Notes On
Sample

Survey



Chapter 1

Introduction

Statistics is the science of data.

Data are the numerical values containing some information.

Statistical tools can be used on a data set to draw statistical inferences. These statistical inferences are
in turn used for various purposes. For example, government uses such data for policy formulation for
the welfare of the people, marketing companies use the data from consumer surveys to improve the
company and to provide better services to the customer, etc. Such data is obtained through sample
surveys. Sample surveys are conducted throughout the world by governmental as well as non-
governmental agencies. For example, “National Sample Survey Organization (NSSO)” conducts
surveys in India, “Statistics Canada” conducts surveys in Canada, agencies of United Nations like
“World Health Organization (WHO), “Food and Agricultural Organization (FAO)” etc. conduct

surveys in different countries.

Sampling theory provides the tools and techniques for data collection keeping in mind the objectives to

be fulfilled and nature of population.

There are two ways of obtaining the information
1. Sample surveys

2. Complete enumeration or census

Sample surveys collect information on a fraction of total population whereas census collect information
on whole population. Some surveys e.g., economic surveys, agricultural surveys etc. are conducted
regularly. Some surveys are need based and are conducted when some need arises, e.g., consumer
satisfaction surveys at a newly opened shopping mall to see the satisfaction level with the amenities

provided in the mall .



Sampling unit:
An element or a group of elements on which the observations can be taken is called a sampling unit.

The objective of the survey helps in determining the definition of sampling unit.

For example, if the objective is to determine the total income of all the persons in the household, then
the sampling unit is household. If the objective is to determine the income of any particular person in
the household, then the sampling unit is the income of the particular person in the household. So the
definition of sampling unit depends and varies as per the objective of the survey. Similarly, in another
example, if the objective is to study the blood sugar level, then the sampling unit is the value of blood
sugar level of a person. On the other hand, if the objective is to study the health conditions, then the
sampling unit is the person on whom the readings on the blood sugar level, blood pressure and other
factors will be obtained. These values will together classify the person as healthy or unhealthy.

Population:

Collection of all the sampling units in a given region at a particular point of time or a particular period
is called the population. For example, if the medical facilities in a hospital are to be surveyed through
the patients, then the total number of patients registered in the hospital during the time period of survey
will the population. Similarly, if the production of wheat in a district is to be studied, then all the fields
cultivating wheat in that district will be constitute the population. The total number of sampling units in
the population is the population size, denoted generally by N. The population size can be finite or

infinite (N is large).

Census:
The complete count of population is called census. The observations on all the sampling units in the
population are collected in the census. For example, in India, the census is conducted at every tenth

year in which observations on all the persons staying in India is collected.

Sample:
One or more sampling units are selected from the population according to some specified procedure.
A sample consists only of a portion of the population units. Such a collection of units is called the

sample.



In the context of sample surveys, a collection of units like households, people, cities, countries etc. is
called a finite population.

A census is a 100% sample and it is a complete count of the population.

Representative sample:
When all the salient features of the population are present in the sample, then it is called a
representative sample,

It goes without saying that every sample is considered as a representative sample.

For example, if a population has 30% males and 70% females, then we also expect the sample to have

nearly 30% males and 70% females.

In another example, if we take out a handful of wheat from a 100 Kg. bag of wheat, we expect the
same quality of wheat in hand as inside the bag. Similarly, it is expected that a drop of blood will give

the same information as all the blood in the body.

Sampling frame:

The list of all the units of the population to be surveyed constitutes the sampling frame. All the
sampling units in the sampling frame have identification particulars. For example, all the students in a
particular university listed along with their roll numbers constitute the sampling frame. Similarly, the
list of households with the name of head of family or house address constitutes the sampling frame. In
another example, the residents of a city area may be listed in more than one frame - as per automobile

registration as well as the listing in the telephone directory.

Ways to ensure representativeness:

There are two possible ways to ensure that the selected sample is representative.

1. Random sample or probability sample:
The selection of units in the sample from a population is governed by the laws of chance or probability.

The probability of selection of a unit can be equal as well as unequal.



2. Non-random sample or purposive sample:

The selection of units in the sample from population is not governed by the probability laws.

For example, the units are selected on the basis of personal judgment of the surveyor. The persons
volunteering to take some medical test or to drink a new type of coffee also constitute the sample on

non-random laws.

Another type of sampling is Quota Sampling. The survey in this case is continued until a

predetermined number of units with the characteristic under study are picked up.

For example, in order to conduct an experiment for rare type of disease, the survey is continued till
the required number of patients with the disease are collected.

Advantages of sampling over complete enumeration:
1. Reduced cost and enlarged scope.
Sampling involves the collection of data on smaller number of units in comparison to the
complete enumeration, so the cost involved in the collection of information is reduced. Further,
additional information can be obtained at little cost in comparison to conducting another
separate survey. For example, when an interviewer is collecting information on health
conditions, then he/she can also ask some questions on health practices. This will provide
additional information on health practices and the cost involved will be much less than

conducting an entirely new survey on health practices.

2. Organizaton of work:
It is easier to manage the organization of collection of smaller number of units than all the units
in a census. For example, in order to draw a representative sample from a state, it is easier to
manage to draw small samples from every city than drawing the sample from the whole state at
a time. This ultimately results in more accuracy in the statistical inferences because better

organization provides better data and in turn, improved statistical inferences are obtained.



3. Greater accuracy:
The persons involved in the collection of data are trained personals. They can collect the data

more accurately if they have to collect smaller number of units than large number of units.

4. Urgent information required:
The data from a sample can be quickly summarized.
For example, the forecasting of the crop production can be done quickly on the basis of a
sample of data than collecting first all the observation.

5. Feasibility:
Conducting the experiment on smaller number of units, particularly when the units are
destroyed, is more feasible. For example, in determining the life of bulbs, it is more feasible to
fuse minimum number of bulbs. Similarly, in any medical experiment, it is more feasible to use

less number of animals.

Type of surveys:

There are various types of surveys which are conducted on the basis of the objectives to be fulfilled.

1. Demographic surveys:
These surveys are conducted to collect the demographic data, e.g., household surveys, family size,
number of males in families, etc. Such surveys are useful in the policy formulation for any city, state or

country for the welfare of the people.

2. Educational surveys:

These surveys are conducted to collect the educational data, e.g., how many children go to school, how
many persons are graduate, etc. Such surveys are conducted to examine the educational programs in
schools and colleges. Generally, schools are selected first and then the students from each school
constitue the sample.



3. Economic surveys:

These surveys are conducted to collect the economic data, e.g., data related to export and import of
goods, industrial production, consumer expenditure etc. Such data is helpful in constructing the indices
indicating the growth in a particular sector of economy or even the overall economic growth of the

country.

4. Employment surveys:
These surveys are conducted to collect the employment related data, e.g., employment rate, labour
conditions, wages, etc. in a city, state or country. Such data helps in constructing various indices to

know the employment conditions among the people.

5. Health and nutrition surveys:
These surveys are conducted to collect the data related to health and nutrition issues, e.g., number of
visits to doctors, food given to children, nutritional value etc. Such surveys are conducted in cities,

states as well as countries by the national and international organizations like UNICEF, WHO etc.

6. Agricultural surveys:

These surveys are conducted to collect the agriculture related data to estimate, e.g., the acreage and
production of crops, livestock numbers, use of fertilizers, use of pesticides and other related topics. The
government bases its planning related to the food issues for the people based on such surveys.

7. Marketing surveys:

These surveys are conducted to collect the data related to marketing. They are conducted by major
companies, manufacturers or those who provide services to consumer etc. Such data is used for
knowing the satisfaction and opinion of consumers as well as in developing the sales, purchase and

promotional activities etc.

8. Election surveys:
These surveys are conducted to study the outcome of an election or a poll. For example, such polls are
conducted in democratic countries to have the opinions of people about any candidate who is contesting

the election.



9. Public polls and surveys:

These surveys are conducted to collect the public opinion on any particular issue. Such surveys are
generally conducted by the news media and the agencies which conduct polls and surveys on the
current topics of interest to public.

10. Campus surveys:
These surveys are conducted on the students of any educational institution to study about the
educational programs, living facilities, dining facilities, sports activities, etc.

Principal steps in a sample survey:
The broad steps to conduct any sample surveys are as follows:

1. Objective of the survey:

The objective of the survey has to be clearly defined and well understood by the person planning to
conduct it. It is expected from the statistician to be well versed with the issues to be addressed in
consultation with the person who wants to get the survey conducted. In complex surveys, sometimes the

objective is forgotten and data is collected on those issues which are far away from the objectives.

2. Population to be sampled:
Based on the objectives of the survey, decide the population from which the information can be
obtained. For example, population of farmers is to be sampled for an agricultural survey whereas the

population of patients has to be sampled for determining the medical facilities in a hospital.

3. Data to be collected:

It is important to decide that which data is relevant for fulfilling the objectives of the survey and to
note that no essential data is omitted. Sometimes, too many questions are asked and some of their
outcomes are never utilized. This lowers the quality of the responses and in turn results in lower

efficiency in the statistical inferences.



4. Degree of precision required:

The results of any sample survey are always subjected to some uncertainty. Such uncertainty can be
reduced by taking larger samples or using superior instruments. This involves more cost and more time.
So it is very important to decide about the required degree of precision in the data. This needs to be

conveyed to the surveyor also.

5. Method of measurement:

The choice of measuring instrument and the method to measure the data from the population needs to
be specified clearly. For example, the data has to be collected through interview, questionnaire,
personal visit, combination of any of these approaches, etc. The forms in which the data is to be
recorded so that the data can be transferred to mechanical equipment for easily creating the data
summary etc. is also needed to be prepared accordingly.

6. The frame:

The sampling frame has to be clearly specified. The population is divided into sampling units such that
the units cover the whole population and every sampling unit is tagged with identification. The list of
all sampling units is called the frame. The frame must cover the whole population and the units must
not overlap each other in the sense that every element in the population must belong to one and only
one unit. For example, the sampling unit can be an individual member in the family or the whole

family.

7. Selection of sample:
The size of the sample needs to be specified for the given sampling plan. This helps in determining and
comparing the relative cost and time of different sampling plans. The method and plan adopted for

drawing a representative sample should also be detailed.

8. The Pre-test:
It is advised to try the questionnaire and field methods on a small scale. This may reveal some troubles

and problems beforehand which the surveyor may face in the field in large scale surveys.



9. Organization of the field work:

How to conduct the survey, how to handle business administrative issues, providing proper training to
surveyors, procedures, plans for handling the non-response and missing observations etc. are some of
the issues which need to be addressed for organizing the survey work in the fields. The procedure for
early checking of the quality of return should be prescribed. It should be clarified how to handle the

situation when the respondent is not available.

10. Summary and analysis of data:

It is to be noted that based on the objectives of the data, the suitable statistical tool is decided which
can answer the relevant questions. In order to use the statistical tool, a valid data set is required and this
dictates the choice of responses to be obtained for the questions in the questionnaire, e.g., the data has
to be qualitative, quantitative, nominal, ordinal etc. After getting the completed questionnaire back, it
needs to be edited to amend the recording errors and delete the erroneous data. The tabulating
procedures, methods of estimation and tolerable amount of error in the estimation needs to be decided
before the start of survey. Different methods of estimation may be available to get the answer of the
same query from the same data set. So the data needs to be collected which is compatible with the

chosen estimation procedure.

11. Information gained for future surveys:

The completed surveys work as guide for improved sample surveys in future. Beside this they also
supply various types of prior information required to use various statistical tools, e.g., mean, variance,
nature of variability, cost involved etc. Any completed sample survey acts as a potential guide for the
surveys to be conducted in the future. It is generally seen that the things always do not go in the same
way in any complex survey as planned earlier. Such precautions and alerts help in avoiding the

mistakes in the execution of future surveys.



Variability control in sample surveys:

The variability control is an important issue in any statistical analysis. A general objective is to draw
statistical inferences with minimum variability. There are various types of sampling schemes which are
adopted in different conditions. These schemes help in controlling the variability at different stages.

Such sampling schemes can be classified in the following way.

1. Before selection of sampling units
» Stratified sampling
o Cluster sampling
* Two stage sampling

* Double sampling etc.

2. At the time of selection of sampling units
o Systematic sampling

* Varying probability sampling

3. After the selection of sampling units
* Ratio method of estimation
* Regression method of estimation
Note that the ratio and regtresion methods are the methods of estimation and not the methods of

drawing samples.

Methods of data collection
There are various way of data collection. Some of them are as follows:

1. Physical observations and measurements:

The surveyor contacts the respondent personally through the meeting. He observes the sampling unit
and records the data. The surveyor can always use his prior experience to collect the data in a better
way. For example, a young man telling his age as 60 years can easily be observed and corrected by the

Surveyaor.
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2. Personal interview:

The surveyor is supplied with a well prepared questionnaire. The surveyor goes to the respondents and
asks the same questions mentioned in the questionnaire. The data in the questionnaire is then filled up
accordingly based on the responses from the respondents.

3. Mail enquiry:

The well prepared questionnaire is sent to the respondents through postal mail, e-mail, etc. The
respondents are requested to fill up the questionnaires and send it back. In case of postal mail, many
times the questionnaires are accompanied by a self addressed envelope with postage stamps to avoid

any non-response due to the cost of postage.

4. Web based enquiry:

The survey is conducted online through internet based web pages. There are various websites which
provide such facility. The questionnaires are to be in their formats and the link is sent to the
respondents through email. By clicking on the link, the respondent is brought to the concerned website
and the answers are to be given online. These answers are recorded and responses as well as their
statistics is sent to the surveyor. The respondents should have internet connection to support the data

collection with this procedure.

5. Registration:
The respondent is required to register the data at some designated place. For example, the number of
births and deaths along with the details provided by the family members are recorded at city municipal

office which are provided by the family members.

6. Transcription from records:

The sample of data is collected from the already recorded information. For example, the details of the
number of persons in different families or number of births/deaths in a city can be obtained from the
city municipal office directly.

The methods in (1) to (5) provide primary data which means collecting the data directly from the
source. The method in (6) provides the secondary data which means getting the data from the primary

sources.
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Chapter -2

Simple Random Sampling

Simple random sampling (SRS) is a method of selection of a sample comprising of n number of
sampling units out of the population having N number of sampling units such that every sampling

unit has an equal chance of being chosen.

The samples can be drawn in two possible ways.
e The sampling units are chosen without replacement in the sense that the units once chosen
are not placed back in the population .
e The sampling units are chosen with replacement in the sense that the chosen units are

placed back in the population.

1. Simple random sampling without replacement (SRSWOR):

SRSWOR is a method of selection of n units out of the N units one by one such that at any stage of

selection, anyone of the remaining units have same chance of being selected, i.e. 1/ N.

2. Simple random sampling with replacement (SRSWOR):
SRSWR is a method of selection of n units out of the N units one by one such that at each stage of

selection each unit has equal chance of being selected, i.e., 1/N..

Procedure of selection of a random sample:

The procedure of selection of a random sample follows the following steps:

1. Identify the N units in the population with the numbers 1 to N.

2. Choose any random number arbitrarily in the random number table and start reading
numbers.

3. Choose the sampling unit whose serial number corresponds to the random number drawn

from the table of random numbers.
4, In case of SRSWR, all the random numbers are accepted ever if repeated more than once.
In case of SRSWOR, if any random number is repeated, then it is ignored and more

numbers are drawn.



Such process can be implemented through programming and using the discrete uniform distribution.
Any number between 1 and N can be generated from this distribution and corresponding unit can be
seleced into the sample by associating an index with each sampling unit. Many statistical softwares
like R, SAS, etc. have inbuilt functions for drawing a sample using SRSWOR or SRSWR.

Notations:

The following notations will be used in further notes:

N :  Number of sampling units in the population (Population size).

Number of sampling units in the sample (sample size)

Y: The characteristic under consideration
Y, :  Value of the characteristic for the i" unit of the population
1
y==) vy.: sample mean
n

N
D", : population mean

2 1 N VA YA 1 N 2 vV 2
87 =3 (= V) =—— (¥ - NY?)
N-15 14

2 1 e Loy 72
o ::_Z(Yi -Y) :_(zYi —-NY*)
N = N "=

19 B 19 _
S =— > (y,-N’=——=0_ ¥y -ny?)
n-193 n-1"13

Probability of drawing a sample :
1.SRSWOR:

N
If n units are selected by SRSWOR, the total number of possible samples are [ ; j

So the probability of selecting any one of these samples is %
Note that a unit can be selected at any one of the n draws. Let u, be the i unit selected in the

sample. This unit can be selected in the sample either at first draw, second draw, ..., or "™ draw.
2



Let P,(i) denotes the probability of selection of u; at the j"draw, j = 1,2,...,n. Then

P, (i) =)+ P, () +..+ P, (1)

:i+i+...+i (n times)
N N N

_n
N

Now if u,,u,,...,u, are the nunits selected in the sample, then the probability of their selection is

P(u,u,,...,u,)=P(u,).P(,),...,P(u,)
Note that when the second unit is to be selected, then there are (n — 1) units left to be selected in the
sample from the population of (N — 1) units. Similarly, when the third unit is to be selected, then

there are (n — 2) units left to be selected in the sample from the population of (N — 2) units and so on.

If P(u,)= % then

n-1 1
Pu,)=——-,..,PU,) =———.
(2) N -1 (Uy) N-n+1
Thus
P(ul,uz,..,un)=1.n_l.n_z... t L
N N-1 N-2 N-n+1 (NJ
n

Alternative approach:

The probability of drawing a sample in SRSWOR can alternatively be found as follows:

Let u.

1 denotes the i™ unit drawn at the k" draw. Note that the i unit can be any unit out of the N

units. Then s, = (Ujys Uj() s+ Uiy ) 1S @n ordered sample in which the order of the units in which they

drawn at the first draw, u.., drawn at the second draw and so on, is also

are drawn, i.e., u i(2)

i(1)
considered. The probability of selection of such an ordered sample is
P(So) = P(ui(l))P(ui(Z) |ui(1))P(ui(3) |ui(l)ui(2))"'P(ui(n) |ui(1)ui(2)"'ui(n—1))'

Here P (U, | UiV --Uigyy) IS the probability —of drawing u,,, at the k™ draw given that

i(k)

Uiqy» Uiz -+ Uiy NAve already been drawn in the first (k — 1) draws.
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Such probability is obtained as

1

PUigy Uiy Yiery) = N-k+1

So

g (N —n)!
P(S°):1;!N—k+1: NT

The number of ways in which a sample of size n can be drawn = n!

(N —n)!

Probability of drawing a sample in a given order = NT

So the probability of drawing a sample in which the order of units in which they are drawn is

(N-nm)!_ 1

T

irrelevant = n!

2. SRSWR

When n units are selected with SRSWR, the total number of possible samples are N". The
Probability of drawing a sample is %

Alternatively, let u, be the i unit selected in the sample. This unit can be selected in the sample
either at first draw, second draw, ..., or n™ draw. At any stage, there are always N units in the

population in case of SRSWR, so the probability of selection of u, at any stage is 1/N for all i =

1,2,...,n. Then the probability of selection of n units u,,u,,...,u, in the sample is

n

P(UI,UZ,.., un) = P(Ul).P(Uz)...P(Un)

11 1
CNNTN
1
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Probability of drawing an unit
1. SRSWOR

Let A, denotes an event that a particular unit u; is not selected at the (™ draw. The

probability of selecting, say, j" unitat k™ draw is

P (selection of u; at k" draw) = P(ANA,N...NALNA)
=P(A)P(A[A)P(AAA)...P(AL|A, Ay AL) P(A AL A A L)

{1_%)(1_ Nl—lj(l_ Nl—zj"'(l_ N —sz o

 N-1N-2 N-k+1 1
N N-17 N—-+42 "N-k+1
1

2. SRSWR

P[selection of u; at kth draw] = %

Estimation of population mean and population variance

One of the main objectives after the selection of a sample is to know about the tendency of the data
to cluster around the central value and the scatterdness of the data around the central value. Among
various indicators of central tendency and dispersion, the popular choices are arithmetic mean and
variance. So the population mean and population variability are generally measured by the arithmetic
mean (or weighted arithmetic mean) and variance, respectively. There are various popular estimators
for estimating the population mean and population variance. Among them, sample arithmetic mean
and sample variance are more popular than other estimators. One of the reason to use these
estimators is that they possess nice statistical properties. Moreover, they are also obtained through
well established statistical estimation procedures like maximum likelihood estimation, least squares
estimation, method of moments etc. under several standard statistical distributions. One may also
consider other indicators like median, mode, geometric mean, harmonic mean for measuring the
central tendency and mean deviation, absolute deviation, Pitman nearness etc. for measuring the
dispersion. The properties of such estimators can be studied by numerical procedures like
bootstraping.



1. Estimation of population mean

Let us consider the sample arithmetic mean V:EZ y, as an estimator of population mean
i=1

N —

Y =%ZYi and verify ¥ is an unbiased estimator of Y under the two cases.
i=1

SRSWOR

Let t, =)y, Then
i=1

E(y) ==E()y)

When n units are sampled from N units by without replacement , then each unit of the population

can occur with other units selected out of the remaining (N —l) units is the population and each unit

occurs in
n-1

eV (Nt
> S (8

i=1 \i=1l i=1

N
j of the (nj possible samples. So

Now
 (N-D!  n(N-n)Q
E(y)_(n—l)!(N—n)! nN! ;y‘
1N
:Wizﬂ:%
=Y.



Thus ¥ is an unbiased estimator of Y . Alternatively, the following approach can also be adopted to

show the unbiasedness property.

E) =X EW))

=1

>

YP, (i) }

:

|
M=

=
T

Il
N

I
M=
=<

>

—
I
UN
I
UN

Il
l's |~ 5
<]

—
1
[N

where P, (i) denotes the probability of selection of i unitat j" stage.

SRSWR
EW) =TEQY)

1 n
:H;E(Yi)

=lz (Y,P,+..+Y,P)

i=1

., N is the probability of selection of a unit. Thus y is an unbiased

where P =% forall i=12..

estimator of population mean under SRSWR also.



Variance of the estimate
Assume that each observation has some variance o?. Then
V(V)=E({y-Y)

= E|:£Zn:(yi _Y_):|
N5z
- { z(y, ~Y)? +—ZZ(y. Y)(y;-Y)

i #]

i #j
720‘2*?
_N-1g. K

NN n?

where K =>"> E(y,—-Y)(y,~Y) assuming that each observation has variance o>. Now we find

[

K under the setups of SRSWR and SRSWOR.

SRSWOR

K=3 Y E(y V), V).

[

Consider

E(y, -Y)(y;-Y =N 1)ZZ(yk -Y)(y.-Y)

Since
AR AU O RS 9 SRR

0 =(N-DS*+ 33 (v, ~V)(y, -7)

N N l ,
;;(yk Y)(y,-Y)= N(N_l)[—(N—l)S]



2
Thus K =-n(n —1)% and so substituting the value of K, the variance of y under SRSWOR is

N 1 S?
V nn 1—
(Ywor) = N (n-1
N_n82
Nn

SRSWR

K=2 Y E( -V -V)

*

>
.
ZZ E(y, —Y)E(Y; -Y)

-0 |
because the ith and jth draws (i = j) are independent.
Thus the variance of y under SRSWR is

N-1

V(Vur) = ND —=82

It is to be noted that if N is infinite (large enough), then

V(y)—s—

is both the cases of SRSWOR and SRSWR. So the factor N -

is responsible for changing the
variance of y when the sample is drawn from a finite population in comparison to an infinite

population. This is why —" s called a finite population correction (fpc) . It may be noted that

is close to 1 if the ratio of sample size to population % is very small or
negligible. The term % is called sampling fraction. In practice, fpc can be ignored whenever

%< 5% and for many purposes even if it is as high as 10%. Ignoring fpc will result in the

overestimation of variance of y .



Efficiency of y under SRSWOR over SRSWR

N —n
V(V, = S?
(Yiwor) N
_ N -1
V (Yur) =WSZ
Nn Nn
=V (Vor)+@ positive quantity
Thus
V (Vir) >V (Yior)

and so, SRSWOR is more efficient than SRSWR.

Estimation of variance from a sample

Since the expressions of variances of sample mean involve S? which is based on population values,

so these expressions can not be used in real life applications. In order to estimate the variance of y

on the basis of a sample, an estimator of S* (or equivalently &) is needed. Consider S” as an

estimator of s* (or &%) and we investigate its biasedness for S? in the cases of SRSWOR and

SRSWR,

Consider
s* =n%i(yi -y)°
19 o
ZE;[(M—Y)—(Y—Y)]

1 C —\2 = 7\2
:E{;(yi_y) —n(y—Y)}

E(s2>=i{i E(y, —V)z—nE(V—V)Z}

n-1=

:ﬁ{i\/ar(yi)—nvfarw)} gl - nvar()]

i-1 n-
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In case of SRSWOR
N —n
Nn

V(VWOR) = 82

and so

In case of SRSWR

_ N -1
V (Yur) ZWSZ

and so

E(s?) =" 1[02 _N-=n 52}

E(s)) = S% is SRSWOR
o’ is SRSWR

An unbiased estimate of Var(y) is

V (Vior) = N=Ne in case of SRSWOR and
n
. N-1 N
\Y =—\ —35
) = N1

2

_5 in case of SRSWR.
n
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Standard errors

The standard error of y is defined as \Var(y).

In order to estimate the standard error, one simple option is to consider the square root of estimate of
variance of sample mean.

* under SRSWOR, a possible estimator is &(7):,/NN_nns.

e under SRSWR, a possible estimator is &(y) = Ms,.

It is to be noted that this estimator does not possess the same properties as of V/a\r(V).

Reason being if 6 isan estimator of @, then /6 is not necessarily an estimator of Jo .

In fact, the &(y) is anegatively biased estimator under SRSWOR.

The approximate expressions for large N case are as follows:

(Reference: Sampling Theory of Surveys with Applications, P.V. Sukhatme, B.V. Sukhatme, S.
Sukhatme, C. Asok, lowa State University Press and Indian Society of Agricultural Statistics,
1984, India)

Consider s as an estimator of S.
Let

s =S+ ¢ with E(s) =0,E(s*) =S°.
Write

s=(S%+¢)"

A 1/2
= S (14‘?)

2
=S 1+L2—€—4+...
25° 8S
assuming & will be small as compared to S? and as n becomes large, the probability of such an

event approaches one. Neglecting the powers of ¢ higher than two and taking expectation, we have

12



|, Var(s®)
E(S)—{l 35" }S

where

Var (s*) = (r2i41) {l{nz_nlJ(ﬂz —3))} for large N.

i

Hj :%ile:(Yi _?)

B, =24 - coefficient of kurtosis.

wn

Thus

E(s)=5{1— L —ﬂz_ﬂ
4(n-1) 8n

2 2
Var(s) =S -S? _1Var(43)
8 S
_ Var(s?)
48?

o)

Note that for a normal distribution, £, =3 and we obtain

2

2(n-1)

Var(s) =

Both Var(s) and Var(s?) are inflated due to nonnormality to the same extent, by the inflation factor

o

and this does not depends on coefficient of skewness.

This is an important result to be kept in mind while determining the sample size in which it is
assumed that S? is known. If inflation factor is ignored and population is non-normal, then the

reliability on s* may be misleading.

13



Alternative approach:

The results for the unbiasedness property and the variance of sample mean can also be proved in an
alternative way as follows:

(i) SRSWOR
With the i unit of the population, we associate a random variable a, defined as follows:

B {1, if the i™ unit occurs in the sample

0, if the i"™ unit does not occurs in the sample (i=12,...,N)

Then,

E(a,) =1xProbability that the i" unit is included in the sample
= iz12,.N.
N
E(a’) =1xProbability that the i" unit is included in the sample
= iz12,.N
N
E(a;a;) =1xProbability that the i" and j™ units are included in the sample
_n(n-1)

7 iz j=12,..,N.
N(N -1)

From these results, we can obtain

Var(a) = E@)~(E@)) =20, i=1.2...N
N(N-n) . .
Cov(a,a;)=E(aa;,)-E(a)E(a, = j=12,...,N.
(a.a;) =E(aa;)-E(a)E(a;) = NN )
We can rewrite the sample mean as
13
y:_zaiyi
N
Then
13 —
E(Y) ZHZ E(a)y, =Y
i=1
and

Var () :%Var(ZN:ai ylj —L{ZVar(a )Y? +ZCov(a,,a VLY,

i#]

14



Substituting the values of Var(a) and Cov(a;,a;) in the expression of Var(y) and simplifying, we

get

_nSZ
n

Var(y) = N
To show that E(s?) =S?, consider

e 1){2” } (—1){2”'_ y}

Hence, taking, expectation, we get

E(s%) _m{z E(a)y? —n{Var(y)+Y }}

Substituting the values of E(a,) and Var(y) in this expression and simplifying, we get E(s*) =S>.

(i) SRSWR
Let a random variable a, associated with the i™ unit of the population denotes the number of times
the i™ unit occurs in the sample i=1,2,..,N. So a assumes values 0, 1, 2,...,n. The joint

distribution of a,a,,...,a, is the multinomial distribution given by

5
[EEN

P(a,,a,,...,ay) =—

N
where »"a =n. For this multinomial distribution, we have
i=1

E(ai)zl,
var(@)="MND g o N
N2
n . .

Cov(ai,aj):—W, i#j=12,..N.
We rewrite the sample mean as
_1d
y=_ |yi'

n4

Hence, taking expectation of y and substituting the value of E(a,)=n/N we obtain that

E(Y)=Y.

15



Further,
1 N ) N
Var(y) :F{zvar(ai)yi + Cov(a, aj)yiyj:|
i=1 i=1
Substituting, the values of Var(a,)=n(N —-1)/N? and Cov(a;,a;) =-n/N? and simplifying, we get

Var(y) _N-lgo
Nn

To prove that E(s) =¥S2 =o? in SRSWR, consider

(n-1)s* = i y; —ny’ = iaiyiz -ny”,
(n—1)E(s?) = z E(a)y’ - n{Var(V) +V2}

R PR

_(-D(N-D
N

A /g% _py?

E(sz):¥52 =’

Estimator of population total:
Sometimes, it is also of interest to estimate the population total, e.g. total household income, total

expenditures etc. Let denotes the population total

16



Obviously

y)
NZ(MJSZ _NIN=M g2 ¢ srswor
n

NZ(N _1]52 _N(N-D) S? for SRSWOR
n

and the estimates of variance of \?T are

- NN-M ¢ (o SRWOR
var(;) =14 "
—? for SRSWOR
n

Confidence limits for the population mean

Now we construct the 100 (1—-«)% confidence interval for the population mean. Assume that the

population is normally distributed N(u,o°) with mean x and variance o?. then %\{_)
ar(y

follows N(0,1) when & is known. If &® is unknown and is estimated from the sample then

y-Y follows a t-distribution with (n—1) degrees of freedom. When & is known, then the

JVar(y)

100(1—«) % confidence interval is given by

and the confidence limits are

[V—Za War(y), 7+2, ar(v]

17



when Z_  denotes the upper %% points on N(0,1) distribution. Similarly, when & is unknown,
2

then the 100(1-1- &) % confidence interval is

and the confidence limits are
{V—ta < Naf(y) < 7+t01Naf(7)}
2 2

where t_ denotes the upper %% points on t-distribution with (n—1) degrees of freedom.
2

Determination of sample size

The size of the sample is needed before the survey starts and goes into operation. One point to be
kept is mind is that when the sample size increases, the variance of estimators decreases but the cost
of survey increases and vice versa. So there has to be a balance between the two aspects. The
sample size can be determined on the basis of prescribed values of standard error of sample mean,
error of estimation, width of the confidence interval, coefficient of variation of sample mean,

relative error of sample mean or total cost among several others.

An important constraint or need to determine the sample size is that the information regarding the
population standard derivation S should be known for these criterion. The reason and need for this
will be clear when we derive the sample size in the next section. A question arises about how to
have information about S before hand? The possible solutions to this issue are to conduct a pilot
survey and collect a preliminary sample of small size, estimate S and use it as known value of S
it. Alternatively, such information can also be collected from past data, past experience, long

association of experimenter with the experiment, prior information etc.

Now we find the sample size under different criteria assuming that the samples have been drawn
using SRSWOR. The case for SRSWR can be derived similarly.

18



1. Prespecified variance

The sample size is to be determined such that the variance of y should not exceed a given value, say

V. In this case, find n such that
Var(y)< V

where n, =—.
v

It may be noted here that n_ can be known only when S? is known. This reason compels to assume

that S should be known. The same reason will also be seen in other cases.
The smallest sample size needed in this case is
n
nsmallest = en
1+-=
N

It N is large, then the required n is

n

smallest — ''e*

nxn, and n

2. Pre-specified estimation error

It may be possible to have some prior knowledge of population mean Y and it may be required that

the sample mean y should not differ from it by more than a specified amount of absolute

estimation error, i.e., which is a small quantity. Such requirement can be satisfied by associating a

probability (1—«) with it and can be expressed as
P[|7—\7| < e] =(1-a).
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Since y follows N (\7,%82) assuming the normal distribution for the population, we can write
n

P{ v e }:1—04
ar(y) — Var(y)
which implies that

& 7

Nar(y) %

or Z’Var(y)=¢’

2

N —n

or Z?2 S?=¢?
2
2
Z,S
2
e
or n= -
L [2:
1+ =| 2
N| e

which is the required sample size. If N is large then

3. Prespecified width of confidence interval
If the requirement is that the width of the confidence interval of y with confidence coefficient

(1— ) should not exceed a prespecified amount W, then the sample size n is determined such that

2Z ,\Var(y) <W
2

assuming o is known and population is normally distributed. This can be expressed as

N —n
Nn

27 S<W

2

or 425(1—ij52 <W?
SN N

20



= T'lez.

1+—2-
NW

The minimum sample size required is

47252
2
W 2
smallest — T,ZCSZ

1+—2-
NW

If N islarge then
47°S°
n> sz
and the minimum sample size needed is
4728?

2
n =
smallest 2
w

n

4. Prespecified coefficient of variation

The coefficient of variation (CV) is defined as the ratio of standard error (or standard deviation)
and mean. The know ledge of coefficient of variation has played an important role in the sampling

theory as this information has helped in deriving efficient estimators.

If it is desired that the the coefficient of variation of y should not exceed a given or prespecified
value of coefficient of variation, say C, , then the required sample size n is to be determined such

that
CV(y)<C,

or V;ar(y)f;co

Y

21



is the required sample size where C :Yi is the population coefficient of variation.

The smallest sample size needed in this case is
CZ
__ G
smallest CZ '

1+ 5
NC;

n

If N islarge, then
2
>
Co
CZ

and Nymatest :F
0

5. Prespecified relative error

When ¥ is used for estimating the population mean Y , then the relative estimation error is defined

=Y . . . L e
as y? . If it is required that such relative estimation error should not exceed a prespecified value

R with probability (1-«), then such requirement can be satisfied by expressing it like such
requirement can be satisfied by expressing it like

P{ y-¥] <_RY ]:1—a.

War(y) ~ Var(y)

Assuming the population to be normally distributed, y follows N (\7, NN_ n Szj.
n

22



So it can be written that

> Nn
1 1 R®
or | == | = =252
n N) C’z’
2
zcY
2
R
or n= -
L [2C
1+—| 2
N| R

where C ZYE is the population coefficient of variation and should be known.

If N islarge, then
zCY

@
2

R

n=

6. Prespecified cost

Let an amount of money C is being designated for sample survey to called n observations, C, be
the overhead cost and C, be the cost of collection of one unit in the sample. Then the total cost C
can be expressed as

C=C,+nC,

Or n:C_CO

1

is the required sample size.
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Chapter 3

Sampling For Proportions and Percentages

In many situations, the characteristic under study on which the observations are collected are
qualitative in nature. For example, the responses of customers in many marketing surveys are
based on replies like ‘yes’ or ‘no’ , ‘agree’ or ‘disagree’ etc. Sometimes the respondents are
asked to arrange several options in the order like first choice, second choice etc. Sometimes
the objective of the survey is to estimate the proportion or the percentage of brown eyed
persons, unemployed persons, graduate persons or persons favoring a proposal, etc. In such
situations, the first question arises how to do the sampling and secondly how to estimate the
population parameters like population mean, population variance, etc.

Sampling procedure:

The same sampling procedures that are used for drawing a sample in case of quantitative
characteristics can also be used for drawing a sample for qualitative characteristic. So, the
sampling procedures remain same irrespective of the nature of characteristic under study -
either qualitative or quantitative. For example, the SRSWOR and SRSWR procedures for
drawing the samples remain the same for qualitative and quantitative characteristics. Similarly,

other sampling schemes like stratified sampling, two stage sampling etc. also remain same.

Estimation of population proportion:

The population proportion in case of qualitative characteristic can be estimated in a similar

way as the estimation of population mean in case of quantitative characteristic.

Consider a qualitative characteristic based on which the population can be divided into two
mutually exclusive classes, say C and C*. For example, if C is the part of population of
persons saying ‘yes’ or ‘agreeing’ with the proposal then C* is the part of population of persons
saying ‘no’ or ‘disagreeing’ with the proposal. Let A be the number of unitsin Cand (N - A)

units in C* be in a population of size N. Then the proportion of units in C is

p=A
N
and the proportion of units in C* is
N-A
=— " =1-P.
Q N



An indicator variable Y can be associated with the characteristic under study and then for i =
1,2,.,.N

1 i"™ unit belongs to C
0  i" unit belongs to C*.

Now the population total is
N
YTOTAL = zYi =A
i=1
and population mean is
N
Yi
v = 21: _A
N N

=P,

Suppose a sample of size n is drawn from a population of size N by simple random sampling .

Let a be the number of units in the sample which fall into class C and (n—a) units fall in class

C*, then the sample proportion of units in C is

p=—.
n

which can be written as

n

a ;y‘ _
i :y_
n n

p:

N
Since ) Y,?=A=NP, sowe canwrite S* and s’ in terms of P and Q as follows:
i=1

2 1 N vV \2
S?= (Y, =Y)

N-135
N
- Y2 -NY?)
N_l i=1
-1 (NP-NPY)
N -1
N
=——PQ.
T

Similarly, > y? =a=np and

i=1



1 < _
s? ZnZ(yi -y)?
4=l
1 C 2 —2
-y -ny)
- i=1

1 2
=——(p-n
——("p=np°)

_qu
n-1

Note that the quantities V,Y,s’and S? have been expressed as functions of sample and

population proportions. Since the sample has been drawn by simple random sampling and
sample proportion is same as the sample mean, so the properties of sample proportion in

SRSWOR and SRSWR can be derived using the properties of sample mean directly.

1. SRSWOR

Since sample mean y an unbiased estimator of population mean Y, ie. E(y)=Y in case of
SRSWOR, so

E(p)=E(y)=Y =P

and p is an unbiased estimator of P.

Using the expression of Var(Yy), the variance of p can be derived as

N_nSZ

Var(p) =Var(y) =
~N-n N

Nn "N-1
_N-n PQ

N-1 n

Similarly, using the estimate of Var(Yy), the estimate of variance can be derived as

PQ

N —n
52

Var(p) =Var(y) =

~N-nn 0q
Nn n-1
N -—n

“N(h-D
(ii) SRSWR

Pa.

Since the sample mean ¥ is an unbiased estimator of population mean Y in case of SRSWR,

so the sample proportion,



E(p)=E(y)=Y =P,

i.e., p is an unbiased estimator of P.

Using the expression of variance of y and its estimate in case of SRSWR, the variance of p and
its estimate can be derived as follows:

Var(p) =Var(y) :MS2
Nn

N-1 N

———— P
Nn N-1 2

Estimation of population total or total number of count
It is easy to see that an estimate of population total A (or total number of count ) is

A= szm’
n

its variance is
Var(A) = N2Var(p)
and the estimate of variance is

Var(A) = N?Var(p).

Confidence interval estimation of P

p_

P
Jvar(p)

If N and n are large then approximately follows N(0,1). With this approximation, we

can write

P{—Z < PP .y }:1—(1

i Nar(p) ¢
and the 100(1-a)% confidence interval of P is

(p—Za,Nar(p), p+ ZawNar(p)j.



It may be noted that in this case, a discrete random variable is being approximated by a
continuous random variable, so a continuity correction n/2 can be introduced in the confidence

limits and the limits become

n n
(p—za‘Nar(p +E,p+ Zngar(p —Ej

Use of Hypergeometric distribution :

When SRS is applied for the sampling of a qualitative characteristic, the methodology is to
draw the units one-by-one and so the probability of selection of every unit remains the same at
every step. If n sampling units are selected together from N units, then the probability of

selection of units does not remains the same as in the case of SRS.

Consider a situation in which the sampling units in a population are divided into two mutually
exclusive classes. Let P and Q be the proportions of sampling units in the population belonging
to classes ‘1’ and ‘2’ respectively. Then NP and NQ are the total number of sampling units in
the population belonging to class ‘1’ and ‘2’, respectively and so NP + NQ = N. The

probability that in a sample of n selected units out of N units by SRS such that n, selected
units belongs to class ‘1’ and n, selected units belongs to class ‘2’ is governed by the

hypergeometric distribution and

Wy
n n
P(nl) = % .
n
As N grows large, the hypergeometric distribution tends to Binomial distribution and P(n,) is
approximated by

n
P(nl) = [n

J p"(1-p)*

W

Inverse sampling

In general, it is understood in the SRS methodology for qualitative characteristic that the
attribute under study is not a rare attribute. If the attribute is rare, then the procedure of
estimating the population proportion P by sample proportion n/N is not suitable. Some such

situations are, e.g., estimation of frequency of rare type of genes, proportion of some rare type

5



of cancer cells in a biopsy, proportion of rare type of blood cells affecting the red blood cells

etc. In such cases, the methodology of inverse sampling can be used.

In the methodology of inverse sampling, the sampling is continued until a predetermined
number of units possessing the attribute under study occur in the sampling which is useful for
estimating the population proportion. The sampling units are drawn one-by-one with equal
probability and without replacement. The sampling is discontinued as soon as the number of
units in the sample possessing the characteristic or attribute equals a predetermined number.

Let m denotes the predetermined number indicating the number of units possessing the

characteristic. The sampling is continued till m number of units are obtained. Therefore, the

sample size n required to attain m becomes a random variable.

Probability distribution function of n

In order to find the probability distribution function of n, consider the stage of drawing of
samples t such that at t = n, the sample size n completes the m units with attribute. Thus the first
(t - 1) draws would contain (m - 1) units in the sample possessing the characteristic out of NP
units. Equivalently, there are (t - m) units which do not possess the characteristic out of NQ
such units in the population. Note that the last draw must ensure that the units selected possess

the characteristic.

So the probability distribution function of n can be expressed as

In a sample of (n-1) units The unit drawn at
P(n) = P| drawn from N, (m-1) units |x P| the n" draw will
will possess the attribute possess the attribute

[ea)l e
_|\m-DAn-m (NP—m+1j, n=m,m+1,...m+ NQ.

B N N-n+1
n-1

Note that the first term (in square brackets) is derived using hypergeometric distribution as the
probability for deriving a sample of size (n — 1) in which (m — 1) units are from NP units and

(n = m) units are from NQ units. The second term % is the probability associated
-n+

with the last draw where it is assumed that we get the unit possessing the characteristic.

m+NQ
Note that >’ P(n)=1.



Estimate of population proportion

Consider the expectation of m_—l
m-1) "&(m-1
(22 (5o
NP [ NQ

"X m-1 (m—l}[n—mj Np-m+1
2 (n—lj N "N-n+1

)

NP -1\ NQ
" (NP-m+1 {m—ZJ(n—mj
2 ( N—n+1J N -1
o

which is obtained by replacing NP by NP -1, mby (m-1)and nby (n- 1) in the earlier

n=m

n=m

step. Thus
E(m_—lj _p.
n-1

So P =——= is an unbiased estimator of P.

Estimate of variance of P
Now we derive an estimate of variance of P. By definition
Var(P) = E(P%) - E(P) |

=E(P?)- P2

Thus
Var(P) = P? — Estimate of P.

g (M=-D(m-2) .

In order to obtain an estimate of P?, consider the expectation o e
(n=1)(n-2)

(m-1)(m-2) B (m-)(m-2)
E{ (—D(n—2) }‘ Z[ (—D(n-2) }P(”)

NP-2)( NQ
_ P(NP-1) NP -m+1 (m—B](n—mJ
 N-1 ( N—n+1j N -2

(")

7



where the last term inside the square bracket is obtained by replacing NP by (NP-2), N by
(n—2) and m by (m - 2) in the probability distribution function of hypergeometric distribution.

This solves further to

£ (m-D(m-2)|_NP* P
(n-D(n-2) | N-1 N-1"

Thus an unbiased estimate of P? is

Estimate of P? = ( N _1j (m-1)(m-2) +E
N J(m-)(n-2) N

_(N—lj(m—l)(m—Z)Jri m-1
“UN J(n-D(n-2) N n-1

Finally, an estimate of variance of P is

Var(P) = P? — Estimate of P>
=(m—1j2_ N -1 (m—1)(m—2)+i(m_—1j
n-1 N (n-D)(n-2) Nln-1

(G242

For large N, the hypergeometric distribution tends to negative Binomial distribution with

-1
probability density function [; J P"Q"™. So

(m-1)(n-m) P@1-P)

Var(P) = ez - n_2




Estimation of proportion for more than two classes

We have assumed up to now that there are only two classes in which the population can be
divided based on a qualitative characteristic. There can be situations when the population is to
be divided into more than two classes. For example, the taste of a coffee can be divided into
four categories very strong, strong, mild and very mild. Similarly in another example the
damage to crop due to storm can be classified into categories like heavily damaged, damaged,

minor damage and no damage etc.

These type of situations can be represented by dividing the population of size N into, say k,

mutually  exclusive classes C,,C,,...,C,. Corresponding to these classes, let

Plz%,Pz:%,...,Pk:&, be the proportions of units in the classes C,,C,,...,C,
n

respectively.

Let a sample of size n is observed such that c,c,,...,c, number of units have been drawn from

C,,C,,...,C,. respectively. Then the probability of observing c,¢c,,...,C, IS

oo o LeleHE)
")

The population proportions P, can be estimated by p, =

| e

Li=12,..,k.

>

It can be easily shown that
E(p)=P, i=12,.k,

N —-n PQ,

Var(p,) =———

(P)=f 7+
and

— N—-n pa

Var(p) ==&

For estimating the number of units in the i" class,
éi = Npi

var(C,) = N¥Var(p,)

and

Var(C,) = N*Var(p,).



The confidence intervals can be obtained based on single p, as in the case of two classes.

If N is large, then the probability of observing c,,c

distribution given by

P " pape pa
(C'l’CZ""’Ck)_m 1 R

For this distribution

E(p)=P, i=12..,Kk,

Var(p) = =2

and

@(Q): p|(1n_ p|)

10

,,- G, Can be approximated by multinomial



Chapter 4
Stratified Sampling

An important objective in any estimation problems is to obtain an estimator of a population parameter
which can take care of all salient features of the population. If the population is homogeneous with
respect to the characteristic under study, then the method of simple random sampling will yield a
homogeneous sample and sample mean will serve as a good estimator of population mean. Thus if the
population is homogeneous with respect to the characteristic under study, then the sample drawn
through simple random sampling is expected to provide a representative sample. Moreover, the
variance of sample mean not only depends on the sample size and sampling fraction but also on the
population variance. In order to increase the precision of an estimator is to use a sampling scheme
which reduces the heterogeneity in the population. If the population is heterogeneous with respect to

the characteristic under study, then one such sampling procedure is stratified sampling.

The basic idea behind the stratified sampling is to
e divide the whole heterogeneous population into smaller groups or subpopulations, such that the
sampling units are homogeneous with respect to the characteristic under study within the
subpopulation and
e heterogeneous with respect to the characteristic under study between/among the subpopulation.
Such subpopulations are termed as strata.
e treat each subpopulation as separate population and draw a sample by SRS from each stratum.

[Note: Stratum is singular and strata is plural].

Example: In order to find the average height of students in a school of class 1 to class 12, the height

varies a lot as the students in class 1 are of age around 6 years and students in class 10 one of age
around 16 years. So one can divide all the students into different subpopulations or strata such as

Students of class 1, 2 and 3: Stratum 1
Students of class 4, 5 and 6: Stratum 2
Students of class 7, 8 and 9: Stratum 3
Students of class 10, 11 and 12: Stratum 4

Notations:



We use the following symbols and notations:

N : Population size
k : Number of strata
Ny : Number of sampling units in i strata
K
N=>N,
i=1
ni : Numbers of sampling units to be drawn from i stratum.

k
n=>"n, : Total sample size
i=1

SAURABH, TYPE FLOW CHART PAGE 5

Procedure of stratified sampling

Divide the population of N units into k strata. Let the i stratum has N,,i=12,....k number of units.

e Stratam are constructed such that they are nonoverlapping and homogeneous with respect to the

Kk
characteristic under study such that Z N; =N.

i=1
e Draw a sample of size n, from i™ (i=12,...,k) stratum using SRS (preferably WOR)
independently from each stratum.

e All the sampling units drawn from each stratum will constitute a stratified sample of size

Difference between stratified and cluster sampling schemes

In stratified sampling, the strata are constructed such that they are

¢ within homogeneous and

e among heterogeneous

In cluster sampling, the clusters are constructed such that they are

e within heterogeneous and
e among homogeneous.

[Note: We consider cluster sampling later]



Issue in estimation in stratified sampling

Note that there are k independent samples drawn through SRS of sizes n,,n,,...,n,. So one can have k

estimators of a parameter based sizes n,n,,..,n, . The ultimate goal is not to have k different

estimators of the parameters but a single estimator. In this case, the issue is how to combine the
different sample information together into one estimator which is good enough to provide the

information about the parameter.

Estimation of population mean and its variance

Let
Y : characteristic under study
y; value of j" unitin i" stratum j=1,2,...,n;,i=1.2,..k
— 1o
Y, = WZ ; - population mean of i"" stratum
i J=

1

—Z y; - sample mean from i stratum or stratum mean.

n 3

1 k _ k _

WZ Y, =" wyY; :population mean

i=1 i=1

Note that the population mean is defined as the weighted arithmetic mean of stratum means in case of

stratified sampling where the weights are provided in terms of strata sizes.

Based on the expression Y = Z N.Y;, one may choose the sample mean

~23 3,

i=1

SII—‘

as a possible estimator of Y .

Since the sample in each stratum is drawn by SRS, so
E()_/i) :Y_i’
thus



E(7) = Y nE®)

=liniy_i

i=1

;t—Zni\?i

i=1

Zl— =
=

Y
and ¥ turns out to be a biased estimator of Y . Based on this, one can modify ¥ so as to obtain an

unbiased estimator of Y . Consider the stratum mean which is defined as the weight arithmetic mean of

strata sample means with strata sizes as weights.

- 1&,, o
yst :WZNiyi'

i=1

Now
E(T) =% 2 NEG)

187
_W;M“

=Y

Thus y, is an unbiased estimator of Y .

Variance of Yy

Var(7,) = Y wiVar(z)+ . > w,w, Cou(3,.3,)

i#]
Since all the samples have been drawn independently from each strata by SRSWOR so
Cov(y;,¥;)=0

Var(y,) =



Observe that Var(y,) is small when S? is small. This observation suggest how to construct the
strata. If S7 is small for all I =1,2,...k, the Var (V,) will also be small . That is why it was mentioned

earlier that the strata are to be constructed such that they are within homogeneous, i.e., S? is small and

among heterogeneous.

For example, the units in geographical proximity will tend to be more close. The consumption pattern
in households will be similar within a lower income group housing society and within a higher income
group housing society whereas they will differ a lot between the two housing societies based on

income.

Estimate of VVariance

Since the samples have been drawn by SRSWOR, so
E(siz) = Si2
where 57 =3 (y, -y
i =l

N. —n.
i i S‘2

and Var(y.) =

K
so Var(y,) =2 w’ Var(y)

j=1

— W_2 Ni _ni SZ
i=1 I Nini I

Note: If SRSWR is used instead of SRSWOR for drawing the samples from stratum, then appropriate

changes can be made at required steps.

In this case



k
Yo = ZWI Y;
i=1

E(Y,) =Y
Var(y, )—Zk:w2 N, -1 Sz—zk:wza—‘z
Yet —i:1 i N i = ~ i n
_ Kk w?s?
Var(yst):Z#
i=1 i

N

1 _
where Uiz :n_Z(yij - yi)z-

i j=l

Advantages of stratified sampling

1.

Data of known precision may be required for certain parts of the population.

This can be accomplished with a more careful investigation to few strata.

Example: In order to know the direct impact of hike is petrol prices, the population can be
divided into strata like lower income group, middle income group and higher income group.
Obviously, the higher income group is more affected than the lower income group. So more
careful investigation can be made only in the higher income group strata.

Sampling problems may differ in different parts of the population.

Example: To study the consumption pattern of households, the people living is houses, hotels,
hospitals, prison etc. are to be treated differently.

Administrative convenience can be exercised in stratified sampling.

Example: In taking a sample of villages from a big state, it a more administratively convenient
to consider the districts as strata so that the administrative setup at district level may be used for
this purpose.

Full cross-section of population can be obtained through stratified sampling. It may be possible
is SRS that some large part of the population may remain unrepresented. Stratified sampling
enables one to draw a sample representing different segments of the population to any desired
extent. The desired degree of representation of some specified parts of population is also
possible.

Substantial gain in efficiency is achieved of strata are formed intelligently.

In case of skewed population, use of stratification is of importance since larger weight may
have to be given for the few extremely large units for reducing the sampling variability.



7. If population is large, then it is convenient to sample separately from the strata rather then the
entire population.
8. The population mean or population total can be estimated with higher precision by suitably

providing the weights to the estimates obtained from each stratum.

Allocation problem and choice of sample sizes is different strata

Question: How to choose the sample sizes N, N,,...,N, so that the available resources are used in an

effective way?
There are two aspects of choosing the sample sizes:
Q) Minimize the cost of survey for a specified precision.

(i) Maximize the precision for a given cost.

Note: The sample size can not be determined by minimizing both the cost and variability
simultaneously. The cost function is directly proportional to the sample size whereas variability is

inversely proportional to the sample size.

1. Equal allocation
Choose the sample size n; to be same for all strata.
Draw sample of equal size from each strata.

Let n be the sample size and k be the number of strata.

n =E for all i=1,2,....k.

2. Proportional allocation
For fixed k, select n, such that it is proportional to stratum size N, i.e.,

n, a N;
or n, =CN,

Where C is constant of proportionality.



n =Y CN,

k k
i=1 i=1

or n=CN
—~c=1
N

Thus n, = (ﬂj N;
N

Such allocation arises from the considerations like operational convenience..

3. Neyman or optimum allocation

This allocation considers the size of strata and variability both
n, o« NS

n =C'NS,

where C* is the constant of proportionality.

Zk:ni = Zk:C*NiSi
i=1

I
uN

k
This allocation arises when the Var(y“) is minimized subject to the constraint Zni (prespecified).
i=1

The knowledge of S, (i=12,...,k) is needed to know n..

Choice of sample size based on cost of survey and variability

The cost of survey depends upon the nature of survey. A simple choice of cost function is
k
C=C,+Y Cn
i=1
where

C : total cost



C, : overhead cost, e.g., setting up of office, training people etc

C, : cost per unit in the i" stratum

Kk
D Cin : total cost within sample.

i=1
To find n, under this cost function, consider the Lagrangian function with Lagrangian

multiplier 4 as

¢ —Var(Vst)Jr?iz(C -G,)

vv,2 (———)SZ +ZZZC
i= =1

2 2 k WZSZ

Zk:""' ) ZC

i1 I i1 Ni

2
kK
[E—A Cin, } +terms independent of n,.
=1

N

Thus ¢ is minimum when

WS
n.

=ACn, foralli.

S

S

=

N
I)r

or n, =

How to determine 4 ?
There are two ways to determine A .
Q) Minimize variability for fixed cost and
(i) Minimize cost for given variability.
We consider both the cases

(i) Minimize variability for fixed cost

Let C=C, be fixed.



Substituting A in the expression for n,, the optimum n, is obtained as

*

« WS, C
n =

The required sample size to estimate Y such that the variance is minimum for given cost C =C; is

(if) Minimize cost for given variability

Let V =V, be prespecified variance. Now determine n, such that

izt \ My i
k 202 k 202
WSS! WS
or Ll =v4 L
i1 N i N,

(Substituting n, _Lws from equation (*)).

il

k 2Q2
v, +ZW;\IS‘
ori=——=51

2 WS G
i=1

Thus the optimum n, is

10



k
w?S?/C.
| &

ni 2¢Q2
Ty, £
i=1

N.

So the required sample size to estimate Y such that cost C is minimum for a

K
prespecified variance V, is  n=>_#,.
i=1

Sample size under proportional allocation

K
(i) Ifcost C=C, isfixedthen C,= > Cpn.

i=1

Under proportional allocation, n, = % N. =nw,

K
So C,=n> wC,
i=1

(i) If variance = V, is fixed, then

11



2
or

Kk

2

i=1 i

2¢2 2Q2

or Zklwi > =VO+Zk:—W‘ S,

i=1 i=1

K

2

or n=—2=
k WZslz
Vo+) —-
; Z N
k
Zwi S?
or ni :\NI 'Zlk \NiZSiZ
V, +
i=1 Ni

This is known Bowley’s allocation.

Variances under different allocation

Now we derive the variance of Yy, under proportional and optimum allocations.

(i) Proportional allocation

Under proportional allocation

nizﬂNi
N
KN —n
Var(y). = T ow2S?
(y)st ;( Nini }NI I
k Ni_lle N 2
Varprop(y)st _Z n (_Ij SI2
EIVILE VI
IN 1
N-n& NS’
N, le N
N-—ng
= W.S?
Nn ; ivi

12



(if) Optimum allocation

__NN;S;
| Zk:NiSi
i=1
_ K 1
Vopt (yst) = ;[ le
& |2 |2 : Wi28|2
R
k
k zNiSI k 2Q2
_ 2q2| o WS
_Zl: WS, nN,S. Zl: N.

Comparison of variance of sample mean under SRS with stratified mean
under proportional and optimal allocation:

(a.) Proportional allocation:

v N-=-n
Vers (V) = Nn S?
. N-n&NS?
VProp(ySt): Nn Z N .
i=1l

In order to compare Vg (Y) and V. (V). first we attempt to express S? as a function of S/.

Consider

13



(N-DS* = > (Y, ~¥)’
= Z i [(Yij _Y_)+(Yi _Y_)]

2 2% =Y) +Zk:

i=1 j=1 i=1 j=1

Kk Kk
(N, -1+ YN, (7, -V’
i=1 i=1
k _ k o
Btsz > Ny vy
iz N iz N

[u—

N_182=
N

For simplification, we assume that N, is large enough to permit the approximation

Ni_lzl and le.
N

k

D WYY

i=1

VarSRS (Y_) = Vprop (yst) +

k

Since > w, (Y, -Y)? >0,
i=1

= Varprop (yst) < VarSRs (7)

Larger gain in the difference is achieved when Y, differs from Y more.

(b.) Optimum allocation

1(& 21 & ,
Vopt(yst):_[z \lelj ——ZV\/ISI i
n N =

i=1

Consider

14



Vprop(yst) _Vopt(yst) = |:( NN;njzwlslz}—[%[zwlslj _%Zwisiz}

(e

= Var,,, (Vq) —Var,, (¥y) 0.
Larger gain in the difference is achieved when S, differ from S more,

Combining (a) and (b), we have

Varopt (yst) < Varprop (yst) = VarSRS (y)

Estimate of variance and confidence intervals

Under SRSWOR, an unbiased estimate of S.* for the i stratum (i = 1,2,...,K) is

1 & _
Si2 = _Z(yij - yi)z'
m—L=

In stratified sampling,

K N. —n
Var(y,) =) w?——1
(yst) ; i N-n

S?.

So an unbiased estimate of Var(y,) is

V N < 2 Ni_ni 2
ar(y,) =Y, w'——= s
i1 N;n,
K 02e2 K p2a2
IR R
it I i N,
K 22 K
WS 1
=D - =)W
i1 N i-1

The second term represents the reduction due to finite population correction.

15



The confidence limits of Y can be obtained as

Voo £ t\/Qar(Vst)

Assuming yst is normally distributed and «/Car(yst) is well determined so that t can be read from

normal distribution tables. If only few degrees of freedom are provided by each stratum, then t values

are obtained from the table of student’s t-distribution.

The distribution of Nj@ar(yﬁ) is generally complex. An approximate method of assigning an effective

number of degrees of freedom (n,) to «f@ar(yst) is

s
b

n =

e

where g; =

and Min(n, 1) <n, < Zk:(ni -1)

i=1

assuming y; are normal.

Modification of optimal allocation

Sometimes is optimal allocation, the size of subsample exceeds the stratum size. In such a case,
replace n, by N,

and recompute the rest of n,'s by the revised allocation.

For example, if n, > N,, then take the revised n,'s as

A, =N,

_(n— N DV,

provided 1, <N, forall i=2,3,... k.

and 1=123,...,k.

Suppose in revised allocation, 1, > N, then the re-revised allocation would be
16



1

=N,

, =N,

A = (n_Nl_NZ)WiSi
k

| > ws,
i=3

provided fi, <N, forall i=3/4,..,k.

=]
I

1=3,4..k.

We continue this process until every . <N..

In such cases, the formula for minimum variance of y, need to be modified as

_ * S 2 * -8-2
MinVar(yst):(Z W' ) _ZI\VIVI !

where Z denotes the summation over the strata in which i, < N, and n* is the revised total sample

size in the strata.

Stratified sampling for proportions

If the characteristic under study is qualitative is nature, then its values will fall into one of the two
mutually exclusive complementary class C and C’. Ideally, only two strata are needed in which all the
units can be divided depending on whether they belong to C or its complement C’. It is difficult to
achieve in practice. So the strata are constructed such that the proportion in C varies as much as
possible among strata.

Let

A
N

P :Proportion of units in C in i"" stratum

a _ o
p, = —: Proportion of units in C in i™ sample.
n

As estimate of population proportion based on stratified sampling is

N. p.
pst :ZITpI

k
i=1

which is based on

17



{1 when j" unit belongs to i stratum is in C
i

0 otherwise
and yst = Pg-
N.
Here S’=—"—PQ.
1 Ni _1 IQI
where Q =1-
_ K. N —n
Also Var(yst):zuwfsf.
it Nn,
1 & N2 ) PQ.
So Var =— L,
(pst N2 — _ n

If the finite population correction can be ignored, then
k PO.
Var(py) = ZW|2 I_QI '
i=1 ni
If proportional allocation is used for n, , then variance of p, is

_N-n 1 &N Q
N Nn,lN 1

= Nl\_lni\NiPiQi

i=1

Var( pst) prop —

and its estimate is

N-ng q;
Var(pst)prop :—ZW ﬂ

The best choice of n, such that it minimizes the variance for fixed total sample size is

ni oC Ni m
N, -1

:Ni\/PiQi
Thus n =n _NiyRQ "P'Q'

NP

O

K
i=1

Kk
Similarly, the best choice of n, such that the variance is minimum for fixed cost C=C, +ZCi n, is
i=1

18



. [P2
C,
n = —k 5
z N |Q|
= C

Estimation of the gain in precision due to stratification

What is the advantage of stratifying a population in the sense that instead of using SRS, the population
is divided into various strata is the question of interest. This is answered by estimating the variance of

estimators of population mean under SRS (without stratification) and stratified sampling by evaluating

Var szs (y) Var(yst)
Var(y,)

N —n
Nn

S?.

Since Varg(y) =

How to estimate S? based on a stratified sample?

k Nj

(N _1)52 = ZZ(YH _Y_)Z

i=1 j=1

[( -Y) +(%,-Y) |

Il
- IM- 1M M-
= EM-Z

(YU ~-Y)? +ZN(Y ~Y)?

I
[N

i

(N, 1)SZ+ZN Y, -Y)?

Z(N -1)S?+N {Zwiz —W}.

In order to estimate S*, we need to estimates of S?,Y,” and Y?,
For estimate of S?, we have

E(Siz) = Si2
So S?=s’.

For estimate of Y,?, we know

19



Var(y,) =E(%?) =-[E()F

=E(y")=-Y’
=Y? =E(y")-Vary,

An unbiased estimate of Y, is

Y7 =2 -Var(y,)

_ yiz _[ N’i\l_nni jsiz

For example of Y2, we know

Var(y,) = E(Vs) =-[E(V)I*
= E(ysf) = _Y_2
2 = E(ysf)—Var(Vst)

So an estimate of Y? is

A

Y?=y2-Var(y,)

2 [ N,-n,
=y§—2( N )W?Sf
i=1 il

Substituting these estimates, the estimate of S? is obtained from

(N-1)S?% = Z(N ~1)S?+N

i=1

. 1 & .
as  S*=—)(N,-1S?+
N —121:

1 k
N —1L( ;
1 [
Thus
Var sgs (y): NN_n éz
N(N -Dn {Z(

and

]

o

[

iw Y7oy

i=1

N(N-n)
nN (N -1)

20
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KN, —n,
Var(v.,)=> —— w?s?,
(yst) Zl: N n [

Substituting these expressions in
Varses (V) —Var(yy)
Var(y,)

the gain is efficiency due to stratification can be obtained.

If any other particular allocation is used, then substituting appropriate n;, such gain can be estimated.

Interpenetrating subsamping

Suppose a sample consists of two or more subsamples which are drawn according to the same
sampling scheme. The samples are such that each subsample yields an estimate of parameter. Such

subsamples are called interpenetrating subsamples.

The subsamples need not necessary be independent. The assumption of independent subsamples helps
in obtaining an unbiased estimate of the variance of the composite estimator. This is even helpful if
the sample design is complicated and the expression for variance of the composite estimator is

complex.

Let there be g independent interpenetrating subsamples and t,,t,,...,t, be g unbiased estimators of

parameter & where t;(j=12,...,9) is based on j™ interpenetrating subsample.

Then an unbiased estimator of & is given by

A1 _
O==>t =T, say.
0=
Then
E@) =E()=6
and
Var(9) =Var(t) = ! i( -1)°
(9-1) = :
Note that

21



j=1

E[Var(t‘)} (_DEE:@J 9)2_9('[_—6’)2}

= g(gl—l) E ngl:Var(tj)— gVar(t_)}

= (g° - g)var(t)
g(g-1)
=Var(t)
If distribution of each estimator tj is symmetric as about &, then the confidence interval of & can be

obtained by

. 1\
P[Min(t, t,,....t,) <6 < Max(t,,t,,...,t )]:1—(§j .

Implementation of interpenetrating subsamples in stratified samping

Consider the set up of stratified sampling. Suppose each stratum provides an independent
interpenetrating subsample. So based on each stratum, there are L independent interpenetrating

subsamples drawn according to same sampling scheme.
Let Yu(tot) be the unbiased estimator of total of j" stratum based on the i subsample ,

i=12,..Lj=12..k

An unbiased estimator of the j™ stratum total is given by

J (tot) — Z YIJ (tot)

and an unbiased estimator of the variance of Y|J(tot) is given by

7 2
Var(Yj(tot)) L(L 1)Z(Yu(tot) J(tOt)) .

Thus an unbiased estimator of population total Y,

tot

K k

tot Z (tot) ZZ ij (tot)

j=1 i=1 j=1

and unbiased estimator of its variance is

k
Var(Ytot) = ZVar (Yj (tot))
=1

22



l L k R . ,
B L(L—l)zz (Vion = Yion) ™

i=1 j=1

Post Stratifications

Sometimes the stratum to which a unit belongs to may be known after the field survey only. For

example, the age of persons, their educational qualifications etc. can not be known in advance. In such

cases, we adopt the post stratification procedure to increase the precision of the estimates.

In post stratification
e draw a sample by simple random sampling from the population and carry out the survey.
e after the completion of survey, stratify the sampling units to increase the precision of the
estimates.

Assume the stratum size N, is fairly accurately known. Let

m; :number of sampling units from ithstratum, i=1.2,...k

Note that m, is a random variable (and that is why we are not using the symbol n, as earlier).

Assume n is large enough or the stratification is such that the probability that some m, =0 is
negligibly small. In case,m. =0 for some strata, two or more strata can be combined to make the

sample size to be non-zero before evaluating the final estimates.

A post stratified estimator of population mean Y is
k

1 _
WzNiyi-

i=1

ypost =

Now

23



E(Vpost) = % E{Zk: NE(Y; /m,m,, ..., mk)j|

i=1

Var(ypost) = E|:Var(ypost l’ 2’ m ):| +Var|:E(ypost m2""!mk):|

S Y 2
- E{Zwi (H_WJSi }rVar(Y)

(e oo

To find E(mij_Ni proceed as follows:

Consider the estimate of ratio based on ratio method of estimation as

n N
— Zyl 7 ZYI
T A=A =1
" Y X oyx,
j=1 j=1
We know that
2
E(ﬁ)—R _ N n_RSx_Zva
Nn X

1 of j™ unit belongs to i" stratum
Let X; = ]
0 otherwise

y; =1forall j = 1,2,.,N.

Then R,Rand S? reduces to

~ N
R=—
n

Py
I

N
N,

Using these values in E(R) — R, we have

24



ER)-R=g| |- N _NIN-n(N-N)
0 ) N NN-D

E(ij—i— N N(N-m(N-N) 1
N, nN, n’NZ(N-1) N,

_(N-mN ([ N 1
" n(N -D)N, Nn n)

Replacing m, is place of n;, we obtain

S
m ) N, n(N-I)N. Nn n

Now substrate this is the expression of Var (ypw) as

sl e
Var(ypost)_gvvi |:E[m ] N i|S|

mzl(nw +1-w)S;

N-n < S2 . : 2
“h(N- 1)2,1:W" (N 1).221: =S

Assuming N—-1= N.

N—-ngg N

V(Vooet) = W'S” +
— N—ﬂ n 2
:Vprop(yst)—i_W;(l_vvi)si

The second term is the contribution in the variance of Y, due to m;'s not being proportionately

distributed.

If S?~S?2, say forall i, then the last term is
25



N—-n

N-n (L-w)S? = - S2(k—1) (Since Zk:Wi =1)

k
Nn? i1 n? i1
(s
n Nn )"

k-1 _
:TVar(yst).

: . : s . . _n
The increase in variance over Var, (V) is small if the average sample size m=— per stratum.
2

Thus a post stratification with a large sample produces an estimator which is almost precise as an

estimator in stratified sampling with proportional allocation.
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Chapter 5

Ratio and Product Methods of Estimation

An important objective is any statistical estimation procedure is to obtain the estimators of parameters of
interest with more precision. It is also well understood that incorporation of more information in the
estimation procedure yields better estimators, provided the information is valid and proper. Use of such
auxiliary information through made through the ratio method of estimation to obtain an improved
estimator of population mean. In ratio method of estimation, auxiliary information on a variable is
available which is linearly related to the variable under study and is utilized to estimate the population

mean.

Let Y be the variable under study and X be any auxiliary variable which is correlated with Y. The
observation x on X and Y, on Y are obtained for each sampling unit. The population mean X of X
(or equivalently the population total X,,) must be known. For example, X 's may be the values of
y,'s from .

- some earlier completed census,
- some earlier surveys,

- some characteristic on which it is easy to obtain information etc.

For example, if vy, is the quantity of fruits produced in the i plot, then X; can be the area of i plot or

the production of fruit in the same plot is previous error.

Let (X, ¥) (X, ¥,),-,(X.,Y,) be the random sample of size n on paired variable (X, Y) drawn,

preferably by SRSWOR, from a population of size N. The ratio estimate of population mean Y is

A

Y =

=RX

| <

N
assuming the population mean X is known. The ratio estimator of population total Y, :ZYi IS
i=1

Vi =22 X

R(tot) — tot
Kot



N n
where X, :ZXi is the population total of X which is assumed to be known, Y, :Zyi and
i=1

i=1
n ~
Xt = in are the sample totals of Y and X respectively. The Yg,, can be equivalently expressed as
i=1

A

YR(tot) =

| <

X

tot

A X

X

tot*

. . : . . ) Y,
Looking at the structure of ratio estimators, note that the ratio method estimates the relative change —*-

tot

that occurred after (x,Y,) were observed. Itisclear that if the variation among the values of Y and is
X.

nearly same for all i =1,2,...,n then values of Yo (or equivalently %) varies little from sample to
X

ot

sample and ratio estimate will be of high precision.

Bias and mean squared error of ratio estimator:

Assume that the random sample (X, V;),i=12,...,n is drawn by SRSWOR and population mean X is

known. Then

#Y (in general).

x| <l

o2
Moreover it is difficult to find the exact expression for E( ] and E(X—Z} . So we approximate them and
X

proceed as follows:
Let

& =yY;Y:>7:(1+gO)\7
g, = X‘XX =X =(+g)X.

Since SRSWOR is being followed , so



E(g) =0
E(g)=0
1
E(e5) = Zr E(7 -V
1 N-n
:_——SZ
Y2 Nn '
_fs
ny:?
f

—_(C2
n Y

— N —_—
where f = N n, S’ :ﬁzm ~-Y)? and C, :%Y is the coefficient of variation related to Y.
Similarly,
E(g’) = iC2
1 n X
1 _ _
E ::E X— X _—Y
(061) = < EI(X = X)(7 - V)]

_ N _ _
I L eI A
XY Nn N-143

where C, =

and Y.

Writing Y, interms of &'s, we get

=(l+g)A+g)'Y



Assuming |e| <1, theterm (1+¢)™ may be expanded as an infinite series and it would be convergent.

. X
Such assumption means that ‘ 3

<1, i.e., all possible estimate x of population mean X |jes

between 0 and 2 X , This is likely to hold true if the variation in X is not large. In order to ensures that

variation in X is small, assume that the sample size n it is fairly large. With this assumption,
Yo=Y (@+e)l-g+&-..)
=Y (L+eg,—&,+& —&&,+...)
So the estimation error of VR is
YAR Y =Y (g,—¢g, +& —ge,+...).
In case, when sample size is large, then &, ande, are likely to be small quantities and so the terms
involving second and higher powers of ¢, and &, would be negligibly small. In such a case
YAR -y :Y_(go —&)
and
E(Y, -Y)=0.

So the ratio estimator is an unbiased estimator of population mean to the first order of approximation.

If we assume that only terms of &, and &, involving powers more than two are negligibly small (which is

more realistic them assuming powers more than one are negligibly small), then
V.V =V(e,—e, +&2—ee,)

and

E(Y, V) =V(0—0+%c§ —%pCXCyj

. S E— f —
Bias(Y)=E(Y;-Y)= FYCX (Cx —pCy).
Upto second order of approximation, the bias generally decreases as the sample size grows large.

The bias of VR is zero, i.e.,



Bias(YlR) =0
if E(gf —¢g,6,)=0
or it VAT _CoNE) g
X XY

o1 Y
or if = |Var(X)—-—=Cov(X,Vy) |=0
x{ (X) S ( y)}

or if Var(X)—RCov(X,y) =0 (assuming X = 0)

which is satisfied when the regression line of Y on X passes through origin

Now, to find the mean squared error, consider
MSE (Y,) = E(Yy ~Y)’
= E[Y_Z(SO —g +&’ —¢g8, +...)2}

=E [\72 (&2 +&f - 28081)]
Under the assumption |¢,| <1 and the terms of &, and &, involving powers more than two are negligible

small,

2 ol f f 2f
MSE(Y,) :YZ[Fci +FCY2 —Tpcxc&

=$[c; +C; -2pC,C, |

Up to the second order of approximation.

Efficiency of ratio estimator in comparison to SRSWOR
Ratio estimator is better estimate of Y than sample mean based on SRSWOR if

MSE(Y_R) < Vargs (Y)
or if VZ%(ci +CZ-2pC,C,) < VZFCYZ

or if C2 -2pC,C, <0

or if p>lc—x.
2 C,



Thus ratio estimator is more efficient than sample mean based on SRSWOR if

X

1C )
>——% if R>0
PZo¢C

Y

and ,o<—lc—X if R>0.
2C

Y
It is clear from this expression that the success of ratio estimator depends on how close is the auxiliary

information to the variable under study.

Upper limit of ratio estimator:
Consider

Cov(R, X) = E(RX) — E(R)E(X)
- E(%YJ—E(Q)E(Y)
=Y —E(R)X.
Thus
ER) _Y _Cov(RX)
X X
_ R_Cov(_R,X)
X
Bias(R) = E(R)-R
__Cov(R,X)
B X
Prx%:9%x

X

where p, is the correlation between R and X; o, and o, are the standard errors of R and X

respectively.
Thus

‘Bias(FAz)‘ _ ‘—PQVXX%GX




assuming X >0. Thus

Bias(R) e

o4 X

or Bias(R) <c,
O

when C, is the coefficient of variation of X. If C, < 0.1, then the bias in R may be safely regarded as

negligible in relation to standard error of R.

Alternative form of MSE (Y,)

Consider

2

0%~ RX,) = Y0~ 1)+ (7 ~RX)]

i=1

N
4N

2

[(Y -Y)+R(X;-X)] (Using Y =RX)

[
MZ

I
4N

Il
Mz

> (Y, ~Y)?+R Z(x X)? —ZRZ(X X)(Y, =Y)

Il
N

N—Z(Y RX,)? =S} +R°S: —2RS,,.

i=1

The MSE of \7R has already been derived which is now expressed again as follows:

MSE(Y,, = ((:2+c:2 ~2pC,C,)

_iv S Sx 54
o Y XY
Y
X

_fy? Y? Y
SZ+—=S2-2=5
T nV? [ X? XYJ

= %(sﬁ +R?S; —2RS,, )

(N 1)2(\( RX,)?
N-n ,
=m;(vi—in) :



Estimate of MSE(Y,)

Let U =Y, —RX,,i=12,..,N then MSE of VR can be expressed as

2 f 1 & —
MSE(Y,)=———) (U. -U)?
()= 2V
f
:_S2
n U
N —
where S; =——>" (U, -U)’

Based on this, a natural estimator of MSE (\?R) Is

MSE(YLR):%SUZ

where s? _—Z(u. -0)?
-143
1 < A
— u-—-u)—-R(x —X
eI ICRUBLEES]
=s; +R’s; —2Rs,,

R=2.

X

Based on the expression

MSE -
02)= o 20 R

an estimate of MSE(\?R) Is

MSE(Y) = ~Rx)?

f
n(n-1) 4
. ] o
= F(sj +R’s; —2Rs, ).



Confidence interval of ratio estimator

If the sample is large so that the normal approximation is applicable, then the 100(1- @)% confidence

interval of Y andR are

Ya —Zg«Nar(VR), \A +Za«/gar0@)j
2 2

and
IQ—Za«Nar(IQ), FA2+Za\/5ar(IQ)J
2 2

respectively where Z_ is the normal derivate to be chosen for given value of confidence coefficient
B

(1-).
If (X,y) follows a bivariate normal distributions, then (Y —RX) is normally distributed. It SRS is
followed for drawing the sample, then assuming R is known

¥ —RX

N-n_ 2.2
\/ Nn (s, +R%s; —2Rs,)

is approximately N(0,1).

This can also be used for finding confidence limits, see Cochran (1997, Chapter 6, page 156) for more

details.

Conditions under which the ratio estimate is optimum

The ratio estimate \7R is best linear unbiased estimator of Y when
0] the relationship between Yy, and X, is linear passing through origin., i.e.
Y. = BX +€,
where e 's are independent with E(e,/x,)=0 and g is the slope parameter
(i) this line is proportional to X, i.e.
Var(y, / x,) = E(e’) =Cx

where C is constant.



Proof. Consider the linear estimate of S as = > 1y, where y, = X +¢,.

i=1
Then /3 isunbiased of Y =BX as E(y)=/SX+E(e/x).

If n sample values of X, are kept fixed and then in repeated sampling
E(,é) = Z'éixiﬂ
i=1

and Var () = > £2Var(y, /%) =C>_£?x,
i=1 i=1

So E(ﬁ) = [ when anéixi =1

Consider the minimization of it Var(y, /) subject to condition for unbiased estimator Zfixi

i=1

Lagrangian function. Thus

p=Var(y,/ x)~24(}. £% -1)

i=1

=C(Zn:€fxi —Z/I(anéixi -1).

Now
op :
0= 1% =2%,i=12,.,n
oL,
8¢ O:ZE
Using Zéixi =
i=1
or Y ax =1
i=1
or /l—i_
nx
ot
nx

andso f=2_ =Y
X

Thus ﬂ is not only superior to y but also best in the class of linear and unbiased estimators.

10

=1 using



Alternative approach:

This result can alternatively be derived as follows:

The ratio estimator R =2 is the best linear unbiased estimator of R =

x| <
|| <

if the following two

conditions a hold:

Q) For fixed x, E(y)= X, i.e., the line of regression of y on x is a straight line passing through

the origin.

(i) For fixed x, Var(x) o« X, i.e., Var(x) = Ax where A is constant of proportionality.
Proof: Let y=(Yy, Y, ¥,)" and X=(%,X,,...,X,)" be two vectors of observations on

y's and x's. Hence for any fixed x,

E(y) = BX
Var(y) = Q= Adiag(x, X, ..., X;)

where diag(x,, X,,...,X,) is the diagonal matrix with X, X,,..., X, as the diagonal elements.

The best linear unbiased estimator of /£ is obtained by minimizing
$*=(y-8x)'Q(y- 5%

R

~ X

Solving
o5t _
op
=2 (= %) =0

i=1

0

A

or f===R.

x| <

Thus R is the best linear unbiased estimator of R Consequently, Fi)?:\?R is the best

linear unbiased estimator of Y.

11



Ratio estimator in stratified sampling

Suppose a population of size N is divided into k strata. The objective is to estimate the population mean
Y using ratio method of estimation.

In such situation, a random sample of size n, is being drawn from i" strata of size N, on variable under
study Y and auxiliary variable X using SRSWOR.
Let
y; : i observation on Y from i" strata

X; © | observation on X from i" strata i=1,2,...k j=12,...n.

An estimator of Y based on the philosophy of stratified sampling can be devised in following two
possible ways:

1. Separate ratio estimator

Employ first the ratio method of estimation separately in each strata and obtain ratio estimator
=12,k assuming the stratum mean )?i to be known.

Then combine all the estimates using weighted arithmetic mean.

This gives the separate ratio estimator as

-1 .
where V. sample mean of Y from i strata
i J=1
n
X = —inj :sample mean of X from i" strata
n; =1
X

Ni
i = —inj :mean of all the units in i stratum
i j=l

12



No assumption is made that the true ratio remains constant from stratum to stratum. It depends on

information on each X,.

2. Combined ratio estimator:

- Find first the stratum mean of Y'sand X's as

- Then define the combine ratio estimator as

Vo= X
st

N
where X is the population mean of X based on all the N = z N, units. It does not depend on individual
i=1

stratum units. It does not depend on information on each X, but only on X .

Properties of separate ratio estimator:

Note that there is an analogy between Y = ZWi . and Yg, = ZvviYRi.
We already have derived the bias of \7R = % X as
X
s o Y
E(YR) =Y +?(Cf _prCY) .

So for Yy, we can write

E(YLRi) :Y_i +Y_i%(cii -pCiCy)

_ 1o _ 1N
where Y, =—>"y., X;=—> X,

Ni j=1 Ni j=t

Ni-n Sy~ Sa
fi= N 'Ciy:Y—i_)zl’ Cix:)ziz’

1 O - 1 Y _
Si2 = 1 (Yi‘_Yi)z’ Sii: (Xi'_Xi)z’
’ Ni _1121: Ni _11'21: J

13



p. - correlation coefficient between the observation on Xand Y ini~ stratum

C,, : coefficient of variation of X values in i~ sample

Thus

E(Y_Rs) = iWiE(YLRi)

K — f
- ZWI Y ' _ pIXCIXCIy
n

— wyY, f.
=Y + Z Inl I(C picixciy)

i=1 i

Bias(Yg,) = E(Ye)-Y
wY, f.
_z — ICIX(CIX pICIy)
C, and p, are all same for

i= i
ix?

Assuming finite population correction to be approximately 1, n.=n/k and C,
the i™ stratum as C,,C, and p respectively.

Bia'S(YARs) = E(Cf _prCy) .
n
Thus the bias is negligible when the sample size within each stratum should be sufficiently large and is

unbiased when C, = pC, .

Now we derive the MSE of Y,.. We already have derived the MSE of Y, earlier as

MSE(Y,) = ~C2-2pC,C,)
—RX.
n(N 1)2(Y )’
where R_YT
X

Thus for i stratum

MSE(YLRI)_ﬁ(C 2IOC|X |Y)

(N 1)Z(Ylj qu)

and so
14



2~ k Y
MSE (V) = 2, W MSE(Yy;)

i=1

k
- {W' fiyec2 vc2 - 2pCiXCiY)}
n

i-1 i

22|: (N 1)2(Ylj RiXij) :|

i j=1
An estimate of MSE (YRS) can be found by substituting the unbiased estimators of S’ ,S? and S? as

si.. S, and s, respectively for i stratum and R =Y, /X, can be estimated by r =7, /X.

ix? iy

w2 f

k
MSE(YRS = Z II,] i (SI?/ + rizsii _2risixy):|'

i=1 i

Also

MSE (Y,,) = Y| — o 1)_nZi(v.J W, }

i=1

Properties of combined ratio estimator:

Here

Y
Y_RC = Iil X =
2 WX

i=1

<
<

* X =RX.

C

|
by

st

><

It is difficult to find the exact expression of bias and mean squared error of ﬂc, so we find their

approximate expressions.

Define

15



KON, —n WS, & f wPS?
E 82 — i i Y i i Ty
(e1) le N, Y? izzllni y?

Ko f w?S?2
E(g2)=) L&
( 2) — ni Yz

ko f S
E(ge,)=) X
ORI

Thus assuming |e,| <1,
v, - dra)l o
(1+¢&,)X
=Y(+g)l-g,+&5-..)

=Y(U+g -8 —ge,+& —..)

Retaining the terms upto order two due to same reason as in the case of Y,

>

RC :Y_(1+51 —&, — &8, +522)

va va 2
Yec =Y =(&,—&, -8, +&;)

The approximate bias of \?RC upto second order of approximation is

BiaS(YLRc) = E(YA_RC _Y_)
=YE(¢,—&, — €6, + &)

=YE(0-0-¢e, +&))
=Y k va.2 S_i(—s_'—xl
~lin "L X2 XY
S S2  pS,.S.
7| fipe| S ASuSy

{Lwizsix (S;_x_ pi§iY ﬂ
n, X Y

1[ WS, (Cy - pCy )}

where R =j(:, p, is the correlation coefficient between the observations on Y and X in the i stratum,

C, and C,, are the coefficients of variation of X and Y respectively is ith stratum.

The mean squared error upto second order of approximation is

16



MSE(YVs,) = E (Y, - V)’
=Y?E(g, —¢,
=Y 2E(el + &7

_k f SZ SZ 28
=Y SiwA | Sixo g Sy Zixy
Z:‘{n '[xz YZ XY H
—n| §2 g2 2pS, S,
=Y? R IRVYC e . S| S 12 iy
Zin '[Xz y: X Y ﬂ

—&&, & )2

—2¢,8,)

An estimate of MSE(Y,.) can be obtained by replacing S

2 2 H Y_
S,»S, and s, respectively whereas Rz?
is obtained:

w f. s S

MSE (Y )=Y? 2+ L2 =L

(Vee) = Z{ n, (xz Y? XYJ]

2
_ i{wh—ﬁ(rzsii +52 = 2rs,, )}

i=1

where X is known.

is replaced by r =

282

iX

x| <

and S.

Comparison of combined and separate ratio estimators

An obvious question arises that which of the estimates Y., or Y, is better.

by their unbiased estimators

as follows: Thus the following estimate

So we compare their MSEs.

Note that the only difference in the term of these MSEs is due to the form of ratio estimate. It is

in MSE(Y..)

|
A
Il

XiI| <1 x|

in MSE(Y,,).

|
|
Il

Thus

17



A = MSE(Yy,) - MSE(Y,,)

T
§

i=1

2

[(RZ RY)Sx +2(R; —R)p,Si Siy }

{ wf ——[(R-R’)’S% +2(R-R)(RS} pisixsw)]}

The difference A depends on

Q) The magnitude of the difference between the strata ratios (R.) and population ratio as whole

(R).

(i)  The value of (RS2 -pS,S,,) s usually small and vanishes when the regression line of y on

i~ix

X is linear and passes through origin within each stratum. In such a case

MSE(Y,.) > MSE(Y,.)
but BiasO?Rc) < BiasO?RS).

So unless R; varies considerably, the use of YARC would provide an estimate of Y with negligible bias
and precision as good as YLRS.
e If R#R, \?RS can be more precise but bias may be large.

If R =R,Y, can be as precise as Y., but its bias will be small. It also does not require

knowledge of X, X,,..., X,.

Ratio estimators with reduced bias:
The ratio type estimators that are unbiased or have smaller bias them R, Y or YRC(M) are useful in sample

surveys . There are several approaches to derive such estimators. We consider here two such approaches:

1. Unbiased ratio — type estimators:

Under SRS, the ratio estimator has form X to estimate the population mean Y . As an alternative to

x| | <]

this, we consider following as an estimator of population mean
2 1Y )=
==Y L |X

18



Y, , 1=1,2,.,N,

Let R=—
Xi
then
YLRO_l Ri>z
N
:r_
where
1 n
r==>R
n; '
Bias (Y_RO):E(YRO) '
=E(X)-Y
=E(M)X -Y
Since
18,13
EM==)> (—) R
() n; NZ;, )
_13p
N =
=R.
So Bias(Y,,) = RX - Y.
Using the result that under SRSWOR, Cov(X, 7)=¥SXY, it also follows that
n
Cov(T,X) = v lZ(R R)(X, - X)
~N-n 1
= R X, — NRX
Nn N 1(2 )
= X — NRX
Nn N 1(Z X, )
:N_n—(NY NRX)
Nn N-1
~N-n 1
= ——[-Bias
NP 1[ )
MSxy, we have

Thus using the result that in SRSWOR, Cov(X,Yy) =

19



Bias(Y,) = —%COV(F,Y)

Nn(N-1) N—-n
=- SRX
N —n Nn

=—(N-1)S,,

N —_— [—
where S, = ﬁz(Ri ~R)(X, = X).
4=

The following result helps is obtaining an unbiased estimator of population mean:.
Since under SRSWOR set up,
E(s,) =S,

where s, = iZ(Xi =X)(y; = Y),
n-143

1 < e Ve
S, =1 7 206 = X006 =)

so an unbiased estimator of the bias is Bias(\?Ro) =—(N -1)S,, which is obtained as follows:
Bias(Ypy) = —(N —1)s,,
-2 -n - %)
n-1143

:—N—_l(Zrixi -nTX)
- =1

:—N—_(ny—nr X)
n_
So
] A — n(N-1) ,_ _ _
BlaS(YRo) = E(YRO)_Y =- (n—l )(y_ X)-
Thus

E|:YLRO - BiaS(YLRo)} =Y

or E[?RO LN (y—rx)}:\?.
n-1

Thus

A

Voo "D (g =X - D g

IS an unbiased estimator of population mean.

20



2. Jackknife method for obtaining a ratio estimate with lower bias

Jackknife method, is used to get rid of the term of order 1/n from the bias of an estimator. Suppose the

E(FAQ) can be expanded after ignoring finite population correction as
E(R) = R+i+a—§+...
n n
Let n =mg and the sample is divided at random ratio g groups, each of size m. Then

E(gR) = gR+%+&+...
gm

g2m2
= gR+%+ azz +...
gm

Let R = 2 where the > " denote that the summation is on all values of the

2%
sample except the i™ group. So R’ is based on a simple random sample of size m(g - 1),

SO We Can exXpress

A a a,
E(R)=R
T A R
or
- A a, a,
E -DR |=(0-)R+—=++—~=—
(Q=DR'J=(g-DR+ o i+
Thus
roa Ax a
E|lgR—-(g-)R |=R———2—+...
- ] g(g-m?
or

3 g 9
E[gR—(g—l)Ri]_R Fot

Hence the bias of [gli—(g —1)@?] is of order %

Now g estimates of this form can be obtained, one estimator for each group. Then the jackknife or

Quenouille’s estimator is the average of these of estimators

R, =gR-(g-1)=2—.
g

9 .
R

=1

A large sample variance of Y, is obtained as follows. We assume n and N are large enough so that

21



Ll ~1 and make F =R . Then
n_

A

YHR ()_/ - _Y)-

N

Hence, large sample variance of Y, is given by

Var(Y,,.) =ﬂ[sy2 +R?S2-2Rs, .
n

Product method of estimation:

& if R>0, whichis
Cy

N |-

The ratio estimator is more efficient than the mean of a SRSWOR if p>

. : e . 1C
usually the case. This shows that if auxiliary information is such that p< _EC_X’ then we cannot use the
y

ratio method of estimation to improve the sample mean as an estimator of population mean. So there is
need of another type of estimator which also makes use of information on auxiliary variable x. Product
estimator is an attempt in this direction.
The product estimator of the population mean Y is defined as

Y y X

YP :7.

We now derive the bias and variance of \7p

Let gO=VYiY,81:X;(_X

(i) Bias of Y.

A

We write Yp as

o VX —
Y = y7 =Y (L+e)1+e)
=Y (A+g +e&,+8)
Taking expectation we obtain bias of Vp as

1
X

.2 . f
Bias(Y,) = Cov(y,x):ﬁsXy

22



which shows that bias of Vp decreases as n increases. Bias of \7p can be estimated by
Bias(V ) — f
ias(Y,) _sty.
(i) Variance of Y, :
Writing VP is terms of ¢, and ¢, we find that the variance of the product estimator Vp upto second order

of approximation is given by

Var(Y,) = E(Y, —Y)?
=Y?E(g, +¢,+5¢,)°

=Y2E(g] +&l +2¢8,).

Here terms in (g, &,) of degrees greater than two are assumed to be negligible. Using we find that

Var(Y,) :%[33 +R?SZ +2RS,, |.
(iiiy  Estimation of variance of Y,
The variance of \7p can be estimated by
Var(?p) = %[si +r2s2 + 2rsxy]

where r=y/X.
(iv)  Comparison with SRSWOR:

From the variances of the mean of SRSWOR and the product estimator, we obtain

_ o f
Var(y)SRS _Var(Yp) = _F RSX (ZPSY + RSX ),

which shows that Vp is more efficient than the simple mean y for

p<—1& if R>0
2C,
and for
p>—1& if R<O.
2C,

23



Multivariate Ratio Estimator

Let y be the study variable and X, X,,..., X, be p auxiliary variables assumed to be corrected withy .
Further it is assumed that X, X,,..., X, are independent. Let Y, X, X,,..., X be the population means of
the variables y, X, X,,..., X,. We assume that a SRSWOR of size n is selected from the population of

N units. The following notations will be used.

S? =the population mean sum of squares for the variate X, ,

s’ =the sample mean sum of squares for the variate X,

S¢ = the population mean sum of squares for the study variable y,
s; = the sample mean sum of squares for the study variable y,

C, :% = coefficient of variation of the variate X,,

C, = % = coefficient of variation of the variate vy,
Sy . .

P = YN coefficient of correlation between y and X,,
i~0

(i) Bias of the multivariate ratio estimator:

The bias of YARi as
BiaS(YARi) = %Y_(Ciz - PCiGCo).
The bias of ?MR is obtained as
- = p Y_f 2
BIaS(YMR) = ZVVI ?(Ci _piCiCo)

i=1

vVf P
:ﬁzvvici (C - pCy).
n 5=

24



(if) Variance of the multivariate ratio estimator:

The variance of YARi is given by

Var (1) = -V¥(CE +C7 ~22C,C).

The variance of Y,,, is obtained as

A >
Var(Yyz) = iY ZZWiZ (C; +Cf ~2pC,C)).
n

i=1

25



Chapter 6

Regression Method of Estimation

The ratio method of estimation uses the auxiliary information which is correlated with the study variable to
improve the precision which results in improved estimators when the regression of y on x if is linear and
passes through origin. When the regression of if on X is linear, it is not necessary that the line should
always pass through origin. Under such conditions, it is more appropriate to use the regression type

estimators.

In ratio method, the conventional estimator sample mean y was improved by multiplying it by a a factor

x| | X

where X is an unbiased estimator of population mean X which is chosen as population mean of

auxiliary variable. Now we consider another idea based on difference.

Consider an estimator (X — X) for which E(X—X)=0.
Consider an improved estimator of Y as
V' =y 4+ u(X—X)
which is an unbiased estimator of Y and u is any constant. Now find  such that the Var(?*) is
minimum
Var(\?*) =Var(y) + x*Var(X) + 2 Cov(X, ¥)

ovar(Y ") _0
oA
Cov(X,Y)
- Var(X)
N —n
W XY
N-n_.,
Nn >

= U=

_Sxr

_Si

1 9 _ _ 1 Y —
where SXY ZWZ(Xi_X)(Yi_Y)a S>2< :mZ(Xi_X)-
! —Li=



Note that the value of regression coefficient B is a linear regression model y=xpg+e of y on X

n S
obtained by minimizing Zeﬁ based on n data sets (x,V;),i=12,.,nis ﬂ:%)((’;l):s—xzy. Thus the
i1 X X

optimum value of  is same as the regression coefficient of y on X with a negative sign, i.e.,
u==p.
So the estimator Y with optimum value of 4 is
Y_reg = y+ﬂ(>z _X)
which is the regression estimator of Y and the procedure of estimation is regression method of estimation.

The variance of Y, is

var(Y,,) =V (y)L- p*(%.9)]

where p(X,) is the correlation coefficient between X and y. So Y., would be efficient of X and y

eg

A

are highly correlated. The estimator Y, is more efficientthan Y of p(x,y) =0 which generally holds.

eg

Regression estimates with preassigned 2 :

If value of g is known as f,, say then the regression estimator is

Y_reg =y+ﬂ0(>z_¥)-

Bias of Y,
Now, assuming that the random sample (x;,y;), i=12,..,n is drawn by SRSWOR,
E(Y.,) =E(¥)+ 5[ X -E(X) ]

V4 p[X-%)]
-y

Thus Y, is an unbiased estimator of Y when 4 is known.



Variance of VY,

Var(YLreg) = E|:Y_Areg - E(Yireg):r
~E[y+A(X-%)-Y ]
=E[(7-N)-A(x-X)T
=E[(7-V)"+ A (R-X)-24EX-X)(T -V |
=Var(y) + BVar(X) - 23,Cov(X, y)

f

:F[S\? +/BOZS>2< _ZﬁOSXY]
f

:FI:S\? + 7 Sx _Zﬂopsxsv]

where

1 O _
S2=—— 3 (X =X)?
X N—].;( i )

1 3 —
SZ=—>(Y,-Y)’
Y N _12( i )
p:Correlation coefficient between X and Y.

A

Comparing the Var(Y,,,) with Var(y), we note that
Var(\?reg) <Var(y).

If ﬂo28>2< _Zﬁosxv <0

or ﬂos>2< (ﬁo_ZSS;(YJ<O
X

2 2
which is possible when either £, <0 and [,BO - SS;Y ] >0=> % < p, <0.

X X

2

2 2 7
X X SX

or A, >0 and {,BO— SS;‘Y)]<O:>O<,BO<2SSXY ﬂ0<28XY



Optimal value of g

Choose g such that Var(\?reg) IS minimum .

So

aVar(Y_reg) 6 2 2@2
Tzﬁ[& + S5 —2pS,S, | =0

- : > : S
The minimum value of variance of Y, with optimum value of £, = %

X

is

X X

s flee, 28 c 5 S
Varmin(Yreg)_n Sy +p 5?2 SX 2pS pSXSY

f
=—S;(1-p").
n

Since -1<p<1, so

A

Var (Yreg ) < VarSRS (y)

which always holds true.

Departure from g:

If f, isthe preassigned value of regression coefficient, then

2 f
Varmin (Yreg) = _|:S$ + IBOZS\? - Zﬂopsx SY :I

n
f
=[S0+ 5K ~20BS:S, — p'S] + P8 ]
f
=—[@=p")S! + BIS% 28,8 B + S|
f
= F[(l_pz)SYz + (IBO _ﬁopt)zsi :I

where £, :%'

X



Estimate of variance

An unbiased sample estimate of Var(\ﬁeg) is
n 2

Z[(Yi - 7) _ﬂo (Xi _Y)]

Var(YLreg) = n(n-1) 2

fo
:FZ(S)Z/ +ﬂozsf _Zﬂosxy)'
i=1

Regression estimates when 2 is computed from sample
Suppose a random sample of size n,(x,y.), i=12,..,n is drawn by SRSWOR. When g is unknown, it is
estimated as

S,
ﬁZS_Z

X

and then the regression estimator of Y is
Y_reg :y+ﬁ(>z_i)
It is difficult to find the exact expressions of E(Vreg) and Var(?reg). So we approximate then using the

same methodology as in the case of ratio method of estimation.

Let
& :7%_?: V=Y (1+eg,)
g = X;X =X=X(1+¢g)
£, = Sy ~ S =5, =S,1+5,)
XY
g = ZSXZ —s2=5%(1ts,)
Then



E(g) =0
E(g) =0
E(e,)=0
E(g)=0

f
E(SS)ZFCYZ
2 f 2
E(gl ) =FCX

f
E(ge) = FpCXCY

and
_ Sy o o
Y,eg=y+s—2(X—x)
_ s (1+¢& _
:Y(1+£0)+M(—51X)
s, (1+¢,)

The estimation error of Y, is

A

(Yreg _Y_) =Y_‘c"o _ﬂ)zgl(1+ 32)(1"'53)_1

Sy - : . -
where S = S—XZY is the population regression coefficient.
X

Assuming |&,| <1,

A

(Yeeg -Y)=Ye, - BX(g+e8,)l-g+&5—....)

Retaining the terms upto second power of ¢'s and ignoring other terms, we have

Py

(Yreg _Y_) :Y_go _ﬂ)zﬁ(gl +&8,)1-¢; +‘932))
=Yg, - fX(g —&,6,+€8,)

A

Bias of Y

reg
Now the bias of Y, is
E(Y_reg -Y)= E[Vgo —BXe(g,+&8,)1l-g, +832))]

:_ﬂ)zf Mo Mo
n | XS, XS:




N-—n .
where f :T’ (r,s)™ cross product moment is

1 =E[ (x=X)"(y=Y)*]

SO

So
7 ﬂf{ﬂm ,Uso}
Bias(Y,,,) =~ | £ - L2
9 n|S, Si
Also,

Bias(Y,,,) = E(y) + E[A(X - X)]
=Y + XE(B) - E(X)
=Y +E(X)E(B) - E(8X)
=Y —Cov(p,X)

Bias(\?reg) = E(\ﬁeg)—\? =—Cov(4,X)

MSE of Y,

To obtain the MSE of \7 consider

reg »
E(YLreg -Y)* ~ E[gOV ~ BX (&, — €, +81€2)]2
Retaining the terms of &'s upto the second power second and ignoring others, we have
E(Yyy —V)? ~ E[ 6272+ X262 - 25XV g6, |
=Y?E(g,) + B X’E(&7) - 2 BXYE(&,5,)

flo,82 ,_,S2 —— S.S
= Y22 4 B2X2 X _28XY p=X2Y
n{ R A
MSE(Y,,,) = E(Y,,, -V’

f
:F(SYZ +/°Sx —2/pSSy)

Since ,B:Séi:ps—y,

2
X SX

so substituting it is MSE (Y,,,), we get



— f
MSE(Yreg) = FSYZ (1_102)
So upto second order of approximation, the regression estimator is better than the conventional sample
mean estimator under SRSWOR. This is because the regression estimator uses some extra information
also. Moreover, such extra information requires some extra cost also. This shows a false superiority in
some sense. So the regression estimators and SRS estimates can be combined if cost aspect is also taken

into consideration.

Comparison of \Keg with ratio estimate and SRS sample mean estimate

-
MSE(Yreg) = FS\? (1_102)

MSE(Y,) = %(sf +R?S2 —2pRS, S,)

. f
VarSRS (Y) = F S\f-

(i) As MSE (\ﬁeg):VarSRs(V)(l—pz) since p® <1, so ereg is always superiorto y.

(i) Y, is better than Y, if MSE(Y,,,) < MSE(Y,)

reg

or if 1S2(1- p?) < (S2+R?S2 —2RS, S,)
n n

or if (RS, —pS,)* >0

which always holds true.
So regression estimate is always superior to ratio estimate upto second order of approximation.
Regression estimates in stratified sampling

Under the set up of stratified sampling, let the population of N sampling units is divided into k strata.

k
The strata sizes are N,,N,,.., N, such that ZNi =N. A sample of size n; on (%, Y;), 1=12,.,n,

i=1
is drawn from i"" strata (i = 1,2,..k) by SRSWOR where x; and y; denotes the | unit from i strata on

auxiliary and study variables, respectively.

In order to estimate the population mean, there are two approaches.
8



1. Separate regression estimator

e Estimate regression estimator

Y_reg =y+ﬂ0(>z_¥)

from each stratum separately i.e., the regression estimate in the i stratum is

Y_reg(i) =Y, +IBi(>zi _X)

A

e Find the stratified mean as the weighted mean of Y, 1=12,..,k as
A K NYL
Y — i'reg(i)
sreg ; N
k —
= Z[Wl{yl +ﬂi(xi _Z)}]
i=1
S, N.
where B =—2, W, =—-.
d s N

ix

In this approach , the regression estimator is separately obtained in each stratum and then combined

using the philosophy of stratified sample. So Y, is termed as separate regression estimator,

sreg

2. Combined regression estimator

A

Another strategy is to estimate X and y inthe Y, as respective stratified mean. Replacing X by

reg

k k
X, =2 WX and y by Y, =2 WY, we have
i=1

i=1

A

Y_creg = yst "_/B()z —Yst),

In this case, all the sample information is combined first and then implemented in regression

estimator, so \Keg is termed as combined regression estimator.

Properties of separate and combined regression

In order to derive the mean and variance Y. and Y. there are two cases

sreg creg !
- when g is preassigned as S,

- when 2 is estimated from the sample.



S
We consider here the case that 4 is preassigned as j, . Other case when g is estimated as f=—- can
SX

be dealt using the same approach based on defining various £'s and using the approximation theory as in

the case of Y,

1. Separate regression estimator

Assume g is known, say f,. Then

Asreg z +180i(>zi _Z)

K

i=1
~ K

i=1

g = D WIE(T) + By (X, —E(X)]

:Z |[Y_ (>z >z|)]
=Y.

Py

2
Var(Ys reg ) E |: sreg -E (Ysreg )i|

i i=1

2 W (=)= 2 Wil (% = X )T

ZW.Z(Y. =Y.’ +ZW BrE (X = X)T —ZWﬁ’o.E(X X% -Y)

:ivviyi +i +Z\Ni:30i(>zi _Yi)_Y_]Z

Zk:vvaar(Y)JrZW B,Var(X)— ZZW B, Cov(X, V)

i=
2

=2 5%8 + 0385 ~ 25 Six )]

i-1 I

=~

o S, .
Var(YS,eg) is minimum when f; =—2" and so substituting /,, we have
iX

len(Ysreg) Z|: : I(S :Bozusui):|

where f, = N =
N

Since SRSWOR is followed is drawing the samples from each stratum, so
10



E(S ) SIX
E(s )=S2
E(Siy) = Sixy

ixy

Thus an unbiased estimator of variance can be obtained by replacing S’ and S’ by their respective

unbiased estimators s> and sif, respectively as

Var(Y, sreg) Z{ : I(sly+ 0i Six ZﬁOISIXy)}

and

Var min (Ysreg) Z|:er.] fi (Sii _ﬂm |x)}

i=1 i

2. Combined regression estimator:

Assume g isknownas g;,. Then

WY, + By (X - Z.

c reg
~

Zvv.E(y.)+/30[x ZwE(x)]

creg

>

Thus Y, is an unbiased estimator of Y.

creg

Var (Yc reg ) [Yc reg -E (YC reg )]
= E[Z\Niyi "‘:Bo[>Z _Z:Wiyi)_Y_]2

= E[ZVV.(Y’. _Y_) i ﬁOZ\Ni(Xi - >zi)]2

-3 ar(s) + | S WNAr(R) ~22 W ACOUK, 5)|

k 2f 2
ZWI |[52+ o |x ZIBOSIXY

iz N

11



Var(Y

creg

) is minimum when

Cov(zst ! yst )

Fo = Var(x,)

and the minimum variance is given by

Kk

mln(Yicreg) Z II,] I (S IBOZSS()

Since SRSWOR is followed to draw the sample from strata, so using

Var (Y, Creg,) Z{ : I(S.y"‘ﬁ Zﬁoisixy):|

and

Varm.n(Ycreg) Z{ L (sy - S5 |x):|

Comparison of Y _and Y.

sreg creg

Note that

Var( creg) Var (Ysreg) Z(ﬂlo ﬂO I I 82

I
< f 2\ 2Q2
=Z_I(ﬂio _IBO) WS
i=1 ni
>0.
So if regression line of y on x is approximately linear and the regression coefficient do
not vary much among strata, then separate regression estimate is more efficient is more

efficient than combined regression estimator.

12



Chapter 7
Varying Probability Sampling

The simple random sampling scheme provides a random sample where every unit in the population has
equal probability of selection. Under certain circumstances, more efficient estimators are obtained by
assigning unequal probabilities of selection to the wunits in the population. This type of sampling is

known as varying probability sampling scheme.

If Y is the variable under study and X is an auxiliary variable related to Y, then in the most commonly
used varying probability scheme, the units are selected with probability proportional to the value of X,
called as size. This is termed as probability proportional to a given measure of size (pps) sampling. If
the sampling units vary considerably in size, then SRS does not takes into account the possible
importance of the larger units in the population. A large unit, i.e., a unit with large value of Y contributes
more to the population total than the units with smaller values, so it is natural to expect that a selection
scheme which assigns more probability of inclusion in a sample to the larger units than to the smaller
units would provide more efficient estimators than the estimators which provide equal probability to all
the units. This is accomplished through pps sampling.

Note that the “size” considered is the value of auxiliary variable X and not the value of study variable Y.
For example in an agriculture survey, the yield depends on the area under cultivation. So bigger areas are
likely to have larger population and they will contribute more towards the population total, so the value
of the area can be considered as the size of auxiliary variable. Also, the cultivated area for a previous
period can also be taken as the size while estimating the yield of crop. Similarly, in an industrial survey,
the number of workers in a factory can be considered as the measure of size when studying the industrial
output from the respective factory.

Difference between the methods of SRS and varying probability scheme:

In SRS, the probability of drawing a specified unit at any given draw is the same. In varying probability
scheme, the probability of drawing a specified unit differs from draw to draw.

It appears in pps sampling that such procedure would give biased estimators as the larger units are over-
represented and the smaller units are under-represented in the sample. This will happen in case of
sample mean as an estimator of population mean where all the units are given equal weight. Instead of

giving equal weights to all the units, if the sample observations are suitably weighted at the estimation



stage by taking the probabilities of selection into account, then it is possible to obtain unbiased

estimators.

In pps sampling, there are two possibilities to draw the sample, i.e., with replacement and without

replacement.

Selection of units with replacement:
The probability of selection of a unit will not change and the probability of selecting a specified unit is

same at any stage. There is no redistribution of the probabilities after a draw.

Selection of units without replacement:

The probability of selection of a unit will change at any stage and the probabilities are redistributed after
each draw.

PPS without replacement (WOR) is more complex than PPS with replacement (WR) . We consider both
the cases separately.

PPS sampling with replacement (WR):

First we discuss the two methods to draw a sample with PPS and WR.

1. Cumulative total method:
The procedure of selection a simple random sample of size n consists of
- associating the natural numbers from 1 to N units in the population and
- then selecting those n units whose serial numbers correspond to a set of n numbers where each

number is less than or equal to N which is drawn from a random number table.

In selection of a sample with varying probabilities, the procedure is to associate with each unit a set of

consecutive natural numbers, the size of the set being proportional to the desired probability.

If X, X,,.., X, are the positive integers proportional to the probabilities assigned to the N units in the

population, then a possible way to associate the cumulative totals of the units. Then the units are selected

based on the values of cumulative totals. This is illustrated in the following table:



Units Size Cumulative
1 Xl Tl = Xl
2 e IfT,<R<ZT, then
>fz T, = X.l +X, i unit is selected
: Select a random with probability
number R X.
i1 —,i=12,...,N.
i1 X, T.=3x between 1 and T, T,
e by using random
j=1 y g
) i number table. e Repeat the procedure
| X, Ti:_ X; n times to get a
: : = sample of size n.
N N
N Xy = Z X Ty = Z X,
j=1 j=1

In this case, the probability of selection of i unit is

P =Ti —Tiy :L
I Ty Ty
=P «X,.

Note that T is the population total which remains constant.

Drawback : This procedure involves writing down the successive cumulative totals. This is time

consuming and tedious if the number of units in the population is large.

This problem is overcome in the Lahiri’s method.

Lahiri’s method:

Let M= Max X,, i.e., maximum of the sizes of N units in the population or some convenient
i=1,2,...,N

number greater than M .
The sampling procedure has following steps:

1. Select a pair of random number (i, j) such that 1<i< N, 1< j<M.

2. If j<X,, then i unit is selected otherwise rejected and another pair of random number is
chosen.

3. To get a sample of size n, this procedure is repeated till n units are selected.

Now we see how this method ensures that the probabilities of selection of units are varying and are

proportional to size.



Probability of selection of i unit at a trial depends on two possible outcomes
— either it is selected at the first draw
— oritisselected in the subsequent draws preceded by ineffective draws. Such probability is given by
PL<i<N)PA< j<MIi)
1 X, -

=—.— =P, say.
N M ' Y
- _ . 13 X
Probability that no unit is selected at a trial =WZ _VI
i=1
1N
N M
X
=1-—=0Q, say.
M Q, say

Probability that unit i is selected at a given draw (all other previous draws result in the non selection of

unit i)
=P +QP +Q°P +...
Pi*

1-Q

X, INM X, X,

. =—1 = oc X,.
XIM NX X

total

Thus the probability of selection of unit i is proportional to the size X.. So this method generates a pps

sample.

Advantage:
1. It does not require writing down all cumulative totals for each unit.
2. Sizes of all the units need not be known before hand. We need only some number greater than the
maximum size and the sizes of those units which are selected by the choice of the first set of

random numbers 1 to N for drawing sample under this scheme.

Disadvantage: It results in the wastage of time and efforts if units get rejected.

The probability of rejection :1—%.

The expected numbers of draws required to draw one unit = %

This number is large if M is much larger than X.



Example: Consider the following data set of 10 number of workers in the factory and its output. We
illustrate the selection of units using the cumulative total method.

Factory no. | Number of workers | Industrial production | Cumulative total of sizes
(X) (inthousands) | (in metric tonns) (Y)
1 2 30 T,=2
2 5 60 T,=2+5=7
3 10 12 T,=2+5+10=17
4 4 6 T,=17+4=21
5 7 8 T,=21+7=28
6 12 13 T, _28+12-302)
7 3 4 T,=30+3=33
8 14 17 T, =33+14 =47
9 11 13 T, =47+11="58
10 6 8 T,, =58+6 =064

Selection of sample using cumulative total method:
1.Firstdraw: - Draw a random number between 1 and 64.

- Suppose it is 23

-T, <23 <T;

-Unit Y is selected and Y, =8 enters in the sample.

2. Second draw:
- Draw a random number between 1 and 64
- Suppose it is 38
- T,<38<T;

- Unit 8 is selected and Y, =17 enters in the sample

- and soon.

- This procedure is repeated till the sample of required size is obtained.


DEEPAK
Sticky Note
28+12=40



Selection of sample using Lahiri’s Method
In this case
M= Max X, =14

i=1,2,..,10
So we need to select a pair of random number (i, j) such that 1<i<10,1< j<14.

Following table shows the sample obtained by Lahiri’s scheme:

Random no Random no Observation Selection of unit
1<i<10 1< j<14
3 7 j=7<X,=10 trial accepted (y,)
6 13 j=13> X, =12 trial rejected
4 7 J=7>X,=4 trial rejected
2 9 j=9>X,=5 trial rejected
9 2 j=2<X,=11 trial accepted (y,)

and so on. Here (y,,Y,) are selected into the sample.

Varying probability scheme with replacement: Estimation of population mean
Let

Y, : value of study variable for the i™ unit of the population, i=1,2,...,N.
X, : known value of auxiliary variable (size) for the i unit of the population.

P : probability of selection of i™ unit in the population at any given draw and is proportional to size X,.

Consider the varying probability scheme and with replacement for a sample of size n. Let y, be the
value of r' observation on study variable in the sample and p, be its initial probability of selection.

Define

then



2 N 2

. . . . - . . Y. &
Is an unbiased estimator of population mean Y , variance of 7 is %2 where ol = Z P [W_Y] and
n i

i=1
: : : .8 1 2
an unbiased estimate of variance of 7 is - =——>"(z, -7)
n n- r=1
Proof:
Note that z, can take any one of the N values out of Z,,Z,,...,Z, with corresponding initial probabilities

P,P,,...,P,, respectively. So

E@) =Y 2P

Ny,
ZN_PIi

i=1

Y.

Thus
13
E(Z)==> E(z)
N
_iyv
[ )
=Y.
So 7 is an unbiased estimator of population mean Y .

The variance of 7 is

Var(z) = —Var (z z j

=1
— 1 n V ! - d d .
_FZ‘ ar(z,) (z, s are independent in WR case).

Now

Var(z,) =E[z, - E(Zr)]2



_o;
n
SZ
To show that —% is an unbiased estimator of variance of 7, consider
n

(n-1)E(s;) = E{Zn‘,(zr —7)2}

n
E[ 2’ - nfz}
r=1

[i E(zf)—nE(f)Z}

r=1

n

_Z [Var(z )+{E(Z )} J n[VaI’(T)+{E(7)}2}

r=1

:Zn:(afﬂﬁ)_n(g?lzﬂ??) [usmgVar(Z) Z[——Yj P —O'ZZJ

r=1 '
=(n-Do;
E(s?) =07
2 2
or E[S—Zj: % _Var(z)
n n

Note: If P_% then Z =Y,

2

Q

N
Var(7Z) :ii
nN = n

'N

'<I
LN

which is the same as in the case of SRSWR.



Estimation of population total:
An estimate of population total is
~ 1G( Y -
Yo == | |=NZ.
w232
Taking expectation, we get

A 1G)Y, Y. Y
E(Y,)=— {—1P+—2P +...+—NP}
tot ; Pl 1 Pz 2 PN N

o
1n

==>Y
tot
N

=Y,

tot *

Thus \fmt Is an unbiased estimator of population total. Its variance is

Var(Y, ) = N¥Var(z)

An estimate of the variance

2
~ A S
Var(Y,,)=N*-%,

n

Varying probability scheme without replacement

In varying probability scheme without replacement, when the initial probabilities of selection are
unequal, then the probability of drawing a specified unit of the population at a given draw changes with
the draw. Generally, the sampling WOR provides a more efficient estimator than sampling WR. The
estimators for population mean and variance are more complicated. So this scheme is not commonly

used in practice, especially in large scale sample surveys with small sampling fractions.



Let U,: i" unit,
P, :Probability of selection of U, at the firstdraw, i=12,...,N

N

>Rt

i=1

oy - Probability of selecting U, at the r" draw

Pi(l) = P.

Consider

R, = Probability of selection of U, at 2" draw.

Such an event can occur in the following possible ways:

U, is selected at 2" draw when

- U, is selected at 1" draw and U, is selected at 2" draw
- U, is selected at 1™ draw and U, is selected at 2™ draw

- U,, is selected at 1% draw and U, is selected at 2™ draw
- U,,, is selected at 1* draw and U, is selected at 2" draw

- U, is selected at 1 draw and U, is selected at 2" draw

So B, can be expressed as

Pi(2)=P1 PI +P2 PI +"'+Pi—1 Pl +Pi+1 PI
1-R ‘1-P, 1-R, LeR,
N
_$e B
i 1=P
N
— Z PJ PI +Pi PI _Pl PI
i “1-F "1-R '1-R
N
=ZP1 i -R i
1-P 1-P

; 1
P # Py forall i unless P =

10




M

P Will, in general, be different for each i=1,2,...,N. So E( ] will change with successive draws.

This makes the varying probability scheme WOR more complex. Only I\Bll_rlJ will provide an unbiased

1

estimator of Y . In general, ’\T—i(i #1) will not provide an unbiased estimator of Y .

i
Ordered estimates
To overcome the difficulty of changing expectation with each draw, associate a new variate with each
draw such that its expectation is equal to the population value of the variate under study. Such
estimators take into account the order of the draw. They are called the ordered estimates. The order of

the value obtained at previous draw will affect the unbiasedness of population mean.

We consider the ordered estimators proposed by Des Raj, first for the case of two draws and then

generalize the result.

Des Raj ordered estimator
Case 1: Case of two draws:
Let v, and y, denote the values of units U, and U, drawn at the first and second draws

respectively. Note that any one out of the N units can be the first unit or second unit, so we use the

notations U, ,, and U, ,, instead of U, and U, . Also note that y, and y, are not the values of the first two

i(2)
units in the population. Further, let p, and p, denote the initial probabilities of selection of U;q) and

Ui(), respectively.

Consider the estimators

- N
NP,

_1 Y2
ZZ - N {yl-i_ pzl(l_ pl)i|

_i (l_ pl)
Y |:yl+y2 D,

Z

Note that 1& is the probability P(U,, |U,q,).
M

11



Estimation of Population Mean:
First we show that 7 is an unbiased estimator of Y .
E(Z)=Y .

N
Note that > P =1.

i
i=1

Consider

1

E(z)= i E [ﬁj [Note that K can take any one of out of the N values Y— Y—z,,Y—N]
N pl F)]. PZ I:)N

%{LR+Y—2P2+...+Y—NPN}

RL I:)2 PN

<]

(1- pl)}

2

1
:W{E(W)"‘E{ [yz D,

where E; is the conditional expectation after fixing the unit U, ,, selected in the first draw.

1
E(Zz) :WE|:y1+ Y,

Ui(l) ]}] (Using E(Y)=Ey[E, (Y | X)].

Y.
Y2 can take any one of the (N — 1) values (except the value selected in the first draw) FJ with
P, i
- N

_ P;
Ez{szz |(1)} (1 P)E{pz I(l)} (1 P)z |:P 1— p}

where the summation is taken over all the values of Y except the value y; which is selected at the first

{)ﬁ |(1)} ZY = Yot
P,

Substituting itis E(z,), we have

Since

... P
probability . L so

draw. So

E(z,) ==[E(Y) + E (Y — 1)

[E(y1)+E(Ytot )]

( tot) tot Y .

Z||—\ Z||—\ Z||—\

12



Thus E(Z) =

Y +Y
2

<

Variance:

The variance of

Var(z) = (1—i

)3

E(z)+E(z,)

2

Z for the case of two draws is given as

2N?

S5 j]

Y,

tot

_1ipzﬁ_ 2
4sz i P

i=1

Proof: Before starting the proof, we note the following property

N
Y. ab,

izj=1

which is used in the proof.

The variance of

Var(zZ) = E(7%) -

_g|-L
=

1

Zis

[E@)]

X

+

NE

Py
\

\

2
+')G_+‘)é;§£:llglz{}} -Y?
P,

2
E[wa+m)+wa—po}_¢z
P,

nature of
variable
depends
only on
1* draw

nature of
variable
depends
upon1®and
2" draw

Y;1-PR)

PP,

>

4N2l

1

{YQ+P)

#j=1

}

P

2 2
L Ya-R) PP

i }Y—z

1-P

—p?) PP,
+2Y)Y, Sl

~4N?

1

i sz (1_ P.)Z

1-p "' PP

i i it i

P

N \GZ
_4N2i;%{

L 2YY, (1+P) V"
1-P

i i

13



Using the property

{Zb bi} we can write
=1

|

{ZYZ 1+ P2+2P)+ZP,(1 P)

i=1 |

N

ZN: ab;=>a

i j=1 i=1

1
4N?

(1+P)° +ip(1

A
;

2 Ra-)
N NY

IR

N

Var(z) =

2

Yiy,
P,

1

MZ
_'.U|

I
N

N

N

{g—i+ZY P+2ZY +

+Z PY? + 2;\(2\(] - 22“\423

j=1

1
4N*

N
2V -,
i=1

N

N
ZY,Z +2Y2 +2Y,,

tot
i=1

Ytot tOt ]

ivﬂ}
r P

2Y2 —

tot

2<

Np_2 Yi_
= PR

2 1
tot} _Wg
\$

2

tot

4

1
N

Y,

tot

2

:

4

variance of WR
case forn=2
probability

14

oS-t

2

totj 4N 2 (ZYZ 2 IOIZY P 2Yt§t

-2Y,Y.P +P%;

}+2ZY 1+ P)(ZY ~Y)]-VY?

Ly 2%‘\4 1+ Pi)(i\(j —Yi)}v 2

+22YiPiZYJ. —22Yi2]—\72
i=1 j=1 i=1

thY P +4N?Y? }

+4Yot)

totZ:YF)_'_2 tot 2Y2 +ZP ot)

)

tot

2
I:)iz [%_Ytotj

reduction of variance
in WR with varying



Estimation of Vvar(z)
Var(z) = E(z°) - (E(2))°
=E(z?)-Y?
Since
E(z,z,) = E[7E(z,|u)]
=E[zY]

:Y_E(Zl)
=Y?2
Consider
E [72 —~ 2122] =E(Z°)-E(z2,)
=E(Z%)-Y?
=Var(2)

:\fa\r(f) =7% -2, is an unbiased estimator of Var(Z)

Alternative form

Var(z)=7° -z,

2
Z,+1Z
=| 2| —uz,
2

:(21_22)2
4
2
_l Y1 _L_Ll—pl
4/ Np, N N p,
2
1 y, Y,1-p)
— 1— J1 )2 1
4N2|:( pl)pl ) :|
2 2
_(-p) (L_ﬁj_
4N* (p, P,

Case 2: General Case

Let Uiy UigyrsUigys-Ui) be the units selected in the order in which they are drawn in n draws
where  U; ., denotes that the i™ unit is drawn at the r™ draw. Let (Y, Y,,..Y,,...y,) and
(P Py Pyyees P,) b the values of study variable and corresponding initial probabilities of selection,
respectively. Further, let B, B Puyr Py be the initial probabilities of

Ui Ui Yiyr-Uim,  respectively.
15



Further, let

Y

Z =
" Np,

| ity .t yrl"'%(l_ Pp—e— prl):| forr=23,..,n

N . . va
Consider Z :—Z Z. asan estimator of population mean Y.
r=1

We already have shown in case 1 that E(z,)=Y.

Now we consider E(z,),r=2,3,...,n. We can write

1
E(Zr)ZWElEZ[Zr i(2)""’Ui(r—l):|

where E, is the conditional expectation after fixing the units U, ,),U; ..U,

i

drawn in the first (r -

1) draws.
Consider
Eyr(l— . )|=E.E yr(l— . )‘u U U
b, Pp——Pr_p) |=HEy b, Pr==Pr_MigyYieyYir -1
= 1- P E Ir U
=B =Ro R Rir-nk ‘.(1) i Yir-p ||
y Y;
Since conditionally —can take any one of the (N -T=1) values P—J j=12,...,N with probabilities
r i
P.
] SO
1-P, =P .= P !
1 12 i(r-1)
LY P.

j
1)~ |(2)"'_Pi(r—1))}

‘i
“Fofe Ry, 21 P aR

E{%(l— P = Py _1)} E1

_ N *Y
_EILE:L "]

N
where > ™ denotes that the summation is taken over all the values of y except the y values selected in the first (r -1) draws
=1
. N . . . .
like as > , .e., except the values Yy Yo ¥y _q which are selected in the first (r-1) draws.
j :l(;t I(l)v I(Z)!i I(r _1))

16
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Thus now we can express

1
E(Zr) :WElEZ y1+ y2 +..t+ yr—l+%(1_ pl_"'_ pr—l)j|

N
= —F Yi(l)+Yi(2)+...+Yi(r_1)+z YJ}
=

1 B N
= WEl Yiy +Yiy - Yigrny + Z Yj:|
=1 ()1 2),.i(r-1))

1 T
=N E, _Yi(l) +Yi + iy +{Ytot —(Yi(l) +Yiz +...+Yi(r_1))ﬂ

1
= W El I:Ytot]

Yior
N
=Y forall r=12,..,n.

Then
N L
E(7)=—2 E(z)
r=1
1 -
==3'Y

Thus 7 is an unbiased estimator of population mean Y .

The expression for variance of Z in general case is complex but its estimate is simple.
Estimate of variance:
Var(Z) =E(Z%)-Y?.
Consider for r<s,
E(z,2,)=E[z,E(z,]U,,U,,...U )]

=E[zY]

=YE(z,)

=Y?
because for r<s, z, will not contribute

and similarly for s<r,z, will not contribute in the expectation.

17



Further, for s<r,
E(z,z,)=E[z,E(z,|U,,U,,...U, )]
=E[zY ]
=VYE(z,)
=Y?

Consider

1 n n
E{n(n_l) r(;tzs)_lsz_lzzrzsi| n(n l) r(;s) 1521: E(Z )

1 -
= S n(n-1)Y

=Y?
Substituting Y2 in Var(z), we get

Var(Z) = E(Z%)-Y?

= E(Tz)—E{

—Var(z) =72 -

S
~~~
Sl
=
=
M-
N
N
w

n 2 n n
Using {Zz,) :sz+ > Dz,

r(=s)=1 s=1

ZZZH: n’z?-> 7,

r(=s)=1s=1 r=1

The expression of V/a\r(f) can be further simplified as

Var(z)=7% -+
n

18



Unordered estimator:

In ordered estimator, the order in which the units are drawn is considered. Corresponding to any ordered
estimator, there exist an unordered estimator which does not depend on the order in which the units are

drawn and has smaller variance than the ordered estimator.

: . _ N
In case of sampling WOR from a population of size N, there are (

n] unordered sample(s) of size n.

Corresponding to any unordered sample(s) of size n units, there are n! ordered samples.

For example, for n=2 if the units are u, and u,, then
- there are 2! ordered samples - (u,,u,) and (u,,u,)

- there is one unordered sample (u,,u,).

Moreover,

Probability of unordered
sample (u,,u,)

Probability of ordered N Probability of ordered
sample (u,,u,) sample (u,,u,)

For n=3, there are three units u,,u,,u, and
-there are following 3! = 6 ordered samples:

(U, u,,u,), (U, ug,uy), (uy, Uy, Ug), (Uy, ug, Uy ), (U, up,U,), (Ug, Uy, Uy)
- there is one unordered sample (u,u,,us).

Moreover,

Probability of unorderedsample
= Sum of probability of ordered sample, i.e.
P(u,,u,,Us) + P(uy,u;,U,) + P(U,, Uy, u3) + P(U,, Ug, U) + P (U, Uy, Uy) + P(ug, Uy, Uy ),

N
Let z,,s :1,2,..,( . J i=12,..,nl(=M) be an estimator of population parameter & based on ordered

sample s,. Consider a scheme of selection in which the probability of selecting the ordered sample

(s)) is pg. The probability of getting the unordered sample(s) is the sum of the probabilities, i.e.,

M
ps = Z psi'
i=1

For a population of size N with units denoted as 1, 2,..., N , the samples of size n are n—tuples. In the

n™ draw, the sample space will consist of N(N —1)...(N —n+1) unordered sample points.

19



1
N(N—1)..(N—n+1)

n! _nip selection of any
N(N-1)..(N-n+1) | ordered sample

Py, = P[selection of any ordered sample] =

Py, = P[selection of any unordered sample]=

M (=n!) | _ 1
then 0, = Z IC)Sio_n.(N n! 1

S

~ N
Theorem: 6, =z, s=1,2,...,(n]; 1=12,..,M(=n!)

~ M '
and Hu = Z Zsi psi
i=1
are the ordered and unordered estimators of &, then
(i) E@,)=E(%)
(i) Var(d,) <Var(d,)
where z, is a function of s" ordered sample (hence a random variable) and p, Is the probability of

L

S

selection of s" ordered sampleand p, =

N
Proof: Total number of ordered sample = n !( " J

W
() EG) =Y. 2.0,

e
E(gu) = (Z Zsi p5| ]ps

s=1 \ i=1
b

23

= E(éo)

psi
Ps

- ~ N
(ii) Since 6, =z, so 67 =z2 with probability p,,i=12,..,M, 3:1,2,...,( j

n

si?

.M . M )
Similarly, 6, =) z,p,, s0 67 = (z Z, psij with probability p,
= =

20



Consider
Var(g,) = E(éoz)—[lf(é’Af;)}2
= Zz Zszi Psi _[E(éo)]z

Var(4,) (@) -[E@) |
-3z ofed]
var(@) ~var(3)- £ ¥ b, -5 Tz p;ijz 3
-EzanZ(zun)n
[z
-p{zsec(zen)(zn)oznnzun)e)

Sifenpen o fpenle]

= ZZ|:(Zsi _Zzsi p;i)z psi:| >0
:Var(éo)—Var(éu) >0
or Var(éu) < Var(éo)

Estimate of Var (4,

Since
Var(f,)-Var(6,) = ;Z[(zsi _Z z,p.)? psi}
Var(4,) :\fa\r(éo)—gz{(zg/—mi}
=3 p.Var(G) -3 pu (2, - L 2.P.)

Based on this result, now we use the ordered estimators to construct an unordered estimator. It follows
from this theorem that the unordered estimator will be more efficient than the corresponding ordered

estimators.

21



Murthy’s unordered estimator corresponding to Des Raj’s ordered estimator for the
sample size 2

Suppose y; and y; are the values of units U; and U, selected in the first and second draws respectively
with varying probability and WOR in a sample of size 2 and let p, and p; be the corresponding initial
probabilities of selection. So now we have two ordered estimates corresponding to the ordered samples
s, and s, as follows

s, =(y;,y;) with (U,,U))

s, = (y;, ¥;) with (U;,U,)

which are given as

7(s,) = 2N{a+p) +(1- p)p}

where the corresponding Des Raj estimator is given by

1 Vi, y;d-p)
N n P

and

z(s;) = 2N{(1+p) - p)ﬂ

where the corresponding Des Raj estimator is given by
1 Y+ yj |(1_ p])
N

The probabilities corresponding to Z(s;) and Z(s,) are

ppJ

. P; B
p(sz) = 1_J

p@)—

p(s) = p(s;) + P(s;)
_ P; pj(z_ P — pj)
(1_ pi)(l_ pj)

22



Murthy’s unordered estimate Z(u) corresponding to the Des Raj’s ordered estimate is given as
Z(u)=Z(s)p'(s) +Z(s;) P (s,)

7(s,) p(s;,) +Z(s,) p(s,)
p(s;)+ p(s;)

1 P 7 TR T N O PR VN A (1.
vyl 25) el mamif 22 )

PiP; N P; P
1- p; 1- pj

:L{@+m)”+a—m)”}a—mw{a+m>“+a—pp”}a—mﬂ
| p p P P;

i i

@-p)+A-p)

a—ppzwa+po+a—a»+a—n)§{a—pp+a+mﬂ

j

2_pi_pj

: Y,
@-p,) Y +@-p)t
P; P;

N(Z_ P — pj)

Unbiasedness:
Note that vy, and p, can take any one of the values out of VY,Y,,..Y, and PR,PR,... P,
respectively. Then 'y, and p; can take any one of the remaining values out of Y,Y,,....Y, and

R.,P,,.... P, respectively, i.e., all the values except the values taken at the first draw. Now
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H ; : H = }
(1-P) 2 +(@A-R) L [{-L 4 10
1 P Pj 1-P l—Pj
E[zW]=52 _

i<j

1« Y, Y, PP,
:N;_{(l_ R P‘)F,-H(l— P)(- pj)H

1 «| P, YP
2N &|1-P 1-P,

N N N
Using result > ab, =>4 {ij —bi}, we have
i-1 -1

izj=1

E[zw)] =%HZJ—P(Z P - Pi)} : {z Y —P,-)H

o=t

el
V4Y

_2
=Y.
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Variance: The variance of Z(u)can be found as

R

: (1—Pi—P,-)(1—Pi)(1—P,-)(Yi Y, ] RP,(2-R-P)

)= L
Var[Z(U)]— 2i;1 NZ(Z—F: _Pj) (1-P)1- pj)

PP

2
=1 . Pin(l_Pi_Pj) L_Y_J
254 N*(2-P-P)

Using the theorem that Var(éu) < Var(éo) we get

Var[z(u)] < Var[ Z(s;) |
and Var[z(u)] < Var[ 2(s}) ]

Unbiased estimator of V[z(u)]

An unbiased estimator of Var(Z|u) is

Var[z()]- N*(2-p, - p;)? b P

(L-p, - p)A- p)(A- pj)(i_ﬁj

Horvitz Thompson (HT) estimate

The unordered estimates have limited applicability as they lack simplicity and the expressions for the
estimators and their variance becomes unmanageable when sample size is even moderately large. The
HT estimate is simpler than other estimators. Let N be the population size and vy, (i=12,...,N) be the
value of characteristic under study and a sample of size n is drawn by WOR using arbitrary probability

of selection at each draw.

Thus prior to each succeeding draw, there is defined a new probability distribution for the units available
at that draw. The probability distribution at each draw may or may not depend upon the initial

probability at the first draw.

Define a random variable «,(i=12,..,N) as

{1 if Y, is included in a sample 's' of size n
a. =

0 otherwise.
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Let z, = Wi i=1.N assuming E(¢;) > 0 for all i
NE(e)

where
E(e;) =1.P(Y, €35)+0.P(Y; ¢ 5)

= ﬂ'i
is the probability of including the unit i in the sample and is called as inclusion probability

The HT estimator of Y basedon vy,,Y,,...,y, is

~ n

=Y _Zz

i=1

N
_Zal Z;.
i=1

H

3

S|

Unbiasedness
E(YLHT) :%ZN: E(z)
1 N

:HZ zE(a)

Iy

NS NE(e )

N —_—

iy
_niZ:;N Y

which shows that HT estimator is an unbiased estimator of population mean

Variance

V(Y) =V (Z,)
=E@Z)-[E@)]

=E(Z ) -Y?2.
Consider
1 _[Q ?
E(z? =—2E[Zaizi
n i-1
l N N
:FE ZQI ZI Z Za,aJZIZJ
i=1 i(#))=1 j=1
1 N N
=—2{ZZ|2E(0{ )+ Z ZZ E(o,a }
n i=1 i(z))=1 j=1

26



If S= {s} is the set of all possible samples and 7; is probability of selection of i™ unit in the sample s

then
E(a)=1P(y, €5)+0.P(y; £59)
=1z, +0.1-7) =7,
E(a?) =1°.P(y, €s)+0%P(y, ¢5)
=7,.
So
E(e)=E(a)
E(Tnz)— ZZﬂ'-I—ZZﬂ'” iZ;

i#j) i=1

where 7; is the probability of inclusion of i™ and j™ unit in the sample. This is called as second order

inclusion probability.

Now

V2 =[E@)]

==Y 2 [E@)] } > S 22, E()E(a))

i(z))=1 j=1

1_N ) N N
== Zzi 7T + Z Z”I”JZIZJ

n" iz i(+1)=1 1

i=1 i(=))=1j=1

:iz Z;z A-7)z" + Z Z(ﬂ., T, )zin}

n i(#))=1 j=1




Estimate of variance

RV V2 1< i2 1-7, S| T T Y
\A :Var(YHT):WI:Z%_,_ Z Z[ j J] J:|.
i-1 i

i (=)=t j=1

This is an unbiased estimator of variance .

Drawback: It does not reduces to zero when all = are same, i.e., when y, o 7,.
TT.

Consequently, this may assume negative values for some samples.

A more elegant expression for the variance of ?HT has been obtained by Yates and Grundy.

Yates and Grundy form of variance

Since there are exactly n values of ¢, whichare 1and (N —n) values which are zero, so
N

> a =n

i=1
Taking expectation on both sides

iE(ai) =n.

Also

N

E(n)2 :ZE(ai)+ ZN: Y E(aa,) (using E(e;) = E(e))

i1 iD= =1
N N
n“=n+ > > E(aa,)
iD=
N N
> > E(aa;)=n(n-1)

i(%))=1 j1
Thus E(aa;) =P(o =1, =1)

=P(a, =)P(a; =1|a; =1)
=E(x)E(e, |05i =1)
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Therefore

N

> [Ee @)~ E(a)E(e;) ]

(=)=

= > [E(@)E(a, lo =)~ E(e)E(e)) |

j(#)=1

=E(¢) ZN: [E(aj et :1)_E(aj)]
j(#)=1
= E(a,)[(N-1) - (n—E(a)]
=-E()[1-E(a)]
=-r,(1-7,) @)

Similarly

i |E(a a))-E(@)E() |=-7,0-7). (2)

i(#))=1

We had earlier derived the variance of HT estimator as

Var(YHT |:Z7Z'(1 7))zt + i i(ﬁij—ﬂiﬂj)zizj}

i(z))=1 j=1

Using (1) and (2) in this expression, we get

Var(\?HT)_ {Zﬂ(l 7))z +Zﬁ 1-7,)2 -222@ zij)zizj}

i#j=1 j=1

—%{—Z{ > E(aiaj)—E(ai)E(a,-)}zf

i=1 | j(=i)=1

n

{ i E(aiaj)—E(ai)E(aj)}zf—z i {E(ai)E(aJ—)—E(aiaj)}zizj}
i(#i)=1 G141

Mz

I
UN

i

1 N N N N N N
:—H Y D myrmm)i+ Y D (my+mm)zi 2 Y D (- mm) 7z,
EHENE! EHENE! (-1 11

2
ZL{ i ZN:(zr/rJ zz”)(z +z -2z,2, )}

i(=))=1 j=1
The expression for z; and 7; can be written for any given sample size.

For example, for n=2, assume that at the second draw, the probability of selecting a unit from the units

available is proportional to the probability of selecting it at the first draw. Since
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E(e,) = Probability of selecting Y; in a sample of two
= Pil + P:z
where P, is the probability of selecting Y, at r" draw (r=212). If P

ir i

™ unit at first draw (i =1,2,...,N) then we had earlier derived that

|1 - P
ol is not selected ol ¥ is selected at 2™ draw|
at 1* draw y, is not selected at 1* draw
i
J(:tl):l

155 'PJP

So
N P. P
E(e))=P L1
@S]
Again
E(a;a;) = Probability of including both y; and y; in a sample of size two
Pll P12|| + PJlPI2|j
P. _
:Pi J +P. Pl
1-Pp '1-P

Estimate of Variance
The estimate of variance is given by
n —TT.

\m(YLHT)_ ZZ i - (Zi _Zj)z'

i(=]) j=1 ﬂ.u

30
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Midzuno system of sampling:
Under this system of selection of probabilities, the unit in the first draw is selected with unequal
probabilities of selection (i.e., pps) and remaining all the units are selected with SRSWOR at all

subsequent draws.

Under this system
E(e,) =7, =P (uniti (U,) is included in thesample)

=P (U, is included in 1* draw) +P(U, is included in any other draw)
[Probability that U, is not selected at the first draw and

is selected at any of subsequent (n-1) draws

_p+@-R)2L
N -1
:N_nPi+ n—1.
N-1' N-1

Similarly,

E(a;;) = Probability that both the units U, and U, are inthe sample

Probability that U, is selected at the first draw and J

U, is selected at any of the subsequent draws (n—1) draws

Probability that U, is selected at the first draw and
J’_
U, is selected at any of the subsequent (n—1) draws
Probability that neither U; nor U, is selected at the first draw but
J’_
both of them are selected during the subsequent (n—1) draws
=P n-1 +P, n-1 +(1_|:;_pj)w
N-1 N-1 (N-D(N-2)
_(n-1 [N _n(Pi+Pj)+ n—Z}
(N-)|N-2 N-2
T _n-1yN=n (P+P)+ n-2|
' N-1N-2 UN=-2

Similarly,

E(aa;a,) = = = Probability of including U;,U; and U, in the sample

_ (n=D(n-2) [N_”(R+P1+Pk)+ ”_3}.
(N-1)(N-2)| N-3 N -3
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By an extension of this argument, if U;,U,,...,U, are the r units in the sample of size n(r <n), the

probability of including these r units in the sample is

Elaa..a) =7 = (n-)(n-2)..(n—r+1) { (P Pt P)+ r}
. T (N =1)(N =2)...(N = r +1) N—r

Similarly, if U;,U,,..,U, be the n units, the probability of including these units in the sample is

E(aiaj"'aq) =Tjq = (n_l)(n_Z)l (PI + PJ- +...+ Pq)
(N=-D)(N-2)..(N-n+1)
1 ———~(R+P+..+PR,)

)

which is obtained by substituting r=n.

Thus if P's are proportional to some measure of size of units in the population then the probability of

selecting a specified sample is proportional to the total measure of the size of units included in the
sample.

Substituting these 7;, 7, 7, etc. in the HT estimator, we can obtain the estimator of population’s mean

IJ’

and variance. In particular, an unbiased estimate of variance of HT estimator given by

Var(Y_HT)_ Z Z ij (Zi _Zj)2
i=j=1 j=1 ]
where
N —n n-1
7 —1; =———| (N=n)PP, + 1-P-P)|.
7T|7TJ 7Z'“ (N _1)2 |:( ) i N_2( i J):l

The main advantage of this method of sampling is that it is possible to compute a set of revised
probabilities of selection such that the inclusion probabilities resulting from the revised probabilities are
proportional to the initial probabilities of selection. It is desirable to do so since the initial probabilities

can be chosen proportional to some measure of size.
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Chapter 8
Double Sampling (Two Phase Sampling)

The ratio and regression methods of estimation require the knowledge of population mean of auxiliary
variable (X) to estimate the population mean of study variable (Y). If information on the auxiliary

variable is not available, then there are two options — one option is to collect a sample only on study

variable and use sample mean as an estimator of population mean.

An alternative solution is to use a part of the budget for collecting information on auxiliary variable to
collect a large preliminary sample in which X; alone is measured. The purpose of this sampling is to
furnish a good estimate of X . This method is appropriate when the information about X, is on file
cards that have not been tabulated. After collecting a large preliminary sample of size n' units from

the population, select a smaller sample of size n from it and collect the information on y. These two

estimates are then used to obtain an estimator of population mean Y. This procedure of selecting a
large sample for collecting information on auxiliary variable X and then selecting a sub-sample from
it for collecting the information on the study variable y is called double sampling or two phase

sampling. It is useful when it is considerably cheaper and quicker to collect data on X than y and

there is high correlation between X and vy.

In this sampling, the randomization is done twice. First a random sample of size n' is drawn from a
population of size N and then again a random sample of size n is drawn from the first sample of size

nV

So the sample mean in this sampling is a function of the two phases of sampling. If SRSWOR is
utilized to draw the samples at both the phases, then

- number of possible samples at the first phase when a sample of size n is drawn from a
: : . (N
population of size N is [ j: M,, say.
nl
- number of possible samples at the second phase where a sample of size n is drawn from the
. . (n'
first ~ phase sample of size n'is ( j =M,, say.
n

1



Population of X (N units)

M, samples
Subsample
(small) M, samples
N units

Then the sample mean is a function of two variables. If 7 is the statistic calculated at the second
phase such that 7;,i=12,..,M, j=1,2,..,M, with B, being the probability that Al sample is chosen

j 2

at first phase and ji" sample is chosen at second phase, then
E(r)=E [E,(7)]

where E,(7) denotes the expectation over second phase and E, denotes the expectation over the first

phase. Thus
M, M,
E()=)> R,
i=1 j=l
M, M,
= in/i 7y (using P(ANB)=P(A)P(B/A))
i=1 j=1
M, M,
= Pl I:)j/i Tu
i=I j=I
——
I stage 2" stage



Variance of ¢
Var(z) = E[z—E(7)]’
=E[(r-E,(2) +(E,(1)-E(@)]
=E[r-E,(0)] +[E,(2)-E(@)] +0
= EE,[r-E,@F +[E,()-E@ ]
=EE,[r-E @) +EE[E @) -E®)]
\’

constant for E,
El [Vz (T)] + E1 [ Ez (T) - El (Ez (Z’))]2
=E [Vz (T)] +V, [ E, (T)]

Note: The two phase sampling can be extended to more than two phases depending upon the need and

objective of the experiment. Various expectations can also be extended on the similar lines .

Double sampling in ratio method of estimation
If the population mean X is not known then double sampling technique is applied. Take a large

initial sample of size n' by SRSWOR to estimate the population mean X as
' 1 -
=—>'X.
n'i3

Then a second sample is a subsample of size n selected from the initial sample by SRSWOR. Let

X =

|

¥ and X be the means of y and X based on the subsample. Then E(X")= X, E(X)= X, E(y) =Y.

The ratio estimator under double sampling now becomes

Py

Vo =X,

| <

The exact expressions for the bias and mean squared error of Y, are difficult to derive. So we find

their approximate expressions using the same approach mentioned while describing the ratio method

of estimation.



Let
y-Y X—X X'- X

gO:— gl: — , 82:

y ’ X

E(go) = E(gl) = E(gz) =0
(1 1)~
E(gl)_(n N]Cx

E(ge,) =%E(7— X)(X'= X)

1 v YVVT' Y '
- E[EE@-X)E=-X)[n]

=—E[(®x-X)]

1 T T T wNln
=WCOV[E(y|n),E(x |n)]+)zVE[Cov(y,x)|n]

1 VARV2 1 ivARA
_WcOv[Y,x}WE[cOv(y LX)

where Y'is the sample mean of y'S based on the sample size n'.



1 o
E(gogl)ZY—VCOV(y,X)

E () =g Var(y)

=Y_%[v1 (E,(V I} +E, (V,(5, [ n)}]

where s is the mean sum of squares of y based on initial sample of size n'.
1 v v!
E(g¢,) =?Cov(x,x )
1 ~ Ll v ! '
:W[COV{E(X In),E(X'|n)}+0]
1 VA
=7Var(x )

where Var(X") is the variance of mean of X based on initial sample of size n'.



Estimation error of Y,

Py

Write Yy, as

s (1+g,) Y ¢
Rd I+e) X
(1+ 1)( )X
=YV (1+g)1+&)1+5)"

=Y(A+g)l+&)1-g +& —..)
=Y (l+&,+& +E8, —& —E,6 —EE, +E)
upto the terms of order two. Other terms of degree greater than two are assumed to be negligible.
Bias of Y,
E(Y,)= Y[1+0+0+E(g8,) -0 E(5¢) - E(56,) + E(&)) ]

Bias(¥Vy, ) = E(Yy) -V
=Y | E(86,) - E(5,8)~E(5,6,) + E(&]) ]

[
(4-theei-theeh-def-4
-t

1
_#j pCXCy)
1

The bias is negligible if n is large and relative bias vanishes if C} = C, le., the regression line

I
<

passes through origin.
MSE of Y,,:
MSE (Ye,)=E(Yey =Y )*
=Y’E(g, +&,—¢,)° (retaining the terms upto order two)

=Y’E [802 +&l +& +2¢6,8, 26,8 — 26‘182]

Il
<

2 2 2 2 2
E[go +é& +& +2¢6,8, 26,8 —252J

21112(11)2(1 1j2(1 1] (11)
——— 4| ———|C | ———|C2+2| ——— |pC,C, -2| ——— | pC,C
KnNyann'NX n N n N
vyl L (Ci+Cj-2pCC,)+Y? 1 1lc (2pC,-C.)
n NV Ty nt N) T
1 1)
n' n

Il
<

= MSE (ratio estimator) +Y> ( (2pC,C,-C;).

6



The second term is the contribution of second phase of sampling. This method is preferred over ratio

method if
2pCXCy —sz >0

1C,
or p>——>

2C

y

Choice of n and n'
Write

MSE(Y, )= L+
n n'

where V and V' contain all the terms containing n and n' respectively.

The cost functionis C,=nC+n'C' where C and C' are the costs per unit for selecting the samples

n and n' respectively.

Now we find the optimum sample sizes n and n' for fixed cost C,. The Lagrangian function is

¢=VF+V—'+/1(nC+n'C'—CO)

n
a—(D:O:HLC:i2
on n
90 o= ac=L
on' n'
Thus ACn? =V

[V
or n=,——

AC
or ﬁ nC :\/QC.
Similarly ~/An'C'=WV"'C".
Thus

7 WE T

CO

and so



Optimum nz#\/zzn , say
M*’ r,c, C opt
Optimum n'=# Yoy , say
We e\ M
Vary, (Vag) =~
opt nopt
_Ghc+WNey
CO

Comparison with SRS

If X isignored and all resources are used to estimate Y by V¥, then required sample size :%_
_ S: CS!?
Var(y)=—,—-=—~
c,/C C,
var(y) __ CS;

Relative effiiency =

Var,, (V) (WVC+WV'CYy

Double sampling in regression method of estimation
When the population mean of auxiliary variable X is not known, then double sampling is used as
follows:

- A large sample of size n' is taken from of the population by SRSWOR from which the

population mean X is estimated as X', i.e. X =X'.

- Then a subsample of size n is chosen from the larger sample and both the variables xand y

are measured from it by taking X' in place of X and treat it as if it is known.

Then E(X")=X, E(X)=X, E(V)=Y . The regression estimate of Y in this case is given by

A

Yo = Y+ B(X'-X)

Zn:(xi _7)(yi _7) S

where f=—=+ is an estimator of f=—

> i(xi _7)2 X

based on the sample of size n.



Py

It is difficult to find the exact properties like bias and mean squared error of Y, , so we derive the

approximate expressions.

Let

& = Y—_)? =X=(1+g)X

X —

g = 7';( X'=(1+¢,)X

£ = SXVS_XYSXV =5, =(+&)S,,

g, = SfS—ZSf sl =(l+¢,)S:

E(gl):(;,E(gz):O,E(g3):O,E(g4):O
Define

o, =E[(X=X)*(y-Y) ]

My = E[Y—)?T

Estimation error:

Then
Y_regd = V+ IB(Y'_ 7)
SXy (I+¢)

(&,—)X
SX(l+g,)

_S, ~
y+X Sy (I+&)(e —e)+e,) :

2
X

=Y+ XB(+&)e, —¢)l—¢,+é& —...)
Retaining the powers of &'s upto order two assuming |53|<1, (using the same concept as detailed in
the case of ratio method of estimation)

A

Yregd =Y+ XB(&, + 6,6 — 6,6, — & — &8 +E8,).



Bias:

The bias of Y_Are q upto the second order of approximation is

A

E(Vieq) =Y + XB[E(e,6,) - E(e,6,) - E(g,6y) + E(6,)]

regd

BiaS(Y_regd) = E(Y_regd ) _Y_

Cgal( 1 1)1 K=X)(s,—S,)
_Xﬁ{(ﬁ NJNZ[ XS H

Mean squared error:
MSEW_regd): E(Y_regd _Y_)2
A 2
=y +BE-%)-Y ]
— T a2 2
=E[(-V)+ XB(+&)(e, —&)1-5,+&] —..) ]
Retaining the powers of &'s upto order two, the mean squared error upto the second order of

approximation is

10



2 _ — — 2
MSE(Y,g) = E[(T-Y)+ X B(s, + 6,6, - 6,6, — 5, — 6,6, + 6,6, |
=E(Y-Y)' + X BE(s +5; —268,) +2X BEI(Y -V (& - &,)]

— 1 1)8? 1 1)S2 1 1)8?

=Var(y)+ X*f*|| - —— | =X +| — —— | 22| - —— | =X
) 'B[(n ij2 (n' N]X2 [n ijz}

_ S S
25X [L_L] ;v_(l_i] sy
n" N/ X n N/ X

—Var(y)+ [1—#] s? —2ﬁ(1—ijsxy

n

=Var(y)+ A’ (%—#](ﬁzsj -2p38,,)

(1 1)[Sy S,
:Var(y)+(ﬁ——j( yS2-2 ySXyJ

n'){ S! S;

SRy

1 1 1 1 .
1 2 SZ 282
~ 1=p7)3, L2 (Ignoring the finite population correction)
n n'

A

Clearly, Y, is more efficient than sample mean SRS, i.e. when no auxiliary variable is used.

Now we address the issue that whether the reduction in variability is worth the extra expenditure

required to observe the auxiliary variable.

Let the total cost of survey is

C,=Cn+C)n’

where C, and C, are the costs per unit observing the study variable y and auxiliary variable X

respectively.

Now minimize the MSE W_regd) for fixed cost C, wusing Lagrangian function with Lagranagian

multiplier A as

11



SZ 1_ 2 ZSZ
p=2U=P) P enientc,y)

n n
Z—sz:—%Sj(l—pz)JrﬂCl:O
%:o:—n%sjpzmcﬁo

Si(1-p’
Thus n= M
AC,
(. psy

and n—m.

Substituting these values in the cost function, we have

C,=Cn+C,n’

SZ 1_ 2 282
_c, y p)+c2 pS,
CA AC,

or C,WA =,[C;S2(1-p*)+,/C,p’S]
1 2
or ﬂzg[sy«/q(l—/ﬁ) + pSy‘/CZJ .
0

Thus the optimum values of n and n' are

n' _ pSyCO
opt —
\/C_z[sy\/Cl(l—pz)wSy\/C_zJ
CoS, 1-p’

Ny = .
i \/C_I[Sy«/cl(l—pz) +pSy\/C—2J

A

The optimum mean squared error of Y, is obtained by substituting n=n,, and n'= n;pt as

. Sﬂbuf{Ja(w%%O—p5+p%JEﬂ}
MSE(Y,eg Dopt = . W
Sipzﬁ[sy (\/Cl(l—pz) +Psy\/C72)}
+

pSyCO

[Syw/Cl(l—p2)+pSy\/C72T
o+ p\E |

12
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The optimum variance of y under SRS for SRS where no auxiliary information is used is

var (Ve ) —Clsj
SRS Jopt CO

which is obtained by substituting p=0,C, =0 in I\/ISE(YLSRS Jopt - The relative efficiency is

RE _ Var(VSRS )opt _ CIS;
= = = >
MSE(Yregd )opt S; |:"Cl (1 _p2) + p\/C_2:|
1
1-p* +p |22
e [2]
<l1.

Thus the double sampling in regression estimator will lead to gain in precision if
2
G, »

97T

Double sampling for probability proportional to size estimation:

Suppose it is desired to select the sample with probability proportional to auxiliary variable X but

information on X is not available. Then, in this situation, the double sampling can be used. An initial

sample of size n' is selected with SRSWOR from a population of size N, and information on X is

collected for this sample. Then a second sample of size n is selected with replacement and with

probability proportional to X from the initial sample of size n'. Let X' denote the mean of X for the

initial sample of size n', Let X and ¥ denote means respectively of X and y for the second

sample of size n. Then we have the following theorem.

Theorem:

(1) An unbiased estimator of population mean Y is given as
o X o[ Y,
Y=""TL) ||

n'n ;( X; j

where X

o denotes the total for X in the first sample.

13



~ ' N .
(2) Var(Y) =(%—ﬁj8§ N((l\rl\ 11))n 'Z i‘ ~Y | » where X, and Y, denote the totals
- i= t i

of X and y respectively in the population.

(3) An unbiased estimator of the variance of YA is given by

l_l y| X{;(A—B) 1 d X;Otyi B 2~
Var(Y) = [ jn(n, T {xmgx T }n(n_l);(n,Xi YJ

where A= (Z y'j and B = Z y'

i=l N |1X

Proof. Before deriving the results, we first mention the following result proved in varying probability

scheme sampling.

Result: In sampling with varying probability scheme for drawing a sample of size n from a

population of size N and with replacement .

(1) lez z, is an unbiased estimator of population mean Y where Z, =Y
i1 P;

, p; being the

probability of selection of i™ unit. Note that y, and p, can take anyone of the N values Y,,Y,,...,Yy

with initial probabilities P, P,,..., B, respectively.

(ii)Var(f):milz[zYF‘j NZY} miIzZN:P{%—Y]..

i=1 i

(ii1) An unbiased estimator of variance of Z is

— 1 & . ?
Var(Z) = n(n—l)%“[Nyp. —zj .

Let E, denote the expectation of Y , when the first sample is fixed. The second is selected with

probability proportional to X, hence using the result (i) with P, = X,—, we find that

ot

14



2 1
E| - |=E|~
X
:E{th (iﬂ
nn' = X
=y

where Y' is the mean of y for the first sample. Hence

ECV)=E, [EZ (?| n)}
=E(V,)
v
which proves the part (1) of the theorem. Further,
Var(Y)=V,E, (\7| n')+ EV, (?| n')
~V,(7)+EN; (V) )

11 .
—(———ij+E1V2(Y |n).

_n'

Now, using the result (ii), we get

> ) 1 SO LY
V2 (Y In ) nn’> ; yOt X Yiot
Xiot

and hence

) 2
RELIGEDESS S %_K_) ,
i i

EV (? n’)— ,
. | nn* N(N_l) i=1 i<]j
n'(n'-1)

using the probability of a specified pair of units being selected in the sample is m So we can

express

15



Elvz(\?/n') L nin= 1)2 iy
nn N(N_l) tot &
X

tot

Substituting this in V, (YL\ n') , we get

= (1 1 (n'-H < Yi
Var(Y)=| ——— |SZ + —=Y,
) (n' NJ Y nn' N(N—l)g Xet| %

X

tot

This proves the second part (2) of the theorem.

We now consider the estimation of Var(Y). Given the first sample, we obtain

[ Zy'} iyf,

i=l p| i=1

where p, = i Also, given the first sample,

ot

E,| — (y ?j]=vzc?)=Ez(?2>—
n'p,

)
I
>
~
>
|
—_
~
T

Hence

S}

i 2
Ely2_ 1 Zn: Yi _v2 | |= V2.
n(n—1)F\n'p,

~ n X.
Substituting Y = Xo (LJ and p, =—— the expression becomes

M

n'n4s

16



X:

|: ZyZ Xtot_ X‘;gt (A_B)}:iy?_nvva
nn'(n—1) i

n 2
where A= LZ Y j , and B = Zy—'z which further simplifies to

|1i i=1 7

v xa-B|] .
= {n(n' 1){ °t,21:x n'(n—1) H_Sy’

'2
y

where S~ is the mean sum of squares of y for the first sample. Thus, we obtain

Vi Xa(A=B)||_ 2y e
EE [n(n, D{Xmgx oD H—E](sy)—sy (1)

which gives an unbiased estimator of Sj. Next, since we have

2

- 1=l Q& |
Elvz(Y|n')— (n-1) Z h Vo | s

nn' N(N -4 X | X%

X

and from this result we obtain

Ezln(nll)i()r/:'x;:t —?j ]vz(?n').

Thus

L% ¢) [L_-p & v
EIEZ[n(n—l);[n'X, Y” nn'N(n— 1),Z X Yo (2)

t

tot

when gives an unbiased estimator of

(n-1) & x :
> Ay,

nn'N(N-1) = X, | X
X

tot

Using (1) and (2) an unbiased estimator of the variance of YA is obtained as

i_i y| Xtot(A B) l n X’(Votyi_Lz
Var(Y) = (n jn(n, 1)[ ot§X N 1)} ﬂ(n—l);[n'xi Y]

Thus, the theorem is proved.
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Chapter 9
Cluster Sampling

It is one of the basic assumptions in any sampling procedure that the population can be divided into a finite
number of distinct and identifiable units, called sampling units. The smallest units into which the
population can be divided are called elements of the population. The groups of such elements are called

clusters.

In many practical situations and many types of populations, a list of elements is not available and so the
use of an element as a sampling unit is not feasible. The method of cluster sampling or area sampling can

be used in such situations.

In cluster sampling
- divide the whole population into clusters according to some well defined rule.
- Treat the clusters as sampling units.
- Choose a sample of clusters according to some procedure.
- Carry out a complete enumeration of the selected clusters, i.e., collect information on all the

sampling units available in selected clusters.

Area sampling
In case, the entire area containing the populations is subdivided into smaller area segments and each
element in the population is associated with one and only one such area segment, the procedure is called as

area sampling.

Examples:

e In a city, the list of all the individual persons staying in the houses may be difficult to obtain or even
may be not available but a list of all the houses in the city may be available. So every individual
person will be treated as sampling unit and every house will be a cluster.

e The list of all the agricultural farms in a village or a district may not be easily available but the list
of village or districts are generally available. In this case, every farm in sampling unit and every

village or district is the cluster.



Moreover, it is easier, faster, cheaper and convenient to collect information on clusters rather than on

sampling units.

In both the examples, draw a sample of clusters from houses/villages and then collect the observations on

all the sampling units available in the selected clusters.

Conditions under which the cluster sampling is used:
Cluster sampling is preferred when
(1) No reliable listing of elements is available and it is expensive to prepare it.
(ii))  Even if the list of elements is available, the location or identification of the units may be
difficult.
(iii)) A necessary condition for the validity of this procedure is that every unit of the population
under study must correspond to one and only one unit of the cluster so that the total number of
sampling units in the frame may cover all the units of the population under study without any

omission or duplication. When this condition is not satisfied, bias is introduced.

Open segment and closed segment:
It is not necessary that all the elements associated with an area segment need be located physically within
its boundaries. For example, in the study of farms, the different fields of the same farm need not lie within

the same area segment. Such a segment is called an open segment.

In a closed segment, the sum of the characteristic under study, i.e., area, livestock etc. for all the elements

associated with the segment will account for all the area, livestock etc. within the segment.

Construction of clusters:
The clusters are constructed such that the sampling units are heterogeneous within the clusters and
homogeneous among the clusters. The reason for this will become clear later. This is opposite to the

construction of the strata in the stratified sampling.

There are two options to construct the clusters — equal size and unequal size. We discuss the estimation of

population means and its variance in both the cases.



Case of equal clusters

e Suppose the population is divided into N clusters and each cluster is of size n.

e Select a sample of n clusters from N clusters by the method of SRS, generally WOR.
So

total population size = NM

total sample size = NM .

Let

y; : Value of the characteristic under study for the value of j" element (j=1,2,...M) inthe i" cluster

(i=12,..,N).
1 M
y, = MZ y; mean per element of i" cluster .
i=1

Population (NM units)

A
......... Population
N clusters

N Clusters

A
......... Sample
N clusters

n Clusters




Estimation of population mean:
First select n clusters from N clusters by SRSWOR.
Based on n clusters, find the mean of each cluster separately based on all the units in every cluster. So we

have the cluster means as Y,,V,,...,¥,. Consider the mean of all such cluster means as an estimator of

population mean as
N
Ya = _Z Yi -
nig

Bias:

EWM%E E(Y))

n

Y (since SRS is used)

i=1

< S|~

Thus ¥, is an unbiased estimator of Y.

Variance:

The variance of Y, can be derived on the same lines as deriving the variance of sample mean in
SRSWOR. The only difference is that in SRSWOR, the sampling units are Y,,Y,,...,y, whereas in case

of Y, , the sampling units are y,,Y,,...,¥,.

[Note that is case of SRSWOR, Var(y) = %SZ and @(7) = NN_ n s’ } ,
n n

Var(y,) = E(y, =Y)’
_ N - n 2
- b

Nn

1 & _ - L .
where  S; = Z:(yi —~Y)> which is the mean sum of square between the cluster means in the

-13
population.
Estimate of variance:

Using again the philosophy of estimate of variance in case of SRSWOR, we can find

N_n 2

@(Vcl) = Sb

1l G- . :
where s} =—— E (V. —V,)’ is the mean sum of squares between cluster means in the sample .
n—-1%



Comparison with SRS :
If an equivalent sample of NM units were to be selected from the population of NM units by SRSWOR

the variance of the mean per element would be

NM —nM S?
Var(y.,, )= .
(ynM) NM nM
_fs
n M
N -n 1 N M
where f = N and S* = Y —1%:;@” -Y)?
N—n
Al Var(Vy, S?
SO (ycl) Nn b
f
=2
n b
Consider
5 N M
(NM =D)S*=>">(y; -Y)’
i=l j=I
N M 2
2[(y., ¥+ -Y)]
j=
N M N M _
=3 D=V 2D (V-
i=1 j=l1 i=l j=1
=N(M —1)SW+M(N—1)Sb2
where

_2_

1< s :
WZ is the mean sum of squares within clusters in the population
i=1

is the mean sum of squares for the i" cluster.

S )
i M — < ij i

The efficiency of cluster sampling over SRSWOR is
_Var(Y,)
Var(y,)
S 2
MS?

_ 1 N(M — 1)sz+(N nl
(NM —1) M S



Thus the relative efficiency increases when S? is large and S? is small. So cluster sampling will be

efficient if clusters are so formed that the variation the between cluster means is as small as possible while

variation within the clusters is as large as possible.

Efficiency in terms of intra class correlation

The intra class correlation between the elements within a cluster is given by

_ E(yij _Y)Qﬁkz_Y); B 1 <p<i
E(yij —Y) M -1

MN(M _1)| Z Z (yij_Y)(yik _Y)

i=1k(=j)=I

1 N M —
W;;(yij _Y)
_ MN(M —1)ZZ

(yij _Y_)(yik _Y_)
i=1 j=l k(#])=l1
e
MN
ZZ Z (yij _Y_)(yik _Y_)

il j=l k(=)=

~ (MN=1)M -1)8?

=2

M

Consider

2.

<

i=l1

Yy Z{ﬁZ(yu Y)}
1 M M 2

:Z|:_zz(yu -Y)? +# Z (yij_Y_)(yik_Y_)

i=1 j=1 j=L k(=j)=1

YYD G-V -D=MY T TP =YDy, V)

i=1 j=1 k(#])=I i=1 i=1 j=1

or
P(MN =1)(M —1)S* = M*(N ~1)S2 —(NM —1)S>
> _ (MN 2

or ; |\5|(N [1+p(M -1)]S



The variance of Yy, now becomes

N —n

Var(ycl): sz
N—nMN -1 §>
_ 1+(M ~1)p].
N N1 el MDA
For large N,MN_lzl,N—lzN,¥:l and 50

Var(y,) = %%[1+(M —l)p].

The variance of sample mean under SRSWOR for large N is

2

S
Var(y.,, )= .
(ynM ) nM

The relative efficiency for large N is now given by

= _Var(y,,)

Var(yy)
SZ
_ nM.
2

—|1+(M -1
LM =Dp]

= ! ; — ! <p<lIl.
1+(M-Dp M -1

e If M=1then E=1, i.e.,, SRS and cluster sampling are equally efficient. Each cluster will consist
of one unit, i.e., SRS.
e If M >1, then cluster sampling is more efficient when
E>1
or (M -1)p<0
or p<0.
e If p=0,then E =1, i.e., there is no error which means that the units in each cluster are arranged

randomly. So sample is heterogeneous.

e Inpractice, p isusually positive and p decreases as M increases but the rate of decrease in p
is much lower in comparison to the rate of increase in M. The situation that p>0 is possible
when the nearby units are grouped together to form cluster and which are completely enumerated.

e There are situations when p<0.



Estimation of relative efficiency:
The relative efficiency of cluster sampling relative to an equivalent SRSWOR is obtained as

SZ
MS?
An estimator of E can be obtained by substituting the estimates of S* and S

E-=

Zy, is the mean of N means Y, from a population of N means Y, i=1,2,

Since Y, =—
i=1

are drawn by SRSWOR, so from the theory of SRSWOR,

) =€ 13055
|
:m;(y —

=S§

Thus s; is an unbiased estimator of S .

. 2
Since s, =
i=1

sums of squares Siz, i=1,2,...N, so it follows from the theory of SRSWOR that

I 1< 1&(1 &
E(s2)=E|-3'8? |=— S ERSY
=135 |1 Sesn-1 3 2]
NS
=52
Thus S is an unbiased estimator of S_.
Consider

(yij _Y_)2

.Mg

-
I\

=Y

N-15
i[(yi,-—vi)ﬂvi -]

=1

2

or (MN —1)S* =

M

- M- ZH

I:(yij _Vi)2 +(7| _Y_)Z]

i=1

(M =1)S? + M (N —1)S;

M-

N(M -1)S? +M (N -1)S;.

..»N which

n
ZSZ is the mean of N mean sum of squares S’ drawn from the population of N mean



An unbiased estimator of S* can be obtained as

{2 1 =2 2
_MN_I[N(M ~D5; +M(N -Ds; |.
So
Var(yc|)= Nn slf
—~ N-—n §>
Var(Y) = Nn M

where skf :%Z(Vi -V, ).
—Lli=1

2

An estimate of efficiency E = is

2
b

N(M =152 + M(N = 1)s

E = -
M (NM —1)s?

If N islarge sothat M(N —1)= MN and MN —1= MN, then

1 (M-1)S;
E=—t| ——
M M )MS;

and its estimate is
=2
é — L_i_ M SW .
M M Mss

Estimation of a proportion in case of equal cluster

Now, we consider the problem of estimation of the proportion of units in the population having a specified

attribute on the basis of a sample of clusters. Let this proportion be P .

Suppose that a sample of n clusters is drawn from N clusters by SRSWOR. Defining y; =1 if the i

unit in the i" cluster belongs to the specified category (i.e. possessing the given attribute) and y; =0

otherwise, we find that



_ 1
Y=—>P=P,
NP
» _ MRQ
(M -D
N
MY RQ
82: i=1
ONM -1
, NMPQ
NM -1)’
szz—l—§}P—Pf
b N—li:1 i >

where P is the proportion of elements in the i" cluster, belonging to the specified category and

Q =1-P,i=12,.,N and Q=1-P. Then, using the result that Y, is an unbiased estimator of Y, we

find that

n

A 1
I:)cl :HZPI

i=l1

is an unbiased estimator of P and

) [NPQ—ZN‘,RQJ
Var(f,) - L

This variance of P, can be expressed as

. N-nP
Var(B,) = =21+ (M 1))

where the value of p can be obtained from where

_ M(N-1S; -NS;
(MN -1)

by substituting S’,S’ and S* in p, we obtain

10



Ly 2RQ

(M-1) N IzPQ

p=1-

The variance of P

), can be estimated unbiasedly by

\73}(|5c|)= N_nsé

= nN (n I)Z(IDI I:)cl)

i=1

N —n A A -
_m[nplecl - - IDIQIi|

where Q

cl

_M(N-1) 1
~ (MN=1) [1+(M =1)p]
_(N-1) NPQ

NM ‘I[NPQ—iRQi)

=1- ISC,. The efficiency of cluster sampling relative to SRSWOR is given by

If N is large, then E;ﬁ.

An estimator of the total number of elements belonging to a specified category is obtained by multiplying

Fi, by NM, i.e. by NMFA’CI . The expressions of variance and its estimator are obtained by multiplying the

corresponding expressions for P, by NM?2.

Case of unequal clusters:

In practice, the equal size of clusters are available only when planned. For example, in a screw
manufacturing company, the packets of screws can be prepared such that every packet contains same
number of screws. In real applications, it is hard to get clusters of equal size. For example, the villages
with equal areas are difficult to find, the districts with same number of persons are difficult to find, the

number of members in a household may not be same in each household in a given area.

11



Let there be N clusters and M, be the size of i" cluster, let

M=t M,
N i=1
1
y, = 2 Vi  mean of i" cluster
i =l
— 1 i M,
T=—3%,
Mo i=l j=l1 :
-y Mg
i=1 0 I
M
NSM, ™

Suppose that n clusters are selected with  SRSWOR and all the elements in these selected clusters are

surveyed. Assume that M,’s (i=1,2,...,N) are known.

Population

A
......... Population
N clusters

N Clusters

A
......... Sample
N clusters

n Clusters

Based on this scheme, several estimators can be obtained to estimate the population mean. We consider

four type of such estimators.
12



1. Mean of cluster means:

Consider the simple arithmetic mean of the cluster means as

1 -
= 2 (M, = M)(F, -Y)

0 i=l
:_(N _ljSmy
MO

Bias(V,)=0 if M, and ¥, are uncorrelated .

The mean squared error is

MSE (7, ) =Var (¥, )+[ Bias(7.)]

where

1 & - -
va—mgwi—wl)(yi—v).

13



An estimate of Var ( yc) is

N_n 2

\7&7’(?(:): Nn Sb

n

1 _
where ] :E%“(VC -V. )2.

2. Weighted mean of cluster means

Consider the arithmetic mean based on cluster total as

J— 1 4 —
A _W;Miyi

E(V;‘):%gﬁawi)

Thus ¥, is an unbiased estimator of Y. The variance of V. and its estimate are given by

. 1 &M,
Var(y.)=Var| — ) —=V.
(V) (nZMy.j

i=1

— N_ns*z
Nn °
Var(y,) =~ s,

where

Note that the expressions of variance of ¥, and its estimate can be derived using directly the theory of

SRSWOR as follows:

14



M, R
Let z,=—"Yy,,theny, =— ) 7, =7.
=5 A nZ

Since SRSWOR is followed, so

n

. N-n 1 —
Var(y.)=Var(Z) = — N (z-Y)
(V) =Var(z)=— N_lg(. )

N-n 1 &M _ =Y
Bon Loy Mgy
Nn N-15\ M

N —n

Since

So an unbiased estimator of variance can be easily derived.

3. Estimator based on ratio method of estimation

Consider the weighted mean of the cluster means as

> My,

s

—k — i=1

c iMI
i=1

It is easy to see that this estimator is a biased estimator of population mean. Before deriving its bias and

mean squared error, we note that this estimator can be derived using the philosophy of ratio method of

estimation. To see this, consider the study variable U; and auxiliary variable V, as

15



U, =—21
M
v=Mi 12N
M
N
V—iZN:V— 1 ;MI_
NS N M
I
ng '
1
V=—> V.
n

The ratio estimator based on U and V is

>

=<
pel
Il
s < | |
<

7

.[\jj

M-
z|z|=
=i

-
<)

= -
Il

<
<

.M: '
=

. . . . . p— . . . . .
Since the ratio estimator is biased, so Yy, 1is also a biased estimator. The approximate bias and mean

squared errors of Y. can be derived directly by using the bias and MSE of ratio estimator. So using the

results from the ratio method of estimation, the bias up to second order of approximation is given as

follows

— 2 pa—
Bias(y") = ”[S—v— §“V_jU

- 1 1 O
where U ZWZU' =—2Mi—_
i=1 i

16



N
82:_ _\72
Y N—1§(V' )
1 &M, Y
=— Y| =i
N—I,Z;(M j
1 - _
Sw=r 72U -0 -V)
143
1 &(My 1 < M
= _I— — M_ TI_
N—IZ‘(M NM; J( J
u - 1
R =:=U e M_
uv V] NMZ iJi

The MSE of V. up to second order of approximation can be obtained as follows:

N—-n

MSE(Y.") = - (S2+R’S; —2RS,,)

— 2
where Suz:Nl_li(Mi_yi_ 1 iMi_ij

i=1 M NM— i=1
Alternatively,
k% N - n 1 N ?
MSE(Y, )= U -RV
T = N2V~ Ra)

An estimator of MSE can be obtained as

Sk N -N 1 0 M 2 — sk
MSE(Y, ) = YP— (ﬁlj Vi-¥. )
— L=l

The estimator Y, is biased but consistent.

17



4. Estimator based on unbiased ratio type estimation

n M;
Since Y, = lz Y, (where Y, = MLZ Y;) 1s a biased estimator of population mean and
nss

i i=1
Bias(V,) = —( NM_I}smy
0

(M),
NM /

Since SRSWOR is used, so

1 & = 1
SmyznT;(Mi_m)(yi_yc)’ m=HZMi

1s an unbiased estimator of

Sy =1 > (M, — KT, ),

i€, E(Sy)=S,.

So it follow that

m
m
<Il
p—

|
<
Il
|
7\
=2
|
—
N—
m
~~
wn
E]

is an unbiased estimator of the population mean Y.

This estimator is based on unbiased ratio type estimator. This can be obtained by replacing the study

variable (earlier y,) by %Vi and auxiliary variable (earlier X ) by % The exact variance of this

estimate is complicated and does not reduces to a simple form. The approximate variance upto first order

of approximation is

Var (3.") = n(Nl—l) K%V _Y_)j_(ﬁg_i]wi _M)} '




A consistent estimate of this variance is
2

M.

n(n— IZ( HLMZ j i T

The variance of y_ will be smaller than that of §, (based on the ratio method of estimation) provided

My
M

n

V(7. -

the regression coefficient of on l\l\% is nearer to —Z y; than to M—Z M.y..

0 i=l

Comparison between SRS and cluster sampling:
In case of unequal clusters, Z M, is a random variable such that
i=1
i=1

Now if a sample of size NM is drawn from a population of size NM , then the variance of corresponding

sample mean based on SRSWOR is

NM —nM S?
vVar(Vee) = ———— ——
(ySRS) NM nM
_N-n§?
Nn M

This variance can be compared with any of the four proposed estimators.

For example, in case of

Ye _W%:Miyi

Var(y,) = stz

N-n I &M, _ oY
= e Tyi_Y .
Nn N-15( M

The relative efficiency of V. relative to SRS based sample mean

_Var(V)
var(y;)
S 2
M
For Var(Y,) < Var(V), the variance between the clusters (S;”) should be less. So the clusters should be

formed in such a way that the variation between them is as small as possible.
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Sampling with replacement and unequal probabilities (PPSWR)

In many practical situations, the cluster total for the study variable is likely to be positively correlated with
the number of units in the cluster. In this situation, it is advantageous to select the clusters with probability
proportional to the number of units in the cluster instead of with equal probability, or to stratify the clusters
according to their sizes and then to draw a SRSWOR of clusters from each of the stratum. We consider
here the case where clusters are selected with probability proportional to the number of units in the cluster

and with replacement.

Suppose that n clusters are selected with ppswr, the size being the number of units in the cluster. Here

P is the probability of selection assigned to the i" cluster which is given by

Pi :ﬁzii_, i=1,2,...,N.
M, NM

0

Consider the following estimator of the population mean:
> I
Y.==>V.
N

Then this estimator can be expressed as

A N

| _
Yc _Hzaiyi

i=1

where @; denotes the number of times the " cluster occurs in the sample. The random variables

a,,a,,...,a, follow a multinomial probability distribution with

E(a;) =nR, Var(e;) =nR(1-F)
Cov(e;,a;)=-nRP;, i#].

Hence,

M=

E(a)Y;

Ewi)=%

1

S| =
m

M=
5
finv)
<

M 2
M_z ZI‘_
<l

_ Yii
55y
NM

Thus Y, is an unbiased estimator of Y.

20



We now derive the variance of Y.

N N
From Y, =12ai7i,
nes

i=1 i#]

Var(Y,) :%[ZN:Var(a A +ZCOv(al,a VA }

An unbiased estimator of the variance of Y, is

var(Y,) =

Y.
o _I)Z(y. )’

which can be seen to satisfy the unbiasedness property as follows:

Consider

SR
=E{n(n 1)(2(” %y H

n(n 1)[ (Ila,ylj nVarO(C)—nY}

where E(a;) =nPB,Var() =nR(1-F),Cov(a;,a;) =-nRP,,i # |

: (7, Y ) |= ! y _2_lN TV V2
E|:n(n—1)z(yi_YC) }_n(n—l)[znipi i nnZPi( i Y ) —nY :|

i=1

1 N —2 2 _lN v _V \2
(n_l)[ge(y. ) nng(i Y)}
=(n_l)[gp.( Y 2R .—Y)}
1 N
=— > Py, -Y)
( —1>§ (¥ -Y)
=Var(Y,)
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Chapter 10
Two Stage Sampling (Subsampling)

In cluster sampling, all the elements in the selected clusters are surveyed. Moreover, the efficiency in
cluster sampling depends on size of the cluster. As the size increases, the efficiency decreases. It
suggests that higher precision can be attained by distributing a given number of elements over a large
number of clusters and then by taking a small number of clusters and enumerating all elements within

them. This is achieved in subsampling.

In subsampling
- divide the population into clusters.
- Select a sample of clusters [first stage}

- From each of the selected cluster, select a sample of specified number of elements [second stage]

The clusters which form the units of sampling at the first stage are called the first stage units and the
units or group of units within clusters which form the unit of clusters are called the second stage units or

subunits.

The procedure is generalized to three or more stages and is then termed as multistage sampling.

For example, in a crop survey
- villages are the first stage units,
- fields within the villages are the second stage units and

- plots within the fields are the third stage units.

In another example, to obtain a sample of fishes from a commercial fishery
- first take a sample of boats and

- then take a sample of fishes from each selected boat.

Two stage sampling with equal first stage units:
Assume that
- population consists of NM elements.
- NM elements are grouped into N first stage units of M second stage units each, (i.e., N
clusters, each cluster is of size M )

- Sample of n first stage units is selected (i.e., choose n clusters)
1



- Sample of m second stage units is selected from each selected first stage unit (i.e., choose m
units from each cluster).

- Units at each stage are selected with SRSWOR.

Cluster sampling is a special case of two stage sampling in the sense that from a population of N

clusters of equal size m=M, a sample of n clusters are chosen.
If further M =m =1, we get SRSWOR.

If n=N, we have the case of stratified sampling.

y; : Value of the characteristic under study for the j™ second stage units of the i" first stage
unit; i=12,...,N; j=12,..,m.

+th lst

&MZ

y; : mean per 2" stage unit of i stage units in the population.

L
VE

Advantages:

The principle advantage of two stage sampling is that it is more flexible than the one stage sampling. It
reduces to one stage sampling when m=M but unless this is the best choice of m, we have the
opportunity of taking some smaller value that appears more efficient. As usual, this choice reduces to a
balance between statistical precision and cost. When units of the first stage agree very closely, then
consideration of precision suggests a small value of m. On the other hand, it is sometimes as cheap to
measure the whole of a unit as to a sample. For example, when the unit is a household and a single

respondent can give as accurate data as all the members of the household.

A pictorial scheme of two stage sampling scheme is as follows:



Population (MN units)

N clusters

Population
N clusters
(large in
number)

n clusters

mn units

First stage
sample

N clusters
(small in
number)

Second stage
sample
M units
n clusters
(large number
of elements
from each
cluster)

Note: The expectations under two stage sampling scheme depend on the stages. For example, the

expectation at second stage unit will be dependent on first stage unit in the sense that second stage unit

will be in the sample provided it was selected in the first stage.

To calculate the average

- First average the estimator over all the second stage selections that can be drawn from a fixed

set of n units that the plan selects.

- Then average over all the possible selections of n units by the plan.




In case of two stage sampling,

E@) = E[E©0)

2 \ N
average| |average| |average over
over over all| |all possible 2"stage
all 1* stage | |selections from

samples| |samples| |a fixed set of units

In case of three stage sampling,

E(d) = EI[EZ {E3(é)ﬂ.

To calculate the variance, we proceed as follows:

In case of two stage sampling,
Var(6) = E(6-6)
—EE,(6-6)
Consider
E,(0—0)* = E,(0%)-20E,(§)+ 6>
- [{Ez(é}2 v, (é)} _20E,(0)+6*

Now average over first stage selection as
A 2 A T2 A A )
EE,(0-0) =E |:E2 (H)] +E |:V2(9):| —20EE,(0)+E, (6°)
A )2 A
-e[e{e.@) -0 [+E[wO)]

Var(d) =V, [E2 (é)} +E, [vz(é)]

In case of three stage sampling,

Var(é) =V, [E 2 {E3(é)ﬂ+ E, [vz {E3(é)}} E, [E2 {v3(é)}}.



Estimation of population mean:

Consider Yy =Y,,, as an estimator of the population mean Y.
Bias:
Consider

E(Y)= E1 [EZ(an)]
=E[E,(V,,[)| (as 2" stage is dependent on 1% stage)

=E [E,(V,,[)] (asy, is unbiased for Y; due to SRSWOR)

Thus Y, is an unbiased estimator of the population mean.

Variance

Var(y) =E, [V, (Y[)) |+V, [E(V/D)]

11 1), 13-
=, {F;(E_ﬁjs‘ }v{n;@
181 1
=F;(E MJE (5 )+Vi(Y,)

(where Y, is based on cluster means as in cluster sampling)




Estimate of variance

An unbiased estimator of variance of ¥ can be obtained by replacing S; and S_Vi by their unbiased

estimators in the expression of variance of V.

Consider an estimator of

-1y
w N e i
I e
h SP=——— =Y
wnere i M _lg(y” I)
as S :%Z::Siz
where 87 =——3"(y,~ %)’

So

S’ (as SRSWOR is used)

2

m
~
wm
N

I
S5 |-

Il
—_

Z|~
w
"y

1l
—_

|
z|— Z|~-
I\ z
1

o
S}

I
—_

I
»|
[\S)

=

so S is an unbiased estimator of S .

Consider

as an estimator of

|
S, =—— =Y)?.
b N_lgw. )



So

E(sb)_LlE

(nN—DE(s;) =

I
m
i ng
—_—
<
[«})
=
~
<l
~
+
—
m
~
<l
~—,
\_v_/
I—I
3
1
VR

m

el

ol (LS s ol (L s (L
m M/N& ' N&° n N)° {m M
pu— N — pu—
=n (i_ijs\z.,_iZYf -n (l_iJsé+(l_L lsj
m M N 5 n N m M)/n
1 1)= nd - - 1 1
=n-1)| ———|S2+—> Y -nY?’—-n| ———S’
()meNE' (anb
1 1 V=, n|& - 1 1
=(n-1)| —=— |82 +—| Y Y2=NY? |-n| ——— |&2
()mMWNLZ_I:' }[an"
1 1 Y= n 1 1
=(n-1)| ———|S2+—(N-DS? —n| ——— |S}
( ) m M w N( ) b ( j b
=(n-1) 1_1ls +(n-1)82
m M
:E(sz){l—i]susz
b m M w b
or E{sg_(l_ijng}:sg
m M

S|— >
0|
[\S)
+
<]
S
L



Thus

Allocation of sample to the two stages: Equal first stage units:

The variance of sample mean in the case of two stage sampling is

— I(1 1 )\= I 1
Var(y)=—| ——— |S +| ——— |S;.
(y) n(m M j w (n Nj b
It depends on S2,S2, nand m. So the cost of survey of units in the two stage sample depends on

b>“~w?

n and m.

Case 1. When cost is fixed

We find the values of n and m so that the variance is minimum for given cost.

(I) When cost function is C = kmn

Let the cost of survey be proportional to sample size as
C =knm

where C is the total cost and K is constant.

When cost is fixed as C =C,. Substituting m= % in Var(y), we get
n

c?2 2
Var(y)zl sz_S_W —S—b+lmsj
n M N nC,
2

1., 82) (s? K32
=—| S, X |-| =——=>=|
n M N C,

This variance is monotonic decreasing function of n if (Sﬁ Y ] > 0. The variance is minimum

when n assumes maximum value, i.e.,

n= % corresponding to m=1.



S. . . . . . .
If [sz _VW j <0 (i.e., intraclass correlation is negative for large N), then the variance is a monotonic

increasing function of n, It reaches minimum when n assumes the minimum value, i.e.,, A=—2

kM

(i.e., no subsampling).

(IT) When cost function is C =kn+k,mn

Let cost C be fixed as C, =kn+k,mn where k, and k, are positive constants. The terms k; and k,

denote the costs of per unit observations in first and second stages respectively. Minimize the variance of

sample mean under the two stage with respect to m subject to the restriction C; =k n+k,mn.

We have

Tya S AR S kS?
C{Var(yhﬁ}kl(sg—V}kzsmmkz(sg_ﬁjw?_
c2

When (sz —i/l—wj >0, then

2 2
S S; = S; /k§j
C{Var(y)+ﬁb}[ kl[sj _VJ +,/k28j] +Nmk2[sb2 _VJ — 1?}

which is minimum when the second term of right hand side is zero. So we obtain

2 o2 =2 =
C, [Var(7)+%b} K, (sg —i/l—w} 1,52 +mk, {sj _Sﬁ}%
is minimum if m is the greatest attainable integer. Hence in this case, when

C, 2k +kM:M=M and i=—C0
k, +k,M

If C,>k, +k,M; then rﬁ:COk_kl and A=1.



If N islarge, then S_Vi ~S*(1-p)

Case 2: When variance is fixed

Now we find the sample sizes when variance is fixed, say as V.

=n 52
V, +-2
N
So
S—z
R -
C=kmn=km Mz kSW2
S S
Vo+-2 | V,+-—2

S; L . .
If [sz —V‘N]>O, C attains minimum when m assumes the smallest integral value, i.e., 1.

Q2
If (sz _i/l_wj <0, C attains minimum when Mm=M.

Comparison of two stage sampling with one stage sampling
One stage sampling procedures are comparable with two stage sampling procedures when either

(1) sampling mn elements in one single stage or
.. . mn . . .
(i1) sampling v first stage units as cluster without sub-sampling.

We consider both the cases.

10



Case 1: Sampling mn elements in one single stage
The variance of sample mean based on

- mn elements selected by SRSWOR (one stage) is given by
1 1
V(Ves) =| ———— 1|5
(Vsrs) (mn )

- two stage sampling is given by
I(1 1)\=z 1 1
V(Veg)=—| ——— S +| ———|S;.
(yTS) n(m M] w (n Nj b

The intraclass correlation coefficient is

N-1)e. S0
N )™ M _ M(N-DS;-NS; 1

- - <p<l 1
P (NM —1)82 (MN —1)S? M-1 " M
NM
and using the identity
N M L, A o, M
ZZ(yij_Y) :ZZ(yij_Yi) +ZZ(Yi_Y)
i=1 j=1 i=1 j=1 i=l j=l
(NM —1)S> = (N —=1)MS? + N(M —1)S2 (2)
_ 1 N M _ 1 M
here Y =—— LY. =— )y
whnere MN - Zyu i M Zyu

i=l il

Now we need to find S? and S from (1) and (2) in terms of S*. From (1), we have

- MN -1 N -1
svﬁz—( . ]M82p+(TjMS§. 3)

Substituting it in (2) gives

(NM —1)S> = (N —=1)MS? + N(M —1){(%} MS; —(M%_IJMSQ,{)}

=(N-DMS; +(M —=1)(N =1)S] — pM (M —1)(MN -1)S*
=(N=DMS[1+(M =1)]- pM (M =1)(MN - 1)S’
=(N-1)MS} — pM (M —1)(MN -1)S*
»  (MN-1)S? _
S; EYETE [1+(M -1)p]

Substituting it in (3) gives

11



N(M —1)S2 = (NM —=1)S> — (N —1)MS;
(MN —1)S?
M2(N -1)
_(NM _I)SZ[M ~1-(M —l)p}

M
=(NM -D)S*(M -1)(1- p)

52 =(MN _1]32(1—,0).

= (NM —1)82—(N—1)M[ [1+(M -1)p] }

" MN

Substituting S; and S_ in Var(V)

o _(MN-1\8*|. m(n-1 N-nm = M-m
V(yTS)_( MN jmn{l M(N—1)+p{N—1M(M D==4 H

When subsampling rate % is small, MN -1~ MN and M -1~ M, then

_ S?
V(ySRS) :%

V<7Ts)=%{1+p[%m—lﬂ.

The relative efficiency of the two stage in relation to one stage sampling of SRSWOR is

E:M:Hp(ﬂm_lj_
Var (Vg ) N-1

If N-1=N and finite population correction is ignorable, then I:I_T ~ N’\I N 1, then

RE =1+ p(m—1).

Case 2: Comparison with cluster sampling
Suppose a random sample of % clusters, without further subsampling is selected.

The variance of the sample mean of equivalent mn/M clusters is

(M1
Var(y,) :(%_ﬁj S -

The variance of sample mean under the two stage sampling is

1(1 1 \= 1 1
Var(V..)=—| ——— |S2+| ———|S?.
(yTS) n(m M) w (n NJ b

So Var(y, ) exceedes Var(y;s) by

5]
nim M

12



which is approximately

2
l(M—ljpsz for large N and [sz—i/l—wj>0.

nym
MN -1 §2
here Szz—— 1+ M -1
w b M(N—I)M[ o( )]
— MN-1
Sy = S*(1-
v T TN (1-p)

So smaller the m/M , larger the reduction in the variance of two stage sample over a cluster sample.
Q2

When {sz —i/l—wj < 0 then the subsampling will lead to loss in precision.

Two stage sampling with unequal first stage units:
Consider two stage sampling when the first stage units are of unequal size and SRSWOR is employed at

each stage.

Let

y; : value of j™ second stage unit of the i" first stage unit.

M, :number of second stage units in i"™ first stage units (i=1,2,...,N).

N
M, = Z M, : total number of second stage units in the population.
i=1
m. :number of second stage units to be selected from i" first stage unit, if it is in the sample.

n
m, = z m; : total number of second stage units in the sample.
i=1

_ 1 &

Yi(mi) _HZ

_ 1 W

Y :M—lz

—_— N =
Y==>y=Y,

_ et D L
Y = l—le—l — |:1_ :_Zul |
MN N 4=
M~ i=l1
Mi
Ui e
M
M—INM
_NZ:‘ .

13



The pictorial scheme of two stage sampling with unequal first stage units case is as follows:

Population (MN units)

A

Population
N clusters

N clusters

N clusters

First stage
sample

n clusters
(small)

14

Second stage
sample
n clusters
(small)




Now we consider different estimators for the estimation of population mean.

1. Estimator based on the first stage unit means in the sample:
& I
=Ys2 T E%‘, Yi(mi)
Bias:
_ I
E(Ys,) = EL Zymm.)}
=1
1 n
El |:n z (yi(mi))j|

=E {l Y_} [Since a sample of size m, is selected out of M, units by SRSWOR]
n

So Vs, is a biased estimator of Y and its bias is given by

Bias (Vsz) = E(Vsz) -y

< - =
=—— > (M, =M)(Y, =Y,).
NM ;( i )( i N)
This bias can be estimated by

|§i\as(752) = Z( —M)(Vi(miy = Ys2)
N|V|(

which can be seen as follows:

E[@(Vsz)Jz—N—__l E, [LG: E, {(M —=M)(Yimiy ~ 752)”1}}

15



An unbiased estimator of the population mean Y is thus obtained as

_ N-1 1 o _
Yso +Wr§(Mi _m)(yi(mi) = Vs,)-

Note that the bias arises due to the inequality of sizes of the first stage units and probability of selection

of second stage units varies from one first stage to another.

Variance:

Var(ys,) =Var| E(Vs, [n) |+ E[ Var(¥;,|n) |

=Var EZV } +E {%Zn:Var(Vi(mi) |i)}

where S; :ﬁg(f— :N)

The MSE can be obtained as

MSE(Y;,) =Var(Vs,) +[ Bias(Vs,)] -

Estimation of variance:

Consider mean square between cluster means in the sample
I < 2
2 — —
SS=—> (Vi Ve ) -
b n—l i=1( i(m;) 82)

It can be shown that

SAIPCTI N B T T
E(s))=S; +Wz i S”.
i=1 i i

AISO SI2__12(y” Vl(ml))2
i =
IR
E(Slz)—slz——Z(yu Y|)2

16



Thus

2N _ 2 I¢(1 1.
E(sb)_Sb+E{n§[mi M.]Si}

and an unbiased estimator of S; is

So an estimator of the variance can be obtained by replacing S; and S’ by their unbiased estimators as

Var(y. )—(1——j82 L i—— S2.
32 n N Nn& M.

2. Estimation based on first stage unit totals:

ns M
n — i2i(mi)
where U, =&.
M
Bias

>

) =E| £ 3 5 |

E[%;u.E (y.(m.)ll)}
g

>

i u|Yi
N i
=Y.

Thus V,, is an unbiased estimator of Y .

17



Variance:

Var(¥;,) =Var| E(¥;, |n) |+ E [ Var (¥, |n) ]

:Var{ ZuII +E 1Z“UZVar(y,(m,)h)}
n
SEREAREE N ENA
n N)° naN&S '(m M)
M, _
where S; =MLZ(yij -Y))’
145

. 1 & - -
S2=—> Uy, -Y).
b N 1;( it )

3. Estimator based on ratio estimator:

This estimator can be seen as if arising by the ratio method of estimation as follows:

Let Yi* =U; Yimi)
x =M i_12,.N
M

y —_zyi_ysz
N5
I R
X _ngxi_ )
— & .
*— =
X N;x, 1

18



The corresponding ratio estimator of Y is

A

YR

X

| |<|
o ‘:SL

ysz

n
So the bias and mean squared error of ¥, can be obtained directly from the results of ratio estimator.
Recall that in ratio method of estimation, the bias and MSE of the ratio estimator upto second order of
approximation

is

Bias (J) =¥ (C; ~24C,C,)

_y [Var(x) Cov(X, y)}
X XY
MSE (Y, ) ~ [ Var(y)+ R*Var(X)—2RCov(X, ) |

where R =

><|| <

Bias:

The bias of ¥, up to second order of approximation is

Blas(ysz) Y{Var(xsz) COV(staysz)}

X’ XY

—* . oqe . . . — —k 1 [
where X, is the mean of auxiliary variable similar to Y, as X, = H Xi(mi)-

LM=

Now we find Cov(X;,, Vs,).

1& | L
COV(st’ysz) COV|: (qulx (mi)> zuyl(ml)j}—i_E[Co (HZUIX (mi)> Zuyl(ml)]:|

i=1 =1 i=I =1

:COV{ ZUE(X|(m|)) ZU E(yl(ml)):|+E{L2
| R 1 & o 1 1
:Cov[ﬁguixi,ﬁgum} + E[qui (——W]Sixy}

i=1

s e

bey Z (U X X )(U Y_)

iZCOV(Yi(mi) Yicmiy) |I:|

where

M. —

ixy :—Z(Xij - )zi)(yij _Y_I)
j=1

19



Similarly, Var(X;,) can be obtained by replacing X in place of y in Cov(X;,,Vs,) as

1 N

where S} =——>"(u,X; - X)’
N-143
R

S;l=———» (X, —X,)’

ix M —1 |=1( ij |)

Substituting Cov(X,,Vs,) and Var(X;,) in Bias(Y;,), we obtain the approximate bias as
e (1182 S, ) 1 1 1)s2 S
Bias(y.) ~ | [ Lol || Sec v |, LSofiof Lo L f S S L]

(Vs2) Kn NJ[X2 XY nNg‘ Ilmo M, LXE XY

Mean squared error

MSE(¥Vs, ) =Var(V;,)—2R"Cov(X;,, V.,) + R*Var(X,,)
. I 1)\ R 1 1
Var(ys, — S +— > U | ———1S;
(32) ( Nj by Nz [mi Mlj iy
L
nN

(L

*2

o 1
Var(xsz):(n Nj o T

ke _x 1 1 . 1 O o 1 1
Cov(Xs,,¥s,) = TN Soiy +m§ui E—W Sixy
where

T
by N -1 — it
1 &
S*2=— . _Y 2
iy Mi _1 le(yu |)
R =Y _v
X

Thus
_— 1 1 *2 *) 1 N 2 2
MSE(ysz)z(H—Wj(S ~2R’S; +R”S,7) + WZ{U (—_——j(s ~2R'S, +R’ six)}
Also

MEE(Ts2) ~ [%_L)LZNMZ (Y_'_ RX )2 +$Z{Uf (%_VJ(SZ 2R*Sixy +R”S; )}
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Estimate of variance

Consider

n

1 -
bey n— IZ[(U yl(ml) ysz)( i”Ni(mi) st):|

T m-1 Z[( %) (Vi = Vi) |

i i=

It can be shown that

Thus
82 =5 qu (mi_MLjs
Also

A consistent estimator of MSE of ¥, can be obtained by substituting the unbiased estimators of

respective statistics in MSE(V;,) as
MSE(V5,) ~ (n |i1 j(s;jj —2r's, + r*zsgji)

L u? 11 (sp—2r's,, +r7s;)
nN 5 m M

1 1)1
z(ﬁ_ﬁjn 1Z(y-<m'> X‘(m‘))z

i=1

L u’ 1t (sfy—zr*sixyw*zsfx) where r* =352,
nN 45 m M X
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