Estimation Theory
Introduction

Estimation, in statistics, is any of numerous procedures used to calculate the value of some property of a population from observations of a sample drawn from the population. There are two types of estimates: point and interval. A point estimate is a value of a sample statistic that is used as a single estimate of a population parameter. An interval estimate defines a range within which the value of the property can be expected (with a specified degree of confidence) to fall. Interval estimates of population parameters are called confidence intervals
Some important statistics

Central Tendency in the sample

If 
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represents a random sample of size n, then the sample mean is defined to be statistic: 
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is a statistic because it is a function of the random sample 
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measures the central tendency in the sample ( location)

Variability in the Sample

Definition: If 
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 represents a random sample of size n, then the sample variance is defined  to be the statistic
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· 
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is a statistic because it is a function of the random sample 
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Sampling Distribution
Each sample give a different estimate of the population mean. In order to find out how close an estimate will be to the population parameter. We discuss the sampling distribution of the mean and find out how it relates to the population distribution.
Example 1: Take a sample of size 2 drawn from a population { 1,2,3} with replacement. Estimate the population mean and variance?

Solution; We know 
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 EMBED Equation.3  [image: image16.wmf]2
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Possible samples are: (1,1), (1,2), (1,3), (2,1), (2,2), (2,3), (3,1), (3,2), (3,3). The table below shows the expected values of X.

	Samples
	1
	2
	3

	1
	1
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	2
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	3
	2
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Definition: The probability distribution of a statistic is called a sampling distribution. 
Theorem: If 
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all possible random samples of size n are drawn ( with replacement) from a pop, with mean
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 and s.d 
[image: image29.wmf]s

, Then the means of the samples have a probability distribution known as a sampling distribution of means, with means 
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 and s.d 
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. The standard deviation of the sampling distribution of the means is known as the standard error(s.e.) of the mean.
Proof

We know 
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is the mean of the sampling distribution of the mean. The variance of the sample distribution is Var(
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(A)
Therefore, the sd of the sampling distribution of the mean as 
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If the sampling is without replacement and the pop size is N then (A)  becomes
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If n is less than N , equation (A) holds. In this course we consider n less than N.

Note that whether the sampling is without replacement 
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decrease as the sample size increases. The larger the sample size the closer the sample mean is likely to be the population mean.

Assignment 1: 
1. A large population consist of equal numbers of the digits 1 and 3.
(a) Find the mean and variance of this population

(b) Find the probability distribution of the mean of samples size three taken from this population and verify that this mean mean is equal to the population mean and its variance is equal to one-third of the population variance.

2. The discrete random variable J has the distribution given below.

(a) Find the mean 
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 and variance 
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 of the distribution. Random samples size two are taken from the distribution. By considering all possible samples, obtain the probability distribution of the mean of such samples. Verify that this distribution has mean 
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 and variance 
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.
(b) What would be the mean and variance of the distribution of the mean of random samples of size three fro the original distribution?

	j
	-2
	-1
	0
	1
	2

	P(J = j )
	0.1
	0.2
	0.4
	0.2
	0.1


Unbiased Estimator

Sample estimates are either biased or unbiased and our interest is study how we can show that this estimate is unbiased. We begin by showing that the sampling distribution 0f the mean is an unbiased estimate of the population mean.  That is:
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Proof

Let 
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We know that 
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Therefore, the sample estimate is an unbiased estimate of the population mean.

However, we might expect the random variable 
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(B)
Unfortunately we are not usually in the position of requiring an estimate of 
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. In most cases we have only an estimate of  
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 we can calculate the s.d., s, of the sample, from the formula
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However, we cannot use 
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 to give an unbiased estimate of variance, since the sum of the squares of the deviations of the 
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We can find an unbiased estimateor of 
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The second term is zero, since 
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So we have 
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(C)
The third term is 
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Rearranging,
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(D)
Substituting for S
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(E)

Equation (E) gives us an unbiased estimator of variance, which we shal denote by 
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(F)

And 
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(G)

The term n – 1 in the denominator of equation (F) is referred to as the number of degrees of freedom and is given the symbol 
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. The reason for this name is as follows: If we knew 
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Equation (G) shows that for large n, there is only a small error in takin 
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Exercise: Five measurments of the volume of acid required in a ttitration are: 25.1, 25.2,, 25.2, 25.0, 25.5 
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.Use these results to obtain estimates for the mean and s.d. of the volume of acid required.
Example 2: If 
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 represents a random sample of size n, then the probability distribution of 
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 is a random sample of size n taken from a normal distribution with mean 
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Theorem: ( Central Limit Theorem):
If 
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· We consider n large when n >=30

· For large sample size n , 
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 has approximately a normal distribution with mean 
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· The sampling distribution of  is used for inferences about the population mean
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Example 3: An electric firm manufactures light bulbs that have a length of ife that is approximately normally distributed with mean equal to 800 hours and a standard deviation of 40 hours. Find the probability that a random sample of 16 bulbs will have an average life of less than 775 hours.
Solution: Let X be the length of life of randomly selected bulbs. Given that 
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Therefore, 
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Sampling Distribution of the difference between two means
Statistical analyses are very often concerned with the difference between means. A typical example is an experiment designed to compare the mean of a control group with the mean of an experimental group. Inferential statistics used in the analysis of this type of experiment depend on the sampling distribution of the difference between means.

The sampling distribution of the difference between means can be thought of as the distribution that would result if we repeated the following three steps over and over again: 
(1) Sample 
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 scores from Population 1and 
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 scores from Population 2, 
(2) Compute the means of the two samples (M1 and M2), 
(3) Compute the difference between means M1 - M2. The distribution of the differences between means is the sampling distribution of the difference between means.

As you might expect, the mean of the sampling distribution of the mean is:
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Which says that the mean of the distribution of differences between sample means is equal to the difference between population means. 
Suppose that we have two populations:

· 1st Population with 
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 and variance 
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· 2nd Population with 
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 and variance 
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· We are interested in comparing 
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· We independently select a random sample of size 
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 from the 1st Population and another random sample of size 
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· Let 
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· Let 
[image: image139.wmf]2

X

be the sample mean of the 1st sample

The sampling distribution of 
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Theorem: If 
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Note that 
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Example 4: The television picture tubes of manufacturer A have a mean lifetime of 6.5years and standard deviation of of 0.9 years, while those of manufacturer B have a mean lifetime of 6 years and standard deviation of 0.8 years. What is the probability that a random sample of 36 tubes from manufacturer A will have a mean lifetime that is at least 1 year more than the mean lifetime of a random sample of 49 tubes from manufacturer B?
Solution

Population A 

Population B
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We need to find the probability that the mean lifetime of manufacturer A is at least 1 year more than the mean lifetime of manufacturer B which is 
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Therefore, 
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Recall 
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Example 5
Assume there are two species of green beings on Mars. The mean height of Species 1 is 32 while the mean height of Species 2 is 22. The variances of the two species are 60 and 70 respectively and the heights of both species are normally distributed. You randomly sample 10 members of Species 1 and 14 members of Species 2. What is the probability that the mean of the 10 members of Species 1 will exceed the mean of the 14 members of Species 2 by 5 or more? Without doing any calculations, you probably know that the probability is pretty high since the difference in population means is 10. But what exactly is the probability?

First, let’s determine the sampling distribution of the difference between means. Using the formulas above, the mean is
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The standard error is:
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The sampling distribution is shown in Figure 1. Notice that it is normally distributed with a mean of 10 and a standard deviation of 3.317. The area above 5 is shaded blue.

	Figure 1. The sampling distribution of the difference between means.
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The last step is to determine the area that is shaded blue. Using either a Z table, the area can be determined to be 0.934. Thus the probability that the mean of the sample from Species 2 will exceed the mean of the sample from Species 1 by 5 or more. 

As shown below, the formula for the standard error of the difference between means is much simpler if the sample sizes and the population variances are equal. Since the variances and samples sizes are the same, there is no need to use the subscripts 1 and 2 to differentiate these terms.

[image: image169.png]



This simplified version of the formula can be used for the following problem: 
Example 6:
The mean height of 15-year olds boys (in cm) is 175 and the variance is 64. For girls, the mean is 165 and the variance is 64. If eight boys and eight girls were sampled, what is the probability that the mean height of the sample of girls would be higher than the mean height of the boys? In other words, what is the probability that the mean height of girls minus the mean height of boys is greater than 0?

As before, the problem can be solved in terms of the sampling distribution of the difference between means (girls - boys). The mean of the distribution is 165 - 175 = -10. The standard deviation of the distribution is:

[image: image170.png]



A graph of the distribution is shown in Figure 2. It is clear that it is unlikely that the mean height for girls would be higher than the mean height for boys since in the population boys are quite a bit taller. Nonetheless it is not inconceivable that the girls' mean could be higher than the boys' mean.

	Figure 2. Sampling distribution of the difference between mean heights.
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A difference between means of 0 or higher is a difference of 10/4 = 2.5 standard deviations above the mean of -10. The probability of a score 2.5 or more standard deviations above the mean is 0.0062.

 Example 7
For boys, the average number of absences in the first grade is 15 with a standard deviation of 7; for girls, the average number of absences is 10 with a standard deviation of 6.

In a nationwide survey, suppose 100 boys and 50 girls are sampled. What is the probability that the male sample will have at most three more days of absences than the female sample?

Solution
The correct answer is B. The solution involves three or four steps, depending on whether you work directly with raw scores or z-scores. The "raw score" solution appears below:

· Find the mean difference (male absences minus female absences) in the population.

μd = μ1 - μ2 = 15 - 10 = 5

· Find the standard deviation of the difference.

σd = sqrt( σ12 / n1 + σ22 / n2 )

σd = sqrt(72/100 + 62/50)

σd = sqrt(49/100 + 36/50)

σd = sqrt(0.49 + .72) = sqrt(1.21) = 1.1

Find the probability. This problem requires us to find the probability that the average number of absences in the boy sample minus the average number of absences in the girl sample is less than 3. To find this probability, we use Normal Distribution table. Specifically, we enter the following inputs: 3, for the normal random variable; 5, for the mean; and 1.1, for the standard deviation. We find that the probability of the mean difference (male absences minus female absences) being 3 or less is about 0.035.

Thus, the probability that the difference between samples will be no more than 3 days is 0.035.

Alternatively, we could have worked with z-scores (which have a mean of 0 and a standard deviation of 1). Here's the z-score solution:

· Find the mean difference (male absences minus female absences) in the population.

μd = μ1 - μ2 = 15 - 10 = 5

· Find the standard deviation of the difference.

σd = sqrt( σ12 / n1 + σ22 / n2 )

σd = sqrt(72/100 + 62/50) = sqrt(49/100 + 36/50)

σd = sqrt(0.49 + .72) = sqrt(1.21) = 1.1

· Find the z-score that is produced when boys have three more days of absences than girls. When boys have three more days of absences, the number of male absences minus female absences is three. And the associated z-score is

z = (x - μ)/σ = (3 - 5)/1.1 = -2/1.1 = -1.818

· Find the probability. To find this probability, we use Normal Distribution table. Specifically, we enter the following inputs: -1.818, for the normal random variable; 0, for the mean; and 1, for the standard deviation. We find that the probability of probability of a z-score being -1.818 or less is about 0.035.

Example 8
Assume there are two species of green beings on Mars. The mean height of Species 1 is 32 while the mean height of Species 2 is 22. The variances of the two species are 60 and 70 respectively and the heights of both species are normally distributed. You randomly sample 10 members of Species 1 and 14 members of Species 2. What is the probability that the mean of the 10 members of Species 1 will exceed the mean of the 14 members of Species 2 by 5 or more? Without doing any calculations, you probably know that the probability is pretty high since the difference in population means is 10. But what exactly is the probability?

First, let’s determine the sampling distribution of the difference between means. Using the formulas above, the mean is
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The standard error is:
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The sampling distribution is shown in Figure 1. Notice that it is normally distributed with a mean of 10 and a standard deviation of 3.317. The area above 5 is shaded blue.

	Figure 1. The sampling distribution of the difference between means.
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The last step is to determine the area that is shaded blue. Using either a Z table, the area can be determined to be 0.934. Thus the probability that the mean of the sample from Species 2 will exceed the mean of the sample from Species 1 by 5 or more. 

As shown below, the formula for the standard error of the difference between means is much simpler if the sample sizes and the population variances are equal. Since the variances and samples sizes are the same, there is no need to use the subscripts 1 and 2 to differentiate these terms.
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This simplified version of the formula can be used for the following problem: 
Example 9
The mean height of 15-year olds boys (in cm) is 175 and the variance is 64. For girls, the mean is 165 and the variance is 64. If eight boys and eight girls were sampled, what is the probability that the mean height of the sample of girls would be higher than the mean height of the boys? In other words, what is the probability that the mean height of girls minus the mean height of boys is greater than 0?

As before, the problem can be solved in terms of the sampling distribution of the difference between means (girls - boys). The mean of the distribution is 165 - 175 = -10. The standard deviation of the distribution is:
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A graph of the distribution is shown in Figure 2. It is clear that it is unlikely that the mean height for girls would be higher than the mean height for boys since in the population boys are quite a bit taller. Nonetheless it is not inconceivable that the girls' mean could be higher than the boys' mean.

	Figure 2. Sampling distribution of the difference between mean heights.
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A difference between means of 0 or higher is a difference of 10/4 = 2.5 standard deviations above the mean of -10. The probability of a score 2.5 or more standard deviations above the mean is 0.0062.

 Example 10
For boys, the average number of absences in the first grade is 15 with a standard deviation of 7; for girls, the average number of absences is 10 with a standard deviation of 6.

In a nationwide survey, suppose 100 boys and 50 girls are sampled. What is the probability that the male sample will have at most three more days of absences than the female sample?

Solution
The correct answer is B. The solution involves three or four steps, depending on whether you work directly with raw scores or z-scores. The "raw score" solution appears below:

· Find the mean difference (male absences minus female absences) in the population.

μd = μ1 - μ2 = 15 - 10 = 5

· Find the standard deviation of the difference.

σd = sqrt( σ12 / n1 + σ22 / n2 )

σd = sqrt(72/100 + 62/50)

σd = sqrt(49/100 + 36/50)

σd = sqrt(0.49 + .72) = sqrt(1.21) = 1.1

Find the probability. This problem requires us to find the probability that the average number of absences in the boy sample minus the average number of absences in the girl sample is less than 3. To find this probability, we use Normal Distribution table. Specifically, we enter the following inputs: 3, for the normal random variable; 5, for the mean; and 1.1, for the standard deviation. We find that the probability of the mean difference (male absences minus female absences) being 3 or less is about 0.035.

Thus, the probability that the difference between samples will be no more than 3 days is 0.035.

Alternatively, we could have worked with z-scores (which have a mean of 0 and a standard deviation of 1). Here's the z-score solution:

· Find the mean difference (male absences minus female absences) in the population.

μd = μ1 - μ2 = 15 - 10 = 5

· Find the standard deviation of the difference.

σd = sqrt( σ12 / n1 + σ22 / n2 )

σd = sqrt(72/100 + 62/50) = sqrt(49/100 + 36/50)

σd = sqrt(0.49 + .72) = sqrt(1.21) = 1.1

· Find the z-score that is produced when boys have three more days of absences than girls. When boys have three more days of absences, the number of male absences minus female absences is three. And the associated z-score is

z = (x - μ)/σ = (3 - 5)/1.1 = -2/1.1 = -1.818

· Find the probability. To find this probability, we use Normal Distribution table. Specifically, we enter the following inputs: -1.818, for the normal random variable; 0, for the mean; and 1, for the standard deviation. We find that the probability of probability of a z-score being -1.818 or less is about 0.035.

Sampling Distribution of the Sample Proportion

If any set of the two conditions listed above are satisfied, the sampling distribution of the sample proportion is...

· approximately normal

· with mean, 
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· standard deviation [standard error], 
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If the sampling distribution of 
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 is approximately normal, we can convert a sample proportion to a z-score using the following formula:
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We can apply this theory to find probabilities involving sample proportions.
Example. 11
Suppose it is known that 43% of Zambian own an iPhone. If a random sample of 50 Zambians were surveyed,

(a)  What is the probability that the proportion of the sample who owned an iPhone is between 45% and 50%?
Solution

For this problem, we know p = 0.43, n = 50. First, we should check our conditions for the sampling distribution of the sample proportion.

np = 50(0.43) = 21.5 and n(1-p) = 50(1-0.43) = 28.5 – both are greater than 5.

Since the conditions are satisfied, 
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 will have a sampling distribution that is approximately 

Normal with mean 
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Therefore, if the true proportion of Americans who own an iPhone is 43%, then there would be a 22.87% chance that we would see a sample proportion between 45% and 50% when the sample size is 50.

(b) If a random sample of size of seventy five was surveyed, what is the probability we would find more than 50% of Zambians with an iPhone?
Solution:  First, check our conditions: 
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  are both greater than five. The sampling distribution of the sample proportion is approximately Normal with Mean, Standard deviation 
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Therefore, there is a 11.1% chance to get a sample proportion of 50% or higher in a sample size of 75
Sampling Distribution of the Sample Proportion
The distribution of the sample proportion approximates a normal distribution under the following 3 conditions.

Over the years the values of the conditions have changed. The examples that follow in the remaining lessons will use the first set of conditions at 5. If any set of the two conditions listed below are satisfied, the sampling distribution of the sample proportion is...

· approximately normal

· with mean, 
[image: image189.wmf]p

=

m


· standard deviation [standard error], 
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If the sampling distribution of 
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 is approximately normal, we can convert a sample proportion to a z-score using the following formula:
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We can apply this theory to find probabilities involving sample proportions.
Example 12
Suppose it is known that 43% of Zambian own an iPhone. If a random sample of 50 Zambians were surveyed,

(c)  What is the probability that the proportion of the sample who owned an iPhone is between 45% and 50%?
Solution

For this problem, we know p = 0.43, n = 50. First, we should check our conditions for the sampling distribution of the sample proportion.

np = 50(0.43) = 21.5 and n(1-p) = 50(1-0.43) = 28.5 – both are greater than 5.

Since the conditions are satisfied, 
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 will have a sampling distribution that is approximately 

Normal with mean 
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Therefore, if the true proportion of Americans who own an iPhone is 43%, then there would be a 22.87% chance that we would see a sample proportion between 45% and 50% when the sample size is 50.

(d) If a random sample of size of seventy five was surveyed, what is the probability we would find more than 50% of Zambians with an iPhone?
Solution:  First, check our conditions: 
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  are both greater than five. The sampling distribution of the sample proportion is approximately Normal with Mean, Standard deviation 
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Therefore, there is a 11.1% chance to get a sample proportion of 50% or higher in a sample size of 75

t- Distribution
Recall that , If 
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We can only apply this result only when 
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has a t- distribution with v = n – 1 degrees of freedom (df), and we write 
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Note

· t-distribution is a continuous distribution

· The shape of t- distribution is similar to the shape of the standard normal distribution
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Values of 
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t

are tabulated in the t- distribution table.
Summary 
In this Lecture, we learned how to use the Central Limit Theorem to find the sampling distribution for the sample mean and the sample proportion under certain conditions.

We learned that the sampling distributions are centred on the population parameter with variability. All of this theory was built knowing the parameter. Can we use this information in situations where the parameter is unknown? We take our first step into inference and into the “real world” where the population parameters are unknown and need to be estimated.

� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���








[image: image222.wmf]1112

.

0

8888

.

0

1

)

22

.

1

(

1

)

22

.

1

(

75

)

43

.

0

1

(

43

.

0

43

.

0

5

.

0

)

1

(

ˆ

ˆ

)

5

.

0

ˆ

(

=

-

=

<

-

=

>

»

÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

è

æ

-

-

>

-

=

>

X

P

Z

P

n

P

P

P

P

P

[image: image223.wmf][image: image224.wmf]0

)

(

1

1

1

=

-

=

-

=

-

å

å

å

X

n

X

n

X

X

X

X

n

n

i

n

i

_1692727688.unknown

_1692798009.unknown

_1692799363.unknown

_1692801616.unknown

_1692802526.unknown

_1692804934.unknown

_1692808438.unknown

_1692811488.unknown

_1692812216.unknown

_1692812843.unknown

_1692811629.unknown

_1692811990.unknown

_1692809850.unknown

_1692810697.unknown

_1692811165.unknown

_1692811448.unknown

_1692810503.unknown

_1692809804.unknown

_1692809829.unknown

_1692808471.unknown

_1692805224.unknown

_1692805340.unknown

_1692805123.unknown

_1692802781.unknown

_1692804707.unknown

_1692804789.unknown

_1692802842.unknown

_1692802609.unknown

_1692802637.unknown

_1692801929.unknown

_1692802108.unknown

_1692802217.unknown

_1692802422.unknown

_1692801996.unknown

_1692801706.unknown

_1692801818.unknown

_1692801667.unknown

_1692799872.unknown

_1692801333.unknown

_1692801529.unknown

_1692801580.unknown

_1692801504.unknown

_1692800261.unknown

_1692800751.unknown

_1692801267.unknown

_1692799932.unknown

_1692799540.unknown

_1692799716.unknown

_1692799825.unknown

_1692799655.unknown

_1692799387.unknown

_1692799251.unknown

_1692799338.unknown

_1692799320.unknown

_1692798416.unknown

_1692799121.unknown

_1692798498.unknown

_1692798351.unknown

_1692728611.unknown

_1692797323.unknown

_1692797810.unknown

_1692797848.unknown

_1692797784.unknown

_1692785445.unknown

_1692785647.unknown

_1692785439.unknown

_1692728768.unknown

_1692785377.unknown

_1692728025.unknown

_1692728147.unknown

_1692728483.unknown

_1692728059.unknown

_1692727860.unknown

_1692727905.unknown

_1692727701.unknown

_1692697541.unknown

_1692725511.unknown

_1692726611.unknown

_1692727089.unknown

_1692727562.unknown

_1692727674.unknown

_1692727535.unknown

_1692726842.unknown

_1692726943.unknown

_1692726630.unknown

_1692725788.unknown

_1692726569.unknown

_1692726594.unknown

_1692725893.unknown

_1692725614.unknown

_1692725737.unknown

_1692725606.unknown

_1692706143.unknown

_1692707721.unknown

_1692708383.unknown

_1692709570.unknown

_1692709696.unknown

_1692709856.unknown

_1692710038.unknown

_1692710108.unknown

_1692709762.unknown

_1692709659.unknown

_1692708720.unknown

_1692709376.unknown

_1692708551.unknown

_1692708065.unknown

_1692708108.unknown

_1692708213.unknown

_1692708080.unknown

_1692707785.unknown

_1692707983.unknown

_1692707758.unknown

_1692706677.unknown

_1692706991.unknown

_1692707620.unknown

_1692707694.unknown

_1692707595.unknown

_1692706828.unknown

_1692706356.unknown

_1692706471.unknown

_1692706161.unknown

_1692705624.unknown

_1692705811.unknown

_1692705912.unknown

_1692705972.unknown

_1692705863.unknown

_1692705733.unknown

_1692704816.unknown

_1692704985.unknown

_1692705612.unknown

_1692705518.unknown

_1692705586.unknown

_1692705357.unknown

_1692704870.unknown

_1692704513.unknown

_1692704567.unknown

_1692704481.unknown

_1692694624.unknown

_1692696298.unknown

_1692696956.unknown

_1692697101.unknown

_1692697508.unknown

_1692697012.unknown

_1692696373.unknown

_1692696694.unknown

_1692695164.unknown

_1692695430.unknown

_1692696042.unknown

_1692696069.unknown

_1692696219.unknown

_1692695480.unknown

_1692695360.unknown

_1692694831.unknown

_1692694890.unknown

_1692694701.unknown

_1692694538.unknown

