of equations. 



 (a) 4x   +  3y  +  5z    =  11 

  9x   +  4y  +  15z  =  13 

  12x + 10y –   3z   =    4 

 (b) 5x   +  4y  + 2z    =  16 

  7x   –  8y  +  3z   =  – 45  

  x    +   6y  –  4z   =  16 

5. Solve the system of equations 

(a) Using matrix method. 

(b) Using Cramer’s rule. 

(i) x + y + 2z – 2 = 0  (ii) x + y + z = 2 

        – 3 x + y + 2z – 1 = 0   x + 2y + 3z = 6 

             6x + 2y + z + 4 = 0   3x + 2y – z = – 4  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Unit 6  Differentiations 

6.1 Introduction 

This unit begins with the background of the development of calculus by Isaac Newton (1642-

1727) and Gottfried Wilhelm Leibniz (1646-1716). Their investigation on the slope of a 

tangent on curves at a given point and finding the areas of irregular shapes in a plane gave 

birth to differential and integral calculus respectively. 

The unit also gives an overview of the linkage between pre calculus mathematics with 

differential calculus just to show you that differential calculus is not independent of pre 

calculus mathematics. 

6.2 Objectives 

Upon completion of this unit you will be able to: 

 Explain how differential calculus was developed 

 Find the limit of a function as x approaches a given number 

 Apply rules of derivatives 

 Find derivatives of a function from first principles 

 Apply differentiation to curve sketching 

 Find maximum and minimum of the curve 

 Apply derivatives to tangents and normal to curves 

 Apply derivatives to related rates of change  

6.3 Back ground 

Historically, the development of calculus by Isaac Newton (1642-1727) and Gottfried 

Wilhelm Leibniz (1646-1716) resulted from the investigation of the following problems: 

  

(i) Finding the tangent line to a curve at a given point on the curve 



(ii) Finding the area of a planar region bounded by an arbitrary cure 

 

The tangent line problem might appear to be unrelated to any practical applications of 

mathematics, but as you will see later, the problem of finding the rate of change of one 

quantity with respect to another is mathematically equivalent to the geometric problem of 

finding the slope of the tangent line to a curve at a given point on the curve. It is precisely the 

discovery of the relationship between these two problems that spurred the development of 

calculus in the seventeenth century and made it such an indispensable tool for solving 

practical problems. The following are the few examples of such problems: 

 Finding the rate of change of a bacteria population with respect to time 

 Finding the velocity of an object 

 Finding the rate of change of a company’s profit with respect to time 

 Finding the rate of change of a travel agency’s revenue with respect to the 

agency’s expenditure for advertising. 

The study of tangents-line problem led to the creation of differential calculus, which relies on 

the concept of the derivative of a function. The study of the area problem led to the creation 

of integral calculus, which relies on the concept of the ant-derivative or integral, of function. 

Both the derivative of a function and the integral of a function are defined in terms of a more 

fundamental concept called – Limit. 

 What is Calculus? 

Calculus can be referred to as a “ Limit Machine” that  involves three stages. The first stage 

is pre-calculus mathematics such as the slope of a straight line or area of a rectangle. The 

second stage is the limit process and the third stage is new calculus formulation, such as 

derivative of integral. 



    

Students who learn calculus as a collection of new formulas, and reduce calculus to the 

memorization of differentiation and integral formulas miss a great deal of understanding and 

lacks self confidence and satisfaction of the subject matter. As a result they may not 

appreciate the applications of calculus in modeling real life situations in economics, business 

and engineering. In this text, our goal is to learn how pre calculus formulas and techniques 

are used as building blocks to produce the more general calculus formulas and techniques. 

 Pre calculus Mathematics  With Differential calculus 

 

 

 

 

 

 

 

 

 

 

 

 

 



Average rate of change between t=a and t=b        Instantaneous rate of change at t=a 

Curvature of a circle       Curvature  of a curve 

   

 

 

 

 

Tangent plane to a sphere    Tangent plane to a surface 

Direction of a motion                 Direction of motion along  

Along a straight line     A  curved line. 

Figure 6.3.3(a)     Figure 6.3.3(b) 

These are some of the examples of pre calculus formulas required to understand differential 

calculus formulas. In the study of calculus, what happens to the value of a function as the 

independent variable gets very close to a particular value is very important. We came across 

this concept in the introduction where you  zoomed in on a curve to get an approximation for 

the slope of that curve. This lead to the theory of limits and continuity as x approaches a 

particular number or approaches a number from either the left or right. 

6.4 Limits 

In this unit you will learn how to take limits. As consecutive points, given by the terms of the  

sequence 
n

1
2   as shown on a number scale, it is noted that they cluster about the point 2.  

  

In such a way that there are points of the sequences whose distance from 2 is less than any 

pre assigned positive number, however small. In this unit we shall be interested in the limit of 



a function. Let 2x , then 4)( 2  xxf  as limit. Under this assumption, we say “the 

limit , as x approaches 2, of 2x  is 4” and write 4lim 2

2



x

x
 

Right and Left limits: as 2x  over the sequence given above, its value is always less than 

2. We say that x approaches 2 from the left and write  2x . Similarly, as 2x  over the 

given sequence 
n

1
2  , its value is always greater than 2. We say that x approaches 2 from the 

right and we write  2x . Clearly, the statement )(lim xf
ax

 exists implies that both the left 

)(lim xf
ax 

 and the right limit )(lim xf
ax 

 exists and are equal. However, the existence of the 

right (left) limits does not imply the existence of the left ( right) limit. 

Example 6.4.1  The function 29)( xxf   has the interval 33  x  as domain of 

definition. If a is any number on the open interval 33  x , then 29lim x
ax




 exists and is 

equal to 29 a . Now consider a = 3. First , let x approaches 3 from the left, then 

09lim 2

3



x

x
. Next, let x approaches 3 from the right, then 2

3
9lim x

x



 does not exist 

since for x>3, 29 x is imaginary. Thus, 2

3
9lim x

x



 does not exist. 

Theorems: The following theorems on limits are listed for future reference.  

1. If f(x)=c, a constant , then cxf
ax




)(lim  

 If Axf
ax




)(lim  and Bxg
ax




)(lim , then 

2. kAxfk
ax




)(.lim , k being a constant 

      3. BAxgxfxgxf
axaxax




)(lim)(lim)]()([lim   

      4. BAxgxfxgxf
axaxax

.)(lim).(lim)]().([lim 


 



      5. 0,
)(lim

)(lim

)(

)(
lim 






B

B

A

xg

xf

xg

xf

ax

ax

ax
 

      6. n
n

ax

n

ax
Axfxf 


)(lim)(lim  

These results may be very useful in the next sections. 

6.4.1 Limits as x Approaches a Particular Number 

Sometimes, finding the limiting value of an expression means simply substituting a number 

directly in the function.. 

Example 6.4.2  Find the limit as t approaches 10 of the expression P = 3t + 7. 

Answer , We write this using limit notation as: )73(lim
10




t
t

 

In this example there is no complication - we simply substitute and write 3773(lim
10




t
t

 

There is no complication because f(t) = 3t + 7 is a continuous function. But there are cases 

where we cannot simply substitute like this. 

Example 6.4.3  We know that x cannot equal 3 in the following expression (because we 

cannot have a denominator equal to zero):  
3

32
)(

2






x

xx
xf  

However, we can see that the function approaches a particular value as x approaches 3 from 

the left: 

x  2.5  2.6  2.7  2.8  2.9  

f(x)  3.5  3.6  3.7  3.8  3.9  

Continuing, we get closer and closer to x = 3: 

x  2.9  2.92  2.94  2.96  2.97  2.98  2.99  

http://www.intmath.com/Functions-and-graphs/7_Continuous-discontinuous-functions.php


f(x)  3.9  3.92  3.94  3.96  3.97  3.98  3.99  

 

 

 

 

 

  Table 6.9.1 

Likewise, approaching x = 3 from the right gives the same limit value: We note that the 

function value is getting closer and closer to 4. We write:  4
3

32
lim

2

3





 x

xx
x

 

NOTE: We could have evaluated this limit by factorizing first: 

CAUTION: The factorizing process is only possible in this example because we have: 

 x ≠ 3. This is a typical problem in the study of introductory limits. It appears to be a bit 

trivial , in that we could have factored it, cancelled and substituted x = 3 like we just saw. But 

the example is important for the concept that there is no actual value of the function when     

x = 3, but if we get really, really close to 3, the function value is really close to some value (4, 

in this case).  

Note that if you get the form  
0

0  when you substitute directly in the function, this form is 

called indeterminate, means you cannot determine the limit , so you use factorization method 

to cancel one of the zeros, generally the zero in the denominator but not always. 

Example 6.4.3  Find the limit  
30

25
lim

2

2

5 


 xx

x
x

 

Solution  Although the limit in question is the ratio of two polynomials, x = 5 makes both the 

numerator and denominator equal to zero. We need to factor both numerator and denominator 

as shown below.  

 

x  3.5  3.1  3.01  3.00001  

f(x)  4.5  4.1  4.01  4.00001  



Simplify to obtain  

  

    
11

10


 

Example 6.4.4   Find the limit  
1

1
lim

2

1 


 x

x
x

 

Solution If you substitute x = -1 directly in the function, you will get 
0

0  and this form is 

called indeterminate, meaning you cannot determine the limit of the function as x approaches 

-1. 

So we factorize the numerator and simplify the expression and then take limit.    

)1(

)1)(1(
lim

1

1
lim

1

2

1 







 x

xx

x

x
xx

 

 

     
2)1(lim

1



x

x

 

6.4.2 Limits as x Approaches Infinity 

When taking limits as x approaches infinity, written as; )(lim xf
x 

, and we find the form 


  

this form is also indeterminate. In this case we cannot factorize into factors as shown in the 

two examples above, what we need to do is factor out the highest power of x, and use the fact 

that 0
1

lim 







 xx

. 

 Example 6.4.5 Find the limit  )
16

35
(lim




 x

x
x

. 

Solution: This time it is not so obvious what the limit value is. We could substitute larger and 

larger values of x until we could see what was happening (try 100, then 1000, then 1000000 

and so on). Or, we could rearrange the expression and use the fact that  0
1

lim 







 xx

,to find 



the limiting value.  We divide throughout by x to get the expression in a form where we can 

evaluate it.  

































x

x
x

x
xx 16

35
lim

16

35
lim  

  
06

30




  

  
2

1
  

Notice that we cannot substitute ∞ into the fraction 












16

35

x

x
, because this does not make 

mathematical sense. Please do not write 












1)(6

)(35
. It has no meaning 

Example 6.4.6  Find the limit  
124

3
lim

2

2

 xx

x
x

 

Solution . Factor x 2 in the denominator and simplify.  

 

As x takes large values (infinity), the terms 2/x and 1/x 2 approaches 0 hence the limit is  

4

3
  

Example 6.4.7   Find the  
32

1
lim

2 


 x

x
x

 

Solution . Factor x 2 in the numerator and denominator and simplify.  

 



As x takes large values (infinity), the terms 1/x and 1/x 2 and 3/x 2 approaches 0 hence the 

limit is  

0
2

0
  

6.5     Differentiation 

Introduction. In this unit we begin by introducing the concept of differentiation using the 

concept of slope of a straight line. This will be developed to derivative of a function from 

first principles which illustrate the ideas of limits which we discussed in the previous unit. 

Then we will discuss differentiation of functions using basic rules, and finally we shall 

discuss some examples of the applications of differentiations in economics and businesses. 

Differentiations can also be applied in areas such as: Temperature change at a particular time, 

Velocity of a falling object at a particular time, Current through a circuit at a particular time, 

Variation in stock market prices at a particular time , Population growth at a particular time , 

Temperature increase as density increases in a gas . 

4.5.1 The Slope (gradient) of a Tangent to a Curve (Numerical Approach)  

Since we can model many physical problems using curves, it is important to obtain an 

understanding of the slopes (gradient) of curves at various points and what a slope means in 

real applications. Remember: We are trying to find the rate of change of one variable 

compared to another. In this section, we show you one of the historical approaches for 

finding slopes( gradient) of tangents, before differentiation was developed. This is to give 

you an idea of how it works. Before we proceed, let look at a numerical example given below 

just as a motivation into this unit. 

 Example6.5.1 Find the slope (gradient)  of the curve f(x) = x2 at the point (2,4), using a 

numerical method. 

Solution. We start with a point Q(1, 1) which is near P(2,4): 

  

 



The slope (gradient)  of PQ is given by:  3
12

14

12

12 










xx

yy
m  

Now we move Q further around the curve so it is closer to P. Let's use Q(1.5,2.25) which is 

closer to P(2,4): 

 

The slope (gradient)  of PQ is now given by: 5.3
5.12

25.24

12

12 










xx

yy
m  

We see that this is already a pretty good approximation to the tangent at P, but not good 

enough. 

Now we move Q even closer to P, say Q(1.9,3.61). Now we have: 

  

So 9.3
9.12

61.34

12

12 










xx

yy
m  



We can see that we are very close to the required slope (gradient). Now if Q is moved to 

(1.99,3.9601), then slope PQ is 3.99. If Q is (1.999,3.996001), then the slope is 3.999. 

Clearly, as x → 2, the slope of PQ → 4. But notice that we cannot actually let x = 2, since the 

fraction for m would have 0 on the bottom, and so it would be undefined.  

We have found that the rate of change of y with respect to x is 4 units at the point x = 2 .  We 

will now extend this numerical approach so that we can find the slope of any continuous 

curve if we know the function. We will see an algebraic approach that can be used for most 

functions.  

6.5.2  The Derivative from First Principles 

In this section, we will differentiate a function from "first principles". This means we will 

start from scratch and use algebra to find a general expression for the slope of a curve, at any 

value x.  

A first principle is also known as "delta method", since many texts use Δx (for "change in x) 

and Δy (for "change in y"). This makes the algebra appear more difficult, so here we use h for 

Δx instead. We still call it "delta method". We look at the general case and write our 

functions involving the familiar x (independent) and y (dependent) variables. 

  

We wish to find an algebraic method to find the slope of y = f(x) at P, to save doing the 

numerical substitutions that we saw in the last section (Slope of a Tangent to a Curve - 

Numerical approach). We can approximate this value by taking a point somewhere near to 

P(x, f(x)), say Q(x + h, f(x + h)). 

  



The value 
h

g
 is an approximation to the slope of the tangent which we require. We can also 

write this slope as "change in y / change in x" or: 
x

y
m




 . If we move Q closer and closer to 

P, the line PQ will get closer and closer to the tangent at P and so the slope of PQ gets closer 

to the slope that we want. 

  

If we let Q go all the way to touch P (i.e. h = 0), then we would have the exact slope of the 

tangent.  

Consider figure 6.5.4 given below:  

  

In this work, we write 

- change in y as Δy  

- change in x as Δx  



Now, 
h

g
 can be written:   

 
h

xfhxf

h

g )(
 . So also, the slope PQ will be given by:  

h

xfhxf

x

y

xx

yy
m

)()(

12

12 










 . But we require the slope at P, so we let h → 0 (that is 

let h approach 0), then in effect, Q will approach P and 
h

g
 will approach the required slope. 

Putting this together, we can write the slope of the tangent at P as: 
h

xfhxf

dx

dy
x

)()(
lim

0





 

This is called differentiation from first principles, (or the delta method). It gives the 

instantaneous rate of change of y with respect to x. This is equivalent to the following (where 

before we were using h for Δx): 
x

y

dx

dy
x 




 0
lim  

You will also come across the following for delta method: 
x

xfhxf

dx

dy
x 






)()(
lim

0
 

The slope (gradient) of a curve at the point P means the slope (gradient) of the tangent at the 

point P. Note that the slope (gradient)  of a straight line is the same along the line while the 

slope (gradient) of a curve is different at every point along the curve. We need to find this 

slop (gradient) to solve many applications since it tells us the rate of change at a particular 

instant. 

And we write 
h

xfhxf

x

y
x

)()(
lim

0









 and this is called the derivative of f(x) from first 

principles and this becomes 
h

xfhxf

dx

dy
x

)()(
lim

0




  

Notation for the derivatives 

IMPORTANT: The derivative (also called differentiation) can be written in several ways. 

This can cause some confusion when we first learn about differentiation. The following are 

equivalent ways of writing the first derivative of  y = f(x): 
dx

dy
or f ’(x) or y’. 



Example 6.5.2 Find 
dx

dy
 from first principles if y = 2x2+ 3x. 

Solution:   f(x) = 2x2+ 3x so 

 

We now need to find: 

 

We have found an expression that can give us the slope of the tangent anywhere on the curve.  

If x = -2, the slope is 4(-2) + 3 = -5 (red, in the graph below)  

If x = 1, the slope is 4(1) + 3 = 7 (green)  

If x = 4, the slope is 4(4) + 3 = 19 (black)  

We can see that our answers are correct when we graph the curve (which is a parabola) and 

observe the slopes of the tangents.  

  

 

 

http://www.intmath.com/Quadratic-equations/4_Graph-quadratic-function.php


This is what makes calculus so powerful. We can find the slope anywhere on the curve (i.e. 

the rate of change of the function anywhere).  

Example 6.5.3 

a. Find y' from first principles if y = x2 + 4x. 

b. Find the slope of the tangent where x = 1 and also where x = -6. 

c. Sketch the curve and both tangents. 

Solution: 

a. Note: y' means "the first derivative". This can also be written dy/dx. 

Now f(x) = x2 + 4x 

 

So  

 

b. When x = 1, m = 2(1) + 4 = 6 

When x = -6, m = 2(-6) + 4 = -8 

c. Sketch: 



  

Example 6.5.4  Find y' from first principles if:   2)( xxf  ,  

 

as expected.  

Example 6.5.5 From first principles find 
dx

dy
 of  

x
xf

1
)(   

 



6.5.3  Rules of Derivatives  

The good news is that we can find the derivatives of polynomial expressions without using 

the delta method that we met in the derivative from first principles. They follow from the 

"first principles" approach to differentiating, and make life much easier for us.  

Constant: 0
)(


dx

cd
 

This is basic. In English, it means that if a quantity has a 

constant value, then the rate of change is zero.  

n-th power of 

x: 

1 nn nxx
dx

d
 This follows from the delta method.  

Constant 

product: 
)()( y

dx

d
ccy

dx

d
  

Here, y is some function of x. It means that if we are finding the 

derivative of a constant times that function, it is the same as 

finding the derivative of the function first, then multiplying by 

the constant.  

Derivative of 

sum or 

difference: 
dx

dv

dx

du
vu

dx

d
 )(  

Here, u and v are functions of x. The derivative of the sum is 

equal to the derivative of the first plus derivative of the second.  

Derivative of 

product dx

du
v

dx

dv
u

dx

uvd


)(
 

Here, u and v are functions of x. The derivative of the product is 

equal to the first x derivative of the second plus the second x 

derivative of the first. 

Derivative of 

quotient 2
)(

v
dx

dv
u

dx

du
v

v

u

dx

d


  

Here, u and v are functions of x. The derivative of the quotient is 

equal to the denominator x derivative of the numerator minus 

the numerator x derivative of the denominator divided by the 

denominator squared. 

http://www.intmath.com/Differentiation/3_Derivative-first-principles.php


xey   
xe

dx

dy
  Special function 

xy ln  0,
1

 x
xdx

dy
 Special function 

6.5.4 Function of a Function 

If y is a function of u, and u is a function of x, then we say  

"y is a function of the function u". 

Example 6.5.6  Consider the function  

y = (5x + 7)12. If we let u = 5x + 7 (the inner-most expression), then we could write our 

original function as y = u12  

We have written y as a function of u, and in turn, u is a function of x. 

This is a vital concept in differentiation, since many of the functions we meet from now on 

will be functions of functions, and we need to recognise them in order to differentiate them 

properly.  

6.5.5 Chain Rule  

To find the derivative of a function of a function, we need to use the Chain Rule: 

dx

du

du

dy

dx

dy
.  

This means we need to  : 

1. Recognize u (always choose the inner-most expression, usually the part inside  

             brackets, or under the square root sign).  

2. Then we need to re-express y in terms of u.  



3. Then we differentiate y (with respect to u), then we re-express everything in terms of 

x.  

4. The next step is to find du/dx.  

5. Then we multiply dy/du and du/dx.  

Example 6.5.7   Find 
dx

dy
 if y = (x2+ 3)5. 

Solution In this case, we let u = x2 + 3 and then y = u5. We see that: y is a function of u. u is a 

function of x and  this means we use the chain rule; For the chain rule, we firstly need to find 

424 )3(55  xu
dx

dy
and x

dx

dy
2 . So   

                                
dx

du

du

dy

dx

dy
.  

   )2()3(5 42 xx   

   42 )3(10  xx  

 Example 6.5.8  Find 
dx

dy
 if  xxy  24 . 

Solution: We write the given function as  2
1

2 )4( xxy  , we let xxu  24 , and our 

function now becomes, 2
1

uy  . Applying the chain rule 
dx

du

du

dy

dx

dy
. , 2

1

2

1 
 u

du

dy
 and 

18  x
dx

du
.Therefore, )18.(

2

1
2

1




xu
dx

dy
 

  )18()4(
2

1
2

1
2 


xxx , since xxu  24 . 

 

 



Example 6.5.9  Find 
dx

dy
 if 62 )5( xxy   

   

6.5.6 The Derivative of a Power of a Function (Power Rule)  

An extension of the chain rule is the Power Rule for differentiating. We are finding the 

derivative of Rnxn , (a power of a function): Let nxy  , therefore, 
dx

dx
nx

dx

dy n 1 , by the 

chain rule, give 1 nnx
dx

dy
 

 Example6.5.10  Find the derivative of   )12( 3  xy  

In the case of )12( 3  xy  we have a power of a function. So 22 606 xx
dx

dy
  

4.5.7 The Product Rule Equation 

If u and v are two differentiable functions of x, then the derivative of uv is given by:  

 uvy  , dx

du
v

dx

dv
u

dx

dy
 ,this can also be written, using 'prime notation' as : 

'''' .)( vuvuuvy   

 

 



Example 6.5.11  Find 
dx

dy
 of the given function :  2332 )1()1(  xxy ;  

Solution: Let 32 )1(  xu  and 23 )1(  xv ; so we have, 

 

 

 

 

 

Example 6.5.12  Find 
dx

dy
 of the given function :  22 )3)(4(  xxy . 

Solution. Let 42  xu   and 2)3(  xv , so we have; 

 

 

 

 

 



Example 6.5.13  Find 
dx

dy
 of the given function :  )2()3( 2 xxy  . 

Solution. Let )3( 2  xu   and  2
1

)2( xv  , so we have, 

 

 

 

 

 

 

 

 

6.5.8 The quotient Rule Equation 

As with the Product Rule, , if u and v are two differentiable functions of x, then the derivative  

of u/v is given by:  
v

u
y 

        
2v

dxv

dv
u

dx

du
v

dx

dy


 .This can also be written, using 'prime 

notation' as : 
2

''
'

v

uvvu
y


 .This rule must be remembered, and note that you cannot 

interchange the positions of these letters from where they are placed, otherwise the derivative 

will be wrong. The choice of u and v can be any of the two given functions. The examples 

below illustrate this rule: 

 

 

 



Example 6.5.14  Find 
dx

dy
 of the given function :  

2

2

)2(

)3(






x

x
y  

Solution;  Let 2)3(  xu  and  2)2(  xv , so we have; 

 

 

 

 

 

 

 

 

Example 6.5.15  Find 
dx

dy
 of the given function 

)1( 2x

x
y


 . 

Solution: Le xu  t  and 2
1

2 )1( xv   

 

 

 

 

 

 

 



Example 6.5.16  Find 'y  of the following; 
2

2

1

1

x

x
y




  

Solution: Let 21 xu   and 21 xv    , so  

 

 

 

 

 

 

 

6.6   Applications of Differentiation; Curve Sketching, Determination of  Maximum or 

Minimum of a function. 

In this unit we further explore the power of the derivatives, which we use to help analyse the 

properties of functions. The information obtained can then be used to accurately sketch 

graphs of functions. As we have seen on numerous occassions, the graph of a function is a 

useful aid for visualizing the function’s properties from a practical point of view. The graph 

of a function also gives at one glance a complete summary of all the information captured by 

the function.           

6.6.1 Curve Sketching 

In curve sketching you need to be Out Comes 

Upon completion of this unit you will be able to: 

 Sketch the curve, showing important features. Avoid drawing x-y boxes and just joining the 

dots. In this section we will be using calculus to help find important points on the curve. 

The kinds of things we will be searching for in this section are indicated in table 4.1.1: 

 



   x - intercept Use y = 0. Note : In many cases, 

finding x-intercepts is not easy.  

   y- intercept Use x = 0 

  Relative ( local) Maximum 
Use 0

dx

dy
, sign: x  

  Relative ( local ) minimum 
Use 0

dx

dy
, sign:   

  Points of inflection 
0

2

2


dx

yd
, and sign of 

2

2

dx

yd
 changes 

Table 6.6.1 

The maximum or minimum of any curve is the turning point of the curve to give the highest 

point for the maximum or the lowest point for the minimum. The turning point can be 

referred to as ; critical value, stationary point, extrema. At this point the derivative of the 

function is equal to zero. Therefore, when looking for the turning point we solve the 

equation 0
dx

dy
. The solution(s) of this equation gives the value(s) of x for which the curve 

has its maximum or minimum. However, if we solve the equation 0
2

2


dx

yd
, the solution(s) 

will give you the values of x where the curve changes from concave down to concave up, and 

this point is called point of inflection(s). 

6.6.2 Increasing and Decreasing Functions and the First Derivative Test 

We begin by discussing how derivatives can be used to classify relative extrema as either 

relative minima or relative maxima. We begin by defining increasing and decreasing 

functions. 

Definition:   Increasing and Decreasing Functions 

A function f is increasing on an interval if for any two numbers 1x  and 2x  in the interval, 

21 xx  implies )(( 21 xfxf  . A function f is decreasing on an interval if for any two numbers 



1x  and 2x  in the interval, 21 xx  implies )(( 21 xfxf  . A function is increasing if, as x 

moves to the right, its graph moves up, and is decreasing if its graph moves down. 

   

For example, Fig.6.6.2 above the function is decreasing on the interval ),( a , is constant 

on the interval (a,b), and is increasing on the interval ).,( b The theorem below states that , a 

positive derivative implies that the function is is increasing; a negative derivative implies that 

the function is decreasing; and zero derivative on an entire interval implies that the function 

is constant on that interval. 

Theorem 6.6.1 Test for Increasing and Decreasing Functions 

Let f be a function that is continuous on the closed interval [a,b] and differentiable on the 

open interval (a,b). 

1. If f ‘ (x) > 0 for all x in (a,b), then f is increasing on [a,b]  

2. If f’ (x) < 0 for all x in (a,b) , then f is decreasing on [a,b] 

3. If f ‘ (x) = 0 for all x in (a,b), then f is constant on [a,b] 

Example: 6.6.1 Find the open intervals on which 23

2

3
)( xxxf  , is increasing or 

decreasing. 

Solution Note that f is continuous on the entire real line. To determine the critical 

numbers of f, we find f ‘ (x) and set it to zero. 

 033)(' 2  xxxf  

 0)1(3 xx  

                      X = 0, 1  Critical numbers 



Because there are no points for which f ‘ is undefined, you can conclude that x = 0 and x = 1 

are the only critical numbers. The following table summarizes the testing of the three 

intervals determined by these two critical numbers. 

          

We can show this graphically as follows: 

   

You can see that f is increasing on the interval )0,( and  ),1(   and decreasing on the 

interval ( 0, 1 ) as shown on fig 6.6.2. 

Guidelines for finding intervals on which a Function is Increasing or Decreasing. 

Let f be continuous on the interval (a,b). To find the open intervals on which f is increasing or 

decreasing, use the following steps. 

1. Locate the critical numbers of f in (a,b), and use these numbers to determine test 

intervals. 

2. Determine the sign of f ‘ (x) at one test value in each of the intervals. 

3. Use theorem 4.1.1 to decide whether f is increasing or decreasing on each interval. 

These guidelines are also valid if the interval (a,b) is replaced by an interval of the form 

),,( b ),,( a or ).,(   

 



6.6.2 First Derivative Test 

After you have determined the intervals on which a function is increasing or decreasing, it is 

not difficult to locate the relative extrema of the function. In Fig. 4.1.2 above, the function  

23

2

3
)( xxxf   has a relative maximum at the point (0,0) because f is increasing 

immediately to the left of x = 0 and decreasing immediately at the point )
2

1
,1(  because f is 

decreasing immediately to the left at x = 1 . The following Theorem called the first 

Derivative Test makes it clear; 

Theorem: 6.6.2   The First Derivative test 

Let c be a critical number of a function f that is continuous on an open interval I containing c. 

If f is differentiable on the interval, except possibly at c, then f9c) can be classified as 

follows: 

1. If f ‘ (x) changes from negative to positive at c, then f(c) is a relative minimum of f. 

2. If f ‘ (x) changes from positive to negative  at c, then f(c) is a relative maximum of f. 

In determining the relative maximum or minimum of a function, we can use another 

approach, called the second Derivative Test. This test is based on the fact that if the graph of 

a function f is concave upward on an open interval containing c, and f ‘( c) = 0, f(c) must be a 

relative minimum of f. Similarly, if the graph of a function f is concave downward on an 

open interval containing c, and      f ‘(c) = 0, f ( c) must be a relative maximum of f. The 

second derivative test can be stated without a proof as:  

(c.f. Fig. 6.6.3(a),(b) below) 

   



    

If these two graphs are put together it will look like the figure 6.6.4 below:
 
 

    

  

This method involves finding  
dx

dy
 of the curve. The equation 

dx

dy
=0 will give you the turning 

point(s) of the curve, when the value(s)  of x is/ are  substituted in the original equation  y = 

f(x) , you will get the turning point, since it will have x- value and y-value , this is a point in 

the plane. To check whether a particular point at x = a is a local (relative) minimum or 

maximum, we use the second derivative test as follows: Find 
2

2

dx

yd
. At the point ax  ; 

Theorem: 6.6.3 Second Derivative Test 

Let f be a function such that 0)(' af  and the second derivative exists on an open interval 

containing a. 

(i) If 0
2

2


dx

yd
 at x = a, then the point at x = a is a local minimum. 



(ii) If 0
2

2


dx

yd
 at x = a, then the point at x = a is a local maximum 

(iii) If 0
2

2


dx

yd
 at x = a, the Test Fails. 

When the test fails, it means at x = a the point is neither a local minimum nor local 

maximum, this point  is  called an inflexion point., a  point where the function changes from 

concave downward to concave upward. In this case, you  can use the first derivative test. 

Example:6.6.2  Find the relative extrema for  

35 53)( xxxf 
 

Solution We begin by finding the critical values of f by solving the equation f ‘(a) = 0. 

1,0,1

0)1(151515)(' 2224





x

xxxxxf

 

We now find the second derivative  

)2(303060)('' 33 xxxxxf 
 

You can now apply the Second Derivative Test as follows:
 
 

    

Because the second derivative test fails at (0,0) , you can use the first derivative test and 

observe that f increases to the left and right of x = 0. That is, (0,0) is neither a relative 

minimum nor a relative maximum.  

The second derivative can tell us the shape of a curve at any point. 

 If  0
2

2


dx

yd
, the curve will have a minimum-type shape (called concave up)  



 

 Example:6.6.3 y = x2 + 3x - 2 has   32  x
dx

dy
 and 02

2

2


dx

yd
, for all values of x. So it 

has a concave up shape for all x. If 0
2

2


dx

yd
, the curve will have a maximum-type shape 

(called concave down)  

      

 

Example: 6.6.4 

        y = x3 − 2x + 5 has  23 2  x
dx

dy
  and  06

2

2

 x
dx

yd
 for all values of x < 0. So it has a 

concave down shape for all x < 0. 

Determining Maximum/Minimum using gradient method 

A local maximum occurs when y' = 0 and y' changes sign from positive to negative (as we 

go left to right). 

    

 A local minimum occurs when y' = 0 and y' changes sign from negative to positive. 

  

  



 6.7 Finding Points of Inflection 

A point of inflection is a point where the shape of the curve changes from a maximum-type 

shape ( 0
2

2


dx

yd
) to a minimum-type shape ( 0

2

2


dx

yd
).  Clearly, the point of inflection will 

occur when  

0
2

2


dx

yd
 and when there is a change in sign (from plus → minus or minus → plus) of 

2

2

dx

yd
. 

 Taking the example 1 above, we want to check which point is maximum and which one is 

minimum, we proceed as follows: Take the points (-I,8) ans (3,-24) which are the turning 

points: 

Using the second derivative test , we find 
2

2

dx

yd
. Here 66

2

2

 x
dx

yd
 

At (-1,8), we substitute x = -1 in the second derivative and get 6(-1)-6= -12 <0, therefore, the 

point       (-1,8) is a maximum. Check the conditions given above. 

At (3,-24) , we substitute x = 3 in the second derivative and we get 6(3)-6 = 12 >0, therefore 

the point (3,-24) is a minimum. 

Example : 6.7.1.  Find the stationary points of the curve whose function is 

393)( 23  xxxxf  

Solution  We first find 
dx

dy
 of the given function and then solve the equation 0

dx

dy
. The 

solutions to this equation will give us the values of x where the function has a maximum and 

a minimum. When these values of x are substituted in the original function the points 

obtained are called turning points respectively. 963 2  xx
dx

dy
, to solve the equation 

0
dx

dy
, we set; 0963 2  xx , the solution to this quadratic equation is 31 orx   

Therefore, the turning points occurs at 31 orx  .We get the turning points by substituting 

these values in f(x). The turning points are (-1,8) and (3,-24). The next step is to check which 



point is a maximum and which one is a minimum. There are two methods of checking the 

nature of the turning points, these  are: 

(a) We can use the second Derivative Test to determine the nature of these points as follows:                    

Using theorem 4.2.1, given above, we find the second derivative as follows; 

66
2

2

 x
dx

yd
 

At x = -1, 0126)1(666
2

2

 x
dx

yd
, this implies that at (-1, 8), the function has 

a relative Maximum. At x = 3, 0126186)3(666
2

2

 x
dx

yd
, this implies that 

at       ( 3, -24), the function has a minimum. 

(b) We can determine the nature of the turning points by using the gradient method as follows; 

A local maximum occurs when y' = 0 and y' changes sign from positive to negative (as we 

go left to right) and  

A local minimum occurs when y' = 0 and y' changes sign from negative to positive. 

(i) So, we take the point (-1,8) and the first derivative is- 963 2  xx
dx

dy
, we take a 

point to the left of the critical value x = -1, which is x = -2, and substitute in the first 

derivative as; 15912129)2(6)2(3963 22  xx
dx

dy
, implies the gradient 

is Positive. 

Then take another value of x on the right of the critical value, say 0. Substitute it in the first 

derivative as : 99)0(6)0(3963 22  xx
dx

dy
, implies the gradient is negative. 

This means the function is increasing up to (-1,8) and then decrease after this point. That is 

the point is a relative maximum point. 

(ii) Now we take the point (3,-24), we take appoint to the left of the value x = 3, say, 0. 

We substitute this value x = 0 in the first derivative as follows: 

099)0(6)0(3963 22  xx
dx

dy
, implies the gradient is negative. 



Then, we take a value to the right of x = 3, say x = 4, and substitute it in the first derivative as 

follows;  0159)4(6)4(3963 22  xx
dx

dy
, implies the gradient is Positive.  

This means the function is decreasing up to (3,-24) and then increases. That is, the point (3,-

24) is a relative Minimum point. 

The shape of the graph of this function,  would look like Figure 4.3.1 given below. 

   

 6.8  Tangents & Normals  

6.8.1 Tangents  

The gradient of the tangent to the curve y = f(x) at the point (x1, y1) on the curve is given by: 

the value of dy/dx, when x = x1 and y = y1 

    



6.8.2  Normal  Two lines of gradients m1, m2 respectively are perpendicular to each other if 

the product,  m 1x m 2 = -1 

Equation of a tangent  The equation of a tangent is found using the equation for a straight 

line of gradient m, passing through the point (x1, y1) )( 11 xxmyy  . To obtain the 

equation we substitute in the values for x1 and y1 and m   )(
dx

dy
and rearrange to make y the 

subject. 

Example: 8.8.1 Find the equation of the tangent to the curve 22xy   at the point (1,2). 

Solution: The gradient of the tangent line at the point (1,2)  to the function 22xy   is : 

4)1(44  x
dx

dy
m  

Using the general equation of a straight line, )( 11 xxmyy  , where ),( 11 yx  is a point 

(1,2).    We have  

 

064

64

442

)1(42

)( 11











xy

xy

xy

xy

xxmyy

  

This is the equation of the tangent line to the function 22xy   at the point (1,2). 

Equation of a normal  

The equation of a normal is found in the same way as the tangent. The gradient (m 2) of the 

normal is calculated from; 121 mm  (where m 1 is the gradient of the tangent) so  

1

2

1

m
m   

 

 



 Example: 8.8.2  

Find the equation of the normal to the curve:   y = x2 + 4x + 3,   at the point (-1,0).  

Solution: Therefore gradient )( 1m ,  for the function 342  xxy  is; 42  x
dx

dy
, at 

the point (-1, 0), implies you substitute these values in the first derivative as; 

24)1(2421  x
dx

dy
m  that means the gradient of this function at the point (-1,0) is 

2. 

Let the gradient of then normal line be )( 2m , we know that the product of the tangent and 

normal gradients is linked by the following relationship:  1. 21 mm  

But we know 21 m , therefore,  
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1

12

2

2
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

m

m

 

Using the general equation of a straight line, )( 121 xxmyy  , where ),( 11 yx  

is a point (-1,0). 

So our normal line is 
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1

2

1
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))1((
2

1
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This is the equation of the line which is normal to a tangent line at the point (-1,0). 

 

 

 



6.9 Related Rates 

You have seen how the chain rule can be used to find 
dx

dy
 implicitly. Another important use 

of the chain rule is to find the rates of change of two or more related variables that are 

changing with respect to time. 

For example, when water is drained out of a conical tank, the figure below; the volume V, the 

radius r, and the height h of the water level are all functions of time t. Knowing that these 

variables are related by the equation  hrV 2

3


    

     

You can differentiate implicitly with respect to t to obtain the related rate equation   
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From this equation you can see that the rate of change of V is related to the rates of change of 

both h and r. Finding the Related Rate. In the conical tank shown above, suppose that the 

height is changing at a rate of -0.2 cm per minute and the radius is changing at the rate of -0.1 

cm per minute. What is the rate of change in the volume when the radius is r = 1cm and the 

height is h = 2 cm? Does the rate of change in volume depend on the values of r and h? 

Guidelines for solving related rate problems 

1. Identify all given quantities and quantities to be determined. Make a sketch and label the 

quantities. 



2. Write an equation involving the variables whose rates of change either are given or are to 

be determined. 

3. Using the chain rule, implicitly differentiate both sides of the equation with respect to 

time t. 

4. After completing step 3, substitute into the resulting equation all known values for the 

variables and their rates of change. Then solve for the required rate of change. 

Example: 6.9.1 

Air is being pumped into a spherical balloon at a rate of 4.5 cubic cm per minute. Find the 

rate of change of the radius when the radius is 2 cm. 

Solution    Let V be the volume of the balloon and let r be its radius. Since the volume is 

increasing at a rate of 4.5 cubic cm per minute, you know that at time t the rate of change of 

the volume is 
2

9


dt

dV
. 

Now the problem can be stated as follows: Given rate: 
2

9


dt

dV
 ( constant rate ). Find;

 
dt

dr
  when   r = 2 

To find the rate of change of the radius, you must find an equation that relates the radius r to 

the volume V. 3

3

4
rV    (Volume of sphere ). Implicit differentiation with respect to t 

produces 

  
dt

dr
r

dt

dV 24  (Differentiation with respect to t ) 

  )(
4

1
2 dx

dV

rdt

dr


  ( Solve for 

dt

dr
) 

Finally, when r = 2, the rate of change of the radius is  

  utepercm
dt

dr
min09.0

2

9

16

1












 

In this example note that the volume is increasing at a constant rate but the radius is 

increasing at a variable rate. Just because two rates are related does not mean that they are 



proportional. In this example, the radius is growing more and more slowly as t increases. 

Why? 

The Chain Rule is a means of connecting the rates of change of dependent variables.  

The derivative tells us the rate of change of one quantity compared to another at a particular 

instant or point (so we call it "instantaneous rate of change"). This concept has many 

applications in electricity, dynamics, economics, fluid flow, population modeling, queuing 

theory and so on. Wherever a quantity is always changing in value, we can use calculus 

(differentiation and integration) to model its behaviour.  

In this section, we will be talking about events at certain times, so we will be using Δt instead 

of the Δx that we saw in the last section Derivative from first principles.  

Note: This section is part of the introduction to differentiation. We learn some (much easier) 

rules for differentiating in the next section, Derivatives of polynomial.  

Example: 6.9.2  If air is blown into a spherical balloon at the rate of 10 cm3 how quickly will 

the radius grow?  

    

    



 Example: 2.9.7  A spherical raindrop is formed by condensation. In an interval of 10 sec. its 

volume increases at a constant rate from 0.010mm3 to 0.500mm3  Find the rate at which the 

surface area of the raindrop is increasing, when its radius is 1.0mm  

 

Summary 

In this unit you learned the following concepts: 

1.  
h

xfhxf

dx

dy
xx

)()(
lim





 is the derivative of y w.r.t.x from first principles. 

2.  For any functions uv, then 

dx

dv

dx

du
vu

dx

d
 )(  derivatives of sum and difference 

dx

du
v

dx

dv
u

dx

uvd


)(
 product of functions- product rule 

2
)(

v
dx

dv
u

dx

du
v

v

u

dx

d


 ,  rational functions- quotient rule 

 

 



The Chain  Rule 

If h(x) = g[f(x)], then  )(')]([')]([)(' xfxfgxfg
dx

d
xh   

Equivalently, if we write y = h(x) =g(u), where u = f(x), then 

General  power Rule 

If the function f is differentiable and nxfxh )]([)(   ( n, a real number ), then 

 )(')]([)]([)(' 1 xfxfnxf
dx

d
xh nn   

We observe that h(x) = g[f(x)], where nxxg )( , so that, by virtue of the chain rule, we have 

)(')]([

)(')]([')('
1 xfxfn

xfxfgxh
n


 

Since 1)('  nnxxg , 
2

2

),('',''
dx

yd
xfy

 

These are  the forms of writing the second derivative of y = f(x) 

Guidelines for solving related rate problems 

1. Identify all given quantities and quantities to be determined. Make a sketch and label the  

quantities. 

2. Write an equation involving the variables whose rates of change either are given or are to 

be determined. 

3. Using the chain rule, implicitly differentiate both sides of the equation with respect to time 

t. 

4. After completing step 3, substitute into the resulting equation all known values for the 

variables  and their rates of change. Then solve for the required rate of change. 

 Increasing and Decreasing Functions 

A function f is increasing on an interval if for any two numbers 1x  and 2x  in the interval, 

21 xx  implies )(( 21 xfxf  . 



A function f is decreasing on an interval if for any two numbers 1x  and 2x  in the interval, 

21 xx  implies )(( 21 xfxf   

Test for Increasing and Decreasing Functions 

Let f be a function that is continuous on the closed interval [a,b] and differentiable on the 

open interval (a,b). 

1. If f ‘ (x) > 0 for all x in (a,b), then f is increasing on [a,b] 

2. If f’ (x) < 0 for all x in (a,b) , then f is decreasing on [a,b] 

3. If f ‘ (x) = 0 for all x in (a,b), then f is constant on [a,b] 

Guidelines for finding intervals on which a Function is Increasing or Decreasing. 

Let f be continuous on the interval (a,b). To find the open intervals on which f is increasing or 

decreasing, use the following steps. 

1. Locate the critical numbers of f in (a,b), and use these numbers to determine test intervals. 

2. Determine the sign of f ‘ (x) at one test value in each of the intervals. 

3. Use theorem 4.1.1 to decide whether f is increasing or decreasing on each interval. 

The First Derivative test 

Let c be a critical number of a function f that is continuous on an open interval I containing 

c. If f is differentiable on the interval, except possibly at c, then f9c) can be classified as 

follows: 

1. If f ‘ (x) changes from negative to positive at c, then f(c) is a relative minimum of f. 

If f ‘ (x) changes from positive to negative  at c, then f(c) is a relative maximum of f. 

Second Derivative Test 

Let f be a function such that 0)(' af  and the second derivative exists on an open interval 

containing a. 

(i) If 0
2

2


dx

yd
 at x = a, then the point at x = a is a local minimum. 

(ii) If 0
2

2


dx

yd
 at x = a, then the point at x = a is a local maximum 



(iii) If 0
2

2


dx

yd
 at x = a, the Test Fails. 

                                      Exercise: 6 

1. Calculate the following limits  

 

  (i)  
1

1
lim

2

2 


 x

x
x

  (ii).  
xx

x
x 3

3
lim

2 




 (iii)  
3

6
lim

2

3 


 x

xx
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  (iv)    













 58

1
lim

2

2

x

x
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2. (a) From first principles find 
dx

dy
 of  : 

(i)             y=2x+1  (ii) 23 23  xxy  

(iv)            12  xy  (v) 
1

1




x
y  

           
 (vi)   

1

1




x
y   

(vii) 
1

1






x

x
y  (viii)          y = 3 

      (b) Find  
dx

dy
 of the following ;  

(i) y = -7x6   (ii)  y = 3x5 – 1 (iii) 1613 34  xxxy  

(iv)    248 3
2

1

4

1
xxxy   (v) xxxy 59 24  , at the point (3,15).  

(vi) 
x

xy
2

4
1

  

3. Sketch the following curve by finding intercepts, maxima and minima and points of 

inflection: 

(a) xxy 93   



(b) 24 6xxy   

(c ) 45 5xxy   

4. Find the critical numbers ( if any) and the open intervals on which the function is 

increasing or  decreasing. 

(a) )3()1( 2  xxy  

(b) )3(  xxy  

(c) 342)( 2  xxxf  

(d) xxxf 6)( 2   

(e) xxxxf 1232)( 23   

(f) 
5

5
)(

5 xx
xf


  

(g) 1)( 3
1

 xxf  

(h) 55)(  xxf  

(i) 
9

)(
2

2




x

x
xf  

(j) 156)( 23  xxxf  

(k) 3
2

)1()(  xxf  

(l) 
x

xxf
1

)(   

(m) 
1

12
)(

2






x

xx
xf  

5. Let xxxf 8
4

1
)( 4  , use the first derivative test to find any relative extrema of the 

function.  Use your graph to verify your answers. 



6. Let xxx cos)(  , find any points of inflection of the function in the interval 

20  x . 

7. Find the second derivative of the function 

 (a) xxy 2sin2 2     (b) xy cot    (c) 
2)1( x

x
y


   (d)  xxy tan  

8. Find the equation of the tangent and normal to the curve of the equation at the 

indicated point.   Graph the function, the tangent and the normal lines. 

(a) 3)3(  xy   at (-2,1) 

(b) 3 2)2(  xy  at (3,1) 

(c) 2022  yx  ,  at (2, 4) 

9. Find the points on the graph of 1
3

1 23  xxxy  when the slope is (a)  -1   (b)  2  

(c)  0 

10. Sketch the graph of 24)(  xxf  

 (a) Is f continuous at x = 2? 

 (b) Is f differentiable at x = 2? Explain 

11. Show that the function satisfies the given differential equation.  

 Function  Equation 

 xxy cos3sin2   0''  yy  

 
x

x
y

cos10
   xyxy sin'   

12. The cross section of a 5 meter trough is an isosceles trapezoid with a 2 meter lower base, a 3 

meter upper base , and an altitude of 2 meters. Water is running into the trough at a rate of 1 

cubic meter per minute. How fast is the water level rising when the water level is i meter 

deep? 

13. Find all relative extrema. Use the second derivative test where applicable. 



(a) 
x

xxf
4

)(   (b) 24)( 34  xxxf  (c) xxxf  cos)( , ]4,0[   

14. The radius r of a circle is increasing at a rate of 2 centimetres per minute. Find the rate of 

change of the area when  (a) r = 6 cm and    (b)  r = 24 cm. (13) 

15. A spherical balloon is inflated with gas at the rate of 500cubic cm per minute. How fast is the 

radius of the balloon increasing at the instant the radius is (a)   30 cm and   (b)  60 cm 

16. A all edges of a cube are expanding at a rate of 3cm per second. 

(i) How fast is the volume changing when each edge is 10 cm 

(ii) How fast is the volume changing when each edge is (i) 1 cm and  (ii)   10 cm  

17. At a sand and gravel plant, sand is falling off  a conveyor and onto a conical pile at a rate of 

10 cubic meters per minute. The diameter of the base of the cone is approximately three times 

the altitude. At what rate is the height of the pile changing when the pile is 15 meters high? 

(21) 

18. Find
dx

dy
,  

2

2

dx

yd
 , 

3

3

dx

yd
 for the following functions: 

  (i) 222 22  xyxx  

  (ii) 
2

)13(
4

2






x

xx
y  
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