6. ORDINARY DIFFERENTIAL EQUATIONS

Certain mathematical relations are given in terms of unknown quantities and their derivatives.
Such relations or equations involving one or more derivatives are referred to as differential

equations.

6.1. CLASSIFICATION OF ORDINARY DIFFERENTIAL EQUATIONS

Definition 6.1.1

An equation involving derivatives of one or more dependent variables with respect to one or

more independent variables is called a differential equation. 4
Example 6.1.1
The following are differential equations:
1. dy = ax
dx
d’y . (dy j7
2. —+Xxy|—=| +y=2x
dx? y( dx y
4 5
d’ dy) v _
3. + + =e
(dx3] [dx2 x*+1
4, N + v _ v
os ot
2 2 2
5. ag+8g+ag:0
oxX° oy° oz A

Definition 6.1.2

A differential equation involving ordinary derivatives of one or more dependent variables with

respect to a single independent variable is called an ordinary differential equation (ODE). ¢

Definition 6.1.3

An equation involving partial derivatives of one or more dependent variables with respect to

more than one independent variables is called a partial differential equation (PDE). o

Example 6.1.2

From Example (6.1.1), equations 1, 2 and 3 are ordinary differential equations while equations

4 and 5 are partial differential equations. A



Definition 6.1.4

The order of the highest ordered derivative involved in a differential equation is called the order
of the differential equation. o

Example 6.1.3
From Example (6.1.1), equation 1 is a first-order ODE, equation 2 is second-order ODE,

equationd is a third-order ODE, equation 4 is a first-order PDE and equation 5 is a second-
order PDE. A

Definition 6.1.5

The degree of the differential equation is the highest exponent appearing on the derivative of

highest order. o

Example 6.1.4
From Example (6.1.1), equation 1 is of first degree, equation 2 is of first degree, equation 3 is

of fourth degree, equation 4 is of first degree and equation 5 is of first degree. A

Definition 6.1.6

A linear ODE of order N, in the dependent variable Y and the independent variable X, is an

equation that is, or can be expressed in the form

0y L 8™ Y 0 oy
a, (x) o +a, ,(x) Ve +..+a(X) ™ +a,(x)y =b(x),

where @, is not identically zero. If 8,(X), 8(X),...,a,(X) are constants, then the equation is said

to have constant coefficients. Otherwise, it is said to have variable coefficients. o

Example 6.1.5
Which of the following are linear ODEs?

d’y _dy
—+5—=+6y=0

L dx* dx y
dly ., dy dy
L ixy—ZLryL=xe

2 x* ydx3 ydx
d’y . dy
—-+9y—+6y=0

3 dx® ydx y



3 2
4. ex[%j —y*x*cot *x+xy +1
X

Solutions:

Equation 1 is linear with constant coefficients. Equation 2 is non-linear because a; = X2y isa

function of X and Y. Equation 3 is not linear because & =5Y is not a function X. Equation 4

d’y A
IS non-linear because W has power 2.

Definition 6.1.7

If, in definition (6.1.6), b(x) =0, for every number X in the domain of f, then such an ODE is

said to be a linear homogeneous ODE. Otherwise, we say that the equation is non-

homogeneous. v

Definition 6.1.8

Consider the n" -order ODE

dy d’y d"y
F y Yo yuery :O 61
(X y dx  dx? dx" 1)
h Fi | functi fit 2 t Xydy d2y dny
where F is a real function of its arguments X,Y,——,—5,...,—.
(n+2) arg dx dx® ' dx"

1) Let f be a real function defined for all X in a real interval | and having an n"
derivative (and hence also all lower ordered derivative) of all xel. The function f is
called an explicit solution of (6.1) on | if it satisfies the following conditions:

@ F(x f(x), '(x),.... T (x)) is defined for all xe 1, and
() F(x f(x), f'(x),.... f(x))=0 forall xel.
2) Arelation g(x,y) =0 is called an implicit solution of (6.1) if this relation defines at

least one real function f of the variable X on an interval | such that this function is an

explicit solution of (6.1) on this interval.

3) Both explicit and implicit solutions are usually called solution of the ODE.

Example 6.1.6



1. Showthat Y= e isan explicit solution of the ODE

dy_y

dx y

2. Show that the ODE

x+yﬂ=0

dx
. - . 2 2 2
has an implicit solution X" +Y" =1I".
3. Show that y = 2sin x+3cos x Is an explicit solution of the ODE

2
M+y:0.

dx?

Solutions:

1. Note that Y= " is defined for all xR and % =4e**. Thus,
X

ﬂ—4y =4e™ —4e™ =0.
dx

Hence, Y =€"" is an explicit solution of the ODE.
Note that in general Y = Ce", where C is any real constant, is also a solution.

2. Note that X* + y2 =1 is defined for all {(x,y):—r<x,y<r}.

x> +y?=r? :>2x+2yd—y=0
dx

:>x+y%:0,
X

showing that X° + y2 =1’ isan implicit solution of the ODE.

Note that from this implicit solution, we can get two explicit solutions

y=f(X)=—r’-x*> and y= f(x)=m_

3. Note that y = 2sin x+3cosx is defined for all real X. Then,

2

d :
a_ 2cosx—3sinx and —2/ =—25In X—3C0S X.
dx dx

Thus,

2
M+y:—2$in X—3C0SX+2sinx+3cosx =0,

dx?



implying that y = 2sin x +3cos x Is an explicit solution of the ODE.

Note that Y, =sinx, Y,=C0SX and Y; =Y, 1Y, =SiNX+COSX are also solutions. In general,
y = Asin x+ B cos x is an explicit solution of the ODE.

A
6.2. FIRST-ORDER ODEs
A first-order ODE of first degree
d
Yt (xy) (6.2)
dx
can be written as
M (x, y)dx+ N (x, y)dy =0, (6.3)
M (X, Y)
where f(X,y)=——=.
N(x,Y)

6.2.1. Variable Separable Equations:

Occasionally, we can find a function D(x, y) such that when (6.3) is divided throughout by D

we obtain
g(x)dx +h(y)dy =0.

When this occurs, we say that the variables are separable and we can obtain the solution by

integrating “directly”, i.e.
[ g(ydx+[h(y)dy =c
is the solution.

Example 6.2.1

Solve the following ODEs:
1. (y*=1)dx—(4y+2xy)dy =0

2. %:(LL y*)e”.

Solutions:



1. Choose D(X,y) =(y*=1)(2+X) so that dividing throughout by D(x,y) gives

(-1 4 (y+2xy)
(V' -D@+x) (¥ -D2+x)

1 dx— fy dy=0
2+ X y -1
—dx =C,
2+X

= In|2+x|—|n|y -1| =

2+ X
= In =In|c,|
y° -1
2+ X )
= ——=C or c(y'-1)=2+x
y° -1

2. %:(1+ y*)e* =dy—e*(1+y*)dx=0

Choosing D(x,y)=(1+ yz), we get

dy—e*dx=0
1+y Y- 311+y2

—>arctan y—e* =c

dy—Iede=c

—arctany =e*+c

= y:tan(ex+c)

6.2.2. Homogeneous Equations:

A

Occasionally, an ODE whose variables are not separable can be transformed by a change of

variable into an equation whose variables are separable. This can be done if M and N in
equation (6.3), are both homogeneous functions of the same degree. Recall that a function

f (x,y) is said to be homogeneous of degree Il in aregion D if

f(tx,ty) =t"f(x,y),
forall t>0 and (x,y) in D.
Theorem 6.2.1

If in equation (6.3), M and N are both homogeneous functions of the same degree, then the

substitution Y = VX along with its corresponding derivative

will transform the into one in V and X in which the variables are separable. Alternatively,

rewriting the differential equation as



dx _ N(x,y)

dy M(x)
and substituting X = yu along with its corresponding derivative
dx du
—=Uu+ y_
dy dy

will transform the into one in U and Yy in which the variables are separable.

Example 6.2.2
Solve the following ODEs:

L (y*—2xy+4x*)dx+2x°dy =0
2. 2xydy+(x* +y*)dx=0
Solutions:
1. Check that the variables are not separable and that
M(xy)=y’-2xy+4x* and N(xy)=2x*
are homogeneous of degree 2. Thus,

ﬂ__(yz—zx%“"rxz) YR+ 2xy - 4x°

dx 2x? 2x?

Letting Yy = VX gives

v —(vx)® +2x(vx) —4x*
dx 2x?
dv. —vi+2v—4

S V+X—=
dx 2

V+X

= 2v+2xd—V:—v2 +2v—4
dx

= 2xdv + (v’ +4)dx =0
1

> dv+idx:0
v +4 2X

1 1,1
:>IV2+4dv+§j;dx:c

=

1 v) 1 1
— —arctan| — [+=In| x| = =In|c]|
2 2) 2 2

C

Y
= arctan (—J =In
2 X

:%:tan(ln‘cx‘l‘)



Since v = X, it follows that
X

2_3; —tan (In |cx’1|) or y=(2x)tan ('” |CX71|)

is the solution.

2. Clearly, M(x,y)=x*+y* and N(X,y)=2xy are homogeneous of degree 2. Letting

X=Yu gives
o2y e 200y
dy x“+y dy (yu)"+y
:>u+yd—u— —2u
dy u®+1
:>(u+ 22u ]dy+ydu:0
+1
u®+3u
d du=0
[u2+1J yy
2
:1 u2+1 0
y u(u®+3)
Note that
uw’+1 11 1 2u
==.—+-.
uu’+1) 3u 3u*+3
2 2
1 U2+l d =O<:>J.ldy J‘ U2+l q c,
y u(u®+1 y u(u®+1)
1 1¢1 1, 2u
= |=dy+=|—du+= du=c
-[y y 3Iu 34 u%+ '

1 1/,
:>|n|y|+§|n|u|+§|n(u +3)=In|c,|

X
Since U=—, it follows that



2
X il X i3]z
y| 3 |y

1 1 1 2
=In|yl+=In|x|-ZIn|y|+=In(x*+3y*)==In|y|=In|c
I+ IxI=Zin]y+2In(x*+3y*) =2l y| =Inc|

1 1 2 1
In|y| +§In|u|+§ln(u +3):In|c1| < In| y|+§ln

:%In|x|+%|n(x2+3y2)=%|n|q|

= In|x(x* +3y?)|=In|c, |

= x(x2 +3y2)=ecl
.'.x(x2+3y2):c

is the solution. A

6.2.3. Exact Equations and Integrating Factor:
Suppose that we take the total differential of the equation g(x, y) =c. Then,

g . %9
dg =—dx+—dy=0.
. OX oy Y

Reversing this “process”, we can solve equation (6.3) by finding a function g(x,y) =c such
that

a_ d DN
ax M (x,y) an Py (xY),

i.e. g(x,y)=c will be the general solution of equation (6.3). In this case, equation (6.3) is said
to be an exact ODE.

TEST FOR EXACTNESS: If M(x,y) and N(x,y) are continuous functions and have

continuous first order partial derivatives on some region R, then equation (6.3) is exact if

M _en
oy  ox

If (6.3) is not exact, it is occasionally possible to find a function 1(x, y) such that the equation

1%, Y)[M (X, y)dx+N(x,y)dy]=0
is exact. This function 1(x,y) is called an integrating factor.

If



L(ﬂﬂjz (o0,

is a function of x only, then

[F(x) dx

I(x)=¢e :

1 (0N oM
_(&_EJ =h(y),

is a function of y only, then

Th(y) dy

I(y)=e .

Example 6.2.3
Solve the following ODEs:
(a) (3x2 +2xy° +4y)dx+(2x2y+4x+5y4)dy =0
(b) (3x2y+2xy+ y‘°’)dx+(x2 + yz)dy:O
Solutions:

(a) Using the exactness test, with M (x,y)=3x*+2xy” +4y and N(X,y)=2x"y+4x+5y*,

we get

a—M:4xy+4=a—N
oy OX

implying that the differential equation is exact. Using either

9 _ 9 _
aX_M(x,y) or ay_N(x,y)

we find the solution g(x,y)=c.

Z_?(: M (x.y) = g(x.y)=[M(xy)ox
:I(sz +2xy” +4y) X

=X+ x°y? +4xy +h(y)

10



Thus,

ag 2 '
—==0+2x"y+4x+h'(y)
oy

But

%g: N(X,y) = 2x*y+4x+h'(y)=2x"y +4x+5y*

=h'(y)=5y*
:h(y):j5y4dy: y*+c

g Y) =X+ XY +Axy+ Y +c=0 or x>+ X’y +4xy+y’=c
is the general solution.
(b) With M (x,y)=3x*y+2xy+y® and N(x,y)=x*+y? checkthat

M N

¢_
oy  oX
implying that the differential equation is not exact.
LM _ON)_ 21 - (3x* +2x+3y” - 2x) =3
N{ oy Ox X“+y
and
~3(x*+y?
LN _oM)_ . 1 5(2x-3x* —2x—-3y* - 2x) = —; (X +y )3
M ox oy 3XY+2xy+Yy 3XY+2Xy+Yy
L) =" =e*
Thus,

egx[(3x2y+2xy+ y3)dx+(x2+y2)dy]=0
=M (xy)=¢e* (3x2y+ 2Xy + y3) =3x’ye™ + 2xye® + y’e¥,
N(X, y)=e3x(x2+y2):x2e3x+y2e3x

and

11



aM 2e3x

— =3X 2 - N

+2xe¥ +3 =
y OX

g(X, y):_[Na}’:I(XZeSX i yzesx)ay
=X2ye3x+y§3e3X+h(x)

Z—g =M (X,y) < 2xye™ +3x’ye™ + y’e™ + h'(x) = 3x’ye™ + 2xye™ + y’e™
X
=h'(x)=0
) u2,a3X y3 3x
S g(x,y)=xye +?e =C

is the general solution.

A
6.2.4. First-Order Linear ODE
Suppose that we have a first-order linear ODE
dy
a1(><)&+ao(><)y =b(x). (6.4)
Equation (6.4) can also be written as
dy (), _ b
dx a(x) " a(x)
b
and letting p(x)= 3 (X) and q(x)=ﬂ, we have that
a,(x) a,(x)
dy
2+ p(x)y=q(x). (6.5)

dx

We will consider (6.5) as a general equation of a first-order linear nonhomogeneous ODE.

If (6.5) is homogeneous, i.e. q(x) =0, then using separation of variables, we get

12



d_y+ p(x)y=0=dy+p(x)ydx=0

dx
:%der p(x)dx=0

1
:I;dyjt_[ p(x)dx=c,
:>In|y|+j'p(x)dx:c1
=In|y]| =01—I p(x)dx

N y _ ecl—I p(x)dx’

[p(x)a

- - X . -
i.e. y=ce is the general solution.

If (6.5) is nonhomogeneous, then by fundamental theorem of calculus,

d

&(I p(x)dx)z p(x)
so that

i J.p(x)dxj _ Ip(x)dx
™ (e =p(x)e .

[0

Multiplying (6.5) by the integrating factor 1(x) =e dx, we get

_[p(x)dx d_y+ jp(x)dx _
X

e p(x)ye

so that

p(x)d

and since q(x)ej *is a function of x only, we have that

yej p(x)dx — J. q (X) ej p(x)dxdx

—y= e P Uq (X)ej p(X)dxdx}

13



is the general equation.

Example 6.2.4
Solve the following ODEs:
1. ﬂ +3y=0
dx
2. Q+3y =X
dx
3 xﬂ—Sy:xz, x>0
dx
4 Q+Ey:—2+10x, x>0
dx X
Solutions:

1. This is a homogeneous equation with p(x)=3 and so

y = ce 1 e

is the general solution.

2. Exercise
3. Note that

xﬂ—3y:x2 @ﬂ—Ey:x
dx dx x

—3dX _ _3inx -3

implying that p(x):—g, q(x)=x and so I(x)=eJ =M =x

oy (x’3 )_1 j XX 2dx = X3I x2dx = x° (—x’1 + c) =—x*+ox°

4. Here p(x):i, q(x)zxiz+10x implying that I(x):eHdX:x and
10 4 10 C
-1 4 _v1[(4 2 -1 V3 _a Vo2 v
y=X Ix(x2+10x)dx_x I(X+10x )dx_x (4Inx+ 3 X +cj_ Xlnx+ 3 X +X
is the general solution. A

From Example (6.2.4), note that in part (3), the function cx® is a solution to the homogeneous
equation

14



while —x? is one particular solution to the nonhomogeneous equation. Similarly, — is a
X

solution to the homogeneous equation

.4 10 , . . . . _
while —In x+€x2 is one particular solution to the nonhomogeneous equation. This is
X
always true as the next theorem shows:

Theorem 6.2.2

1. Let y, and y,be two non-zero solutions to the homogeneous equation

Then, for some constant «,
¥, (X)=ay,(x), for every real number x.

2. Let y, be the solution to the homogeneous equation and y, be one particular solution
to the nonhomogeneous equation. Then, the general solution vy, is given by

Yy=Y.+tY,

6.2.5. Bernoulli’s Equation

Certain non-linear first-order equations can be reduced to linear equations by a suitable change
of variable. One such equation is

dy _ n
o p(x)y=a(x)y", (6.6)

which is known as Bernoulli’s equation. To solve this equation, set z =y " so that

dz _p dy
—=0-n)y"—=.
dx d=ny dx

If we multiply both sides of equation (6.6) by (1-n)y™", we obtain

dz

(L-n)y™" %+(1—n) p(x)y™"=@-n)q(x) or &+(1— n)p(x)z=(1-n)q(x),

which is now a linear equation.

15



Example 6.2.5
Solve the following ODEs:

-3

1. ﬂ+ xy=xe Xy
dx

3

2. ﬂ—lz—Exzy
dx x 2

Solutions:
1. Here n=-3 p(x)=x and q(x)= xe ™. Setting z=y*" = y*, we get

dz dz 2
ot @-n)p(x)z=(1-n)q(x) < &+(1—(—3))xz =(1-(-3))xe

= % +4xz =4xe™ .
X
Thus, 1(x) = el " _ 62 50 that

2 -1 2 2 2 2 2 2 2 2
z:(e2X ) Iezx 4xe™™ dx=e J'4xeX dx =e* (ZeX Jrc):Ze‘X +ce ™

Therefore, the general solution is

2. Exercise. A

6.3. SECOND-ORDER LINEAR ODEs

Suppose that we have a second-order linear ODE of first degree
d’y dy
a,(X)—+a (x)—+a,(x)y=Db(x). 6.7
(0 () Fray()y=b(x) 67
We first consider equation (6.7) with constant coefficients.

Definition 6.3.1

1. Let y, and y, be any two functions. By linear combination of y, and y, we mean a
function y that can be written in the form

Yy=0CY+GCY,
for some constants ¢, and ¢, both not zero.

2. Two functions are linearly independent on a given interval whenever the relation
Gy, +CY, =0

for all xin the given interval implies that ¢, =0=c,. Otherwise, they are linearly
dependent.

16



In other words, two functions are linearly dependent on a given interval if and only if
one of the functions is a constant multiple of the other. 0

Example 6.3.1

1. The functions y, =e™**and y, =e* are linearly independent solutions of the ODE

2
9Y 3% oy-o.
dx dx

2. The functions y, =cosx and y, =sinXx are independent solutions of

Theorem 6.3.1

Let y, and y, be two linearly independent solutions of the homogeneous equation

d? d
az(x)d72/+al(x)d—i+ao(x)y=0 (6.8)

of equation (6.7). Then, any linear combination of y, and y, is also a solution of (6.8). If y,
represents a general solution to (6.8), then

Y. =GY, tGY,

for some constants ¢, and c,.
Example 6.3.2
1. The general solution to the ODE y”"+3y'-10y=0is y. =ce"

2. The general solution to the ODE y"+y =0 is y, = Acosx+Bsinx.

Definition 6.3.2

Let y, and y, be any two solutions to (6.8). The Wronskian of y, and y,, denoted W (y,,y,),

is defined as

Yi Y.

W(yl'yz): :y1y2'_y2y;'

Y1’ Y,

Theorem 6.3.2

The solutions y, and vy, of (6.8) are linearly independent on a given interval if W(yl, y2)¢0.
m]

17



Exercise: Check that W (y,, y,) =0 for Example (6.3.2).

Now, consider the nonhomogeneous equation (6.7) with constant coefficients. Let y, (x) be

one particular solution to (6.7) and y, and y, be two linearly independent solutions to the

corresponding homogeneous equation (6.8). Then, the general solution to (6.7) is given by

Y=Y Y,

=C Y +GY, tY,.

6.3.1. Homogeneous With Constant Coefficients

2
We first assume that y =e™ is a solution to (6.8). Then, ;i_y =re™ and % =r’"™ so that
X X
ad—2y+ d—y+ay—0<:>ar2e“+ re™ +a,e™ =0
2 dXZ al dX 0 2 al aO

=e™(a,r* +ar+a,)=0.
Since e™ = 0 for any real number x, it follows that

ar’+ar+a,=0 (6.9)

Equation (6.9) is called the characteristic equation and it can easily be solved since a,, a, and
a, are constants. This gives us three possible cases depending on the nature of the roots of

(6.9).
Case 1: Real and Distinct Roots
If (6.9) has distinct real roots r, and r, then we get two linearly independent solutions y, =e"™*
and y, =e"”* so that
y, =ce¥ +c.e?
is the general solution to (6.8).
Case 2: Real Equal Roots

If (6.9) has equal roots, then the general solution is

18



y, =Cce” +c,xe”
is the general solution to (6.8).

Case 3: Complex Conjugate Roots

If the roots of (6.9) are complex conjugates r,=a+if and r, =a —i£, then the solution can

be written as
y, = Cle(a+i,8)x + Cze(a—iﬂ)x — e (Cleiﬁx + Cze—iﬂx )

Using Euler’s formula e” =cosz +isinz, we have that
y, =€ [ c,(cos px+isin Bx)+c, (cos Bx—isin Bx) ]
=e™[(c, +¢,)cos Bx+ (ic, —ic,)sin Sx].
Letting A=c, +c, and B =i(c,—C,) we get the general solution
y, =e”* (Acos Sx+ Bsin x)

Example 6.3.3
Solve the following ODEs:

1. y"+3y'-10y=0

2
2. 49Y 20 2590
dx dx
3. y"+10y'+29y=0
4. y"+y=0
Solutions:

1. The characteristic equation is

r’+3r-10=0=r=2 and r,=-5
Sy, =¥ +ce™

2. 4r*+20r+25=0 is the characteristic equation implying that r = —g.

_5 -5
2X 2X

Y, =Ce 7 +c,xe

3. The characteristic equation is

19



r2+1=0=r=+J-1
=>r=+i
~a=0 and g=1

- Y. = Acos X+ Bsin x

4. Solving the characteristic equation, we get

~10+4/(10)% — 4(1)(29)
2(1)

=r=-5+2i and r,=-5-2i

r’+10r+29=0=r-=

Y, =€ (Acos2x+ Bsin 2x)

6.3.2. Nonhomogeneous With Constant Coefficients

We wish to find a solution to equation (6.7) with constant coefficients. We will use two
methods to solve equation (6.7).

1. Method of Undetermined Coefficients

This method is applied when the function b(x) is of the type we will call “Undetermined
Coefficient” (UC) function.

Definition 6.3.3

We call a function a UC function if it is either

1. afunction defined by one of the following:
(i) apolynomial p,(x) of n" order

(ii) e, where k is a non-zero constant
(iii) sin(bx+c)or cos(bx+c), where b and v are non-zero constants

2. afunction defined as a finite product of two or functions of these three types in (1).
o

If b(X) is a UC function, then we make a “scientific guess” of a particular solution with

undetermined coefficients. We then use this particular solution in the differential equation and
compare both sides to “determine” the unknown coefficients. The following table can help to

make the correct guess:

20



UC function

UC set

x
2 9%

sin(bx + c¢) or

cos(bx + c)
4 x"e™
5 x" sin(bx + ¢) or

x" cos(bx + ¢)

6 e?* sin(bx + c) or
e®* cos(bx + ¢)

7 x"e** sin(bx + ¢) or
x"e™™ cos(bx + ¢)

{x", x"" x"T2 ., x, 1}
{e"*}
{sin(bx + c), cos(bx + ¢)}

n—1_ ax n—2 ax

{x"e™, x e, x e, ..., xe®, e™*}

{x" sin(bx + ¢), x" cos(bx + ¢),
x"~ 1 sin(bx + ¢), x" ! cos(bx + ¢),
..., x sin(bx + ¢), x cos(bx + ¢),
sin(bx + ¢), cos(bx + ¢)}

{e°* sin(bx + c), e** cos(bx + ¢)}

{x"e®* sin(bx + c), x"e** cos(bx + c),
x"~ ' e*sin(bx + c), x"~ 'e* cos(bx + c),...,
xe® sin(bx + c¢), xe®* cos(bx + ¢),

e sin(bx + ¢), e®* cos(bx + ¢)}

Example 6.3.4

Solve the following ODEs:

1. y"—2y"—-3y=442sin5x

2. y"+6y +8y=40co0s2x+30xe"

3. y'-3y'+2y=¢e"sinx

Solutions:

1. The characteristic equation of the homogeneous equation is

r’-2r-3=0 =>r,=-landr,=3

. _ —X 3x
Sy, =Ce T +cC,e

Since b(x) =442sin5x, we use Y, = Acos5x+ Bsin5x implying that

y'=-5Asin5x+5Bcos5x and y"=-25Acos5x—25Bsin5x.

Thus,

y"—2y" -3y =442sin5x < —25Acos5x —25Bsin 5x—2(—5Asin 5x+58c055x)

—3( Acos5x + Bsin5x) = 442sin 5x

= —25Ac0s5x —25Bsin5x+10Asin5x —10B cos5x—3Acos5x —3Bsin5x = 442sin5x
= (—28A—10B)cos5x +(10A—28B)sin 5x = 442sin 5x

= -28A-10B=0
and
10A—-28B =442

(i)

(i)
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Solving equation (i) and (ii) simultaneously, we get A=5 and B =-14 implying that

Y, =5C0s5x ~14sin5x.

Therefore,

y=Y,+Y, =Ce " +c,e™ +5c0s5x—14sin5x

is the general solution.
2. The homogeneous equation

y"+6y'+8y=0
has characteristic equation

r’+6r+8=0=r=-4 and r,=-2
Sy, =ce ¥ +ce™

b(x)=4cos2x+3xe* =y, = Acos2x+Bsin2x+(Cx+D)e”"
y, =—2Asin2x+2Bcos2x+(Cx+ D)e* +Ce"
y, =-4Acos2x—4Bsin2x+(Cx+D)e* +2Ce”.

Thus,

y"+6y'+8y =40c0s 2x+30xe* < —4Acos2x—4Bsin2x+(Cx+ D)e* +2Ce”
+6(—2Asin 2Xx+2Bcos2x+(Cx+D)e" +Cex)
+8(Acos 2%+ Bsin2x+(Cx+ D)ex) = 40c0s 2X +30xe*

= -4A+12B+8A=40=3B+A=10 (i)
-4B-12A+8B=0=B-3A=0 (i)
= A=1 and B=3
C+6C+8C=30=>C=2
16

D+2C+6D+6C+8D=0=> D:_E

=Y, = C0S2X +3sin 2X +(2x —Ejex
15
Therefore,

y=y. +y,=ce” +¢,e¥ +cos 2x +3sin 2x+(2x—gjeX
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is the general solution.
3. Check that y, =ce”* +c,e*. Since b(x)=e"sinx, we have that
y, =(Acosx+Bsinx)e* = Ae* cos x + Be*sin x
=y, = Ae*cosx— Ae*sinx+Be*sinx+ Ae" cosx = (A+B)e* cosx+(—A+B)e*sinx

= yp" = Ae* cos X — Ae” sin X — Ae” sin x — Ae” cos X + Be* sin x + Be* cos x + Be* cos x — Be” sin x
=—2Ae” sin x + 2Be* cos x.
Thus,
y" -3y’ +2y =e”sin x <> —2Ae’ sin x+ 2Be” cos x—3[ (A+B)e” cos x+(—A+B)e*sinx |
+ Z[AeX COS X+ Be* sin x] =e*sinx

= -2A-3B+3A+2B=1=A-B=1 (1)
2B-3A-3B+2A=0=-A-B=0 (i)

:>B:—1 and A=1
2 2

ny —lexcosx—lexsinx

“Yp =5 5 :

Therefore,

1 1., .
y =ce* +c,e> +§eX cosx—zeX sin x

is the general solution.

Modification of the Method of Undetermined Coefficients

If any term of a particular solution vy, is a solution of the homogeneous equation, then we

multiply y, by x repeatedly until no term of the product xkyp is a solution the homogeneous

equation, where k is the smallest integer.

Example 6.3.5
Solve the following ODEs:

1. y'-2y'+y=¢€"+xe
2

2. d_z/_ ﬂ+2y:2x2+ex+2xex+4e3x
dx dx

3. y'+y=xsinx
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Solutions:

1. Clearly, y, =ce*+c,xe* and since b(x)=e*+xe* =(x+1)e*, we may guess that
Yo :(Ax+ B)ex. But note that both terms in y, are contained in y_. We first multiply by x
toget y, :(Ax2 + Bx)ex. Again note that the new y, contains the term xe* which is part of
Y. Multiplying by x again, we get y, =(AX’ +Bx*)e* = Ax%e" +Bx’e" implying that

y, = A’e*+(3A+B)x’%* +2Bxe* and y," = Ax’e* +(6A+B)x’e* +(6A+4B)xe" +2Be”

LY -2y +y=e"+xe* < AX’e* +(6A+B)x’e* +(6A+4B)xe* + 2Be”
—2[Ax3eX +(3A+B)x%* + ZBxeX]+ Ax’e* + Bx’e* =e* + xe*

= A-2A+A=0, which is true for all values of A
6A+B—(6A+2B)+B=0, which is true for all values of A and B

6A+4B-4B=1 :>A:1

6
)B=1=B=1
2
1 3 1 2 X
A e S s Gl (-
Yo (6 2 j
Thus,

y=y.+Y, =(c +c,x)e* +(%x3 +%x2jeX

is the general solution.

2. Check that y, =ce* +c,e®. Since b(x)=2x*+e* +2xe* +4e™ =2x* +(2x+1)e* +4e>,

we could take y, = Ax* +Bx+C+(Dx+E)e* + Fe™. But e* is contained in y,. Thus, we take

Y, = A +Bx+C +(Dx* + Ex)e* + Fe™
=y, =2Ax+B+Dx’e* +2Dxe" + Exe" + Ee* +3Fe™

y, =2A+Dx’e +2Dxe" + 2Dxe* + 2De” + Exe* + Ee* + Ee* + 9Fe®
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d’y _dy
—2-3-=2
dx dx

+ Exe* + Ee* + Ee* + 9Fe¥ —3[2Ax+ B+ Dx%e* + 2Dxe* + Exe* + Ee* +3Fe3X]

+2y=2x"+e* +2xe* +4e* < 2A+Dx’e* +2Dxe* +2Dxe* + 2De*

+2[Ax2 + Bx+C+(Dx2 + Ex)eX + Fesx]: 2X% +e* 4+ 2xe* + 4e*
= 2A-3B+2C =0
—6A+2B=0

2A=2 = A=1=B=3 and c:g

D-3D+2D=0 (True forall D)
41D+E-6D-3E+2E=2=D=-1
2D+2E-3E=1 = E=-3

2F=4 =F=2

Y, = X2 +3X +£+ (—x? —3x)e* + 2e*
Therefore,

Y=Y, +Y, =Ce +Ce” +X° +3x+g+ (—x* —3x)e* + 2e¥

is the general solution.

3. Since y, = Acosx+Bsinx and b(x)=xsinx, taking
Y, =Cxcosx+ D xsin x+Ecos X+ Fsinx

shows that y, contains cosx and sin x which are solutions of the homogeneous equation.
Thus, we take

y, =Cx®cos x+ D x*sin x+ Excos x + Fxsin x
=, =(Dx*+(2C+F)x+E)cosx+(-Cx’ +(2D—E)x+F )sinx

Y, =[-Cx*+(4D —E)x+2C +2F |cos X+ ~Dx* +(-4C — F ) x+ 2D - 2E [sin
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y'+y =xsinx <[ —Cx* +(4D —E)x+2C + 2F |cos x+| —Dx’ +(-4C - F ) x+2D - 2E Jsin
+Cx? cos X + D x? sin x + Ex cos x + Fxsin x = xsin x
=-A4C-F+F=1 :>C:—%
4AD-E+E=0=D=0
2C+2F =0 =F :%
-2E+2D=0=E=0

Ly — -1y cosx+Lxsinx
TPy 4
Therefore,

y=Y,+Y,=Acosx+ Bsinx—%x2 cosx+%xsinx

is the general solution.

2. Method of Variation of Parameters

The method of variation of parameters is sometimes called variation of constant. We will

consider a procedure developed by Lagrange who noticed that any particular solution y,, to

(6.7) must have the property that Yo and Yo are not constants, suggesting that we look for a
Y1 Y,

particular of the form
Yo :vl(x)y1+v2(x)y2, (6.10)

where y, and vy, are linearly independent solutions of the homogeneous equation.
Differentiating (6.10) gives

Y, =LY VLY, VY Y, Y,
We now impose the condition that
VY +Y, Y, =0, (6.11)
which does not violate the fact that (6.10) is a particular solution to (6.7). Thus,
Y, =ViYs +V,Y, (6.12)

Differentiating (6.12) again, we obtain
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Y, =ViY: VLY, ALY VLY, (6.13)
Using (6.10), (6.12) and (6.13) we get
(W + vy Y ) (v, ) (WY, +vay.) =B (X)

= vl(azyl" +ay, +a0y1)+v2 (azyz" +ay, +a0y2)+a2 (vl'yl' +v2'y2'): b(x).

Since y, and vy, are linearly independent solutions of the corresponding homogeneous
equation (6.8), we have that

a, (vl' y, + vz'yz') =b(x)
or

! ! ’ ’ b X
ivi VL Y, :g (6-14)

2

Solving equation (6.11) and (6.14) simultaneously, we obtain

0 v, y, O
’ %:) y2’ ' y1’ %:)
v, =— and v, = :
i Y, Yi Y.
A Y, Y,
Note that
Yi Y
’ ' =W (yl’ y2) =0
Yi Y

and integration gives

o [ Y0000

_ %0000
bolaWw(y,y,)

d =
o " azw ( Yir Yo )

Example 6.3.6

Determine the solution of each of the following ODEs:

1. y"+y=tanx

2
2. OI—2’+4ﬂ+5y =e *secx
dx dx
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Solutions:

1. Clearly, y. = Acos x+Bsinx implying that y, =cosx, y, =sinx and a, =1. Then,

Yi Yy CoOSX Ssinx
W(YpYz): 1, 2, = . =cos °x+sin*x=1
'y, | |-sinx cosx
a2
yz(x)b(x) j smxtanx =—_|'sinxtanxdx=—jsm de
aW(y,Y,) COS X
_ICOS X~ 1dx:J.cosx dx—J'secxdx
COS X

=sin x—In|sec x + tan x|

and

V.00b0)

V, =
2 laW(y,y,)

=Icosxtan xdx=jsin X dx = —Cos X
" Y, =V, +V,Y, =(sinx—In|sec x + tan x| ) cos x —sin xcos X = —(cos x) In |sec X + tan x|

Y=Y, +Y, = Acosx+Bsin x—(cosx)In|sec x + tan x|.

2. The characteristic equation of the corresponding homogeneous equation is r* +4r+5=0
_ —4+4/16-20
. 2
—a=-2 and pg=1
=y, =e " (Acosx+Bsinx)

=-2+1 and r,=-2-1i

=y, =ecosx and e**sinx

e 2 cos x e sin x
W | — e—4x
(Y 2) = —2e72 cosx—e*sinx  —2e72*sin x+e7* cos x
_2X % —2X
yz(x)b(x) _.[ € sin XfX X ix = —I tan x dx = In|cos x|
a2W Yis yz €
and
—2X —2X
yl(x)b(x) _ J- e " cos )(41eX SECX 4o :jdx _x
aZW Vi yz e

“ Yy =Yy +V,Y, = (e cos x)Infcos x|+ xe *sin X
= y=Y,+Y, =€ (Acosx+Bsinx)+ (e cosx)In|cos x|+ xe **sin x

g [Acos X+ Bsin x+(cos x)In|cos x| + xsin x]
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6.4. SOLUTIONS BY SERIES

We can also use power series to find the solution to ODEs. We assume that there is a solution
in the form of a Maclaurin series

y=> ax" =a,+ax+ax +..+ax" +..,
n=0

where the unknown coefficient are to be determined. The next example illustrates how this
method is used.
Example 6.4.1

Use series to solve the following ODEs:

2
1. d—y=y (b) d—2’+y:0 € y'+xy'+y=0
dx dx
Solutions:

(@) Assume that
y=>Y ax"=a;+ax+ax +.+ax" +..,
=0
is the solution. Then

y' =Y na,x"" =a +2a,x+3a,x* +...+na, X" +...,

n=1

d—i—yzo @inanx”’l—Zanx“ =0.

d n=1 n=0

Let n—1=N =n=N+1. Thus,

0

D> naxt->ax" =0<> (n+1)a,,x"-> ax" =0
n=1 n=0 n=0 n=0

= i[(n +1)a,,,—a,]x" =0
n=0

The series on the LHS will be zero if each coefficient is zero, i.e.
n=0:a-a,=0 =a =4,

n=1:2a,-a =0 :azzﬁ:&:

n=2:3a,-a,=0 =>a,=
and so on. Letting a, =c, we get

29



Cc

c
I n!’

a,=cC,a =¢C,a, :%, a, :3—,...,61n = —. Therefore,

y=>ax" =a,+ax+ax +.+ax" +..
n=0
C ., C 4 Con
=CH X+ — X+ =X = X"+,
2! 3! n!

X2 X3 n
:c(1+x+—+—+...+—+..}
21 3l

n!
00 Xn
=Cy —.
= n!
Recall that
0 Xn .
>X e
o n!
implying that

is the general solution.

(b) Assuming that
y=>Y ax"=a;+ax+ax +.+ax" +..,
n=0

is the solution, we have that

y'=>nax"" and y"=)» n(n-1ax"’
=1

n=2
~Ly'+y=0< > n(n-ax"?+> ax"=0.
n=2 n=0
Leting n—2=N =n=N +2 so that

i(n +2)(n+Da_,x"+ ianx” =0= i[(n +2)(n+1a,,, +a,]x" =0.
n=0 n=0 n=0

Thus,

n=0:2a,+a,=0 :>a2:—a—2°

n=1:6a,+a =0 = __a_ &

A+ 8 & 5 3l
n=2:12a,+a, =0 :>a4:—i:ﬁ:3
12 24 4]

30



T

n=3: 20a;+a,=0 = a, = 20" 120 &I

and so on. Letting a, = A and a, = B, we get
y=> ax" =a;+ax+a,x’ +..+a,X" +...
n=0

=A+ Bx—éx2—5x3+éx4+5x5+...
21 3! 41 51

= A—sz +éx4+...+ Bx—;x3+5x5+...

21 4] 51
2 4 3 5
= A{l—x—+x—+...j+ B(X—X—+X—+...J
21 41 3! 5l
© 2n © 2n+1
“AY X _iBY X
o (2n)! = (@n+D)!
Recall that
00 X2n o0 2n+1
Z =cosx and z =sinx.
n=0 (Zn)' n=0 (2n +1)I
Therefore,

y = Acos x + Bsin x

is the general solution.

() Ify= Zanxn =a, +aX+a,X’ +..+a X" +... is the solution, then
n=0

y'=>nax"" and y"=) n(h-1ax"’
=1

n=2

LYy +y=0< > n(n-Da x"?+x) na x""+> ax"=0
n=2 n=1 n=0

= Z; n(n—-1a, x"+ zlnanxn +Zaanx” =0.
n= n=. n=

Letting n—2=N =n=N+2, we get
D> (n+2)(n+Da,,x"+> na,x"+> ax"=0
n=1 n=0

n=0

=2a,+ Y (n+2)(n+1a,, X"+ > na x"+a,+ > ax"=0.
n=1 n=1 n=1
=2a,+3,+ Y [(N+2)(n+D)a,,, +(n+Da,]x" =0
=1

Thus,
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2a,+a,=0 :>a2=—a—2°
n=1:3(2)a,+2a, =0 = a,=-
n=2:4@Q)a,+3a,=0 = a,=-
n=3: 5(4)a,+4a,=0=>a, =—
n=4:6(5)a, +5,=0 = a,=—

n=5: 7(6)a,+6a,=0=a,=-

C 2n+l

2 @
35.7..(2n+1)

2 4 2n 3 5 2n+l
=c 1—X—+X—+...+(—1)n X .. +c, x—X—+X—+...+(—1)"X—+...
2 24 2" (n)) 3 35 35.7..(2n+1)

2n+1
X

00 n X ks n
—¢, (1) NG 2V 357

=cl+czx——x2—c—2x3+ix“+C—Zx5+...+(—1)n Gy +(-1)"

6.5. APPLICATION OF ODEs

Ordinary differential equations can be used to solve many physical problems and such

problems lead to what are known as Initial-Value Problems (IVPs) and Boundary-Value

Problems (BVPs).

Definition 6.5.1

A differential equation solved by applying initial conditions to the general solution is known

as an IVP. If the conditions are given at the end points of a finite interval, then the problem is

a BVP. o
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Example 6.5.1
1. Solve the following IVPs and BVPs:

@ %w: F(x), y(0)=1
X

e, 0<x<?2

g2, x>2

where f(x) ={

(b)de+4jy 4y=0, y(0)=2, y'(0)=—4
© v +y=0, y0)=1 y(5)=
(d) Y iy=0, y(0)=1 y(z)=5
(e) y"—y=—x2+1, y(0)=2 y(1)=2e—%+2

2. The rate at which radioactive nuclei decay is represented by the ODE

where vy is the amount of radioactive nuclei present after t years. The number of

radioactive nuclei initially present is 1200 and half of that amount disintegrates after

20 years. Find the amount present after 50 years.
Solutions:
1 (a) Since this is a linear nonhomogeneous first-order ODE, we have that 1(x) = eIdx =e*
We now choose f(x) in the interval where the initial point x =0. Thus,

y= e‘x_[exe‘xdx = e‘xjdx =e*(x+c)=xe " +ce”*
. y(0)=1<0e’+ce’=1 =c=1
Ly=xet+e”

(b) The characteristic equation is
2 2
ar\+4r-4=0 = r1=§ and r,=-2
—y=y, =ce’+c,e?

Applying initial conditions, we get

y(0)=2 = ce’® +c,e?@ =2 =¢ +c, =2 (i)
y=ce’ +ce? =y (X)=2ce —2c,e?
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y'(0)=—4 < %cleg(o) —2c,e 0 =4

—c,—3c,=-6 (ii)

Solving equation (i) and (ii) simultaneously, we get ¢, =0 and c, =2. Therefore,

—2X

y=2e
(c) Clearly, y=Acosx+ Bsinx is the general solution. Thus,
y(0)=1 < Acos0+Bsin0=1 = A=1
and
y(3)=5 = Acos5 +Bsin=5= B =5.
Therefore,
y =COS X +5sin x.
(d) The general equation is the same as part (c)’s solution. Applying boundary conditions,
we get
y(0)=1 < Acos0+Bsin0=1 = A=1
and

y(r)=5 = Acosz+Bsinz=5—= A=-5.
Therefore, we conclude that the BVP has no solution.
(e) r?—1=0 is the characteristic equation of the corresponding homogeneous equation

implying that y, =c,e* +c,e™*. Using the method of undetermined coefficients, we let

y,=Ax*+Bx+C sothat y, =2Ax+B and y," =2A

Substituting these in the differential equation, we get vy, = x*+1. Thus,
Y=Y, +Y,=Ce" +Ce " + x> +1. Applying boundary conditions, we get

y(0)=2 < ce’ +c,e° +0* +1=2
=c +C, =1
=c,=1-¢ (1)
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1 - 1
y(1) :2e—g+2 S ce+ce l+12+1:2e—g+2

:cle+el(1—cl)+2=2e—%+2

:(e el)c teli2-2e L4
e
= (e~

mll\)

e’)e =
=(e-e")e = ( -e’)
=c=2 =c,=1-2=-1

Ly=2e"—e*+x°+1

2. The given ODE has the general solution
y(t)=ce™.
Applying the first condition y(0)=1200, we have that
1200 = ce @ = ¢ =1200.

Since half of that amount disintegrates after 20 years, the second condition is y(20) =600
implying that

1200e ) =600 <> e @ ==
= 20k =In (3)

1
—k=——In(
@)

. y(t) =1200e  #)"2) —1200" " = 1200( ;j =1200(2) *

Thus, after 50 years

y(50)=1200(2) ® = 212.1320344 ~ 212.

THE END!
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