3. INTEGRAL CALCULUS OF FUNCTIONS OF ONE VARIABLE

As you may already know, differentiation and integration are closely connected. If j_y = f (x),
X

then integration is a process of determining a function y=F(x) such that on differentiating
F(x) we obtain f(x). If such a function F(x) exists, it is called an indefinite integral of
f (x) or an antiderivative. In this chapter, we will discuss different methods of finding

indefinite integrals of functions of one variable. Furthermore, we will look at definite integrals

and their applications.

Definition 3.1.1

A function F(x) is an antiderivative of a function f (x) if
F'(x)=f(x)

for all X in the domain of . The set of all antiderivatives of f is the indefinite integral of f

with respect to X, denoted by

[ £ odx
One antiderivative F differs from other antiderivatives by a constant, i.e.
[ f0dx=F(x)+c.

The function f is the integrand of the integral, x is the variable of integration and C is the

constant of integration. O

3.1 METHODS OF INDEFINITE INTEGRATION

One common method of integration, is the so-called power rule, i.e. if U is any differentiable

function, then

n+l

J'u”du:u

n+l

+C,

where n=-1, and Nl is rational. You have also seen integrals of most elementary functions

such as



de=|n|x|+c

Iexdx=ex+c
a.X

Iaxdx: +c, a>0
Ina

Isin X dX = —COS X+C
fcosxdx=sinx+c

Itan xdx=—In|cosx|+c
jcotxdx:ln|sinx|+c
Isecxdx:ln|secx+tanx|+c
Icscxdx:—ln|cscx+cotx|+c
fseczxdx=tan X+C
Icsczxdx=—cotx+c
fsecxtan Xdx =secx+c
Icscxcotxdx=—cscx+c
jsinh xdx =cosh X+ ¢

Icosh xdx =sinh x+c.

We now examine some techniques that are frequently used to evaluate integrals which do not

fit directly into any of the ones listed above.

3.1.1 ALGEBRAIC SUBSTITUTION

We can use change of variable to turn an unfamiliar integral into one which can easily be

evaluated. Basic substitutions can be thought of as a way of running the chain rule backwards.

Example 3.1.1

Evaluate (a) j(ax+b)”dx (b) J'sin(ax+b)dx (c) I Aax cos(ax® +b)dx,

assuming that » and b are constants, a= 0 and that , is a positive integer.
Solutions:

(@) Letting u=ax+b= dx :d_u_ Then

a



+1 n+l

du 1 1u (ax+h)
bY'dx = [u"—===(u"du =—. +C=——~——"+C.

j(aXJr) X Iu a aju y an+l a n+1

(b) As done in Part (a) above, let u=ax+b. Then
. 1. 1

jsm(ax +b)dx = —jsm udu=—=cos(ax+b)+c.
a a

(c) Let u:ax2+b:>dx:d_u
2ax

J'4axcos(ax2 +b)dx = ZIcosu du = 2sin(ax® +b) +c.

3.1.2 INTEGRATION BY PARTS

Let v and v be differentiable functions. By product rule of differentiation

Integrating both sides with respect to x, we get
uv = Ivdu +Iudv, ie. Iudv =uv —jvdu.
Example 3.1.2
Evaluate the following

(1) [Inxdx () [t*e'dt (3) [37dt.
Solution

(1) Let u=Inx, dv=dx. Then

du =£dx, V=X
X

.'.Iudv:uv—jvdu <:>j|n xdx = xIn X—Ix.%dx

:xlnx—de

=xInx—x+c.

(2) Let u=t*, dv=e'dx= du=2tdt, v=¢'



[tPe'dt =’ —2te'dt
=t%' —Z[tet —jetdt]
=t’e' -2[te' —e' |+cC
=t%e' —2te' + 2¢' +c.

(3) Let Yy=+/2t+1 so that y? =2t+1 and dt = ydy. Then
IBmdt :Iy3ydy.

Now, let u=vy, dv=3"dy

y
:>du:dy,v:3—
In3
y3 1
Slydy=2"—-—|3"d
Iy y In3 In3-[ 4
_y3 1 3
INn3 In3'In3
Vo -
‘I3mdt—(\/2t+l)3 s B
- = > +C.
In3 (In3) A

3.1.3 REDUCTION FORMULAE

Sometimes integration by parts is used repeatedly to find a given integral. A reduction formula
is useful in such situations because it gives a general formula for evaluating integrals of a given
nature. A reduction formula is a formula which connects a given integral with another integral

in which the integrand is of the same type but of lower degree.

Example 3.1.3

1. Find the reduction formula for
J'(x2 +1)"dx, nis a constant

and use it to evaluate

1
2 412 S —
[ (¢ +1%dx and -[(x2+1)2



2. Use the reduction formula for I sin" xdx to evaluate Iofsin3 xdXx.

Solutions:

1. Let |, :J'(x2 +1)"dx. Letting u=(x*+1)" and dv = dx, we have that

du = 2nx(x* +1)""dx, v=x so that
I, =x(x*+1)" —2n_[ x*(x* +1)"tdx
= x(x> +1)" —2nj((x2 +1)-1)((* +1)"*) dx

ie. 1, =x(x*+1)"-2nl_+2nl_,

N T | L LN I
2n+1 2n+1

For [(x*+1)’dx, n=2 and so

1 4
I ==x(x*+1)?+—1, and
2= ( ) =

3
_[(x? _X
Il—j(x +1)dx = 3+x+c

_[(xz +1)2dx:1x(x2 +1)? AV S
5 15 5

> dX, we notice that the powers in 1,

1
(x* +1)

If we take n=—2 for the integral of j

will increase. So from the expression

|, = 1 x(x2+1)”+—2n I .
2n+1 2n+1

we get

| 1=_ix(x2+1)”+2n—+1|n. Letting n=-1, we get
2n 2N

n—

CX(x*+D)7

, dx =arctan x+c
2

A and | —j L
p 1A T ey

2 -1
,[ 1 dx — X(x*+1)

1
= +—arctan x+c.
(x*+1) 2 2

2. Let 1 =jsinn xdx :jsin xsin"™* xdx. Then, let u=sin""x, dv =sinxdx

= du = (n—1) cos xsin"? xdx, v =—cosx



sl =—cosxsin"™* x+(n —1)J‘cos2 xsin"? xdx. Notice that
J.cos2 xsin"? xdx = J.(l—sin2 x)sin™? xdx = _fsin“‘2 xdx—fsin" xdx

sl =—cosxsin"t x+(n-1_,—(n-1)I

=1

n

n-1
n

_ 1 sAn-1
=——cosxsin"" x+——I__,.
n

Thus, with limits from 0 to Z and n=3,

z
2 _

0=

3

3k

2

%
O H

j%sin3 xdx = E
0 3

3.1.3 PARTIAL FRACTIONS

Recall that any rational function

P

V4

z T 2
|2 = [?sinxdx=—cosx| =1.
Tlo 0 0

, Where P(x) and Q(x) are polynomials, with the

degree of P(X) less than that of Q(x), Q(x)=0, can be written as the sum of rational

functions. If the degree of P(X) is greater than or equal to that of Q(x), then long division can

be applied first after which the remainder can be resolved into partial fractions. The table below

gives a summary of the rules involved in partial fractions:

Form of Q(x) Expression Form of partial fractions
Linear factors P(x) A N B
(ax+Db)(cx+d)... ax+b cx+d

Repeated linear P(x) A B Z

—_— + +..+
factors (ax+b)" (ax+b) (ax+b)° (ax+b)"
Quadratic P(x) Ax+B N C
factors (ax® +bx+c)(dx+e)... | ax®+bx+c dx+e
Repeated P(x) Ax+B . Cx+D . YX+Z
quadratic factors (ax* +bx+c)" (ax?+bx+c) (a+bx+c)®  (ax*+bx+c)"

After resolving into partial fractions, the integral can then be integrated in terms of elementary

functions.




Example 3.1.4

Evaluate the indefinite integral below using partial fractions:

J-4x4 +52x° +151x* +134x - 37
(X* +2X +2)(4x—3)(2x +5)*

Solution:
Resolving the integrand into partial fractions, we get

4x4+52x3+151x2+134x—37: Ax+B C .. b E
(X* +2x+2)(4x=3)(2x+5)*> x*+2x+2 4x-3 2x+5 (2x+5)?
= (AX+B)(4x —3)(2x+5)% + C(Xx* + 2x + 2)(2X +5)* + D(x* + 2x + 2)(4x — 3)(2x +5)
+E(X* +2x+2)(4x—3) = 4x* +52x° +151x* +134x 37

Letting x :% gives 10985 C= 10985 =

64 64

C=1.

Letting x=_2 gives _169p 169 = E=2
2 4 2

Expanding and comparing coefficients, we get

16 Ax* + (68A+16B)x® + (40A+68B) X’ + (40B — 75A)x — 75+ 4Cx"* + 28Cx> + 73Cx* + 90Cx

+50C +8Dx* +30Dx® + 29Dx? — 2Dx — 30D + 4Ex® +5ExX? + 2Ex — 6E = 4x* +52x° +151x>
+134x —-37

=S16A+ACH8D =4=2A=D. . . *)

68A+16B+28C +30D+4E =52 = 34A+8B+15D =8

40A+68B +73C + 29D + 5E =151 = 40A + 68B + 29D = 68
—49A+34B=34 .. ... ..., (**%)

Solving (**) and (***) simultaneously, we get A=0= D=0 and B =1.

4X4+52X3+151X2+134X—37_ 1 N 1 N 2
(X +2x+2)(4x-3)(2x+5)° X +2x+2 4x-3 (2x+5)°




Thus,

I4X4+52X3+151X2+134X_37 dx—J 1 1 2
(X* +2x+ 2)(4x —3)(2x +5)° X +2x+2 4x-3 (2x+5)?
=J-2dX +J'dX+J' 22dX
X“+2x+2 J4x-3 7 (2x+5)
Since x* +2x+2=(x+1)*+1, letting u=x+1 gives
f 5 ox :j gju =arctanu+c =arctan (x+1)+c,
X“+2x+2 Ju+1
letting u=4x-3 givesj ox :1 d—uzlln|4x—3|+c
4x-3 47 u 4
2 du 1
and letting u=2x+5 gives dx=|—=-=+Cc=- +C.
J g I(2x+5)2 juz u 2X+5
Therefore,
4 3 2 _
I4X2+52X 151X +134x 327 dx:arctan(x+1)+lln|4x—3|— L +C
(X° +2x+2)(4x-3)(2x+5) 4 2X+5
A
3.1.4 TRIGONOMETRIC INTEGRALS
In this section, we use trigonometric identities to evaluate trigonometric integrals.
(a) Odd Powers of Sine or Cosine
We consider integrals of the form
'[sin’“ 6cos" 6do, (3.1)

where either m or n is odd. Suppose n is odd. Then, write n =2k +1, k € Z. It follows that

(3.1) can be written as

Isinm Ocos" do :Isinm Ocos*todo = Isinrn 6 cos* @ cos dé.

Using the identity sin? @+cos? @ =1, we have that cos®™ @ = (1—sin’#)*. Letting U =siné,

we have that d@ = d_u so that
cosd



jsinm O(1—sin e)cosede=jum(1—u2)kdu,

which gives us a polynomial integrand. Similarly, if we have an odd power of sine, then letting
u=cos@ vyields

fsinzk*l @cos" 6do = j(l—cosz 6)* cos" #sin do
=j(1—u2)ku”(—du).
Example 3.1.5

cos’ x

\sin x

Evaluate (a) j dx (b) Isin35xcos4 5xadx.

Solutions:

(@) Here Cosine has odd power, so we write it as €0S’ Xx=c0s’Xcosx and

cos® x = (cos® x)® = (L—sin® x)®. Then,

J- cos’ x i _J-(l—sin2 X)* cos x

Jsin x Jsin x

dx.

Letting U =Sin X, we get dx=d—u so that
COS X

7 _u?)e 137 ou
ICOS de:J(l u’) du=j[u 2—3u2+3u2—u2]du

Jsinx Ju

1g S 9 13
:2u2—gu2+§u2—Eu2+c

24 -2 (ainx )+ 2 (i)' - (G| +.

(b) [sin®(5x)cos* (5x)dx = [ (1—cos® (5x) )cos* (5x)sin(5x)dx.

Let u=cos5x = du =-5sin5xdx

_[sin?’ 5xcos” 5xdx = —lj(l—uz)u“du TS ST
5 25

= —icos5 5x +icos7 5X + C.
25



(b) Even Powers of Sine and Cosine

In this case, we use double-angle identities:

sin(A+B) =sin Acos B +sinBcos A

cos(A+ B) =cos Acos B xsin Asin B
sin2A=2sin Acos A

cos2A =cos* A—sin® A=2cos* A—1=1-2sin’ A

cos? A= %(1+ Cos2A)

sin® A= %(1—cos 2A).

These identities can also be used to evaluate integrals with even powers of only cosine or only

sine. For the power equal to 2, it can be shown that even integration by parts is applicable.

Example 3.1.6

Evaluate
() '|'sin23xcosz3xdx (b) Isin6xcosz xdx. ,

Solution

(a) Since sin? A=%(l—cosZA) and cos’ A:%(l+ cos2A), letting A=3x, we get
L1 oo 1

sin 3x:§(1—cos6x) and cos 3X:E(1+COSGX) so that

sin’ 3x cos? 3X=%(1—COSGX)(1+COS6X)

1
:Z(l—cos2 6x)

= l(l— 1(1+ colex)J
4 2

[EEN
[EEN
[EEN

10



Isin23xcos2 3xdx :J'(l—lcoslmjdx
8 8

:i—isin12x+c.
8 96

The same result can be obtained when the integrand is written as

sin® 3xcos? 3x = (sin 3xcos3x )’ = %sin2 6x = %[%(1—0031&)) =1—%00512x.
(b) sin® xcos’ x =sin® x(1-sin’ x) =sin® x—sin® x

1 I )
:{—(1—c052x)} {—(1—0052x)}

2 2

1 2 3 1 2 3 1 4
:§ 1-3c0s2x+3c0s” 2X —C0S 2x—5+20032x—3cos 2X+2c0s ZX—Ecos 2X

_1 1—0032x+cos32x—lcos“2x .
8\ 2 2
Since cos? 2x :%(1+ cos4X)

cos® 2x = cos ZXB(H coS 4x)} = %(cos 2X +C0S 2X C0S 4X)

= %cos 2X +%cos 2XCc0oS4xX.

Also, cos AcosB = %(cos(A+ B)+cos(A— B)). Thus, cos2xcos4x = %cos 6X +%cos 2X and

S0 C0S> 2X = %cos 2x+%c056x+£c052x = §cos 2x+10056x.

Similarly, cos*2x = %(l+ cos4x)’ = %(1+ 2 Cos 4X + cos> 4x) and since

cos® 4x = %(1+ cos8x), we have that

cos’ 2x = %(1+ 2C0S 4x+%(1+ cosSx)) =§+1cos4x+10058x.

11



.'.sin6xcoszx:1 l—c032x+§c052x+10056x—l §+lcos4x+1c058x
8| 2 4 4 2\ 8

1 1 3 1 3 1 1
=———C0S2X+—C0S2X+—CO0SB6X ——— ——C0S4X ———C0S8X
16 8 32 32 128 32 128

= i—iCOSZX—iCOS4X+iCOSGX—iCOSSX.
32 32 128

128 32

.'.J‘sin6 X COS? xdx:I i—iCOSZX—iCOS4X+iCOSGX—iCOS8X dx
128 32 32 32 128

5 1 . 1 . 1 . 1 .
=——X——SIin2X———sin4X+—Sin 6X———sin8x+C.
128 64 128 192 1024

(c) Even Powers of Secant or Odd Powers of Tangent

We consider the integral of the form

'[sec”‘ ftan" 0do. (3.2)

Using the identity tan®@+1=sec® @, two cases arise:

1. If (3.2) has an odd power of tangent, i.e. n=2k+1, keZ, let u=secd so that

du =sec@tanddé and the integral reduces to
Isec"‘ ftan" 6dO = jsec”“l ftan® @secHtan 0dO = J.um‘l(uz —1*du,
which can easily be evaluated.

2. If (3.2) contains even powers of secant, then let u=tand so that du =sec*4d#, and the

integral becomes
Isecm ftan" 0dO = Isecz(k‘l) @tan" @sec® d6 :I(uz +1)*u"du,

which can easily be evaluated.

(d) Even Powers of Cosecant or Odd Powers of Cotangent

For the integral of the type

jcsc”‘ Ocot" £do, (3.3)

we use the identity cot’ @+1=csc*@. Then, two cases arise:

12



1. Since %(csce):—cscecote, if (3.3) has an odd power of Cotangent, i.e.

n=2k+1, k eZ, then we let u=cscé so that

jcscm @cot" 6do = jcscm’1 O cot* @cscHcotOdo
=—Ium‘l(u2 —1)*du,

which can easily be evaluated.

2. If (3.3) contains an even power of Cosecant, then let u=coté so that du = —csc®#dé and

SO

J'cscm fcot" 6do = —J' csc®® Y gcot" 9(—csc® #)do
= —J'u”"l(u2 ~1)*du
= —_[ (cot® 6 +1)** cot” O(—csc? 9)d &
= —_[ (u® +2)**u"du,
which can easily be evaluated.
Example 3.1.7
() J' sec® xtan® xdx  (b) J"[an4 xdx () _[csc3 Xcot® X dx.
Solutions:
(a) Here, we have even powers of Secant. So we let u = tan x = du = sec® xdx
- [ (sec? x)* tan® xsec? xdx = [ (u* +1)*u’du

=J(u® +2u +u®)du

u13 2ull u9
=—+—+—+C
13 11 9

2 1
=—tan®® x+ —tan* x+ =tan® x +cC.
13 11 9

(b) Since Tangent is not of odd power, we use the other case by introducing a special “1”.

tan* x
(tan® x +1)

tan* x

- .sec? x dx.
sec? x

Itan4xdx=j .seczxdx=j

13



Let u=tan X = du =sec? xdx

u 1
o[ tan® x dx = du=||u*-1+ du
I -[u2+1 -[[ u2+1J
3
=4 uttantu+c

_tan®x

—tan x+tan(tan X) + ¢

_tan®x

—tan X+ X+cC.

(c) ICSC3 Xcot®Xdx = —j csc” X cot? X (—csc % cot X)dx.
1

Let u=csc3=du= —Ecscgcotgdx

:>J'csc3§cot3§dx:—2.|'(u2 —1)u2dx:—§u5 +§u3 +C

2 2
=——csc’ X +—=csc’ X +cC.
5 3

3.1.5 INTEGRALS OF HYPERBOLIC FUNCTIONS

Recall that the hyperbolic sine and cosine are given by

cosh x = %(eX +e’x)

: 1 X —X
sinh :E(e —e )

and from these we get other hyperbolic functions

sinhx e -1
coshx e*+1

1 coshx e”+1
tanhx sinhx e* -1

sechx = L =2. ze
cosh x e*+1

tanh x =

cothx =

X

. =2. 25 '
sinh x e -1

cschx =

14



Using Osborn’s rule, which states that “cos” should be converted to “cosh” and “sin” into
“sinh” and multiply a negative when there is a product of two sines, we get the following basic

identities for hyperbolic functions:

cosh® x—sinh*x =1

tanh? x +sechx =1

coth® x =1+ csch? x

sinh 2x = 2sinh x cosh x
cosh 2x = cosh? x +sinh? x

cosh? X = 1(cosh2 2X +1)
2

sinh? x = l(cosh2 2x—1).
2

Other identities for the addition of angles can be obtained in a similar way.

Recall also that the logarithmic equivalents of inverse hyperbolic functions are:

sinh ™ x= In{x+\/x2 +1}, for all values of X

cosh™ x = In{x+\/x2 —1}, x>1

tanh™ x_—In(lerj X <1

It can also be shown that the following are the derivatives of hyperbolic functions:

a (sinh x) = cosh x
dx

i(cosh X) =sinh x
dx

a (csch x) = —csch x coth x
dx

d

— (sech x) = —sech x tanh x
dx

d 2

— (tanh x) =sech” x

dx

d 2

— (coth x) = —csch” x

dx

and for inverse hyperbolic functions, we have

15



9 (sinh %) = =

dx 1+ X2

d -1 1 -1
—(cosh™ x) = , X>1,cosh™ x>0
d 2

X X° =1

Oli(cosh1 X)=— , Xx>1,cosh™x<0
X

1
Ix2 -1

d 1
—(tanh ™ x)=—— |x| <1.
dx( ) 1-x? 4

It then follows that

Isinh xdx = cosh x+c
Icosh xdx =sinh x+c¢
Isechz xdx = tanh X + ¢

Icsch2 xdx = —coth X + ¢

de =sinh*x+c¢c

I

}dx:cosh‘1x+c, Xx>1

J- 1

I ! 2jdx:tanh1x+c, x| <1
1-x

1
I 2jdx=coth1x+c, x| >1.
1-x

We will use hyperbolic substitution later to evaluate integrals of this nature.

Example 3.1.8

Evaluate

(@ [xsinhxdx (b) [tanh?3xdx () sech &'ia”h&dx.

X

Solutions:

(a) Using integration by parts, let u=Xx, dv=sinhx. Then, du=dx and v=coshx.

Ixsinh Xdx = xcosh x—fcosh Xdx = xcosh x —sinh x +c.

16



(b) Itanh2 3xdx = J'(l—sech2 3x)dx = Idx —J'sech2 3xdx = X —%tanh 3x+C.

(c) Let u=«/§:>du=idx
X

2x

_ Isech Jx.tanh/x
- A

dx = 2'|'sech utanhudu =-2sechu+c =-2sech \/;+ C.

3.1.6 OTHER SUBSTITUTIONS

In this section, we will consider substitutions such as rationalising substitution, trigonometric

and hyperbolic substitution and magic substitution.

1. RATIONALISING SUBSTITUTION

Some functions which are not rational can be changed into rational functions by means of
appropriate substitution. In particular, when an integrand contains an expression of the form

/g(x), then the substitution u=1x/g(x) may be effective.

Example 3.1.9

Evaluate (a) j(

Jlx_—xjdx (b)J{dex (c)j( L jdx

Solution

(a) Let U=+1-Xx = x=1-u"= dx=-2du

_ X o 1-u? B ) 2
I( 1_deX_I[Tj_ZUdU‘ZI(U —1)du—§u —2u+cC

= 2(Vix) -2fi=x +c

3

(b) Let u=+1+vX = u? =1++/x

= x=(u®-1)°
= dx = 4u(u® —-1)du

17



:4{1 idu—lfidu +jdu}
27u-1 27u+1
=2In|u-1|-2In|u+1|+4u+c

= 1+x -1 +X +
2I[J€I?§+1 +4y1+/x +c.

() Let u=4x = x=u® = dx =6U°

J(\/_ \/_de -[u o 6u°du =
—GJ‘{U +u+1+—Jdu

3 2
=6 u—+u—+u+ln|u—1| +C
3 2

= 2/x +3¥x + 68X +6In| ¥x —1| +c.

2. TRIGONOMETRIC AND HYPERBOLIC SUBSTITUTION

So far, we have seen that sometimes it helps to replace a subexpression of a function by a single

variable. Occasionally, it can help to replace the original variable by something more

complicated. This seems like a “reverse” substitution, but it is really no different in principle

than ordinary substitution. In this subsection, we will evaluate integrals by making substitutions

involving trigonometric and hyperbolic functions. The following table summarises possible

substitutions:

EXPRESSION TRIGONOMETRIC SUBSTITUTION | HYPERBOLIC SUBSTITUTION
22 _x? x=asing, [-%,2 x=atanh &
22 + %2 x=atand, (-%,%) x=asinh@
2 _ a2 x=asech, [0,%) x=acoshd

18




Example 3.1.10

J X3 \/x2+2x—3dx

Evaluate (a) (4x2+9)% dx (b _[ 1

using both trigonometric and hyperbolic substitution.

Solutions:

Nlw

o2 2],

3 2X
Using trigonometric substitution, let X = gtan 0= dx= Esec2 0d@ and tané = ?

(@) (4x2 +9)

3 gtanQ’ 6

X (|28 3
‘.j(4x2+9)g -] 3sse039'25e029 40

3 ctan®o o 3 tan’@tanGsecd

== == - dé.
167 secd 16 sec” @
Let u=secd = du=sec@tan&dE. Then,

3 2 2
3 tan edezi (se02 1)se00tan0d6?:i_|‘u 21
16Y secd 16° sec @ 167 u

du =%j(1—u2)du
= %[u +u|+c
3

3 1
=—secfd+—.——+C.
16 16 secd

2X Jax?+9
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4%* +9
.'.COS@=L secd = ( > )

X3 3 4,(4X2+9) 3 3
:I—dx_—.—+—.—+c
(4x2+9) 16 3 16 4/(4x2+9)

1
16

3
2

Using hyperbolic substitution, X = gsinh 0= dx= gcosh 6do

J- X3 i 3 ;sinh®0

(4x2+9)% " 167 cosh?0

Letting U =cosh &, we have that

2_
3 sinh? esmhede 3 u--1

— - du=i_|.(l—u‘2)du—icosh0 3 +C
16 cosh? @ 16 u 16 16 16 cosh &
. — Jax? +9
Since cosh @ =+/sinh*+1, we have that cosh @ = —3 so that

I :_\/m ,/4x +9

(4x +9%

(b) X*+2x-3=(Xx+1)?-4. Then, using trigonometric substitution, let x-+1=2secd

:>secH=XT+1 and dx =2sec@tan £d6.

2 2
j“x +2X=3 o x= [ 228 V4sec’ 0 25ec@tan9d0:2jwd0

2secd (L+tan’ 6)
Let U=tand = du =sec’ HdO

2 2 2
_.ZJ-tan Gsezc gdezzj u
(1+tan” ) 1+u

5 du=2u-2arctanu+c=2tand-260+c.
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Since Secﬁzxi,cosgz_
2 X+1

X+1

J(x+1)?* -4

2

2_
'[anez—\l(x-i_l)4

2

2 —
j—wdx =X +2x—3—2arccos(iJ+c.
X+1 X+1

Exercise: Use hyperbolic substitution to evaluate the same integral.

3. MAGIC SUBSTITUTION
We can transform an integral of a rational function involving Sin X and COSX into a rational

function of just one variable, say Z. The magic substitution we use in such situations is

z =tan3. We notice that
2 x 1 2 x 1 2
dz = Zsec’ §dx == (tan E+1)dx=§(z +1)dx. Hence,
(3.4)

dx = 2 > dz.
1+z

Then, using the identity cos2A=2cos’ A—1, we have
2 2 2 1-7°

CoSX=2c08"4-1=2.—-1=——-1= ——l=——— 1=
sec” 5 1+tan”; 1+z 1+z
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z
L COSX =" (3.5)

1+z
) o sin 2
sinX=2sIn5c0s% =2. .C0s* 2
cos %
siny 1 1
=2. T =2tang.—;
oS5 vy sec” 5
1
=2tanZ >
tan” 5 +1
2z
72 +1
sin x 2z (3.6)
2% +1 '
Example 3.1.11
1
Evaluate —dx.
j4cosx—33|nx
Solution
We let z=1an3 and use (3.4), (3.5) and (3.6).
. 41-2%) 3(2z2) 4-47*-62
4cosx—3sinX = ( 2)—( 2): -
1+z 1+2 1+2
I 1 - dx J' 1 2dz _[ 12 dzz_[zj‘ dz _l dZi|
4c0s X —3sin x 41‘22 621 4 72 2-27°-3z 592z-1 5727242
=——j T PR T T It Y P Y IR Kl
27— 1 5 Z2+2 5 5 5 |2z-1
1 tan;+2‘
S oana_q ¢
5 |2tan3-1 A
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3.2 DEFINITE INTEGRALS

Before we discuss definite integrals, recall the sum of n terms a,,a,,...,a, can be written as

n

Do =a+a,+.+4,
i=1

where i is the index of summation, a, is the i" term of the sum and the upper and lower
bounds of the summation are n and 1 respectively. For example,

4
D i=1+2+3+4=10

i=1
and

zn: f(x)AX = f(X)AX + F(X,)AX, +...+ f (X, )AX,.

i=1

Two important properties of sums are:

1. Y ka =k a, where k is a constant.

i=1 i=1
2. Ya+yb=ya+yh.
i=1 i=1 i=1 i=1
The following summation formulas are very useful and can be proved by induction:

@ Y k=k+k+k+..+k=nk

i=1

(b) Zn:i 1+2+3+..+n=000+D

_ n(n+1)(2n+1)

€ Y PP =0+22+3+. 40’ :
i=1

n*(n+1)°

d) D iP=r+2°+3+..+n’= 1
i=1
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Example 3.2.1

Evaluate

i+
1. (—zj for n=7
i1\ N

2. 2"1(40”;1) Zj, for n=10.

i-1 n

Solutions:

We use properties of sums and summation formulas.

L+l 1 &, 1&. 1
1. Z(%j:F;(I+1):FZHle

i=1 =1 =1

n(n+1)
[ Jrem

i=1 n n n i=1 n i=1
PR EIEDY
n" | = i1 i1
4| n(n+1) 2
=— —n|-=(n
n{ 2 } n()
__2
When n =10,
Z”;(4(i—l)_gj __3__1
—~\ n* n 10 5
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3.2.1 RIEMANN SUM

Let f be continuous on the closed interval [a,b] and let A be a partition of [a, b] given by
a=X, <X <X, <..< X, <X, =D,

where AX, is the width of the i"" subinterval. If C; is any pointin the i" subinterval [X ;, X1,

then the sum

D F(C)AX, X, <¢ <X

i=1

is called the Riemann sum of f for the partition A.

yt / y=f(x)

Definition 3.2.1

If f isdefined and continuous on [a,b], and the limit of the Riemann sums over A

lim Zn: f(c,)Ax;

Ax;—0 4=

exists, then f issaid to be integrable on [a,b], and the limit

lim " f (c)A% =710 dx

A% —0 a

is called the definite integral of f from a to b. The numbers a and b are the lower and

upper limits of the integral.

¢
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NOTE: 1. The limit is just the area under the graph. Since n is the number of subintervals

obtained by partitioning by [a,b], it follows that AX, =X, —X,_; = b;na

and as Ax, — 0, n—oo. Thus,
Area=lim Y f(c)A% = [ f(x) dx
n—o0 i1 a

2. If we choose C; to be the right endpoint of each subinterval, then ¢, =a-+i(AXx,).

Example 3.2.2
1. Find the area under the graph Y = X* on the interval [0,2].
2
2. Use Riemann sums to evaluate LZXdX.
Solutions:
1 yn y = X2
4
0 2 X
- - - .2
AX; :b_a:g and ¢, :a+i(Axi):0+£=a = f(c)= f(éjzll—lz
n n n n n n
2 , g (472 .8 (n(n+1)(2n+1)
S xfdx=lim ) f(c)Ax =Ilim — 1 =Il=lim=| ——>
J.O newé ( I) ! new;[( r]2 ](nj:| n—ow n3( 6
2
:ﬂ(|im2f‘+_§”+1]:ﬂ(.im(2+%+%)
3| now n n—o n
4 8
= — 2 = —,
3( ) 3
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v

Ax =273 _ 4 and C, :a+i(Axi):—2+ﬂ = f(c)="f (—2+ﬂj:2£—2+ﬂJ
' n n n n n
o Area=lim )’ f(c,)Ax =lim ZKZ(_ZJFﬂD(ﬂﬂ: Iim§2(—2+ﬂj
n—o == n—o0 4= n n n—e N 553 n

=lim §(—2n+ﬂ(n(n+1)n
n—e n 2

= Iim(—16 +16+Ej

nN—oo n

=0.

It is clear from the diagram that the area cannot be zero. Direct computation has given us zero
because the area above and below the x — axis are equal but the area below the x— axis is

negative. A

PROPERTIES OF DEFINITE INTEGRALS

If f(x) and g(x) are continuous on the interval of integration [a, b], then

1. I: kf (x)dx = kj: f(x)dx, K isa constant

N

_ j:[f(x)ig(x)]dx:j:f(x)dxij:g(x)dx

w

J': f(x)dx = J: f(x)dx+ Lb f (x)dx, provided that a<c<b and that f is integrable

in [a,c] and [c,b].

&

j:f(x)dx=—j:f(x)dx

o

I:f(x)dx:o
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Theorem 3.2.1 (Fundamental Theorem of Calculus)

1. Let f beintegrable on a closed interval [a,b]. Let C satisfy the condition a <c <D,

and define a new function
F(x)=| f(t)dt, if a<x<b.

Then the derivative F'(X) exists at each point x in the open interval (a,b), where f is

continuous and F'(x) = f (x).

2. Assume that f is integrable on the closed interval [a,b] and continuous in the open

interval (a,b). Let F be any antiderivative so that F'(x) = f(x),

for each x in (a,b). If a<c<Db, thenforany x in (a,b)

[ fdt=Fx)-F ().
If the open interval on which f is continuous includes a and b, then we may write

[ f(dx=F(b)-F(a. o

Theorem 3.2.2 (Mean Value theorem for integrals)

If f is continuous on the closed interval [a,b], then there exists a number C in the closed

interval [a,b] such that

jb f(x)dx = f(c)(b—a).
Proof:

Define the function F by
F(x) = j f (t)dt, for every x e[a,b].

Then by the fundamental theorem of calculus, F is continuous on [a,b] and differentiable on

(a,b) and that F'(x) = f (x). By the mean value theorem for derivatives, there exists a number

c € (a,b) such that
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F(b)-F(a)

A

implying that F'(c) = f (c) and
F(a)=| f(t)dt=
Thus,

f(c )—@-%aj:f(t)dt,

ie. [ f(9dx=f(c)b-a).

Definition 3.2.1

If f isintegrable over [a,b], then the average value of f, denoted by AV (f(x)), is given by
1 b
AV (f (X)) = —— j f (x)dx.
b—a-a

Example 3.2.3

2 2
1. Evaluate (a) _[722de (b) j0|2x—1|dx.
2. Find the average of f(x)=+/x over the interval [1,9].
Solutions:

1. (a) We got zero when we evaluated this integral using Riemann sums. We now apply

property (3):
I_222xdx :—lf_()22xdx+.|‘022xdx :—xz‘: +x2‘§ =4+4=8.

b) since |2%—1] 2x-1, x=>3 ) )
X—1|=
(b) Since 1-2x, x<3 we have that
2 7 i 2 5
[ 12x=1jax =] (- 2x)dx+£(2x—1)dx:(x—x2)0+(x2—x)%:E
1275\ 13
2. AV(f ——f d—— x dx==.=(xz) ==
() == [} f =[x ade=2 S () =% .
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Theorem 3.2.3

If £ iscontinuous on an open interval | containing a, then for every x in the interval

%U £(t) dt}z ().

Example 3.2.4
1. Evaluate iUX\/t2+1 dt}
dx Lvo
2. Find the derivative of F(x) = J‘j cost dt.

Solutions:

1. Notethat f(t)=+/t*+1 is continuous on R. Thus,
%on V2 +1 dt} =x?+1

2. Letting U= X, we have that

F'(X) :3—F.3—u:cosu.3x2 =3x*cos(x*)
u’dx

3.2.2 IMPROPER INTEGRALS

In the definition of a definite integral, f(x) was assumed to be bounded in the interval

b
a<x<h. If f(x) is not bounded in a<x<b, then the integral L f (x)dx is said to be an

improper integral. In other words, integrals with infinite limits of integration are improper

integrals. In addition, integrals of functions that become infinite at a point within the interval

of integration are improper integrals. When the limits involved exist, we evaluate such integrals

with the following definitions:

1. If f is continuous on [a,0), then
o . b
j f (X)dx = lef f (x)dx.
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2.1f f is continuous on (—oo,b], then
b . b
j_ f(x)dx = lim [ f(x)dx.
3.1f £ iscontinuous on (a,b], then
b . b
[ f09dx=lim [~ f (x)dx
4.1f £ is continuous on [a,b), then
b ; c
j f (x)dx = lim j f (x)dx.
a c—obhvJa
5.1f £ becomes infinite at an interior point d of [a,b], then

jb f(X)dx = jd F(X)dx + jdb £ (x)dx.

The integral from a to b converges if the integrals from a to d and from d to b both

converge. Otherwise, the integral from a to b diverges.

6. If £ is continuous on (—o,), and if J._aoo f (x)dx and J:O f(x)dx both converges, we say

that J.: f (x)dx converges and

[ toax=[" fooax+] fxax

If either or both of the integrals on the right hand side diverges, the integral from —oo to oo is

said to diverge as well.
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Example 3.2.5

Evaluate

w 0 11 1 6
@ | %dx (b) | tanhxdx (c) J.Oﬁdx (d) J‘Oﬁdx © [ ()(f%dx UMD

[

©]+ x?

Solutions:

w 1 . b ] 1
a. — = -3 = —_— -2
( ) .[2 X3dx tl)l—To.[z X~ax tlnl—[g[ 2X

(b) | tanhxdx= lim | tanh xcx = lim ((|n|coshx|)\:): lim (In1-Incosha) =

a——o

-. The integral diverges.

1

(c) The function T is discontinuous at x=0.
X

1

1
J lim (Z—ZCZJ: 2.
c—0"

(d) The function % is discontinuous at x =1.
— X

c—>0" c—0"

1
I —dx— lim x 2dx_ lim {sz

L g=tim [ dx= lim ((=In]1=x)|;) == lim (In |2—c|) = oo

0]1—X c»1"J0 1 — X co1"

-. The integral diverges.

. : 2X - :
(e) In the interval [0,6], the function —— s discontinuous at x =2,

2
3

32
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6
c—>2" c

1
3

= lim (s(x2 —4)% cj+ lim [3(x2 _4)%

0 c—>2"

= lim [3(& ~4) —3(—4)%}!@ [3(32) _3(c? —4)ﬂ
=3.45+3,(32)°

—9.4°,
(f) The integrand is discontinuous at X =2. Thus,

jeidxaimfidxuim S2X gy

Oxf =4 ez 70 (x°-4) HZ*L (x*-4)

- Iim((ln | x2—4|)‘;)+!ir;1((ln ES —4|)D

c—>2"

= lim (In|¢*~4|~In4)+ lim (In32~In | ¢* - 4]).

Since Iirg(ln |¢*~4]-In4)=—0 and lim (In32-In|c’ - 4|) = oo, the integral diverges.

c—>2*

1
1+ x%°

(9) We try to sketch the graph of

The graph is symmetric at x=0. So

dx

2

" Lox=]" ok [ —rdx= lim [ dx+ lim[”

=1+ X =14 X 1+ %% a>-da ] 4 x° b—ed0 ] 4 X

. 0 . b w T
= lim (arctan X| )+ Ilm(arctan X| ): —[——j+— = .
a—>—o a [ 0 2 2
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3.3 APPLICATION OF INTEGRATION

The use of the integral as a limit of a sum enables us to solve many physical and geometrical
problems such as determination of areas, volumes, arc length, surface area, centre of mass and

moments of inertia.

3.3.1 THE AREA BETWEEN TWO CURVES

Suppose we want to find the area A of the region R bounded by two curves Y, = f,(X) and
y, = f,(x), and two vertical lines x=a and x=Db. We assume that the curve vy, = f,(x) lies

above the curve y, = f,(x) such that f,(x)> f (x), for a<x<b. Then

A=[ 15,00~ 00

Similarly, if R is bounded by two curves x, = f,(y) and x, = f,(y) and two horizontal lines

y=cC and y=d insuchaway that f,(y)> f,(y), for c<x<d, then

A= [ 600~ £y

Example 3.3.1

5

Find the area of the finite region bounded by the curves X=Y and Y = E using

(a) vertical strips
(b) horizontal strips.

Solutions:

(a) y
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Solving the two equations simultaneously, we find

16x = x° or X(16-x")=0=x=0 or x=+2.

5 5 6 2 0 2 6
A:j0 X——x dx+.[ x—— dx = L + x_x
-2\ 16 16 % 2), (2 9

(b) y

2

§
3

1
x=y, x=(16y)°

. ¥
2 16y v — 2
Ageo-)

A=["(v-asy)* Jay + [, (aby) - y )y = [———(16) yj

3.3.2VOLUMES OF SOLIDS OF REVOLUTION

If a region in the plane is revolved about a given line, the resulting solid is a solid of revolution

and the line is called axis of revolution.

1. DISC METHOD

The simplest solid of revolution is a right circular cylinder which is found by revolving a
rectangle about an axis adjacent to one side of the rectangle. In this case, the cross sections of

the solid (slice or disc) are perpendicular to the x— axis of revolution. Two cases arise:

(i) The volume of the solid generated by a region under y = f(x) bounded by the x—axis and

vertical lines X =a and x =b which is revolved about the x— axis is
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V= j:ﬂrzdx = Lbﬁyzdx = ﬂj:[ f (x)]zdx.

Here the disc is with respectto x and r =y = f(x).

(i) The volume of the solid generated by a region under x= f(y) bounded by the y—axis and

horizontal lines Yy =C and y =d which is revolved about the y —axis is

V=r jcd[f(y)]zdy.

2. WASHER METHOD

Suppose that we are dealing with a hollowed object and two functions have been given instead
of one. Then we extend the disc method and take into account the difference of the two given

functions. This is the washer method and we have two cases:

(1) If the washer is with respect to x then the volume of the solid generated by a region between

y, = f(x) and y, =g(x) bounded by the vertical lines X=a and x=b, which is revolved

about the x—axis is
V=[ (R -r Y=z ‘[ F T ~[g] ‘dx,

where R is the outer radius and r is the inner radius.

(ii) If the washer being considered is with respect to Y, then the volume of the solid generated
by a region between x, = f(y) and x, =g(y) bounded by the horizontal lines y=C and

y =d, which is revolved about the y —axis is

b 2 2
V=a[ [T -[a]|ey.
NOTE: The axis of revolution does not necessarily need be the x— or y—axis.

Example 3.3.2
1. Find the volume of the solid of revolution obtained by rotating the region under the curve

y:x% between x=0 and x=8

(a) about the x—axis  (b) about the y—axis.
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2. Determine the volume of the solid generated by rotating the finite region bounded by Yy = 3/;

and y :% that lies in the first quadrant.

(a) about the x—axis  (b) about the y—axis.

3. Determine the volume of the solid obtained by rotating the finite region bounded by

y=x*—2x and Yy =X about the line y = 4.
Solution

1.(a) y4

3
2

4

=192r.

v =z (8 -(v )y - n[64y—y74j

0
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2. (a)

1

4 4

V=]l (R ] [(X%)z‘(g}’xz”[gxg‘:_;}

(b) y=§, y=x =x=4y and x=y°. When x=8, y=2.

8
B 1287
15 °

0

2
_512x

v=r| (@ - )}dy:”[g_y??j 21
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y=X, y=X-2Xx=>x=x"-2X=X=Xx"-3x=0=x=0 or x=3.

Vv =7zJj(R2 —rz)dx:yz'[j[(4—(x2—2x))2—(4—x)2}dx:7z[%x5—x4—gx3+12x2j

3. SHELL METHOD

The shell method is a method of calculating the volume of a solid of revolution when
integrating along an axis parallel to the axis of revolution. The idea is that a “representative

rectangle” can be rotated about the axis of revolution, thus generating a hollow cylinder-a shell.

Then

Volume(V) = I 2rr.radius.height.thickness

(i) The volume of the solid generated by a region bounded by the x—axis and vertical lines

X=a and Xx=Db, which is revolved about the y—axis is

V= J.: 27 xydx :Zﬁj: x[ £ () Jox,
where radius (r)=x, height (h)=y = f (x) and thickness = dx.

(ii) The volume of the solid generated by a region bounded by the y —axis and horizontal lines

y=cC and y =d, which is revolved about the x — axis is
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v =2z y[f(y)y.

NOTE: Sometimes two functions are involved and the axis of revolutions is not always the x—

or y—axis. These and other cases discussed above are summarised in the following graphs

below: Va

S

y=1(x)
/\
r=x
r h h=f(x)
a b ’ X
V =2z X[ f ()Jx
y4
S y=1(x)
] h r=x
— y=g() h=f()-g(x)
; 5 "X
v =2z x[ (- g(x)Jx
2
y=1(x)
\ﬂ r=Cc—X
h \ \ h=f(x)
a b ﬁ(:C%x

V= an:(c —x)[ f(x)Jdx
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Yyt
y=f(x)
" y=9(x) h=1f(x)-g(x)
y b X=C  x

C
n o,
X
d
V=2z[ y[f(y)}y
y4
r=y
h=1f(y)-a(y)
x=f(y)
o,
X

v =2z y[f(y)-a(y)lly
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ﬂ P
d r x=f(y)
h w r=m-y
h=f(y)
C
A'X
V= Zﬂf (m=-y)[f(y)dy
yt
T/ VS
r=m-y
h=1(y)-a(y)
x=f(y)
> X

v =2z (m-y)[f(y)- g(y)lly

Example 3.3.3
1. Find the volume of the solid of revolution formed by rotating the finite region bounded by

the graphs of Y =vX-1 and Yy = (x—1)*

(a) about the y—axis (b) about the x— axis.

2. A region is bounded by y=cosx, y=sinx, x=0, X= % Find the volume when this region

is rotated about the line x=2.
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Solutions:

1) y

v

r=x, h=yx-1-(x-1)>
.'.V=2njlzx(JE—(x—1)2)dx:2n "xa/X —1dx - j(x —2x+x)dx}

_272'[ (x 1f+2 (x 1)) —(%—%xﬂix)
7Z'

2

2
1 1]
=2 —

30
(b) Y
= (x—-1)°
1 y=+x-1
i 2 —A " x

y=x-1=x=y?+1 y=(x-1%=>x=y? +1.
r=y, h=y? +1-(y* +) = y* - y?

vy =2y =
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y =sinx
i
4

y =COS X

h=cosx—sinX, r=2-Xx

RAVAE Zn_[f (2—x)(cos x—sin x)dx = 27:[(2— X)(sin x +cos x)|0% +(sin x —cos x)ﬂ

6

:27{(2_&)(1 ﬁ}*(l \/gJ—(Z—l)}: 76412487 -7 3]

3.3.3LENGTH OF THE ARC

Recall from chapter two that if f’(X) is continuous in @ < x <b, then the length L, of the arc

of the curve y = f(X) between x=a and x=b is given by

L= [" 1[0 dx

If the curve is given by x = g(y) between y=c and y=d, then

L :ch 1/1+[g'(x)]2dy.

If a plane curve is given by {(x(t), y(t)):te [a,b]}, where X and Y are continuous

functions, then

b
L= JOe@) +(y')°at
If a curve is given in polar form r = f (@), f(0) >0, a <8< B, then x(6) =r(6)cosH,
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y(@) =r(8)sinf and

Example 3.3.4

1. Find the length of the arc of the curve y = 2\/x_3 between x =% and x = %

2. Find the arc length of the cardioid r =2+2cos@, 0<6 <2x.

Solution

1. y=\/x_3, x>0 and %:3\/}
X

s L= J.fw/l+[y'(x)]2dx = .|.f1[1+[3«/ﬂ2dx
= If\/1+ 9x*dx

=%.§(1+9x)

wle o

_112
27

2. r =2+2c050:>£=—25im9
do

2
LL=[7 +(%) do=["\J(2+2c0s6)" +(-2sin6)'do

=J'02”\/4+80036?+4c0529+4sin2¢9d6?

=I02”\/mw
=2102”«/Wd9
=2[ " Jacos’ 4 do
=4j02”cos§d9
:SIO”cosgde
=16sin 4|’

=16.

45



3.3.4 AREA OF A SURFACE OF REVOLUTION

Let y= f(x), a<x<b determine a curve in the upper half of the xy plane.

A

Y /\Aﬁ/\

v

X

Partition the interval [a,b] into n pieces by means of the points a=x, < x, <X, <...<X, =b,
thereby also dividing the curve into n pieces. Let As, denote the length of the i"" piece and
ley y, be the y—-coordinate of a point on this piece. When this curve is rotated about the x—

axis, it generates a surface called a surface of revolution.

The surface area is given by

n

§=1im > 2zyAs,

As;—>0 i1
= 27zj: y ds
=27 QYL+ [ ']

Thus, we have the following theorem:

Theorem 3.3.1

Suppose that f(x)>0 and f'(x) is continuous in the interval [a,b]. Then, the area of the

surface of revolution generated by rotating the curve y = f(x) between x=a and x=b about

2
5= jb 27y /1+(%) dx.
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If x=g(y) isthe curve between y=c and y=d rotated about the y—axis, then

5= j zzxm dy.

NOTE: The axis of rotation could be any line. If y=n and X=mM are axes of rotation, then

o= J' 2zr(n—y) ,1+(gyj dx
dx
0= j 27z(Mm—X) /1+(dyj dy

and

respectively.

Example 3.3.5

The arc of the curve y = x® lying between x =0 and x =2 is rotated about the x — axis. Find

the area of the surface generated.
Solution:
y=x"= W _ 3y

dx

SO = 2;:] X3 1+ (3x%)2dx = 2;:[ x3\1+9x* olx_—’r E(1 9x)

312

= 2—”7[(145)% —1}. N

3.3.5CENTROID AND MOMENT OF INERTIA

To discuss the concept of the moment a body, consider the example of two bodies of masses

m, and m, placed on the seesaw at their respective distances d, and d, from the fulcrum.

m, d, d, m,

*

Then the seesaw will balance if and only if
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d,m =d,m,.

If the directed distance d, is negative, then the condition for balance is that d,m, +d,m, =0,

that is, the turning effect is zero. The moment of a body is a measure of its tendency to rotate

about a point.

Definition 3.3.1

Let PP be a plane system of particles of masses m;,m,,...m  located at the points
Py, P,y P,» respectively. Let the line £ in the plane be taken as an axis and let I, 1,,...,1. be
the directed distances from the line £ of the points p, p,,...,p,, respectively. Then, the

moment of this system of particles about the axis £, denoted by M, is given by
n
M, =Y ml =ml+myl, +..+ml .
k=1

Thus, moments about x— and y—axes are given by

M x Z m, Yy
k=1
and
M, =Y mxX,,
k=1
respectively. O

For example, for the points p,(1-1), p,(-11), p;(1,.2),and p,(2,3) with their respective

masses m, =2, m, =1, m, =4 and m, =7, we have that

M, =2(-1) +1(1) + 4(2) + 7(3) = 28
M, =2(1) +1(~1) + 4() + 7(2) =19.

If £, isthe line x=2 and £, is the line y=2, then
M. =2(-D)+1-3)+4(-1) +7(0)=-9
M, =2(-3)+1(-1)+4(0)+7()) =0
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P4

P,

Py

Definition 3.3.2

Let P be a plane system of particles and let P be the system obtained by concentrating the
total mass of the system at a single point P(X, V). Let M. and M, denote the moments about
L of the systems P and P respectively. If ML:ML for each axis £, then P(X,y) is

called the centre of mass of the system P. %

If the moment of the system P is equal to the moment of the original system, then we must

have mX = My and my =M , where M is the total mass of the system. Thus, we have the

X!

following theorem:

Theorem 3.3.3

If P(x,y) is called the centre of mass of a system of particles of mass at p, (X, i)

k=12,..,n, then
M
m
and
_ M,
y= ,
m

where m=m, +m, +...+m,.

49



From our previous example,
m=2+1+4+7=14.

Hence,

M, 19

m 14

x|

M, 28
y=—Ft=—=

=—=2
m 14

Instead of a plane system of particles P, suppose that we have a plane region of particles R.
Then, the centre of mass will be called centroid of the region.

d
Yo \/@

Definition 3.3.3

Let R be aplane region lying in the rectangle a<x <b, c<y<d. Letthe line x =X, intersect
this region in a line segment of length h(y,) for each x, in a<x<Db, and let the line y =y,

intersect this region in a line segment of length 1(y,) foreach y, in c<y<d. Then, M, and

My, the moments of R about the x— and the y —axes respectively, are given by
d
M, = [ yl(y)dy,

b
M, = j x h(x)dx
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and the centroid P(X,y) of the region is such that

Example 3.3.6

2
X
Find the centroid of the finite region bounded above by y =1 and below by Y :I'

Solutions: y.

/!
N
<

I

2 2 3 2

Azj'2 1—X— dx=2j'2 1—X— dx =2 x—X—
-2 4 0 4 12 .
1

Mx:_’.:yl(y)dy:j:}’(z y+2ﬁ)dy:4j:ygdy:4§yg _
0

 x
M, j 1—— dx=| — -2
2 16,
M
=—2=0 and y=—2=
A y

L P(X,y) = ﬁ[o,gj.

8
3

bel

We have discussed the moment of a particle about an axis as ml, where m is the mass and |
is the directed distance from the axis. This is also called the first moment of a particle. We
can also find the second moment mi?, the third moment ml® and so on. The second moment

is important in dynamics and in the mechanics of materials. It is called moment of inertia.

The moment of inertia is a measure of the resistance of a rotating body to change in motion.
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Definition 3.3.4

With the notation and the condition of definition 3.3.3, the moment of inertia (I ) of the region

R about the x— axis, denoted |, and about the y—axis (1), is given by

d
L= yI(y)dy
and
u:ﬁﬁm@w,

respectively.

Example 3.2.7

Find the moment of inertia for the finite region bounded by the parabola y =4x—x* and the

line y=X
Solutions:
y
4
//—\
3 /

L= [y (2B oy L (2 Ay 2 Ay
=S(W—2y1+fd4—yﬁy+4jfv4‘ww
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4

3

yt 2 5 32 332 502 ? (32 332 502 7)
= ———=V' ——(4-Vy)2+—(4—-Vy)2——(4—-Vy)2 2l —(4—y)2+—(4—-vy)2——(4—-vVy)2
o L IR IR O R TS SO e |
30167

420

3 3 3 3 1 * 243
Iy=J'Oxzh(x)dx=I0x2(4x—x2—x)dx=f0(3x3—x4)dx=(zx4—gx5j0=E.

THE END!
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