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Abstract

Sampling is a core stage in every survey. A sampling design carefully elaborated may imply not only a more accurate
estimation of the parameters of interest, but also a reduction in the required sample size in a study. In this thesis we consider
two particular but connected subjects. On the one hand, the selection of samples with probabilities proportional to some
prescribed values. The first two papers are devoted to this topic. On the other hand, the choice of sampling design to
implement in a given survey, which is a topic to which the last two papers are devoted.

Probability proportional to size sampling designs, often referred to as nps designs, are of practical interest due to their
potential efficiency. In the literature we can find many of these designs, all having different characteristics. In the first
paper we describe and compare ten zps designs with respect to several desired properties. The results suggest that the so
called order sampling methods, as well as those proposed by Sunter and Chromy may be considered as good options from
a practitioner's point of view.

In the second paper we introduce an algorithm for approximating a target distribution by a mixture distribution. Being
a mixture, most of its properties are easy to calculate. We illustrate the use of the algorithm with several examples, both
univariate and multivariate. The results indicate that the algorithm succeeds in approximating the target distribution.

The strategy that couples ps designs with the generalized regression estimator is optimal under a given superpopulation
model. However, this optimality assumes that the model is correct and some of its parameters are known, which are
assumptions that are hardly satisfied in practice. In the third paper we introduce a method that allows for incorporating
uncertainty about the model parameters into the choice of the sampling design and then quantifying this uncertainty with
a risk measure. The method is illustrated with a real dataset. The results show that the method allowed us to correctly
choose the sampling design. The risk measure -as well as other functions that are useful at the planning stage of a survey-
is implemented in the package optimStrat developed for R. The fourth paper in this thesis describes the functions in this
package.
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1. Introduction

Dalenius (1985) noted that “there appears to be almost as many definitions of
survey as there are people writing about the subject”. We follow this tradition
and define a survey in a rather wide way as follows:

“A survey is a statistical investigation whose goal is to describe a popu-
lation of elements by one or more characteristics or parameters. These pa-
rameters are, in turn, functions of values of study variables associated to the
elements in the population.”

Our definition is based on the ones given by Dalenius (1985), Sarndal et al.
(1992) and Biemer and Lyberg (2003).

Consider, as a first example, a study in which a country’s National Health
Institute selects a sample of hospitalized patients in order to estimate the preva-
lence of a specific disease in the country. As a second example, consider a re-
searcher who wants to measure the average temperature in a given region. As
a last example, consider a mathematician who wants to approximate the value
of the integral of a function over a given domain. Dissimilar as they may seem,
the three examples fit into our definition of a survey.

In many applications an exhaustive measurement of the study variables
for every element in the population is either unfeasible or simply impossible,
which impedes a perfect fulfillment of the survey’s goal. In those cases we
have to conform ourselves to approximated values of the parameters. There
are several approaches to obtain these approximations. We concentrate on one
that will be referred to as a sample survey.

A sample survey consists of three core stages. At the first stage, a sample of
elements is selected by a random mechanism. At the second stage, the values
of the study variables of the selected elements are measured. At the last stage,
these values are used to obtain an approximation of the desired parameters,
this approximation is referred to as an estimate.

Throughout this thesis we assume that once the sample is selected, the
values of the study variables are measured with no error in all the sampled
elements. Therefore we concentrate on the first and the last stages, usually
known as design and estimation stages.

Itis the role of the statistician to choose the sampling design i.e. the random
mechanism for selecting the sample. Also, once the sample is selected, the
statistician has to choose the estimator, i.e. the formula that will be used for



estimating the parameters. The pair design—estimator comprises the statistical
information that is required through the estimation process and it is known as
the sampling strategy. The choice of sampling strategy should, of course, strive
for obtaining estimates as close as possible to the unknown parameters taking
into account the available resources for the survey.

The overall aim of the thesis is to develop statistical tools that can be used
to obtain efficient estimation of parameters in sample surveys. More specifi-
cally, the contents of the thesis concentrates on the following two topics.

o It is often desired that the sampling design is such that it selects each ele-
ment according to some prescribed probability. Simple as it may sound,
this problem has lead to extensive research and proposals of a large num-
ber of methods. By now it seems clear that the problem is too intractable
for a truly perfect solution. The first paper in this thesis describes and
compares several of the methods that have been proposed in the survey
literature in the context of a finite population. The second paper pro-
poses a method to approximately fulfill this requirement in the context
of continuous populations. The method approximates a prescribed den-
sity by a mixture, therefore sampling from the approximation is an easy
task.

e The choice of sampling strategy is a crucial step in survey practice, as
the efficiency of the resulting estimates depends on it. When choosing
the sampling design no data has been collected, therefore all the infor-
mation required for taking the decision on which design to employ in a
given survey often relies on previous knowledge from similar surveys to
the one under planning, or, on knowledge by experts. Nevertheless, it
is clear that there is uncertainty about this knowledge, uncertainty that
must be taken into account in the decision process. The third paper in
this thesis introduces a tool that allows for quantifying this uncertainty
and then choosing the sampling design to be implemented in the survey.
The fourth paper describes a package developed for the statistical soft-
ware R (R Core Team, 2020), which allows practitioners to employ the
proposed tool.

The aim of this introduction is twofold. On the one hand, it provides back-
ground needed for reading the four papers that compose the thesis. On the
other hand, it is intended to work as a motivation for the development of the
papers. The contents of the introduction are arranged as follows. In chapter 2
we consider sampling designs and estimators in the context of discrete popu-
lations. In chapter 3 we consider the case of continuous populations. Finally,
chapter 4 provides a summary of the papers included in the thesis.



2. Sampling and estimating from
a discrete population

The definitions in this and the following chapter are based on (but not nec-
essarily the same as) those presented in Sdrndal et al. (1992). The reader is
referred to that source for a comprehensive treatment of the subject.

Let U be a population that consists of a countable set of elements. Without
loss of generality we assume that U = {1,2,--- ,N} with N = oo allowed.

2.1 Sampling designs

Definition 1. A multiset is an extension of the concept of subset that allows
for multiple occurrences of the elements.

Definition 2. A sample, s, is any multiset from U. A with-replacement sample
is a sample that includes elements having multiple occurrences.

Example 1. Let U = {1,2,3}. The following are examples of samples from
U:0,{1},{3},{1,2}, U, {1,1,1}, {1,1,2,2,3,3}. Only the last two are with
replacement samples.

Definition 3. Let Q be the set of all multisets of U and Qy,, the powerset of
U. (Note that Q.,, C Q.) A sampling design is a probability distribution on
Q, denoted by p(s). A without-replacement sampling design is a probability
distribution on Q,. A sampling design such that p(s) > 0 for any s € Q\Qy,
is a with replacement sampling design.

Note that any sample s can be considered as an outcome of a random vari-
able S with P(S = s) given by p(s).

Definition 4. The (without-replacement) sampling design that assigns a prob-
ability of one to U is called census.

Example 2. The following are examples of sampling designs on U = {1,2,3}:
p1(+) is such that p;({1,1}) =0.09, p1({1,2}) =0.12, p;({1,3}) = 0.30,
p1({2,2}) = 0.04, py({2,3}) = 0.20 and p;({3,3}) = 0.25.



p2(+) is such that p({1}) = 0.2, p»({1,2}) = 0.3 and p»({1,1,2,2}) =
0.5.

p3(+) is such that p3({1,2}) = 0.1, p3({1,3}) = 0.3 and p3({2,3}) = 0.6.

pa(+) is such that p4({1}) = 0.6 and p4({1,2}) = 0.4.

ps(+) is such that ps({1,2,3}) = 1.

pi1(+) and py(-) are with replacement sampling designs. p3(-), pa(-) and
ps(-) are without-replacement sampling designs. ps(-) is a census.

A random mechanism that allows for selecting samples from a given pop-
ulation U is called a sample selection scheme or simply a scheme. It is easy
to devise a scheme for selecting samples according to any of the designs in
Example 2. For instance, the following scheme selects a sample according to
p2(+): let v be a realization from a uniform distribution U[0,1). If v < 0.2
then the sample {1} is selected. If 0.2 < v < 0.5 then the sample {1,2} is
selected. Otherwise, if v > 0.5, the sample {1,1,2,2} is selected.

In the example above, the design was proposed first and then a scheme was
devised for selecting a sample according to this design. Alternatively, one can
first propose a sampling scheme and then identify the sampling design induced
by it.

Example 3. Consider the following scheme. Let U = {1,2,--- ,N} be a finite
population and A(1),---,A(N) a set of arbitrary values with 0 < A(x) <1 for
allx e U. Let v(1),---,v(N) be independent realizations from a uniform dis-
tribution U0, 1). The sample consists of all elements x such that v(x) < A(x).
The sampling design induced by this scheme is known as Poisson sampling. It
is a without-replacement design with p(s) = [Tees A (x) [Tegs (1 — A(x)).

Definition 5. A statistic is any (possibly multivariable) function from the sam-
ple, it will be denoted by Q(S).

Definition 6. The expected value and the variance of a statistic Q(S) under the
sampling design p(-) are, respectively,

E,Q(S) = %:p(S)Q(S) and  V,0(S) = %‘,p(S) (Q(s) —E,0(5))*
Definition 7. Let

1 ifxesS 1 ifxeSandx €S
=4 =°° and  I(ex)=4 o oRAaErES
0 ifx¢s 0 otherwise

The inclusion probability of x is w(x) = E,I(x) and the joint inclusion prob-
ability of x and x" is w(x,x") = E,I(x,x’). A probability sampling design is a
sampling design with 7(x) > 0 for all x € U. A sample selected from a proba-
bility sampling design is called a probability sample.

4



Example 4. Table 2.1 shows the inclusion probabilities induced by each de-
sign in Example 2. Note that p;(-), p3(-) and ps(-) are probability sampling
designs.

Design | n(1) =(2) =(3) | n(1,2) =(1,3) =n(2,3)
pi(-) 1051 036 0.75 | 0.12 0.30 0.20
() |1 08 0 0.8 0 0
ps(-) |04 07 09 |01 0.3 0.6
pa() |1 04 0 0.4 0 0
ps() |1 1 1 1 1 1

Table 2.1: Inclusion probabilities of the sampling designs in Example 2

Example 5. It can be shown that the inclusion probabilities induced by Poisson
sampling (Example 3) are 7(x) = m(x,x) = A(x) for all x € U and 7(x,x") =
A(x)A(x') for all x # x". Therefore Poisson sampling is a probability sampling
design if and only if A (x) > 0 for all x € U.

In general, sampling designs such that the inclusion probabilities (1), -- -,
7(N) coincide with some desired target probabilities A (1), -- ,A(N) are known
as inclusion probabilities proportional to size designs, denoted 7ps(A). For
reasons that will be explained in Subsections 2.2.2 and 2.2.2, wps designs are
of great interest when sampling from discrete populations.

It is worth noting that 7ps designs are not unique, a fact that is illustrated
in the following example.

Example 6. Let U = {1,2,3,4} and A(1) = 0.35, A(2) = 0.45, 1(3) = 0.55
and A (4) = 0.65. The following are all wps(A) designs.

Design | {1,2} {1,3} {14} {2,3} {24} {3,4}
p() [ 010 010 0I5 015 020 030
p2() | 005 010 020 020 020 025
ps(-) | 000 035 000 000 045 0.20

Unless stated otherwise we will only consider probability sampling de-
signs, therefore “probability” will be dropped from now on.

Definition 8. Let n; be the cardinality of a sample s. This statistic is called
the sample size. A sampling design such that V,n; = 0 is called a fixed size
sampling design. Otherwise it is called a random size sampling design.



Example 7. In Example 2, the designs p;(-), p3(-) and ps(-) are of fixed size,
whereas p>(-) and p4(-) are of random size. Poisson sampling (Example 3) is
of random size. In fact, the sample size of Poisson sampling follows a Poisson
binomial distribution, which explains the name of the design.

In what remains of this subsection we introduce two important sampling
designs, namely, p random sampling and simple random sampling.

Definition 9. For a finite population U, i.e. a population of size N < oo, simple
random sampling without replacement —srswo— is the sampling design that
assigns probability 1/ (]Z ) to every without replacement sample of fixed size n.

A scheme for selecting srswo samples is as follows. Let v(1),---,0(N)
be independent realizations from a uniform distribution U[0,1). The sample
consists of the elements associated to the n smallest v-values.

Definition 10. Let p(x) > 0 for all x € U be a weight associated to the xth

element, with }';; p(x) = 1. p random sampling —prs— of size n is the design
defined as

= oy = JP)p(R) e pla) ifs € Q,
Pzl = {O otherwise

where €, is the set of all multisets of size n. A sample selected by this design
will be called a p random sample of size n, or simply, a random sample.

Alternatively, a random sample can be defined as the union of n samples
of size one selected by independent experiments that are identically distributed
according to p(x).

For reasons that will be explained in Subsection 2.2.1, in the finite popu-
lation context this design is broadly known as selection probabilities propor-
tional to size sampling —pps—.

p random sampling is a with replacement sampling design with inclusion
probabilities equal to (x) =1 — (1 — p(x))" and w(x,x") =1 — (1 — p(x))" —
(1= p())" + (1= p(x) = p(x)".

It remains to specify a scheme for selecting a sample with the desired prob-
abilities. Several methods have already been proposed to this end, among them
we can find the inverse—transform method, the alias method or the acceptance—
rejection method. The reader is referred to Rubinstein and Kroese (2008,
ch. 2), for a comprehensive description of them. We briefly describe the
inverse—transform method.

Let p,(x) = Y;_, p(k) for all x € U. Let also p;(x) = p,(x—1) if x > 1
and p;(1) = 0. In order to select a prs of size one, generate one random variate
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from a uniform distribution U0, 1), v;. The selected element is x; such that
pi(x1) < v < pyu(x1). In order to select a prs of size n > 1, simply repeat the
selection process n times.

Example 8. Let U = {1,---,10}. Our task is to select a prs sample of size n =
4 according to the p-values given in the second column of Table 2.2. The third
and fourth columns are the sequences p;(x) and p,(x). The n = 4 realizations
from the uniform distribution U[0,1) are v; = 0.17, v, = 0.34, v3 = 0.30 and
v4 = 0.38. The last four columns of Table 2.2 indicate with a value of one the
element that was selected in each step. The resulting sample is {2,3,3,3}.

For infinite populations, it is not possible to calculate p;(x) and p,(x) for
all x € U. This problem is circumvented by obtaining only the first terms in
the sequence and add more terms only if required for the comparison p;(x;) <
vi < pu(x1). According to Devroye (1986, p. 85), “An exact solution of the
inversion inequalities can always be obtained in finite time”.

x | px) pi(x) pulx) | vi=017 v,=034 v3=030 vs=0.38
1 1001 0.00 0.01 0 0 0 0
2 1023 001 024 1 0 0 0
31015 024 0.39 0 1 1 1
4 1005 039 044 0 0 0 0
5 (010 044 054 0 0 0 0
6 | 0.08 054 0.62 0 0 0 0
7 10.09 062 0.71 0 0 0 0
8 011 071 0.82 0 0 0 0
9 [0.12 0.82 094 0 0 0 0
10 | 0.06 0.94 1.00 0 0 0 0

Table 2.2: Illustrating the inverse—transform method for selecting a prs of size
n=4.

Definition 11. For a finite population U, i.e. a population of size N < oo, simple
random sampling with replacement —srs— (or uniform random sampling) is the
special case of p random sampling where p(x) = 1 /N forall x € U.

Note the explicit differentiation that we have made between a sample, a
probability sample and a random sample: only samples selected from proba-
bility sampling designs are probability samples; and, only samples selected by
p random sampling are random samples.



2.2  Two unbiased estimators

Let y(x) = (y1(x),y2(x),--+,ys,(x)) be unknown values of J, study variables
associated to the xth element in U. Let alsoy = (y(1)7,y(2)T,--- ,y(N)T)T.

Definition 12. A parameter of U is a function 0y (y) into R? for some D € Z™.

Example 9. Let U be the population of hospitalized patients in a country at a
given time. Let y; (x) = 1 if the xth patient has a certain disease and y;(x) =0
otherwise. Let y,(x) be the number of days that the xth patient has been hos-
pitalized. We are interested in knowing 6y 1 = Y iy y1(x), the prevalence of the
disease; Oy 2 = Yy y2(x)/N, the average number of days a patient has been
hospitalized; and 6y 3 = max(y; (x)y>(x)), the maximum number of days a pa-
tient with the disease has been hospitalized. We have a three-variate parameter

0y (y) = (6u,1(¥), 002(¥), 0u,3(y))-

Example 10. Let U = {0,1,2,---}, y;(x) = x- 10519 /x! and y,(x) = x? -
10%e~ 19 /x!. We are interested in knowing 6 1 = ¥.;; y1(x) and 0y 2 = Yy y2(x) —
(Yyy1(x))?, i.e. the expected value and the variance of a Poisson distribution
with parameter A = 10.

Definition 13. An estimator (y) is a statistic that approximates the parameter
6u (v)-

In loose words, a sampling design dictates how to select a sample s from
U and an estimator dictates how to use the observed sample to estimate the
desired parameter. It is important to emphasize that the only source of ran-
domness is the sampling design, everything else is assumed constant. This
approach is known as the design—based approach.

Definition 14. A sampling strategy is the couple design and estimator,
(p(+),64(y)). A sampling strategy is unbiased if and only if E,, [8,(y)] = 6y (y)
for all y.

From now on, and unless otherwise stated, we will consider the case of
only one study variable (J, = 1) and we will focus also on a univariate param-
eter, namely, the total of y given by 6y (y) = ¥y y(x). We assume that 0y (y) is
finite.

The remaining part of this subsection is devoted to describing two estima-
tors: the p-expanded estimator and the w-expanded estimator.

2.2.1 The p-estimator

Definition 15. If prs of size n with weights p(1), p(2),--- is implemented,
then it can be shown that the following estimator is unbiased for the total

8



Oy (y) = Xy y(x),

[a—

7Zy(—. @1

This estimator will be called p-expanded estimator or simply p-estimator.

:

The following result states that the sampling strategy that couples the p-
estimator with p random sampling is unbiased for the total. It also states the
variance of the strategy and provides an unbiased estimator of the variance.

Result 1. The expected value and the variance of the strategy (prs, é{’ (y)) are,
respectively,

2
B 070 =000)  and Ve 070 = L X0 (20— )

— v
7 p(x)
(2.2)
2
The variance is defined if ), yp ((xx)) < oo, An unbiased estimator of the variance
is given by

1

2
ot () e

Proof. Let u(x) =y(x)/p(x) for all x € U and Uy the random variable denoting
the value of u observed at the kth trial (k =1,2,---,n). We have

Bl = ¥ p(0)ux) = ¥ (02 = Y30 = 6, 0y)
U U p(x) U
and

y(x) ’
VorsUy = ;P(x) (u(x) — eU(y))2 = ZP(X) < - eU(y)> :

U

The last equality holds if };; );%) < oo, Rewriting 87 (y) as (1/n)Y4_, Uy, we
have

A 1 & 1 ¢
prs [eyp Eprs - Z Ue| = - Z EprsUk = GU(y)
Ly =
and
i d y(x) ’
Vprs [9‘ prs ; ; x) m -6y (y) :
Regarding the variance estimator, using the fact that — ¥/, (u; — )% is an

unbiased estimator of V Uy, we obtain that Vprs[Osp ( )] given by (2.3) is an
unbiased estimator of V [0 (y)]. O



The p-estimator was introduced by Hansen and Hurwitz (1943) in the fi-
nite population context. It has received different names in the literature, for ex-
ample, it is called “p-expanded with replacement estimator” by Sérndal et al.
(1992) and “crude Monte Carlo estimator” by Rubinstein and Kroese (2008).

Let us take a look back at the variance of the strategy (prs, or (), (2.2). 1t
is easy to see that if all y(x) have the same sign, the choice p(x) = y(x)/ Y.y y(x)
would yield a variance equal to zero. This approach is, of course, not feasible
as the y-values are typically not available and the denominator is the param-
eter of interest. An alternative is to make use of an auxiliary variable. An
auxiliary variable is a set of values z = (z(1),z(2),---,z(N)) that are known
(either in intensional or extensional form) and such that Y, z(x) < o is also
known. One can consider defining p(x) = z(x)/ Yy z(x). If z is expected to
be almost proportional to y, this choice is expected to yield a small variance.
In finite population statistics, this approach is known as selection probabilities
proportional-to-size sampling, denoted pps.

2.2.2 The m-estimator

Definition 16. If a without-replacement sampling design is implemented, then
it can be shown that the following estimator is unbiased for the total 6y (y) =

ZU Yk
@w:zﬂﬂ. (2.4)

This estimator, introduced by Horvitz and Thompson (1952) in the finite
population context, will be called m-expanded estimator or simply 7-estimator.
The following result states that the sampling strategy that couples a without-
replacement sampling design with the 7-estimator is unbiased for the total. It
also states its variance and provides an unbiased estimator of its variance.

Result 2. If p(-) is a without-replacement design, the expected value and the
variance of the strategy (p(-), 6/ (y)) are, respectively,

B, [0F0)] =00(0)  and Y, [070)] =X Y wex) 2 20 g
7T m(x) m(x 0s)

The variance is defined whenever the first term is finite. If 7(x,x") > 0 for all
x,x' € U, an unbiased estimator of the variance is given by

~—
~—

‘%W@@ﬂ:;;(mﬂ%w—néﬂoﬂ@ww- 2.6)

10



If, in addition, the design is of fixed sample size n, the variance can be rewritten
as

/ 2
v, [67()] = ‘% LX) ~2(@)a)) <y(x) ) ) @.7)

n(x)  w(')

and the following is also an unbiased estimator of the variance
2
0 (67 (X’) y(x) ()
v, — . 2.8
S LL(- ) (B we) - @9

The latter takes nonnegative values if 7z:(x,x ) < m(x)mw(x') for all x,x" € U.

Proof. Regarding the expectation, we have

E, [07()] =, [Z ;(())] _E, [Z ffg))m] D) 20, 10) = 0 ).

N

Regarding the variance, we have

y(x)y(x') / ’
T 2 aw) - T Do)

which is the variance (2.5). The unbiasedness of the variance estimator (2.6)
follows from the fact that

E, Kn(x,x’) —r(x)m(x)

m(x,x)

> I(x)I(x')] =n(x,x) —m(x)m(x'). (2.9)

That (2.7) is equivalent to the variance (2.5) for a fixed-size sample design is
shown as follows. We can rewrite (2.7) as

. x &y(xl) _n2 o . ) — mlx < y2(x)
T L wlod) 20205 = 03 0) ~ R L ()~ 7(7)) T
But, as YV, 7(x,x') = nx(¥') and ¥y 7(x) = n for fixed-size designs, the last

term is equal to zero. The unbiasedness of (2.8) follows from property (2.9).
O
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It is clear from (2.7) that if all y(x) have the same sign the choice 7(x) =
ny(x)/6y(y) would yield a variance equal to zero. As in the case of the p-
estimator, this is not possible, and one typically defines the inclusion probabil-
ities 7 proportional to some auxiliary variable z that is expected to be, in turn,
proportional to y. This yields 7(x) = nz(x)/6y(z). This approach is known as
inclusion probabilities proportional-to-size sampling, denoted 7ps.

The potential gain in efficiency due to the use of 7ps designs, makes them
a very attractive option in survey practice. Therefore we need a sample selec-
tion scheme that allows for implementing such a design. Note, however, that
there is a list of properties that one may desire from a wps scheme. First, the
scheme should actually select Tps(A) samples, i.e. the inclusion probabilities
7(x) induced by the scheme should coincide with some prescribed probabili-
ties A (x). Second, in order for expression (2.7) to be valid, the scheme should
generate without replacement samples of fixed size. Poisson sampling (Ex-
amples 3 and 5), for instance, satisfies the first condition, but not the second
one. Moreover, in order to be able to unbiasedly estimate the variance through
(2.6) or (2.8), all m(x,x") should be larger than zero and (at least those for the
selected sample) known. Finally, the scheme should be easy to implement.

To the knowledge of the author there is no available scheme that fully sat-
isfies the conditions above. Nevertheless, several methods that approximately
satisfy the conditions above are available, among them we find Pareto mps
(Rosén, 1997), systematic 7ps (see, e.g. Madow 1949) and Sampford’s method
(Sampford, 1967). The first paper in this thesis describes and compares several
of such schemes in the finite population context.

Even when two 7ps(A) designs share the first order inclusion probabilities,
their joint inclusion probabilities, 7(x,x") may differ. Therefore, their variance
under the m-estimator, (2.5) or (2.7), may also differ as they depend on the
mt(x,x).

Example 11. In Example 6 we presented three mps(4) designs with A(1) =
0.35,2(2) =0.45, A(3) = 0.55 and A(4) = 0.65. Let us assume that the study
variable takes the values y(1) = 33, y(2) =42, y(3) =67 and y(4) = 62. It
is easy to show that the variance of the strategies that couple the 7m-estimator
with each design are V,,, [§7] = 189.9, V,[67] = 184.3 and V,,[07] = 191.2.

Comparing the strategies (prs, p-estimator) and (7Tps , T-estimator)

In Section 2.2.1 we saw that the strategy that couples prs with the p-estimator
is expected to be efficient if the p-values are proportional to some auxiliary
variable z which is, in turn, expected to be well correlated to the study variable
y, i.e. if p(x) = z(x)/6y(z). In Section 2.2.2 we saw that we can, alternatively,
use the auxiliary variable into the strategy that couples a without-replacement
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fixed-size design with the 7-estimator by defining the inclusion probabilities
as m(x) =nz(x)/0y(2).

One might suspect that, under the same sample size n, the latter is more
efficient than the former, as we are sampling without replacement. It turns out
that this is, in general, true. Note that the following identity holds,

Vprs [07(9)] = Vaps [0F ()] +C
with

_n—l

== )

and p(x,x') = ,f((;f;)) This means that the strategy (ps, 67 (y)) is more effi-

cient than (prs, 67 (y)) if C > 0. This happens, for instance, if we allow the
approximation p(x,x") ~ p(x)p(x’) (see Hajek 1981).

The following example illustrates the gain in efficiency due to the use of
using 7ps sampling instead of prs.

Example 12. This example makes use of the population agpop from Lohr
(2009) which is available at package SDaA (Verbeke, 2014) in R (R Core Team,
2020).

Millions of acres devoted to farms, 1992
Millions of acres devoted to farms, 1992

T T T T T T T T T T T
0 500 1000 1500 2000 2500 3000 0 2 4 6

Counties Millions of acres devoted to farms, 1987

Figure 2.1: Left panel: study variable y by county x, sorted from smallest to
largest. Right panel: scatter plot of the auxiliary variable z vs. study variable y.

Let U be the population of N = 3044 counties in the United States in 1992,

y(x) = acreage devoted to farms in the xth county in 1992. We want to estimate
Oy (y), the total acreage devoted to farms in the United States using z(x) =
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acreage devoted to farms in the xth county in 1987 as auxiliary variable. The
total of z(x) is Oy (z) = 9.62-108. The left panel of figure 2.1 shows the values
of the study variable by county as vertical bars, the values have been sorted
from smallest to largest. The right panel shows a scatter plot between the
auxiliary variable z and the study variable y. Clearly, the z-values are not only
fairly proportional to the y-values but also good approximations of them. Of
course, in practice it is not possible to draw these plots. However, using subject
matter knowledge, one might expect z to be highly correlated to y.

The variance of the strategy (prs, p-estimator) given by (2.2) with p(x) =
z(x)/ 6y (z) was computed for all sample sizes from 1 to N. The solid line in
Figure 2.2 shows the coefficient of variation ngs[ésp (y)]/6u(y) obtained for
each sample size.

Coefficient of variation
o
L

T
0 500 1000 1500 2000 2500 3000

Sample size

Figure 2.2: Coefficient of variation (x100) of two sampling strategies. Solid
line: (prs, p-estimator). Dashed line: (7ps, 7-estimator)

Regarding the 7ps design, we implemented Pareto 7ps (Rosén, 1997) with
target inclusion probabilities given by A (x) = nz(x)/6y(z). For some sample
sizes, some A-values obtained in this way are larger than one. This is corrected
by setting them to one, and recalculating the target inclusion probabilities for
the remaining values correspondingly reducing the sample size and the total.

The selection scheme of Pareto 7ps is as follows. Let v(1),---,0(N) be
independent realizations from a uniform distribution [0, 1) and ¢ (x) =
(v(x)/A(x))- (1 =A(x))/(1 —v(x)) for all x € U. The sample consists of the
elements associated to the n smallest ¢-values. The inclusion probabilities
induced by this scheme are 7(x) ~ A (x) and (Swensson, 1998)

7(x,x) ~ A (XA () <1 - N]i 1 (1 —nlfxg);;z—(j)(ﬂ)g '
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The variance of the strategy (7ps, m-estimator) given by (2.7), with the
approximated 7(x) and 7(x,x"), was computed for all sample sizes from 1 to
N. The dashed line in Figure 2.2 shows the coefficient of variation (V[§]/6)
in percentage units obtained for each sample size. It is clear that there is some
gain in efficiency due to using without replacement sampling instead of a with
replacement approach. On the one hand, it is true that (based on this example,
at least) the difference between both strategies does not seem to be dramatic,
especially for small sample sizes. However, in practice, even a small reduction
in sample size is desirable as it represents a reduction in costs, follow-ups and
response burden, among others.

2.3 Estimators using auxiliary information

In Section 2.2, we saw that under certain conditions the p- and 7-estimators are
unbiased. Also, we saw that if coupled with appropriate designs, the resulting
strategy will yield a small variance. The use of auxiliary information is a
powerful ingredient in the definition of such designs. However, up to this
point, it is the design —not the estimator— the component that exploits the
auxiliary information. In this subsection we introduce three estimators that
make use of auxiliary information, namely, the difference estimator, the ratio
estimator and the generalized regression estimator. We see that the variance
may be further reduced by this technique.

The three estimators are constructed based on an unbiased estimator, either
the p- or the m-estimator. To begin with, we show their construction based
on the p-estimator. The alternative construction based on the 7-estimator is
summarized in a result at the end of the section. The difference and the ratio
estimators make use of one auxiliary variable z defined as before, i.e. a set of
values that are known and such that Y ;; z(x) < o is also known. The third
estimator allows for using multiple auxiliary variables.

2.3.1 The difference estimator

Definition 17. The difference estimator is defined as

A

6! (y) = 6u(z)+ 67 (e) (2.10)

where 6y (z) = ¥y z(x) is the total of the auxiliary variable and 67 (¢) = 1y,

is the p-estimator of the total of the differences e(x) = y(x) — z(x).

e(x)
p(x)

In the Monte-Carlo literature, this estimator is known as the “control vari-
ate method” or “control variable method” (see, for example, Rubinstein and
Kroese 2008 and Robert and Casella 2013).
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The following result states that the sampling strategy that couples the dif-
ference estimator with prs is also unbiased for the total. Its variance and an
unbiased estimator of the variance are also provided.

Result 3. The expected value and the variance of the strategy (prs, ésd (y)) are,
respectively,

Ad _ Ad _ 1 e(x) ?

Epr [000)] =60()  and wmhoﬂ—nzmm(mw—%@ﬂ,
2.11)

where 0y (e) = Yy e(x) and e(x) as defined above. The variance is defined

cw

whenever Y o) < An unbiased estimator of the variance is given by

. A 1 e(x) A 2
Ve |02)] = —0r(e)) . 2.12
m #0)] = i 2 (5 -#@) 1
Proof. Note that y(x) can be written as y(x) = z(x) 4 e(x), therefore 6y (y) =
6u(z) + 6y (e). The first term on the right hand side is a known constant. The
second term can be estimated using the p-estimator. The proof is completed
by using result 1 with e(x) instead of y(x). O

If we could define z(x) = y(x), the variance of the difference estimator
would be equal to zero. Although this is not possible, this strategy is efficient
when the z-values are close to the y-values.

2.3.2 The ratio estimator

Definition 18. The ratio estimator is defined as

000 = g5

6r(y) (2.13)

where 0y (z) = Yy z(x) is the total of the auxiliary variable, 6 (y) = Iy, %

is the p-estimator of the total of y and 67 (z) = %ZS % is the p-estimator of
the total of z.

The ratio estimator is, in general, biased, although its bias is small even
for moderate sample sizes. Note that if we could define z(x) o< y(x), the ratio
estimator would be exactly equal to 6y (y). The (random) factor 8y (z) /67 (z)
in (2.13) can be seen as a correction factor: if the obtained sample is such that
the p-estimator over-(under-) estimates the total of z it is reasonable that it also
over-(under-) estimates the total of y, therefore it is weighted down(up) by this
factor.

In the following result we present an approximation and an estimator of
the variance for the strategy that couples the ratio estimator with prs.
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Result 4. The variance of the strategy (prs, ésr (y)) can be approximated by

62)6
AVprs[A;(y)}zlz (x) with e(x):y(x)—z(x)eU(y). (2.14)

An estimator of the variance is

N 1 <eu<z)>22e3(x) N 0F (v)

nin—1)\8(z)) 5 r*x

As the ratio estimator is a special case of the general regression estimator,
the result will be proved when the approximation to the variance of the latter
is given.

2.3.3 The generalized regression estimator

The generalized regression -GREG- estimator will be defined next. For this
purpose we will consider the case of multiple auxiliary variables, i.e. for all
x € U, a vector of known values z(x) = (zi(x),z2(x),- -+ ,zz,(x)) is associated
to the xth element in U. We assume that 6y (z;) = Y.y zj(x) is finite for all
j=12-J.

The GREG estimator owes its name to the fact that a linear regression
between the auxiliary variables z and the study variable y underlies its con-
struction. There are several variations of the GREG estimator, for example,
Breidt and Opsomer (2000) proposed a local polynomial variation, Montanari
and Ranalli (2005) use neural network models and Rondon et al. (2012) extend
the idea to generalized linear models. Our definition follows the lines of the
presentation in Sérndal et al. (1992).

Recall that the difference estimator is efficient if the auxiliary variable ap-
proximates the study variable well. Intuitively, a good choice for auxiliary
variable would be the fitted values of a regression model of the z-variables to
the study variable. As only the sampled y-values are available, this regression
can only be fitted on a sample-dependent basis. The price to pay for this flex-
ibility is that the resulting estimator is no longer unbiased, although its bias is
known to be small even for moderate sample sizes.

Definition 19. More formally, the GREG estimator is defined as
05 (v) = (6u(x) - 6/'(2) B+ 00 (y) (2.16)

where 67 (y) = %Zs % is the p-estimator of the total of y, Oy (z) =
(6y(z1),600(z2), - ,6u(zs.)) is the vector of totals of the auxiliary variables,
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A

67 (z) = (87 (z1),0! (z2),--- , 07 (z7.)) is the vector of corresponding p-estimators

and
B‘@ a<x>p<x>> L @17

The a-values are weights defined by the statistician, they are related to the
variance structure assumed in the regression model underlying the GREG es-
timator.

There is no closed expression for the variance of the GREG estimator. The
following result provides an approximation and an estimator for the variance
of the strategy that couples the GREG estimator with prs.

Result 5. The variance of the strategy (prs, ¢ (y)) can be approximated by

2
AV 050)] = X000 (55 - o)) @18

where 6y (e) = Yy e(x) and e(x) = y(x) — z(x)B with

T -1 T
B (Z<><>> y 0756 .19

2
Vs [05(0)] = Y (e“ &) _ é{’(m)) (2.20)

N

where 6/ (e;) = 1y, 2((;)) and e,(x) = y(x) —z(x)B.
If, in addition to the totals of the z-variables, the matrix of cross-totals

is available, the residuals eg(x) required for the calculation of (2.20) can be
redefined as e;(x) = g(x) (y(x) —z(x)B) with

gs(x) = 1+ (8y(2) - 67(2)) Oy () 2(x)" /a(x)

The proof follows the lines of Séarndal et al. (1992, p. 236). Some details
will be omitted, the interested reader is therefore referred to that source.
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Proof. Using the Taylor linearization method, the GREG estimator (2.16) can
be approximated by 65(y) ~ 6y (z)B+ 67 (e). Expression (2.18) follows by
taking into account that the first term in the approximation is a constant.
Regarding the variance estimator, note that the GREG estimator can be
alternatively written as 6% (y) = 6y (z)B + 67 (gs(x)e(x)), therefore

Vors [05(0)] = Vs [60(2)B+ 60 (85(x)e(x))] = Vs [07 (85(x)e(x))]

It is tempting to use the fact that (2.3) is an unbiased estimator of (2.2) and
then simply use g;(x)e(x) instead of y(x), which would lead to the estimator

2
U 000)] = - 1 () )

p(x)

However, two problems arise with the last expression. First, the weights g(x)
are sample dependent and, second, the residuals e(x) are unknown. The es-
timator (2.20) with the g-weighted residuals is obtained by assuming that the
variance of gs(x) is negligible and using the sample residuals e;(x) instead of
the population ones. The estimator (2.20) with the unweighted residuals is
obtained by further letting g,(x) = 1. O

In the case of a single auxiliary variable, if we let a(x) = z(x), the GREG
estimator becomes the ratio estimator.

As mentioned above, it is possible to construct these estimators based on
the m-estimator. The following result presents the resulting estimators, approx-
imations to their variances and variance estimators.

Result 6. Let p(-) be a without-replacement sampling design of fixed size n
and z an auxiliary variable. The difference estimator is defined as

0! (y) = 6u(z)+ 67 (e)
where 0y (z) = Y.;y z(x) is the total of the auxiliary variable and égﬂ (e)=Y, %

is the m-estimator of the total of the differences e(x) = y(x) — z(x). The vari-
ance of the strategy (p(-),82(y)) is given by

Vo [601] = ST rte) - s (£ L)

An unbiased estimator of the variance is

ol --LEE (- 20 (-’
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The ratio estimator is defined as

where 0y (z) = Y.y z(x) is the total of the auxﬂlary Varlable 07 (y) = Zs e

the m-estimator of the total of y and 67 (z) = ZS 70y 18 the -estimator of the
total of z. The variance of the strategy (p(-), 0. (y )) is approximated by

or f_l x,xX)—n(x)m(x @_e(x/) ’
AVP[ s(y)} - 2;;(”( ’ ) 77:( )”( )) (R’(X) 71'()6’))
with e(x) = y(x) —z(x) - Oy (y)/6u(z). The variance can be estimated by
) (ex)  e))?
) LE(-T) (5 5@)
with e5(x) = y(x) —z(x) - 67 (v)/ 6] (2)-

Consider, again, the case of multiple auxiliary variables. The GREG esti-
mator is defined as

% [0 =3 (G

6%(y) = (6u(z) — 67 (2)) B+ 67 (v)

where 0y (z) = (0 (z1),0u0(22),- -+ ,6u(zs,)) is the vector of totals of the aux-

iliary variables, 87 (z) = (87 (z1),07(z2),---,607(z;.)) is the vector of corre-
sponding m-estimators and

s (v 20 20\ v 20y
b= (L50) Taomor
The a-values are weights defined by the statistician. The variance of the strat-
egy (p(-), 65 (v)) is approximated by
Ae 1 : (€0 el@) )’
AV, [68(y)] = —EZZ(n(x,x )— m(x)m(x')) 20 (2.21)

U U 7(x)

with e(x) = y(x) — z(x) B with B given by (2.19). The variance can be estimated

& ragra 1 r)T()\ [es(x)  es(d)?
Wil -2 (- 500 (G - 5)
where e;(x) = y(x) —z(x)B. If the matrix of cross-totals @y (z) = ¥y Z(X)A z(x)/a(x)
is available, the residuals can be redefined as e;(x) = g,(x) (y(x) — z(x)B) with

8(x) = 1+ (8y(2) — 67 (2) Oy (2) 2(x)" /().
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Due to the possibility of taking multiple auxiliary variables into account,
of all the estimators presented so far, it is the GREG estimator the one having
more potential for reducing variance. Moreover, sampling without replace-
ment is expected to be more efficient than sampling with replacement. There-
fore a strategy that couples the GREG estimator with a without-replacement
fixed-size sampling design seems to be a good choice. In practice, however,
there may be several designs fulfilling these requirements. The third paper in
this thesis introduces a method for choosing between them. This method has
been implemented in a package developed for the R software (R Core Team,
2020). The fourth paper describes the use of the package.

We close this chapter illustrating some of the sampling strategies intro-
duced up to this point.

Example 13. We want to estimate the expected value of a random variable X
that follows a Poisson distribution with parameter i = 5, in other words, we
are interested in estimating 0y (y) = Yy y(x) with y(x) = x - 5%~ /x! for all
xe€U=1{0,1,---}. Of course we know that the expected value is EX = VX =
u=>=s.

To begin with, one sample of size n = 5 was selected by prs with p(x) =
5%¢> /x!. We obtained s = {4,5,6,7,12}. Note that the p-estimator becomes

N lwyx) 1 _
Pyy=—-) L =— =X, =6.8.
s(y) ng’p(x) n;x Xs
The GREG estimator with
x) ifx<45 x) ifx>4.5
71(x) = P) - and 2(x) = P) .
0 otherwise 0 otherwise

was also implemented. Taking into account that 6 (z;) = 0.4405 and 6y (z2) =
0.5595, we obtained ésg (y) = 6.3, which is closer to the parameter of interest.

Alternatively, we can consider 7ps with target inclusion probabilities given
by A(x) = np(x) for all x € U. The selection scheme for Pareto mps described
in Example 12 cannot be implemented in unbounded populations. Therefore,
we opt for systematic wps. The selection scheme of systematic 7ps is as fol-
lows. Let A,(x) = Y;_oA(k) for all x € U. Let also A;(x) = A, (x— 1) if
x>0 and A;(0) = 0. Generate one random variate from a uniform distri-
bution U[0,1), v. The sample consists of those elements such that A;(x) <
v+ j < Ay (x) for j=0,1,--- ,n— 1. The inclusion probabilities induced by
this scheme are 7(x) = A(x).

One sample of size n = 5 was then selected by systematic 7ps, we obtained
s =1{2,3,5,6,7}. The m-estimator becomes
0 (y) = ZM = 12x =X, = 4.6,

T r(x) nh
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which is even closer to the parameter than the estimate obtained by the strategy
(prs, GREG-estimator). The GREG estimator with z; (x) and z2(x) as defined
above was also implemented, we obtained 6 (y) = 4.5.

Apparently, based on one sample, the strategies using 7ps are more effi-
cient than those using prs. In this case we can verify this fact by calculating
the (approximated) variance of each strategy. For the strategy that couples prs
with the p-estimator we have

2
Vors [07(0)] ==Y p(x) (y(x)_eu(y)> = i;p(x) (r—p)?= %u L

ni p(x)

Using (2.18), we obtain a variance of 0.43 for the strategy that couples prs
with the GREG estimator. Regarding the strategies using 7ps, in order to use
(2.7) and (2.21) we need the joint inclusion probabilities 7(x,x’). In general,
there is no closed expression for the 7(x,x’) induced by systematic sampling.
However, in this case we obtain the inclusion probabilities shown in Table
2.3 for x,x’ <9. Only the upper triangular portion is shown, but the table is
symmetric. The remaining inclusion probabilities are

n(x) ifx =3,4,5,7
wle) = (W) = Y =S4T

0 otherwise
Therefore we obtain a variance of 0.38 for the strategy that couples zps with
the m-estimator, and 0.23 for the one using the GREG-estimator, which shows
the gain in efficiency due to the use of the 7 estimator instead of the p estima-
tor.

x/
107(x,x) | 0 1 2 3 4 5 6 7 8 9
0 0337 0000 0.000 0337 0337 0337 0000 0337 0.000 0.000
1 — 1684 0000 1.684 1684 0461 1223 1.684 0.000 0.000
2 —  — 4211 1230 2985 4208 4211 1310 2901 0.000
3 —  —  — 7019 5792 5792 4330 5.142 0363 1813
N 4 —  —  — 8773 1547 6085 399 3264 1813
5 — —  — —  — 8773 6085 399 3264 1813
6 — - —  — — — 7311 2533 3264 1514
7 - — - — —  — — 5222 0000 0299
8 - - - - = — = — 3264 0000
9 - - - - - - -  —  — 131

Table 2.3: Joint inclusion probabilities (x 10) for systematic zps in Example 13
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3. Sampling and estimating from
a continuous population

In this chapter we basically restate the definitions and results given in Chapter
2, adapting them to continuous populations.

3.1 Sampling designs

Let U C R™ be the population of interest. In the continuous case, a sample is
defined in the same way as in the discrete case, i.e. a sample, s, is any multiset
from U.

Definition 20. Let Q be the set of all multisets of U and J the Borel sigma
algebra on Q. A sampling design is a probability measure on (Q,5), and it
will be denoted by p(s).

The concepts of census, statistic, expected value and variance of a statistic
and sample size, remain the same as in the discrete case (see definitions 4, 5, 6
and 8).

We limit ourselves to discuss the continuous counterpart of prs and simple
random sampling.

Definition 21. Let p(x) > 0 for all x € U be a known function such that
Jy p(x)dx = 1. p random sampling —prs— of size n is the design defined as
p(s) = p({x1,x2,++ ,xa}) =

px1)p(x2) - p(x,) ifsCQ,
0 otherwise

where Q,, is the set of all multisets of size n. As in the discrete case, a sample
selected by this design will be called a p random sample of size n, or simply, a
random sample.

For reasons that will be explained in subsection 3.2, these designs are of
great interest when sampling from continuous populations.

Several schemes have been proposed for selecting samples according to the
prescribed probability p(x) either exactly or approximately. Among the exact
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methods, we find the inverse—transform method, the composition method and
the acceptance-rejection method. Among the approximate methods, we find
Markov Chain Monte Carlo methods, e.g. the Metropolis—Hastings algorithm
(Hastings, 1970; Metropolis et al., 1953) or Gibbs sampling (see Casella and
George 1992). See Rubinstein and Kroese (2008) or Robert and Casella (2013)
for a comprehensive description of them. However, each method has both ad-
vantages and disadvantages. There is no “ideal” method that allows for easily
sampling from any prescribed p(x) (Evans and Swartz, 1995). The second pa-
per of this thesis introduces a method that allows for approximately sampling
from p(x).

Definition 22. For a bounded population U, simple random sampling —srs—
(or uniform random sampling) is the special case of prs where p(x) = 1/N for
allxe U and N = [}, dx.

3.2 Some estimators

In this subsection we define the continuous counterparts of (some of) the esti-
mators introduced in Chapter 2. No proofs are provided, as they are obtained
in an analogous way to those already presented.

Let y(x) = (y1(x),y2(x),---,ys,(x)) be unknown values of J, study func-
tions associated to the element x. As in the discrete case, a parameter of U is a
function 0y (y) into R? for some D € Z™.

The definitions of estimator and sampling strategy remain the same as in
the discrete case, i.e. an estimator is a statistic that intends to approximate the
parameter, denoted és(y), and a sampling strategy is the couple design and
estimator, (p(-), 6,(y)).

As in the discrete case, unless stated otherwise we limit ourselves to the
case of only one study variable and a univariate parameter. Regarding the
parameter, we will consider the continuous counterpart of the total of the study
variable, namely, the integral of the study function 6y (y) = [, y(x)dx. We
assume that Oy (y) is finite.

The p-estimator In the continuous case, the strategy that couples prs of size
n with the p-estimator, (2.1), is still unbiased for the integral 6y (y).

If [, }'; ((;C)) dx < oo, the variance of the strategy that couples the p-estimator
with prs is given by

2
Vin [820)] = [ p0) (55 - 0001 ) ax. G.1)

Expression (2.3) is still an unbiased estimator of the variance.

24



In analogy with the discrete case, if all y(x) have the same sign, the choice
p(x) =y(x)/ [, y(x)dx would yield a variance equal to zero. As this is clearly
not feasible, we can make use of an auxiliary function. By an auxiliary function
we will understand a known function z(x) that can be evaluated at any point x
and such that its integral over U is known and finite. One can consider defining
p(x) =z(x)/ [, z(x)dx. If z is almost proportional to y, this choice is expected
to yield a small variance.

The potential efficiency of the strategy that couples the p-estimator with
prs sampling with some prescribed probabilities evidences the need for sam-
pling schemes that allow for selecting such samples. As mentioned above,
several methods have been proposed to this end. The second paper of this the-
sis adds one more method to the list. The method allows to approximate a
target density by a mixture of densities that are easy to sample from.

The difference estimator Let z(x) be an auxiliary function. The difference
estimator (2.10), with 8y (z) = [ z(x)dx, 8 (e) = L ¥, % and e(x) = y(x) —
z(x), is still unbiased for the integral 6y (y).

The variance of the strategy that couples the difference estimator with prs
is given by

Vi [0 =2 [0 (2 a0)) . 62)

where 6y (e) = [, e(x)dx and e(x) as defined above. Expression (2.12) is still
an unbiased estimator of the variance.

The ratio estimator In the continuous case, the ratio estimator is defined as
in (2.13) with 0y (2) = fyy z(x)dx, 8 (v) = L £, 2 and 6/ (z) = L £, 2.

As its discrete counterpart, the ratio estimator is biased, although its bias
is usually small even for moderate sample sizes. An approximation to the
variance for the strategy that couples the ratio estimator with prs is given by

62 X
AV s [0, ()] = ;/U p((x)) dx  with  e(x) =y(x) —z(x) o) (3.3)

Expression (2.15) provides an estimator of the variance.

The GREG estimator The GREG estimator makes use of several auxiliary
functions z(x) = (z; (x),- - ,zs,(x)). The estimator is defined as in (2.16) where

6/ (y) = 1y, % is the p-estimator of the integral of y, Oy(z) =
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(6u(z1),6u(z2),---,0u(zy,)) is the vector of integrals of the auxiliary func-
tions, 87 (z) = (87(z21),67(z2),---,67(z1.)) is the vector of corresponding p-
estimators and B is given by (2.17). As before, the a-values are weights defined
by the statistician.

An approximation to the variance of the strategy that couples the GREG
estimator with prs is given by

AV s [05(7)] = ;/Up(x) (,i(();)) - GU(E))de

where 0y (e) = [, e(x)dx, e(x) = y(x) — z(x)B with

-1
() [

Expression (2.20) provides an estimator of the variance with 67 (e;) = 1 ¥ ()

The residuals e (x) are defined as either e;(x) = y(x) — 2(x)B or es(x) =
8s(x) (y(x) —2(x)B) with g,(x) = 1+ (8y(z) — 6/ (2)) Oy (2) 2(x)" /a(x) and
Ou(2) = fy 2(x)  2(x) fa(x)dx.

It is worth mentioning that an extension of the w-estimator (2.4) to the con-
tinuous context has been proposed by Cordy (1993). However, this extension
is not included in this thesis.

We close this chapter with an example.

Example 14. We are interested in estimating the integral of y(x;,x;) = 3(x; +
x2) +sin(6(x; +x2)) in the region U = [0,1] x [0, 1]. The left panel of Figure
3.1 represents the study function. A sample of size n = 16 from prs with
p(x)=1forallx € U (i.e. simple random sampling) was selected. The sampled
points are

(0.7383,0.9551)  (0.0007,0.3081) (0.4304,0.7654) (0.7788,0.9905)
(0.4399,0.3444)  (0.4027,0.0814) (0.5789,0.0954) (0.6429,0.6894
(0.7349,0.4423)  (0.5075,0.3557) (0.6888,0.3164) (0.9148,0.2129)
(0.9797,0.1587)  (0.1994,0.5732) (0.1071,0.2911) (0.4539,0.2954).

The estimate using the p-estimator (2.1) and the corresponding variance
estimate (2.3) are 87 (y) = 2.8285 and V 5[0 (y)] = 0.1248. Assuming that
the estimator follows a ¢-distribution with n — 1 = 15 degrees of freedom, a
95% confidence interval is (2.0755,3.5815). Using cubature methods (im-
plemented in the R package cubature, Narasimhan et al. 2019) the integral
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Figure 3.1: The study function y(x) (left panel) and the auxiliary function z(x)
(right panel).

is found to be 2.9994, so the confidence interval is, in fact, covering the pa-
rameter although, due to the small sample size, the variance is quite large and
therefore the confidence interval is too long.

As an auxiliary function we consider z(x1,x2) = 2.5(x; +x2). It is easy
to see that Oy(z) = 2.5. The right panel of Figure 3.1 represents the aux-
iliary function. The estimate using the difference estimator (2.10) and the
corresponding variance estimate (2.12) are 87(y) = 2.9107 and V 5 [0%(y)] =
0.0405. Which, assuming a ¢-distribution again, yields the 95% confidence in-
terval (2.4818,3.3396). Not only is the point estimate closer to the parameter
than the one obtained using the p-estimator, the resulting confidence interval
is almost half the length as the one obtained using the p-estimator.

Using 6! (z) = 2.4178, we obtain an estimate using the ratio estimator
(2.13) and the corresponding variance estimate (2.15) as ésr (y) =2.9247 and
Vs [07 ()] = 0.0427, which yields a 95% confidence interval of (2.4842,3.3651).
In this case, the results are similar to those obtained with the difference esti-
mator. Note that the biased nature of the ratio estimator does not seem to affect
the estimation process.

The sampling process was repeated B = 1000000 times. With each se-
lected sample, estimates of the integral 6y (y) and the corresponding variance
estimates were calculated with the p-, difference and ratio estimators. Our ob-
jective is to study the bias and variance of the three estimators of 6y (y), as
well as the bias of the corresponding variance estimators and the coverage rate
of the confidence intervals. To this end, we approximate each parameter by its
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empirical counterpart, it is,

1 ; ~ 1

B B
Eprs [6;(7)] =~ b; 056 () EprsVrs [60)] = 2 ). Virs [6,00)]

> |

a 1 & .. ?
( sl,b()))_gl; Qb(ﬁ)

where ésl ,(¥) is the point estimate obtained with the ith estimator at the bth

R
o]
'
M=

iy 1 & A
coverps [0(y)] ~ B Y I, Ve [6()]
b=1

iteration; V s 5[0!()] is the variance estimate obtained with the ith estimator
at the bth iteration; and /; equals one if the bth confidence interval for the
ith estimator covers the parameter and equals zero otherwise (i = p,d,r and
b=1,2,--- B).

Estimator Eprs [95 (y)] Vprs [95 (y)] Eprs\,\]prs [es (Y)] COVET prg [93 (y)]

D 2.9995 0.1307 0.1308 0.9471
Difference 2.9995 0.0348 0.0348 0.9478
Ratio 2.9986 0.0323 0.0326 0.9517

Table 3.1: Results of the simulation in Example 14

Table 3.1 summarizes the results of the simulation. Respectively, the sec-
ond to fifth columns show for each strategy, the empirical expected value,
variance, expected value of the variance estimator and coverage. Our main
conclusions are as follows:

e Regarding the bias of the estimators, we know that both the p- and the
difference estimator are unbiased, the small difference with respect to
the true value of the parameter is due to simulation error. Even with a
moderate sample size, the bias introduced by using the ratio estimator is
almost negligible.

e The variance expressions for the strategies using the p- and the differ-
ence estimators, (3.1) and (3.2), are exact. Using cubature methods, we
found them to be 0.1308 and 0.0348, respectively. Again, the small dif-
ferences are due to simulation errors. On the other hand, expression
(3.3) is only an approximation to the true variance of the ratio estima-
tor. Using cubature methods, we obtain 0.0312, which is only slightly
smaller than the empirical variance of 0.0323.

e The use of auxiliary information in the estimator provides an additional
tool for gaining efficiency. The variance of the p-estimator is almost four
times larger than that for the estimators using auxiliary information.
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e The variance estimators for the p- and the difference estimators, (2.3)
and (2.12), are unbiased. Therefore it does not come as a surprise that
their empirical expected value is so close to the actual variance. The
variance estimator proposed for the ratio estimator (2.15) is not unbi-
ased. However, its empirical expected value (0.0326) was close to the
actual variance (0.0323).

e Finally, all three estimators yielded a coverage close to the desired 95%.
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4. Summary of papers

Paper I. A comparison of 7ps designs

Sampling designs where the probability of each element being included in the
sample coincides with a prescribed value are known in survey practice as prob-
ability proportional to size sampling designs, ps. The main reason why these
designs are of practical interest is their potential efficiency. In particular, if
we are interested in the estimation of the total of a study variable using the
Horvitz—Thompson estimator, a 7wps design that selects elements without re-
placement and that assigns each element a probability proportional to the value
of the variable of interest would yield perfect estimates for any possible sam-
ple. Although this approach is not feasible in practice (as the values of the
study variable are unknown when selecting the sample), it makes sense to as-
sume that if an auxiliary variable that is more or less proportional to the study
variable is available at the sampling stage, selecting elements with probability
proportional to such variable will be a highly efficient choice.

In survey literature there is a multitude of algorithms that allow for select-
ing 7ps samples, either exactly or approximately. In this paper we describe ten
of these algorithms and we compare them in four different populations. The
comparison focuses on several desirable properties, e.g. efficiency, possibility
of coordination or availability of second order inclusion probabilities.

The results suggest that Sunter’s (1977) and Chromy’s (1979) methods are
efficient alternatives if there is no need for coordinating samples. Otherwise,
order sampling methods, e.g. Pareto or sequential Poisson sampling, may be
considered as the best choice. They are not only efficient designs but also
simple algorithms.

Paper II. Approximating prescribed distributions by mix-
tures

There are multiple properties that may be of interest before a given distribution,
for example, its density function, distribution function, quantile function, ex-
pected value, variance, sample selection or, in the multivariate case, marginal
and conditional distributions. It is true that these properties are widely known
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for the most common distributions —e.g. Gaussian, beta, gamma or Poisson,
just to name a few—, however, this is not true for any arbitrary distribution.

Clearly, for a given target distribution, the ideal solution would be to obtain
its properties in an analytic form. Nevertheless, in many cases this may be a
cumbersome —if not impossible— task. For this reason, methods yielding
results in an approximate way have become more accepted in practice, e.g.
Markov chain Monte Carlo methods. In this article we introduce an algorithm
that allows to approximate an arbitrary distribution by a mixture distribution.

Being a mixture, most of its properties are easy to calculate —as they are
“inherited” from its components—. The algorithm is flexible as it only requires
the target density function to be known up to a proportionality constant. This
characteristic makes it atractive for approximating the posterior distribution in
Bayesian statistics.

We propose also diagnostics for measuring the convergence of the approxi-
mation to the target density. Moreover, in a first run, there may be some redun-
dancy in the components of the mixture. We propose a method for collapsing
redundant components so obtaining a more parsimonious approximation.

The implementation of the algorithm is illustrated with several examples,
both univariate and multivariate. The results suggest that the algorithm suc-
ceeds in approximating the target distribution.

Paper III. A method to find an efficient and robust sampling
strategy under model uncertainty

We consider the choice of sampling design to be implemented in a survey
where auxiliary information is available. It has been shown that if the relation
between auxiliary variables and the study variable is explained by a model —
commonly known as superpopulation model— consisting of two parts (trend
and spread), the optimal sampling strategy is the one using the difference es-
timator explaining the trend together with a probability proportional to size
sampling design, 7ps, explaining the spread (see e.g. Cassel et al. 1976; Héjek
1959; Nedyalkova and Tillé 2008).

Although very powerful, this result has practical limitations as it assumes
the model parameters to be known. Regarding the estimator, one solution is
to use the generalized regression -GREG- estimator instead of the difference
estimator, as it allows for estimating the trend parameters once the sample
data has been collected. In fact, it can be shown that the GREG estimator is
asymptotically optimal.

Regarding the sampling design, however, a common practice is to take the
spread parameters from previous studies (similar to the one under planning). In
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this article we show that when the superpopulation model is misspecified, the
strategy Tps—GREG is no longer optimal. Even mild misspecifications of the
model or its parameters may lead to this strategy being inefficient. We intro-
duce a method that allows for incorporating uncertainty about the parameters
in the choice of the sampling design. In this way a measure of the risk can be
obtained and the chosen sampling design should be the one that minimices this
measure.

Although it is true that the uncertainty is subjective, it is also true that com-
pletely relying on the assumed parameters is subjective as well. The proposed
method allows for quantifying the uncertainty with respect to the model pa-
rameters. The method is illustrated with a real dataset. The results show that it
allowed us to correctly choose the sampling design.

Paper IV. optimStrat: An R package for assisting the choice
of robust and efficient sampling strategies

In this paper we describe our package optimStrat, developed for R (R Core
Team, 2020). The package includes a set of functions that may be used at the
design stage of a survey. In particular, it includes a web-based application in
shiny (Chang et al., 2020) that allows the user to implement the risk measure
developed in the third paper and, in this way, deciding on the sampling design
to be implemented in a survey.

The web-based application calculates the risk of five sampling strategies
under a superpopulation model specified by the user. The five sampling strate-
gies under comparison are: stratified simple random sampling (STSI) with
the Horvitz—Thompson estimator, STSI with the poststratified estimator, STSI
with the regression estimator, probability proportional to size (zps) sampling
with the poststratified estimator and 7ps with the regression estimator.

Other functions in the package allow to stratify the population using the
cum +/f rule (Dalenius and Hodges, 1959), allocate a sample to strata by
means of Neyman optimal allocation, compute the variance of the generalized
regression estimator, and, simulate study variables according to a superpopu-
lation model specified by the user and a set of auxiliary variables.
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5. Sammanfattning

Urvalsprocessen utgor kédrnan i varje undersokning. En noggrant utformad ur-
valsdesign kan medfora inte bara bittre skattningar av de parametrar som &r
av intresse, utan ocksa en reducering av erforderlig urvalsstorlek. T denna av-
handling behandlas tva sirskilda amnesomraden: & ena sidan urvalsforfaranden
med sannolikheter proportionella mot foreskrivna virden. De tva forsta artik-
larna #dgnas at detta, & andra sidan valet av urvalsdesign for implementering i
en given undersokning, ett dmne som tva sista artiklarna dgnas at.

Urvalsdesigner med sannolikheter proportionella mot ett storleksmatt —
mwps— dr av praktisk betydelse pa grund av deras potentiella effektivitet. I lit-
teraturen kan vi hitta manga av dessa designer, alla med olika karaktiristika. I
den forsta artikeln beskriver och jamfor vi tio wps-designer med avseende pa
flera 6nskvirda egenskaper. Resultaten tyder pa att de sa kallade ordningsur-
valen savil som dem foreslagna av Sunter och Chromy kan betraktas som bra
val ur en praktisk synvinkel.

I den andra artikeln introduceras en algoritm for att approximera en given
fordelning genom en blandad férdelning. Genom att vara just en blandning &r
de flesta av dess egenskaper enkla att bestimma. Vi illustrerar anvindningen
av algoritmen med flera exempel, bade univariata och multivariata. Resultaten
indikerar att algoritmen lyckas med att approximera den avsedda fordelningen.

Strategin som kopplar samman wps-designer med den generaliserade regres-
sionsskattningen &dr optimal given en superpopulationsmodell. Denna optimali-
tet dr emellertid avhiingig av att modellen &r korrekt, ett antagande som knap-
past dr uppfyllt i verkligheten. I den tredje artikeln introducerar vi en metod
som mojliggdr en inkorporering av osidkerhet rorande parametrar med valet
av urvalsdesign, for att sedan kvantifiera denna osékerhet genom ett riskmatt.
Resultaten visar att metoden klarar av att vilja korrekt urvalsdesign. Detta risk-
matt —savil som andra funktioner som &r anvindbara i planeringsstadiet av en
undersokning— 4r implementerat i paketet optimStrat som Ar utvecklat for R.
Den fjérde artikeln i avhandlingen beskriver funktionerna i detta paket.
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