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Fourier Series

12.1 PERIODIC FUNCTIONS

If the value of each ordinate f(f) repeats itself at equal intervals in the abscissa, then 1 ]

f(r) is said to be a periodic function.

Iff(t) =f@+T) = f(t+2T) = ... then T is called the period of the function f(z).
For example : %
sinx = sin(x+27) = sin(x+4m) = ... so sinx is a periodic function with the period 2 7.

This is also called sinusoidal periodic function.
A (1)

le— T=2r —»|
122 FOURIER SERIES

Here we will express a non-sinusoidal periodic function into a fundamental and its har-
monics. A series of sines and cosines of an angle and its multiples of the form.

%+a1 cosx+aycos2x+ascos3x+...+a,cosnx+...

+bysinx+bysin2x+bysin3x+...+b,sinnx+ ...

oo oo
(25 ‘
= 7+Z a,,cosnx+21b,,smnx
n=1 n=

is called the Fourier series, where ay, ay, as,...ay,...b;, ba, bs...b,... are constants.

A periodic function f(x) can be expanded in a Fourier Series. The series consists of the
following:

(i) A constant term qg (called d.c. component in electrical work). -

(it) A component at the fundamental frequency determined by the values of a,, b;.

(iii) Components of the harmonics (multiples of the fundamental frequency) determined
by a3, a3...by, bs... . And ag, ay, aj..., by, b,... are known as Fourier coefficients or Fourier con-
stants.
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12.3. DIRICHLET’S CONDITIONS FOR A FOURIER SERIES
If the function f(x) for the interval (- m, )
(1) 1s single-valued (2) is bounded
(3) has at most a finite number of maxima and minima.
(4) has only a finite number of discontinuous

(5) is f(x+2m) = f(x) for values of x outside [-m, ], then
P P

+Z a,cosnx+Z b, sinnx
n=1 n=1

ap

5,0 = 3

converges to f{x) as P— e at values of x for which flx) is continuous and to
%[f(x-f-O) +f(x - 0)] at points of discontinuity.

12.4. ADVANTAGES OF FOURIER SERIES

1. Discontinuous function can be represented by Fourier series. Although derivatives of
the discontinuous functions do not exist. (This is not true for Taylor’s series).

2. The Fourier series is useful in expanding the periodic functions since outside the closed
_interval, there exists a periodic extension of the function.

3. Expansion of an oscillating function by Fourier series gives all modes of oscillation
(fundamental and all overtones) which is extremely useful in physics.

4. Fourier series of a discontinuous function is not uniformly convergent at all points.
5. Term by term integration of a convergent Fourier series is always valid, and it may be
valid if the series is not convergent. However, term by term, differentiation of a Fourier series
is not valid in most cases.
" 125 USEFUL INTEGRALS

The following integrals are useful in Fourier Series.

2n 2n
@[ sinnxdr =0 @a3fs cosmrds =0
0 0.
2n 27
iy [ sin? nxdx = n ], cos?nxdr = n
0 0
2n 2xn
(v)_[ sinnx-sinmxdx = 0 (vi)_[ -cosnxcosmxdx = 0
0 0
2n 2n
(w‘i)_[ sinnx-cosmxdx = 0 (viii)_[ sinnx-cosnxdx = 0
0 0

(ix)J uv = uvi—uvy + u'vi—u"vy + ...

r W

d*u
where u = Fandsoon and Vi =fvdx,v2=jv1dx and so on.

(x) sinnmt =0, cosnm = (- 1)" where ne
12.6 DETERMINATION OF FOURIER COEFFICIENTS (EULER’S FORMULAE)

Q
fix) = 7+a1 Cosx+a;cos2x+...+a,cos nx+ ...

+bysinx+bysin2x+...+b,sinnx+... (1)
(1) To find ay: Integrate both sides of (D fromx=0tox=2m
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f:nf(x)dx - @ jozn dx+a, fo

+

2n

27

by fo

2n
< % j dx, other integrals 0 by formulae (i) and (ii)
0

2

2% _@ _l 2n
fo F()dx = 2ﬂ,f0—n,|.0 £ dx

2n :
cosxdx+a2J‘ cos2xdx+....+a,
0

</ Fourier Series

2n

J. cosnxdx+ ...
0

2n

27
sinxdx+bzf sin2xdx+...+an sinnxdx + ...
0 0

«(2)

(i) To find a,: Multiply &Eﬁ" side of (1) by cosnx and integrate from x = 0 to

X =21

2n 2z
J. f(x)cosnxd.x=%f cos nxdx+ a, _f
0 0 0

2n

2n
cosxcosnxdx+ ... +a, f cos? nx dx...
0

2n 2n
+ by I sinxcosnxdx+bzf sin2xcos nxdx+ ...
0 0

2n

= a, fo cos® nx dx = a, T (Other integrals = 0, by formulae on Page ii)

IJ,Zn 5
a,,—7t 0 S (x) cosnx

By taking n = 1,2 ... we can find the values of a,a....

o 7.

(iii) To find b,: Multiply each side of (1) by sinnx and integrate from x = 0 to

r=2n

2n ao 2n 2n
| rosinncac=2["sinnrdr+a [ cosxsinnxd+ ... +a, |
0 0 0 0

2z

2n

+bl “.()

2n
= b f sin? nx dx
0

(All other integrals = 0, Article No. 12.5)

Note : To get similar formula of aj,

=b,m

b 1 J.Zﬂ 2 ; dx
e p f(x) sin nx
1

3 has been written with a, in Fourier series.

Example 1. Find the Fourier series representing

f(x) =x, O<x<2rx

and sketch its graph fromx = —mtox = 4 1

Solution. Let f(x) =

%
2

tacosx+aycos2x+bysinx+bysin2x+...

cosnxsinnxdx + ...

2n
sinxsinnxdx+ ...+ b, J. sin® nxdx + ...
0

..(4)

wilh)

Dedu

Fa
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1 2n 1 2n tEat <m
Henc &= = ar == e 524
e 0 T IU f(x) n JIO ﬂ[ 5 4
1 2n 1 27
an :~J- f(x)cosnxdx = — x cosnx dx
;. e T "0
2n
1 sinnx COS nx 1| cos2nym -1 1
= —__1_ — —_— =] ————— =__1—1 =0
n{x n [ n? ﬂo n{ n? nz} nzn( )
1 2T : 1 2n ;
b= = x)sinnxdx = = X sin nx dx
T '[0 f®) /1% J.0
2n
T — sin nx _1| -2mcos2nm | _ 2
T n : n? _ 5 T n n
Substituting the values of ag, a, ..., by, by... in (1)
X = n—2{sinx+%sin2x+%sin3x+...] Ans.
Af(t)
: i :
1 1 1
1 1 ]
1 ! 1
<% —» x
—4n 271 0 2% 4T
Y

Deduce that

Solution.

[ [
A A

w - . ]
_6-=1+§+?+?+'“ (Madras]9955)
Let x+x% = %+alcosx+a2cos2x+ ...+b sinx+bysin2x+... )
n b4
a=x | f@dr =~ [ x+x)dx
N “-xn T °—7

l n n
a = J f(x)cos nxdx = f (x + x%) cos nxdx
-n ot

3 . n
%[(x+x2) 51r;1nx_(2x+1)(—0’(:25nx)+(2)[_su;;1xﬂ
E ks §
(2n+l)cosnn_(_2n+l)cos(—nn) _ 1[4 cosnm =4g-ﬁl‘7‘
" = ”" o pie

n l n
I f(x)sinnxdx = — j (x + x?) sin nx dx
T nT"-n

e
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al-

; T
cos nx — sin nx COS nX
[(x+x2)[—T)—(2x+l)( ” J+2 3 ]

cosnm cosnT cosnT 2cosn1t}

+2

A= A |~
R

0+(-m+n?)

2
-(n+m
( ) B = =

3

[—Mcosnn:] = _Z(_ 1"
n n
Substituting the values of ay, a,, b, in (1) we get

x+x2 = 1t—2+4 —cosx+i0052x—icos3x+‘..
3 22 32

—2{—sinx+lsin2x-—l-sin3x+...] {2}

2 3
Put = min 2 2B 4y gt 3
x=mnin(2), n+n” =3+ { +22+32+42+...} A3
: ey T o 4 pasnpos | 4
Put xX=-nin(2),,—n+n ——§‘+ {l+'2—2+¥+25+...} ..(4)
2 m? 1 1 1
Adi A . I SO e L
Adding (3) and (4) 2 s p +8{1+22+32+42+.,.}
4 2 oo i a5l
3 —8{1+2,+32+42+..}
B = 5 Ans
?—1+-3+—2'+—2+ —ZF 2

Exercise 12.1

Find a Fourier series to represent, f(x) = n—x for O<x<2m.

Ans. 2[5inx+lsin2x+lsin3x+... +711-sinnx+ }

2 3
Find a Fourier series to represent x — x° from x = — 7 to 7 and show that
2 ¢ 3 & - (Mysore 1997, Osmania 1995)

Ans.-?+ 2 > + 3 yo N ) 3 2

Find a Fourier series to represent: f(x) = xsinx, for O<x<2m.
(AM.LE.TE., Summer 1997, Madras 1997, Mysore 1995)
{cost cos3x cosdx ]

2 cosx cos2x cos3x cosdx sinx sin2x sin3x sindx
E = = Foote - + = +

{ 1
Ans. — 1 +sinx——cosx+ 2

2 22-1 3¥-1 4-1

Find a Fourier series to represent the function f (x) = €', for — T < x < 7 and hence derive a series for —

sinhm’
! 2sinhm| (1 11 e s ’l cos2x - ,1 cos3x+...
T g 1t +1 2°+1 3°+1 J
1 % 2 ; 3 3 T - _.1_ _1. L
+l:+lsm.\ 23+1sm2x+3:+lsm3x...} sinhn_1+2[: 2+5 10+---

Fouri{
54
6. 1
7. < &
(.
{]
8. Ii
P
12.7
1
g
b, =3
q
P
)9
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5. Obtain the Fourier series for

773

fx) =e - jn the interval 0 £ x < 21 (Nagpur 1 997)

.
i e TR 1 1 1. - % 3
Ans. = [2+zcosx+5cos2x+locos3;x +2smx+ssm2x+10sm3x+...
2 nz o
n-Xx cos nx
b 6. Hfx)=l755 .0<x<2n,showthat ¥) = —=+2Z
b L 2 ) f&® ¥ aai n (Madras 1998)
2 -
7. Prove thatx’ = 53-+4Z -« COSZM, -M<x<T.
n=1 n
. 5
Hence show that i Z _rl? = %— : (Madras 1997, Mangalore 1997, Warangal 1996)
(i) = % 2 T Iti (Mangalore 1997) (i) = 2 4 E‘; (Madras 1997)
@n=tp 8 nt 90
- 2
§. If f(x)is a periodic function defined over a period (0, 2T) by f(x) = 32 6f2’”2“ :

2

Prove that f(x) = 2 %E and hence show that 1—;— = 1+~21-§+317+

n=1

12.7 FUNCTION DEFINED IN TWO OR MORE SUB-RANGES
Example 3. Find the Fourier series of the function

n

-1 for Af< X573
=] ¥ P —%<x<—72£
+1  for %<x<7t.
Solution. Let f(x) = %+alcosx+a2cos2x+...+b1 sinx+bysin2x+ ... D
1 G b 1 %
= dx == - 1}de ¥ = 0dx+— 1dx
a = 4. £@ - WY 5 A"
1 a. bl 202 LR
=== += == =-M+N—%5 0
g i L Pl 1
+T
a,,=—1-_[ f(x) cos nx dx
n “-n
-n/2 /2 n
=-1-j (—1)cosnxdx+—j (0)cosnxdx+lj (1) cos nx dx
T°-n n*-n2 T “n2

m
b, = -l—n I f(x) sin nx dx

-7
-2

(-1 sinnxdx+-11; J.

sin BE sin . 2.4
2 Vi 5/

2
(0) sin nx dx x'
-2

!
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1 §® F T A b, L A -
+_j (1) sin nxdx = —| <o510% _1[ cosnx
2.9 . & | & @

1 nm 1 nm 2 nm
= ——| COS———COSnT |-—| cosnM—cos — |=—=—| cos — —cosn T
nm . nm 2 nn 2 ‘

¢ 2 2
by ==,by=~= by = =
ok > 3n

Putting the values of ay, a,, b, in (1) we get

flx) = [ZSmx 231n2x+-§—sm3x+ ] Ans.
Example 4. Find the Fourier series for the periodic function
ot G i <x <0
f(x)_[x, O<x<m
fx+2m = f(x) (Warangal 1996, Bangalore 1994)
Solution. Let f(x) = %+ ajcosx+aypcos2x+...+bysinx+bysin2x+... D)

% i[ de+—j' xdx = { ];I:%(%z]

i 1 -
] J‘ Lol _[ sin nx (1)( cosnx)]
T o n Ll O

%
2

1 n n

n n = 7
bnzlj xsinnxd.le o —cosnx —wf - sin nx =l _ng fphimg - 1)
Yo n n? S n n
Substituting the values of ag, ay, a; ... by, by, .... in (i), we get :
M 2| cosx cos3x cos5x sinx sin2x sin3x :
iz = 4_n[ 2 + 32 + 52 ]{ 1 ol S +] Ans.
DISCONTINUOUS FUNCTIONS

At a point of discontinuity, Fourier series gives the value of f(x) as the arithmetic mean
of left and right limits.

ili —21 —iz:'=——22-; whennisodd = 0 whenniseven.
n

At the point of discontinuity, x=c

Aeic fio - % [flc=0)+f(c+0)]

Example 5. Find the Fourier series for f (x), if f(x) = I:_x n —On<<xx<<n0.

1 n2

Deduce that—l— - % + = ?

Etate e . (Warangal, 1996)

Solution. Let f(x) = 922+a1 cosx+aycos2x+...+a,cosnx+..

+ bysinx+bysin2x+...+b,sinnx+... (D

R —,

o T S0
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a = % f_‘n fx) dx
Then ao=%[fo“ (—n)dx+j:xde=%[—n(x)?n+(x2/2)g]=i(—n2+n2/25=—§;

a,.=lr f(x) cos nx dx
m - -n
0 n
Jn (-n)cosnxdx+rxcosnxdx =—I—[—ﬂ: L L + xsmnx+cosznx
- 0 b1 n n n
-7 0

1 1 1oF 2ds — ;
_n[0+nzcosnn—n2]— (cosnm—1), b,,—nJ-:tf(x) sin nxdx

0 n
b,,=l IO (—n)sinnxdx+r,\'sinnxdx B BL L +(_x_cosn.x+sm2nx
n|"-n 0 T n k n n A
-T

a"=

= E(l—cosnn)—zzcosnﬂ}:l(1~2cosn11:)
m|n n n
w2  cos3x  cos5x j sin2x  3sin3x sin4x
f(x) = -—-4—n (COSX+T+'—57—+...)+3SIHX— 3 = 3 - 4 (2)
Putting $20 jo (2), we'get FOPfiE _2 [ by = ""Ii Cai N
g > g = 4 P 32 .52 “ e _nb:r - -

Now f(x) is discontinuous at x =0.

But f(0-0) = ~mand f(0+0) = 0 . f(0) = 5 [f(O-0)+f(0+0)] = /2

T x 2% 1°1 % | F b
From(3),—2——4— I:lz+32+52+...i|or8 —12+32+52+... Proved
Example 6. Find the Fourier series expansion of the periodic function of period 2 7, defined by

: 4 n S i T 3n
fx) = x zf—2<x<2, S = Thw tf2<x<2

- (A.M.LE.TE., Summer 1995)

Solution. Let f(x) = %+alcosx+a2cos2x+... +bsinx+bysin2x+ ...

3n 3n
1 1 (2 12\ 1 2\2
= — a5+ — ~XJar 5 =] = - o -
@ n"-—mx TEJ-n/Z o n[2j_m n[nx 2),,/2
'nssn[z 828‘(2828)‘
in
o G 1 (2
= — co dx+— T— dx
a, - J-_mx S nx dx = '[mz (Tt — x) cos nx
11 sinnx cosnx\1™ 1 sin nx cos nx 371[
e 4 ]] *;[(“‘X)T“‘”(‘T]]
—-nn 2
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sin X2 cos sin—— - COS as
ol TE | % ¥ RE .
wl 2 in n? 2 - n?
3nm nm nm
1 sin coS sm—2— g -
+_ __.__._—___—-—___ —
= - . o e £cos =%
:-1— 50 sin +sm£E - : cOS - L%
T 2n 2 2( o 2

1 | n— 32 AN .
= 2| —Zsinnmcos—+— sin——sinnm =D
o n 2.1 ¥n° 2
1 ™2 | 3™ !
b = sinnxdx +— n-x)sinnxd
. I-n/zx 7 Im , idiE ot avitgirm
w2 1 12£
_2 (7 xsinnxdc+— [ * (n-x)sinnxds
T 70 T “nn2
; w2 3n
2 coS nx sin nx e <] coS nx sinnx 772
-2~ -2 7 L [ (-5 05
T & " o— * a2
cosi—T£ smM cos?””t sm LK cos—’—t sinn—7£
S g fibad n? ntl 2 n n2 2.6 B n2
o8 =+ 3smn—T—t- ¢O8.3 =& sm?’n"t
o % 2 by & 2
19 2 n n? 2 n n?
5 Kl 053:1 -C § = Mt 3 sm~———1—sm3nTc
£t 19 2n 2 2 ) 2 2 n2 2
=-l——lt-sin'—z—‘Esinn'n+lsinﬂ—'r-c——l-sin?””t =—L— 35'm££—s'm3mt
T n o) n2 2 n? % nn 2 |
Substituting the values of ag, a;, @y ..- by, by, ... we get

4rsinx sin3x  sinSx
f(x) = ;\:——1-2—"———3'2——4--—52———] Ans.

Example 7. Find the Fourier series of the function defined as

](x)={ x+7m for V£x<nxm o f(x+2n')=f(x).

= X%5— % -n<x <0
0 1 n
Solution.  ao j fldx = —j fWdr+— IO £ (x) dx
-
0 n 2 0 2 2
. (—x-1t)dx+i_‘- (x+n)dx=l(—-§——nx) +i(£+nx)
n-n %0 n 2 i 8 2 5
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a, = & fﬂ f(x)cosnxdx=-1— jo f(x)cosnxdx+-1— In £ (x) cos nxdx
o T -n T o
1 0 1 b «
=—-J- (—x—'n)cosnxdx+—j (x+n)cosnxdx
T °-n T "0
0 n
SE i L sinnx _ . _ _cosnx i 2 sinnx _ _cosnx
= nt( e o ( 1){ n? }} +n[(x+ﬂ) " (1){ n? }}
- 0
L 21y &
zl{_Lﬁ___,( 1) }r (=1 21 __‘_2}__3- [(-1)"-1]=——24 if n is odd.
P A O n n n n*m n“m
=0 ifniseven.
i ; € . &
b, = = dx = dxt-— i dx
= I_nf(x) sin nx dx = j—nf(x) sin nx ” jo f(x)sinnx |
y ; o : '%
s -x-T i = +7 dx ]
e I_ (- x—m)sinnxax < '[0 (x+ m) sinnx ]

1 COS nx sin nx
"

-
=14

[

Fourier seriesis

1. Findthe Fourier series of the function

f(x)={'{

where f(x +2T) = ().

1 S. T
o= ol 2]

1 2T e _l_ = inEp G __2_ ag o dNM
}E[_—n—(-lﬂn}nm) 2 (= 1y (] = 211 = (=171

if n is odd.

’

if nis even.

o 2|+

ap & .
fx) = —2—+a1 cosx+apcos2x+ R sinx+bysin2x+ ...

n 4(cosx cos3x sinx sin3x
f(x)—2—n(——12 i A +...}+4(———1 + Soieln +)
Ans.

Exercise 12.2

for Sn< x <0
for D<x<T

fﬂ.ﬂ.ﬂ‘ : o= Qv:

- i g e
Ans. [1smx+35m3x+55m5x+7sm7x+...]

2. Findthe Fourier series for the function

for E e xr <0

fG) =

for 0<x<T®

and f(-m) =f(0) = fm) =0, f(x) = f(x+2m)forallx
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Deduce that

% =1 _%+§_,%+ Ans. sir11x+ Sin33x+ Si"55x+ sin77x+ ........
3.  Find the Fourier series of the function
0 for -n<x=<0
f@={1" for 0<x<§
0 for g SISTR

4. Obtain a Fourier series to represent the following periodic function
f(x) =0 when 0<x<nm
f(x) =1 when m<x<2m

1 2(. 1= i g
Ans, 2—n(smx+ 3 smE}x+5 sin5 x + ]
5. Find the Fourier expansion of the function defined in a single period by the relations.

=11 for D<x<n
f(x)—b for n<x<2n

and from it deduce that = = l—l+l—i+..,
4 38 4 3 2 o 1
Aps. > -=|sinx+=sin3x+—sinSx+...
2 in 3 5
6.  Find a Fourier series to represent the function
0 for -1 < x<0
fe =1,
77 for =0 <x<n
2
and hence deduce that % = —113+%+-5%+..
2
e [(-1D)"-1] b b
Ans. 16+2( e oS nx an  Sinnx+
n=

7.  Find the Fourier series for f (x), if
fx) ==n for =M< x50
=x for- 0 xx e

I

k|
o

=}

-

=

L}
o

1.3 2
Deducethat . —+=+—+ ... = —
= 37 s (Warangal 1996)

8
% 2 cos3x  cosSx 3 1 S i
Ans. 3 Lo + == r +...J+3smx—25m2x+3sm3x-4sm4x+...
8.  Obtain a Fourier series to represent the function
f&) =|x| for ~t<x<n

L 1 i
8

and hence deduce

(Madras 1997, Mangalore 1997, AM.LETE., Summer 1996)

T 4 1 1
Ans, E—E[cosx+32 cos3x+52 cos5x+.,.}

s g

i
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9. Expand as a Fourier series, the function f (x) defined as

f@)=mntxzfor -7 < x<—12t-

43 for —-11<x<E
2 2 2
i1

= T=x- for E<x<1r

Ans.%+%[%Cosx—%0052x+50053x+...:I
2
10. Obtain a Fourier series to represent the function
f@@) =|sinx] for &7 <X < W Hint f(x)=—sTnx By % 52c0
= sinx for D-cx<h
2 4 |:}1 1 1

E E[30052x+15c054x+35c056x+.‘.}

11. An alternating current after passing through a rectifier has the form
i=1Isin® for 0<B<m
=0 for <0 <2nm

Find the Fourier series of the function.

0 3n 2]
(Delhi 1997)  Ans. ﬁ—% (‘:08329 + °°‘°‘1 546 + ] + % sin 0
12, Iff(x)=0 for-mt<x<0
=sinx for O<x<m
Prove that f (x) = i+5i—2£—%m:$—22_m1’-‘.}lenceshowthat %—%+5—1~7- v.00 = i(n—Z)

128 EVEN FUNCTION
A function f(x) is said to be even (or symmetric) function if,
f(=x) = f)

The graph of such a function is symmetrical with respect to y-axis [f(x) axis]. Here y-axis

is a mirror for the reflection of the curve.
f(x) A f(x)

<

o

(b) Odd Function

% Arf(X)
= o U > : X

1
1
I
|
|
1
I
1

A Pt

A

;
)

’

TR IR W T
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The area under such a curve from — T to T is double the area from O to 7.

| fewax=2 J; s

A function f(x) is called odd (or skew symmetric) function if

f(=x) =-f
Here the area under the curve from — 7 to 7 is zero.
n
[ feyax=o0
-7

Expansion of an even function:

=11 swa=2[ (war

1 n _2 n
a, s _[_ﬂ f(x)cosnxdx = 3 J.e f(x) cos nxdx

As f(x) and cos nx are both even functions ... The product of f(x). cos nx is also an even

function.
l T
b, = = i dx =0
< J._nf(x) sin nxdx

As sin nxis an odd function so f(x). sin nxis also an odd function. We need not to calculate
b,. It saves our labour a lot.

The series of the even function will contain only cos terms.
Expansion of an odd function :

= % I—ﬂf(x)dx -0

n
a, % _[ f(x) cos nx dx =0 [f(x). cos nxis odd function.]
: -T

b,

I

38 (o ; 2 4*
= o i d
= ,[_"f(x) sin nx 5 _[0 f () sinnxdx
[f (x). sin nxis even function.]

The series of the odd function will contain only sin terms.
The function shown below is neither odd nor even so it contains both sine and cosine terms
f()

£ N, B 0N
- = o| T T "
i 2 2

Example 8. Find the Fourier series expansion of the periodic function of period 2T
f&) =2 —ngxsn

Hence, find the sum of the series —11—2—-515 +‘-_% - 213 + ...

(A.M.LE.TE., Winter 1996, Madras 1997, Mangalore 1997, Warangal 1996)
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or

Solution. Fx) = 2, A BSEan

This is an even function. .. b, =0

ao=%j:f(x)dx:%j:x2dx=

dl

781

f_}”zzﬁ
5 el

n T
PR 2 J f(x)cos nxdx = £ _[ x2 cos nxdx
T o n o

2 sin nx cosnx sin nx A
ZE[ﬂ( L ) @x )[ J+(2)( ™ NO

T

n n®

f(x)

2[nzsinnn+2ncosnn_2sinnn} _ 4=

n

3n

3

nl

» X

: o a9
Fourier series 1s fx) = 74—(11 COSX+aycos2x+azcos3x+...

2
2_n

cosx: cos2x cos3x

+a,cosnx+ ..

x"3_—4[ TR TS
On putting x = 0, we have
n? B 1
0=———4i: —‘+§5—"—...]

3 12 22 42
Lol s by e
12522 3% 42555

Example 9. Obtain a Fourier expression for
fy=dfor —nw<r<n
Solution. f(x) = x> is an odd function.
a=0 and a, =0

b, = 2 I f(x)sinnxdx = — _[ 3 sin nx dx

[ J. uv = uv—u'va+u v3—u’”v4+...]

cos4 x
i)

Proved.

: z 3 i
o Sleenr) 40 _smznx "5 coanx\ =6 sm4nx
m n n ¥ n o

- 3

3 2
= 72{{ s cosnn+6ncosmt] - 2'(_4),,{ s

2o

2 2 3 2
—l+%} sinx+[—n—+-6—J sin 2x —(—%—-k—
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12.9 HALF-RANGE SERIES, PERIOD 0 TO &t

The given function is defined in the interval (0, ®) and it is immaterial whatever the
function may be outside the interval (0, ). To get the series of cosines only we assume that
f(x) is an even function in the interval (-7, 7).

2 1
a,,=EJ' S(x)cosnxdx and b, =0
0

To expand f(x) as a sine series we extend the function in the interval (—m,m) as an odd
function.

2 T
B, = — J. f(x)sinnxdx and a, = 0
Yo

Example 10. Represent the following function by a Fourier sin series :

5 0<I_<g
f@) =
AR e o AL
2 r* ‘
Solution. b, = = J. f(r) sinnedt £x
Yo j 2 >
w2 n , - o, X =
=%J. tsinntdt+%f %sinntdt : 2
0 2 Sy Y
- cos nt sinnt Y17 21 cos nt |
==t 1 kil ——— +——2— —-—
L o e o
cos — sing—n COS =~
21 o 2 & 2 _cosnm 2
S e n? n n
-
bl=%——gcosg+sm%]+[—cosn+cos-§]=%[o+l]+{1]=;+l
_ 2| mcosm sinm _cos2m cosm | 2| m(-1) iy S5
bz—n’:22+22]+l: 2*2}}[22“‘0}[22}
2|z 1 o nid!
"n{d“‘z"l‘ 2
COS —— Sll’13_71 COS3
b L2pis 2 2 cos3m 2
ST 2 3 3 3 3
=sF T 1T ) s L
_n[ 2(0) 9J+f:3+0}_ 9n+3
bl seda e Z2ladn,
f(t)—[n+1}smt 2sm2H~( 91_£+3]sm3t+... Ans.

[ x

Fourie

where

rm

1. Find

2. Find

Dedu

3. Expre

4. Findt

5 If fix
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Example 11. Find the Fourier sine series for the function

fix) = Jor OF<x <7

where a is constant.

Solution. J. e*sin bxdx =

m [a sin bx — b cos bx]
n
b, =2J' e* sin nx dx
T ‘o
7] Tk 2
= —| ——— (a sin nx — n cos nx)
n| a?+n? £
221 o8 (a sin nm — n cos nm) + £ z
n| a*+n? ! a* + n?
2':in 2n
== —(=-D"e*"+1|=———| 1 =(=1)"¢*"
na2+n2|:( ) ] (a2+n2)1r[ (=1) ]
bl___211+e‘”‘! b2=2.2.gl—e‘”‘}
@+13)n’ (@+2®n
n o - T
e‘“=-2— T sinx+ﬂ-2—ealsin2x+... Ans.
nla+12 a’+22
Exercise 12.3
1. Find the Fourier cosine series for the function : 1H(x)
1 for O<x<% 5 E
Fx) = L i 5
0 for 5 <xX<W. : i
! ]
-n ! ! X
Ans.l+2 cosx—icos3x+-1—cos5x—... & -7 o) L3 X
2 % 3 3 e Y

3. Expressf(x) = xasasin seriesin0 <x

2. Find a series of cosine of multiples of x which will represent f (x) in (0, 7) where

Deduce that 1—l+—-—+...oc =

fx) =0 br0<x<%

gt n
fx= 2 for y Sx<m

: s | b b1 1 1
3t573 2 Ans. 4—cosx+-3—cos3x—5c055x+...
<

.

Ans. 2 [sinx—%sin2x+%sin3x—...}

4. Find the cosine series for f(x) = 7 - x in the interval 0 < x < 7.

5

If f(x)

n 4 cos3x cosSx
Ans.2+n(cosx+ 3 52

.
N

X, for 0<x<§

T 3
n-x, for 5<x<n ‘
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Show that:
: &1 . 1. :
@) fx) = ;( sin x — ? sin 3 x +% sinSx-... ) (Madras 1998, Mysore 1997, Rewa 1994)
% ® 2r1 1 1 .
(i) f(x) = Z—;(F cos 2 x+ 3 cos 6 x +? cos 10x+... } (Delhi 1997, Patel 1997)
6. Obtain the half-range cosine series for f (x) = 2in0<x<m.
Ans zt_"_i cosx——l—cos" +-]-cos3 - ‘
. 3 p 22 X 32 X =

7. Find (i) sine series and (ii) cosin€ series for the function
fx) =& for O<x<m.

2 b §-b-1Ye | . e . g 1-(-1)¢€"
Amps. (i) — ¥ s - S e B
(i) . E, ;[ 1 }smnx(u) = = El o B coS nx

8. Iff(x) = x+1,for0<x <, find its Fourier (i) sine series (ii) cosine series. Hence deduce that .~

. i LA = 3 Al il b _
@) 1—3+5—7+...-4 (€1) 1+32+52+72+,..— 3

Ans. (i) %[(n+2)sinx—%sin2x+%(n+2)sin3x—§—sin4x+...J

(ii)%+1—4(cosx+-c—%23£+c—osszﬁ+.. )
9. Find the Fourier series expansion of the function
fx) = cos {s3), TR S X ER
% 20 . 20 L
P 0h- 4 @
(AM.LE.TE., Summer 1997)
Ans, SBEX | 15 (sin(sm+nm) sin(sn—nn)} -
- s T L s+n s—Nn

D |-

where s is a fraction. Hence, show that cot 6 =

12.10 CHANGE OF INTERVAL AND FUNCTIONS HAVING ARBITRARY PERIOD

In electrical engineering problems, the period of the function is not always 2 1 but T or
2¢. This period must be converted to the length 2 7t . The independent variable x is also to be
changed proportionally.

Let the function f(x) be defined in the interval (-¢, c). Now we want to change the
function to the period of 2 7 so that we can use the formulae of a,, b, as discussed in article

12.6.

2 ¢ is the interval for the variable x.

~. 1 is the interval for the variable = T’ZL

c
2 3 - TR i
=+ 27 is the invertal for the variable = Sotrnt
2 "
TX ZC
SO put 2= g IR
c i

Thus the function f(x) of period 2c is transformed to the function

f(c—nzj or F(z)of period 2 7.

2

Fourier S

F(

where

Sin

Co
Co

wh

Sit

where

Ex

Fii
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F (z) can be expanded in the Fourier series.
F(2) =f£% = —2Q+a1cosz+a20082z +bysinz+bysin2z+..
where aqp = i‘[ F(z)dz——j f( )
ShES m _lf‘ _mx
Lr f(x)d[C]—c s put 2 =
| 4 1™ 5 X
a, = — _[ F(2)cosnzdz = — f(—)cosnxdz e 2= ——
o mo T 4
i {5 nnx [mx nmx
=2 Jo f(x) cos . d( 3 ) w s Io f(x) cos dx.
2¢
Similarly b, = % [ f@)sin™Edx.
0
Cor. Half range series [Interval (o, ol
Cosine series:
4o X 2 x nmx
fx) = —2—+a1cos—c—+azcos—c—+...+a,,cos-—g—+...
. c c
where a(,:%J.O f(x) dx, a,,:%fo f(x)cosnnxdx
Sine series.
fx) = by sin%+bzsin2nx+...+b,,sinmtx+..
[
where b= -i— _[0 fx@ sinﬁl;—{dx.
Example 12. A periodic function of period 4 is defined as
f(X)-:IXl, < X< 2 (x)
Find its Fourier series expansion. 4
Solution. f =1z} -2<x<2 -2
fx) =x O<x<2
==X -2<x<0 x X
1 (° 1 £ T~ = o g
a0=;j_cf(x)dx=§jo xa’x+§_[_2(—x)dx .
2 0
14 1| = 1
-2[2}0+2[ 2}_2 4(4 0)+ (0+4)

- Jug® p Ry, snieh R nmx 3 18
a,,—zj'—cf(x)cos 5 dx —2“‘0 xcos— dx+zj_ (—x)cos

X -z—sinnnx - (1) ———-——4 cosnnx
nm 2 n? n? - .

B —

nmx
2 dx
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+
B =
i

o

|

K.
P i
e

=

, 0
sin 21X —(=d)| ~ - cos 22X
nm 2 n? m? T

-+ 4 1 4 4
[O+ 2(—1)"*E[-5J+5[0— g (—1)”]

D | =

n*m nn? nin?

1. 9 4
=5 pw 0~ = 1203 1= g T By )
8 B
— —"2 a3 if n 1s odd.
=0 if n is even

b, = 0as f{x) is even function.
Fourier series is

a X 21 x
7 = —O+a1 cos + ay cos

2 c

s X e2nx
+...+blsmT+bzsm + ...

[ COSlt"'I Cos 3R COSm
5% ol 2 2
7[2

f(x) = I- 12 32 52
Example 13. Find Fourier half-range even expansion of the function,
f@x) =(=x)+1, 0sx<I.

l !
Solution. a = 7 | f@as =2 (—?+1de
0 0

2 [1mx2 3 2] ik %
'7['5‘2”}0“1['21”}‘7[‘2”}'1
X

]=% - (- 17+ 1) == (1= (- 1)1

n? m?

>—5 when n is odd.
n-m*

= 0 whenniseven.
| 18

1 A !
Example 14. Find the Fourier half-range cosine series of the function
f@=2¢ #ef< ]
=22-1), dmd 5 2 (Kuvempu 1996, A.M.I.LE.TE.,.Summer 1997 1996)
Solution. =21 O<t<l
= 20=8, lxi<?2

f(x)=§+i,[‘—wos—x+i,cosy;—x+%cosSnx...:l Ans.
%21 2

+ - +... Ans.

Fourier Seri

Here |

Henct

]
AT
- T P

]
.\,‘M

S

If n:

Ifn:

Putti

fl

Exai

Solu

a
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a mt 2mt 3nt
Let f(t)=70+alcos-—c-+a2cos—c—+a3cos—;—+...

8, b

=B o @ Bk o
+b,sin—+b sin=—— + b3 sin
c c
Here ¢ = 2, because it is half range series.

C 1 3
Hence ao=%—j0 f(t)dt=—22-jo 2tdt+% jl 202 -1 dt

2
= [t2]:)+[2(2t—§ﬂ1 = 1+[(4t—t2)]f = 1+@8-4-4+1)=2

% nmt 2 ¢ smt i 271 nmt
anp = Cjof(t)cos ~ dt—zjo 2 tcos 3 dt+2j1 2 (2-t)cos ) dt

3w 5 a4 nme)]
:{2{7&31“—2—]—(2)(—n2n2cos_2—ﬂo

o 7 g W T R 2 mpnd 2 R i
Ifn=1, a, =—%[0—1—%]=_%_%
If n = 2, a2=;—[—1—1]=—21%=_%
If n =3, a3=-9%[0-1+12£]=—-§%+-3%
Putting the values of ag, a1, az @3 ... iN (1) we get
f(=1- %+% cos%l—%cos-z—zzz+ —§§7;2-+-3_% cos—g’—;—t+... Ans.

Example 15. Obtain the Fourier cosine series expansion of the periodic function defined by

f@ = sin[ﬂ—rt-), 0<t<l

Solution. £@) = sin 1‘1—’] 0<t<l
! v oF
ay = %IosinLnTt}dx = %‘[—%COS%}:)O= —%(cosn—cosO) = —%(—1-1) = %
_2felne n af BT A ame) | RSB
an = 7 J.o sm( ] }cos——l dt-l jo\:sm( ] s ] +on S5 dt
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Ay’ nr
= 7.f0 sm(n+l)—l—dt——f sm(n—l)

]
ol (r+1Dme

COS!n—l!Tct

=ﬁ[¢os(n+l)n—cosO]+ ’ 2 [cos(n—l)n—cosO]

o bl

I

2
—\ e I _1n+l
(n2—l)7t -1z (n—l)n:[( )
when 7 is even

= 0 when 7 is odd.
The above formula for finding the value of a; is not applicable.

1 f sm——dt

!
-——J = —-21?(c0327t—c050)=0—2i(1-1) 0
an

~

(AM.LE.TE., Winter 1996)

Solution. Let

. X . IRF
+ b, sm—c—+b2 sin

S
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Qn

B
12

dl

1

= 12

j_c f(x) sin

—l— J._CC f(x) cos

0

12

2

1

nmwx

1
. rla%
2]0

(Gl

C

dx

nm

X

172

789

2 172

")
Jcos——dx +—1— [-l——x]cosnnxd.x

2nm

At 4ntn?

if n is odd

if n is even

0

2+x

nmx
Cc

1
Jn(2*

) x i 1 =29 TTX
}S‘" 2 **1n Io (2”‘)5‘“ 72

dx

_i_+x)sm2n1tx_(1)['
1 sin2nmx —cos2nmx )

+2 [ ==x |———————-(- )| — =7
“2 x) 2nm ( )( 4 n?n? JL

(e 5 T Lrd B
+2|0- ==|=-
} 2[0 A 4w | mw|nk  n

nt

1 )(—cosZnnx

-7[(4

2nm

ikl

1 cos2nmx sin2nmx
21| == sE;e s - (—-D =
% Uz ")( 2nm J ( )( 4’ HO

1}=0

4nm

1/2 7y

1 1”2 4
(§+x]cos2nnxdx72 jo (E—x}cos&nnxdx

CosZnﬂxﬂo
4 9 =3
4n°m -1

12

12

dx

0 12
2J‘_ l/2(-;—+)c)sin2n‘!l:xcbc+2j.0 (%-—x]sinZnnxdx

in2nnx\1°
_(l)[_sm ﬂ
) an’m® ||

12

Substituting the values of ag, ai, @2, a3, - by, by, by ...in (1) we have

Example 17. Prove that

Solution.

ap

o
- 2

ﬁfma

f

(x)

|
|
=
Il

fex) =

i

1

4
/4

R —

1)

-5

2 [ cos2mx cos6mx  coslOmx
= - + +-... Ans.
1‘[2[; 12 32 52 j‘ ”

Z—I-SinM, g<x <Gl
ln 1

s

Ix le
=-=1 =0
53

;-d
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By
Sl 22nnm

~| N

~ |

[
o

2 2
l

ZT—z-( COSZnTt+l)

ﬁ fo f(x) sin

2
]

i

Fourier series is

f@) =

1% 2 2cos2nrt+

“"J

e

+ areos—i =

(—Z—"IECOS

nmx
2

Fourier Series
2 1(1 2nmx
l/2dx lJ‘o 2—x]cos ; dx
\ J
2nmx 2 2nmx 1
ol f(x
7 +( 1)4n2nzcos 7 JO (x)
12
4n27€2] X; > X
ERY 3
g Fiipap ©° g
e SR ol + —
2n2ﬂ:2(
gy . 3 Ay - JRRX
7 dx:= 7 -"0(2—")8"1—1 dx
i
1 2 nTx l2 2 nmtx
J -1 - ESN =
n’n? )
0
l A l
—cos2nm-0+—. —— = —
" 2°2n n()] ,:2n7tj, nm
+ cosﬁnnx+a cos?’nnx+
pi . Te T2 Rk
2n . 3NTx
+blsm l/2 +b25m l/2 +b3sm 77 +..
1% 44 88k <} 48%x T )M6nx
2— = —sin ] +21't n-—l +3n n ] S 2
= — 2 2nnx Proved.

Example 18. Find the Fourier series corresponding to the function f (x) defined in
-2, 2) as follows

f(x) =

2 ihn -25 %P
0: 5.2 <2,

X

Solution. Here the interval is (-=2,2) and ¢ = 2

% J'_C flx)dx = —zl-[f_oz 2. dx+ J‘:x.dx}

ao

r2e

L AMX

f(x)

Vx

4 nmwx

2

+

n

cos
22 2

)

o)

2
X nim
dx +J- X COS
0

2

xdx:,

Fourier Se

fl

Exai
Solu

I
(3]

1. Findth

2 Find th
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f®)

Example
Solution.

791

1 4 4 2 <
5|:n nzcosnn—n2n2j| = nznz[(_l) -1]
£ 108 when n is odd
n? n?
0 when 7 is even.
nRx , & « TR a3 ¢l fax
= j f(x) sin =3 _22sm 2 ¢:1b\:+2J.O xsin—> dx

.
2 nmx 1 2 nmx o (7
2[_nncos > H~2+2[x(—nncos > J +(l)——nzﬂ:2sm-—2 ]0

—sinnm f=af - | = -2
nm n? J 2t nm nm

ARY
+b3 n——+
€

2{lsinM+—l-sin-—2nx+lsin-—3ﬁx+ }Ans
1 ® 2 e e ;

19. Expand f(x) = €* in a cosine series over (0, 1).
fx)=¢€¢ and c =1

c 1
%=%&ﬂna=%ham=2@4)

a. = -‘Zi J-Oc f(x)cosn

nmnx
1

mXx

dx = %I e* cos dx

=2 —et—(nnsinnnx+cosn1tx) l-\2 L (nnsinnTH-cosnn)———l—
n*n?+1 b nhet vl ntn?+1
2
= ——=>—[(-1)ye-1
n2n2+1[( Shind
fx) = -—+a1cos:nx+a2cos21tx+a30053ﬂ:x+ ..........
S me-bag = lcos7tx+ . cos2mx +—e_1c033nx+ Ans
n2+1 4m2+1 9n2+1 :

Exercise 12.4

1. Find the Fourier series to represent f (x), where

fx) = -a -c<x<0

=a D<x<e dal:: wx 1. =3akadl
ABS.C — I 'Sin——+—58in—— % = 5llj ===
T c+-3 c 3

2 Find the half-range sine series for the function

f() =2x-1 0<x<l

!
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Fourie

Ans. Lrf sin2nx+-1—sin47tx+isin67tx+...
n 2 113

3. Expressf(x) = x as a cosine, half range series in 0 < x < 2.

8[ 1 Tx: .1 3xkal Snx I
Am.l—nz[ 2cos2 '*'329037"'52005 B +J

4. Find the Fourier series of the function

-2 for -4 <x<-2
F0) = % for <X < 2
2 - for 2<x<4]
408 _ Ex 2 A00 4 - 8 2 IRx 142 4Ry 1
. =+ sin—-= — - - 1
Ans n+nzsm4 nsm 1 +[3n 2Tr)sm 1 o n 2 4
S. Find the Fourier series to represent
fG)=2-2 from ~~2<x<2
Ans L2 U8 cosﬁ—icosnx+lcos3nx
2 L35 o2 AT 9 2 0
6. Iff(x) =e™* -c¢ < x < c, show that
2 irr—gie [dk = 1 X 1 2nx
f(x) = (e ){2c C(c2+7t2COS ; c2+4n2COS = +J o

. ( -C—z—i? sin % —3 +24 5 sin 2_:x_ ] } (Hamirpur 1996, Mysore 1994)
¢ 0

7. A sinusodial voltage E sin o ¢ is passed through a half wave rectifier which clips the negative portion of

the wave. Develop the resulting portion of the function T
u() =0 when —§T<t<0 No
: T ¢ 2%
= Esinw¢ hen 0<t< = T=—
oy ory 2 [ ® J (Mangalore 1997) 24
E. & 3 28 1 1
Ans. . + 5 Sinwi- : [ 13 0052(1)1‘+3'5- cos40)t+5.7 cos6wt+...] 3

8. A periodic square wave has a period 4. The function generating the square is
=9 for =2 Zita—1

=k for 1 R O | 4
=0 for } it @2
Find the Fourier series of the function. A ky2k xE51 3mr E)
ms. f(f) = -+~ | cos— —=cos — + ...
2. q¢ 23 2
9. Find a Fourier series to represent x” in the interval (=d,1). (Nagpur 1997)
E. 4P COST X . cos3mx
Ans. g—F[cosnx— 7 4 32 ] So
12.11. PARSEVAL’S FORMULA
4 o
TN W ) (a3+5)
% 2 n=1
o O
Solution. We know that flx)ye *22 + 3 [a,, cos 2 fx + b, sin L TCMJ (1)
=1

Multiplying (1) by fix), we get

Th
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P = ?Z—Of(x)+;anf(x) cos 2%5+§ b, f (x) sin 22
n=1 n=1

Integrating term by term from —C to C, we have

793

L

[ repra-= 5'29 " f@dr+za, [ f@)cos Lk 23
e -¢ n=1 "-c
+Z b, | f@sin PEdx )
n=1 i
In article 12.10, we have the following results
c
[ feydx=ca
j, f(x) cos nnxdx = COy
" ‘[ f(x) sin X dx = cb,
On putting these mtcgrals in (3), we get
a3 a.>
’ j F@Pdx = c 2 6,5 ca+3 cb? _c—+>:(a,%+b$,)
= 2 n=1 2 n=1
This is the Parseval’s formula
e S
Note. 1. f 0 <x < 2C, then_[z F))Pdx = c{—;g+2 (aﬁ+bi)}
0 n=1
€ a% -
2.1t 0 < x < C (Half range cosine series),jc F@P = 3 7+Z a?
0 =1
L
3. If 0 < x < C (Half range sin series),f FPdx = % {—+z bZ.J
0 n=1
1
2
f ey dxl
4. RMS. = |-=
R.M.S o
Example 20. By using the sin series forfix)=1in0<x<m show that
2 1 1 1 :
By 1+ 3 + 52 + = s (Hamirpur 1996)
Solution. sin series is f(x) = Z b, sinnx
£ Jﬂ x) sin nx d.
< f(x) sin nx dx
2 2 L 2 2 \
= f (1) sinnxdx = = (ZML = 22 [cosnm—1]1=—= [(- 1)’ - 1]
T 0 L4 n nm nm
= 2 if n isodd
b nm
=0 if n iscven

Then the sin series is

i
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=
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+
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5
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[ reorax
0
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......

)16 el
[X]g (5') FJ[I +¥+5—2+?+......J

n=§ L [I+—l—+i2+-—2+ ...... J

| T37s
n? i -
. 1+ ? 37 + ? T
Tx 0<x <d
E le 21. ] = .
s adg {R(Z—x), I<x<2
sing half range cosine series, show that
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Solution. Half range cosine series is
nmx

&) = %+Z a, cos

Proved.
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Example 22. Prove that for 0 < x < T

w [cos2x cosdx cos6x

(@ x(r-x) = i + 2 + 3 o ]
8|sinx sin3x sinSx

(b) x(m-x) = Pl = o o S ]

Deduce from (a) and (b) respectively that
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Solution. Half range cosine series
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By Parseval’s formula
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(b) Half range sin series
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Proved.

1. Prove thatin 0 < x < ¢,
x=£~£ cos—+ic053—+icosz-tx—+
3rop 3 52 Pk R
and deduce that
ir ¥ e H o4 it
(i) 14+34+54+.... = 9 (u) +24+34+44+ ...... =90

12.12. FOURIER SERIES IN COMPLEX FORM
Fourier series of a function flx) of period 2/ is

a Tx 2Mx
fix) = —0+a1 COST+a2 COST+ ......

2
2 ix =
+b) st ] +b231n—l—+ ...... +b,,smT+
eix+e— ix ; eix_e—ix
—= = and Jsinx = e o

We know that cosx = >

On putting the value of cos x and sin x in (i), we get
imx = inx 2inx = 2inx iTx iTtx 2imx - 2inx
ap AR NE €q¢ +ET £ o0y P 21
x) =—+a a #...+ b ——vilih - e,
/& 2 ' 2 - 2 ' 2i A 2i
a9 imx N - inx ; -2
= 7+(a1 ib j er + ((Ig—lbz)e e . (a1+tb) i +(a2+zb2)e E fa...

inx 2inx
=coptcrer +tcre 1 +.....
3 - inmx ]
—CO+Z c,,e; s B .

n=1 n=

m}dx

COS—— i smT

J-zf(x)cosde—*J.2 f(x)sm——dxj, ———ff(x){

!
: 1 mTr.x
=31 J-z o) e 7

H

inmx
€ .= J2 Jixke : dx
0 .
Example 23. Obrain the complex form of the Fourier series of the function
= Sex-<0

0
f(x)z{l 0<x<m
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Laplace Transformation

13.1 INTRODUCTION

Laplace transforms help in solving the differential equations with boundary values without

finding the general solution and the values of the arbitrary constants.
13.2 LAPLACE TRANSFORM

Definition. Let f(#) be function defined for all positive values of ¢, then

oo

F(s) = fO e £ (f) dt

provided the integral exists, is called the Laplace Transform of f (>t). It is denoted as

o0

LIf@)] = F(s) = IO e~ £ (1) dt

13.3 IMPORTANTF O.RMULAE

i Lo, 08

o les s

Aoc 1/

(1) L) = % ) L) = 225 whenn=0,1,2,3...
S
(3) L(e®) = — (s > a)
bl :
(4) L (coshar) = — : - 2 > a?)
5 g
(5) L(sinhar) = —— (s* > a%)
o o ®
x a g
(6) Lsin (ar) = * g - (s >0)
: :
(7) L(cosar) = p g (s > 0)
1
L L=+

’ =t (el 1 1

L, -5t " PR Bl S M =

Proof. L(1)=[ 1.e%di _[ L . [ eﬂ}o “[0-1] = -
S

Hence L{l) = Proved.

n!
sn+l’

2 Lt = where n and s are positive.
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Laplace Transformation

Proof. L) = [ erdr
0
Putting st=x or t=f or dtz%
gt el aallf =
Thus, we have,L(l”)—J‘O e (SJ p or L(") = e~ J.o e *. . Xdx
| - -X
L(z")=sf+'1 et d fo €X' dx | proved
and |n+1 =in!
= W = : where s > a
s—-a
Proof. L(e*) = | es.edr=] e-st+a dr
0 0
= 5 e-G-at]” 1 1 &
=J. e('”")’.dt=f e~ G- dr= = -
0 0 ~fo—al) L 5 —di |V 9!
0
= 2t 0-1) = : Proved
(s-a) s—a
4. L(coshar) = P
eal+e at at+e—at
Proof. L (coshaf) = L S - coshar = 5
—lL(e‘”)+lL(e“")
g 2
1 1 1 1
_ + i an —
Z[S—a s+a] [ e s—a:I
’ Il s+ta+s—a )
5[ 2 :|_ = Proved.
. a
b L(smhat)=sz_a2
Proof. L (sinhat) = L[%(e“’-e‘“’)}
= | ary _ ety 91 Lo 1. 11 M.iha-idta
23 e )]_2[s—a s+a}_2 5% —a?
- faz Proved.
6. L(sinar) = —
(sin ar) T
iat __ ,—iat jot _ ., —iat
Proof. L(sinat) = L| &=—=%— P e e
e 2



