Calculus 11l 1

Chapter 1 : 3-Dimensional Space

In this chapter we will start taking a more detailed look at three dimensional space (3-D space or R’ ).
This is a very important topic for Calculus Ill since a good portion of Calculus Il is done in three (or
higher) dimensional space.

We will be looking at the equations of graphs in 3-D space as well as vector valued functions and how
we do calculus with them. We will also be taking a look at a couple of new coordinate systems for 3-D
space.

This is the only chapter that exists in two places in the notes. When we originally wrote these notes all
of these topics were covered in Calculus Il however, we have since moved several of them into Calculus
lll. So, rather than split the chapter up we kept it in the Calculus Il notes and also put a copy in the
Calculus Il notes. Many of the sections not covered in Calculus lll will be used on occasion there anyway
and so they serve as a quick reference for when we need them. In addition this allows those that teach
the topic in either place to have the notes quickly available to them.

Here is a list of topics in this chapter.

The 3-D Coordinate System — In this section we will introduce the standard three dimensional
coordinate system as well as some common notation and concepts needed to work in three dimensions.

Equations of Lines — In this section we will derive the vector form and parametric form for the equation
of lines in three dimensional space. We will also give the symmetric equations of lines in three
dimensional space. Note as well that while these forms can also be useful for lines in two dimensional
space.

Equations of Planes — In this section we will derive the vector and scalar equation of a plane. We also
show how to write the equation of a plane from three points that lie in the plane.

Quadric Surfaces — In this section we will be looking at some examples of quadric surfaces. Some
examples of quadric surfaces are cones, cylinders, ellipsoids, and elliptic paraboloids.

Functions of Several Variables — In this section we will give a quick review of some important topics
about functions of several variables. In particular we will discuss finding the domain of a function of
several variables as well as level curves, level surfaces and traces.

Vector Functions — In this section we introduce the concept of vector functions concentrating primarily
on curves in three dimensional space. We will however, touch briefly on surfaces as well. We will
illustrate how to find the domain of a vector function and how to graph a vector function. We will also
show a simple relationship between vector functions and parametric equations that will be very useful
at times.

Calculus with Vector Functions — In this section here we discuss how to do basic calculus, i.e. limits,
derivatives and integrals, with vector functions.
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Tangent, Normal and Binormal Vectors — In this section we will define the tangent, normal and binormal
vectors.

Arc Length with Vector Functions — In this section we will extend the arc length formula we used early in
the material to include finding the arc length of a vector function. As we will see the new formula really
is just an almost natural extension of one we’ve already seen.

Curvature — In this section we give two formulas for computing the curvature (i.e. how fast the function
is changing at a given point) of a vector function.

Velocity and Acceleration — In this section we will revisit a standard application of derivatives, the
velocity and acceleration of an object whose position function is given by a vector function. For the
acceleration we give formulas for both the normal acceleration and the tangential acceleration.

Cylindrical Coordinates — In this section we will define the cylindrical coordinate system, an alternate
coordinate system for the three dimensional coordinate system. As we will see cylindrical coordinates
are really nothing more than a very natural extension of polar coordinates into a three dimensional
setting.

Spherical Coordinates — In this section we will define the spherical coordinate system, yet another
alternate coordinate system for the three dimensional coordinate system. This coordinates system is
very useful for dealing with spherical objects. We will derive formulas to convert between cylindrical
coordinates and spherical coordinates as well as between Cartesian and spherical coordinates (the more
useful of the two).
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Section 1-1 : The 3-D Coordinate System

We’'ll start the chapter off with a fairly short discussion introducing the 3-D coordinate system and the
conventions that we’ll be using. We will also take a brief look at how the different coordinate systems
can change the graph of an equation.

Let’s first get some basic notation out of the way. The 3-D coordinate system is often denoted by R”.

Likewise, the 2-D coordinate system is often denoted by R* and the 1-D coordinate system is denoted
by R . Also, as you might have guessed then a general n dimensional coordinate system is often

denoted by R".

Next, let’s take a quick look at the basic coordinate system.

z
A=(0,yz2
S=[I,D,z) [#,e’)
TP (ry.2)
/\y
x |
¢ ={xy.0),

This is the standard placement of the axes in this class. It is assumed that only the positive directions
are shown by the axes. If we need the negative axes for any reason we will put them in as needed.

Also note the various points on this sketch. The point P is the general point sitting out in 3-D space. If
we start at P and drop straight down until we reach a z-coordinate of zero we arrive at the point Q. We
say that Q sits in the xy-plane. The xy-plane corresponds to all the points which have a zero z-
coordinate. We can also start at P and move in the other two directions as shown to get points in the
xz-plane (this is S with a y-coordinate of zero) and the yz-plane (this is R with an x-coordinate of zero).

Collectively, the xy, xz, and yz-planes are sometimes called the coordinate planes. In the remainder of
this class you will need to be able to deal with the various coordinate planes so make sure that you can.

Also, the point Q is often referred to as the projection of P in the xy-plane. Likewise, R is the projection
of P in the yz-plane and S is the projection of P in the xz-plane.

Many of the formulas that you are used to working with in R* have natural extensions in R*. For
instance, the distance between two points in R? is given by,
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d(BP)=(x =2 ) + (v 1)

While the distance between any two points in R’ is given by,

d(BP)=(x =5 ) +(r=5) +(z-2)

Likewise, the general equation for a circle with center (h,k) and radius r is given by,
(x—h)2 +(y—k)2 =7’
and the general equation for a sphere with center (h,k,l) and radius r is given by,

(x—h)2 +(y—k)2 +(z—l)2 =7

With that said we do need to be careful about just translating everything we know about R? into R’
and assuming that it will work the same way. A good example of this is in graphing to some extent.
Consider the following example.

Example 1 Graph x=3in R, R? and R,

Solution
In R we have a single coordinate system and so x =3 is a point in a 1-D coordinate system.

In R? the equation x =3 tells us to graph all the points that are in the form (3,y). This is a vertical

line in a 2-D coordinate system.

In R’ the equation x =3 tells us to graph all the points that are in the form (3,y,z) . If you go back

and look at the coordinate plane points this is very similar to the coordinates for the yz-plane except
this time we have x =3 instead of x =0. So, in a 3-D coordinate system this is a plane that will be
parallel to the yz-plane and pass through the x-axis at x =3.

Here is the graphof x=3 in R.

-1 0 1 2

Here is the graph of x =3 in R”.
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so we’'ll often do this with 3D graphs and sketches.

Finally, here is the graph of x =3 in R’. Note that we’ve presented this graph in two different
styles. On the left we’ve got the traditional axis system that we’re used to seeing and on the right
we’ve put the graph in a box. Both views can be convenient on occasion to help with perspective and

_3_2_1 ﬁ '

Note that at this point we can now write down the equations for each of the coordinate planes as well

using this idea.

z=0 xy —plane
y=0 xz —plane
x=0 yz —plane

Let’s take a look at a slightly more general example.
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Example 2 Graph y=2x-3 in R” and R’.

Solution
Note we had to throw out IR for this example since there are two variables which means that we
can’t be in a 1-D space (1-D space has only one variable!).

In R? this is a line with slope 2 and a y intercept of -3.

However, in R’ this is not necessarily a line. Because we have not specified a value of z we are forced
to let z take any value. This means that at any particular value of z we will get a copy of this line. So,
the graph is then a vertical plane that lies over the line given by y =2x—3 in the xy-plane.

Here is the graph in R”.
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here is the graph in R®.
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Notice that if we look to where the plane intersects the xy-plane we will get the graph of the line in

R? as noted in the above graph by the red line through the plane.

Let’s take a look at one more example of the difference between graphs in the different coordinate
systems.

Example 3 Graph x’ +y> =4 inR” and R”.

Solution
As with the previous example this won’t have a 1-D graph since there are two variables.

In R? this is a circle centered at the origin with radius 2.

In R? however, as with the previous example, this may or may not be a circle. Since we have not
specified z in any way we must assume that z can take on any value. In other words, at any value of z
this equation must be satisfied and so at any value z we have a circle of radius 2 centered on the z-
axis. This means that we have a cylinder of radius 2 centered on the z-axis.

Here are the graphs for this example.
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Notice that again, if we look to where the cylinder intersects the xy-plane we will again get the circle
from R”.

We need to be careful with the last two examples. It would be tempting to take the results of these and
say that we can’t graph lines or circles in R’ and yet that doesn’t really make sense. There is no reason
for there to not be graphs of lines or circles in R?. Let’s think about the example of the circle. To graph
acirclein R’ we would need to do something like x* +»* =4 at z=15. This would be a circle of

radius 2 centered on the z-axis at the level of z=35. So, as long as we specify a z we will get a circle and
not a cylinder. We will see an easier way to specify circles in a later section.

We could do the same thing with the line from the second example. However, we will be looking at
lines in more generality in the next section and so we’ll see a better way to deal with lines in R’ there.

The point of the examples in this section is to make sure that we are being careful with graphing
equations and making sure that we always remember which coordinate system that we are in.

Another quick point to make here is that, as we’ve seen in the above examples, many graphs of
equations in R? are surfaces. That doesn’t mean that we can’t graph curves in R*. We can and will
graph curves in R’ as well as we’ll see later in this chapter.
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Section 1-2 : Equations of Lines

In this section we need to take a look at the equation of a line in R*. As we saw in the previous section
the equation y = mx+b does not describe a line in R3, instead it describes a plane. This doesn’t mean

however that we can’t write down an equation for a line in 3-D space. We're just going to need a new
way of writing down the equation of a curve.

So, before we get into the equations of lines we first need to briefly look at vector functions. We're
going to take a more in depth look at vector functions later. At this point all that we need to worry
about is notational issues and how they can be used to give the equation of a curve.

The best way to get an idea of what a vector function is and what its graph looks like is to look at an
example. So, consider the following vector function.

F(1)=(n.1)

A vector function is a function that takes one or more variables, one in this case, and returns a vector.
Note as well that a vector function can be a function of two or more variables. However, in those cases
the graph may no longer be a curve in space.

The vector that the function gives can be a vector in whatever dimension we need it to be. In the
example above it returns a vector in R*. When we get to the real subject of this section, equations of
lines, we’ll be using a vector function that returns a vector in R’

Now, we want to determine the graph of the vector function above. In order to find the graph of our
function we’ll think of the vector that the vector function returns as a position vector for points on the

graph. Recall that a position vector, say Vv = <a,b>, is a vector that starts at the origin and ends at the
point (a,b).
So, to get the graph of a vector function all we need to do is plug in some values of the variable and then

plot the point that corresponds to each position vector we get out of the function and play connect the
dots. Here are some evaluations for our example.

F(-3)=(-3,1) F(-1)=(-L1) 7(2)=(2,1) 7(5)=(5,1)

So, each of these are position vectors representing points on the graph of our vector function. The

o (-3.1) (-L1) (2.1) (5.1)

are all points that lie on the graph of our vector function.

If we do some more evaluations and plot all the points we get the following sketch.
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In this sketch we’ve included the position vector (in gray and dashed) for several evaluations as well as
the t (above each point) we used for each evaluation. It looks like, in this case the graph of the vector
equation is in fact the line y =1.

Here’s another quick example. Here is the graph of F(t) = <6 Cos t,3sint>.
¥

In this case we get an ellipse. It is important to not come away from this section with the idea that
vector functions only graph out lines. We'll be looking at lines in this section, but the graphs of vector
functions do not have to be lines as the example above shows.

WEe'll leave this brief discussion of vector functions with another way to think of the graph of a vector
function. Imagine that a pencil/pen is attached to the end of the position vector and as we increase the
variable the resulting position vector moves and as it moves the pencil/pen on the end sketches out the
curve for the vector function.

Okay, we now need to move into the actual topic of this section. We want to write down the equation
of alinein R’ and as suggested by the work above we will need a vector function to do this. To see
how we’re going to do this let’s think about what we need to write down the equation of a line in R>.
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In two dimensions we need the slope (m) and a point that was on the line in order to write down the
equation.

In R? that is still all that we need except in this case the “slope” won’t be a simple number as it was in
two dimensions. In this case we will need to acknowledge that a line can have a three dimensional
slope. So, we need something that will allow us to describe a direction that is potentially in three
dimensions. We already have a quantity that will do this for us. Vectors give directions and can be
three dimensional objects.

So, let’s start with the following information. Suppose that we know a point that is on the line,

P = (xo,yo,zo), and that v = <a,b,c> is some vector that is parallel to the line. Note, in all likelihood,

v will not be on the line itself. We only need v to be parallel to the line. Finally, let P = (x, y,z) be

any point on the line.

Now, since our “slope” is a vector let’s also represent the two points on the line as vectors. We'll do this

with position vectors. So, let 7, and 7 be the position vectors for P, and P respectively. Also, for no

apparent reason, let’s define d to be the vector with representation F,P .

We now have the following sketch with all these points and vectors on it.

Z

The Line

Now, we’ve shown the parallel vector, Vv, as a position vector but it doesn’t need to be a position
vector. It can be anywhere, a position vector, on the line or off the line, it just needs to be parallel to
the line.

Next, notice that we can write 7 as follows,

r=r,+ta

© 2018 Paul Dawkins http://tutorial. math.lamar.edu



Calculus 11l 12

If you’re not sure about this go back and check out the sketch for vector addition in the vector
arithmetic section. Now, notice that the vectors d and v are parallel. Therefore there is a number, t,
such that

a=tv

We now have,

r=r, +t\7:<x0,yo,zo>+t<a,b,c>

This is called the vector form of the equation of a line. The only part of this equation that is not known
is the t. Notice that v will be a vector that lies along the line and it tells us how far from the original

point that we should move. If t is positive we move away from the original point in the direction of v
(right in our sketch) and if t is negative we move away from the original point in the opposite direction
of v (left in our sketch). As t varies over all possible values we will completely cover the line. The
following sketch shows this dependence on t of our sketch.

0]

The Line

There are several other forms of the equation of a line. To get the first alternate form let’s start with
the vector form and do a slight rewrite.

;7:<x0,y0,zo>+t<a,b,c>
<x, y,z) = <x0 +ta,y, +tb,z, +tc>

The only way for two vectors to be equal is for the components to be equal. In other words,

X=X, +ta
y=y,+tb
z=2z,+Ic
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This set of equations is called the parametric form of the equation of a line. Notice as well that this is
really nothing more than an extension of the parametric equations we’ve seen previously. The only
difference is that we are now working in three dimensions instead of two dimensions.

To get a point on the line all we do is pick a t and plug into either form of the line. In the vector form of
the line we get a position vector for the point and in the parametric form we get the actual coordinates
of the point.

There is one more form of the line that we want to look at. If we assume that a, b, and c are all non-zero
numbers we can solve each of the equations in the parametric form of the line for t. We can then set all
of them equal to each other since t will be the same number in each. Doing this gives the following,

dody Py 2

a b c

This is called the symmetric equations of the line.

If one of g, b, or c does happen to be zero we can still write down the symmetric equations. To see this
let’s suppose that b= 0. In this case t will not exist in the parametric equation for y and so we will only
solve the parametric equations for x and z for t. We then set those equal and acknowledge the
parametric equation for y as follows,

X—Xx, ZzZ-—z,

= Y=Y
a c

Let’s take a look at an example.

Example 1 Write down the equation of the line that passes through the points (2,—1,3) and

(1,4, —3). Write down all three forms of the equation of the line.

Solution

To do this we need the vector vV that will be parallel to the line. This can be any vector as long as it’s
parallel to the line. In general, v won’t lie on the line itself. However, in this case it will. All we need
todoislet v be the vector that starts at the second point and ends at the first point. Since these two
points are on the line the vector between them will also lie on the line and will hence be parallel to
the line. So,

v =(1,-5,6)

Note that the order of the points was chosen to reduce the number of minus signs in the vector. We
could just have easily gone the other way.

Once we've got V there really isn’t anything else to do. To use the vector form we’ll need a point on
the line. We’ve got two and so we can use either one. We'll use the first point. Here is the vector
form of the line.

F=(2,-1,3)+1(1,-5,6) = (2+1,-1-5t,3+61)
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Once we have this equation the other two forms follow. Here are the parametric equations of the
line.

x=2+t
y=-1-5¢
z=3+6¢

Here is the symmetric form.
x=2 y+1 z-3
1 -5 6

Example 2 Determine if the line that passes through the point (0, —3,8) and is parallel to the line

givenby x =10+3¢, y=12¢ and z =—-3—¢ passes through the xz-plane. If it does give the
coordinates of that point.

Solution

To answer this we will first need to write down the equation of the line. We know a point on the line
and just need a parallel vector. We know that the new line must be parallel to the line given by the
parametric equations in the problem statement. That means that any vector that is parallel to the
given line must also be parallel to the new line.

Now recall that in the parametric form of the line the numbers multiplied by t are the components of
the vector that is parallel to the line. Therefore, the vector,

v=(3,12,-1)
is parallel to the given line and so must also be parallel to the new line.

The equation of new line is then,

F=(0,-3,8)+1(3,12,—1)=(31,-3+121,8 1)

If this line passes through the xz-plane then we know that the y-coordinate of that point must be
zero. So, let’s set the y component of the equation equal to zero and see if we can solve for t. If we
can, this will give the value of t for which the point will pass through the xz-plane.

-3+12¢t=0 = f=—

So, the line does pass through the xz-plane. To get the complete coordinates of the point all we need

. 1. . ,
todois plug t = Z into any of the equations. We’ll use the vector form.

SIOSOIERS
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Recall that this vector is the position vector for the point on the line and so the coordinates of the

1
point where the line will pass through the xz-plane are (%,0,%} .
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Section 1-3 : Equations of Planes

In the first section of this chapter we saw a couple of equations of planes. However, none of those
equations had three variables in them and were really extensions of graphs that we could look at in two
dimensions. We would like a more general equation for planes.

So, let’s start by assuming that we know a point that is on the plane, F, = (xo,yo,zo) . Let’s also
suppose that we have a vector that is orthogonal (perpendicular) to the plane, 77 = <a,b,c>. This vector
is called the normal vector. Now, assume that P = (x,y,z) is any point in the plane. Finally, since we
are going to be working with vectors initially we’ll let 170 and 7 be the position vectors for Ppand P

respectively.

Here is a sketch of all these vectors.

Notice that we added in the vector 7 —7, which will lie completely in the plane. Also notice that we put

the normal vector on the plane, but there is actually no reason to expect this to be the case. We put it
here to illustrate the point. It is completely possible that the normal vector does not touch the plane in
any way.

Now, because 7 is orthogonal to the plane, it’s also orthogonal to any vector that lies in the plane. In
particular it’s orthogonal to 7 — 7, . Recall from the Dot Product section that two orthogonal vectors will

have a dot product of zero. In other words,

jis(7 —1y) =0 =

S)
°
N
Il
S|
°
Y

This is called the vector equation of the plane.
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A slightly more useful form of the equations is as follows. Start with the first form of the vector
equation and write down a vector for the difference.

(b (5.0.2) (5. 32,)) =0
<a,b,c>-<x—x0,y—yo,z—zo> =0

Now, actually compute the dot product to get,

a(x—x))+b(y—y,)+c(z-2)=0

This is called the scalar equation of plane. Often this will be written as,
ax+by+cz=d

where d = ax, +by, +cz, .

This second form is often how we are given equations of planes. Notice that if we are given the
equation of a plane in this form we can quickly get a normal vector for the plane. A normal vector is,

n :<a,b,c>

Let’s work a couple of examples.

Example 1 Determine the equation of the plane that contains the points P = (1,—2,0) ,
0= (3,1,4) and R= (0,—1,2) .

Solution

In order to write down the equation of plane we need a point (we’ve got three so we’re cool there)
and a normal vector. We need to find a normal vector. Recall however, that we saw how to do this in
the Cross Product section.

We can form the following two vectors from the given points.
PO =(2,3,4) PR=(-11,2)
These two vectors will lie completely in the plane since we formed them from points that were in the

plane. Notice as well that there are many possible vectors to use here, we just chose two of the
possibilities.

Now, we know that the cross product of two vectors will be orthogonal to both of these vectors.
Since both of these are in the plane any vector that is orthogonal to both of these will also be
orthogonal to the plane. Therefore, we can use the cross product as the normal vector.

i okl i
i=POxPR=|2 3 4] 2 3=2i-8j+5k
-1 1 2| -1 1

The equation of the plane is then,
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2(x—1)—8(y+2)+5(z—0):0
2x—-8y+5z=18

We used P for the point but could have used any of the three points.

Example 2 Determine if the plane given by —x +2z =10 and the line given by
r= <5, 2-1,10 +4t> are orthogonal, parallel or neither.

Solution
This is not as difficult a problem as it may at first appear to be. We can pick off a vector that is normal

to the plane. Thisis 77 = <—1, 0, 2>. We can also get a vector that is parallel to the line. This is

v=(0,-14).

Now, if these two vectors are parallel then the line and the plane will be orthogonal. If you think
about it this makes some sense. If n and Vv are parallel, then V is orthogonal to the plane, but v is
also parallel to the line. So, if the two vectors are parallel the line and plane will be orthogonal.

Let’s check this.
k|l i
ixv=|-1 0 2| -1 0=2+4/+k=0
4 0 -1

So, the vectors aren’t parallel and so the plane and the line are not orthogonal.

Now, let’s check to see if the plane and line are parallel. If the line is parallel to the plane then any
vector parallel to the line will be orthogonal to the normal vector of the plane. In other words, if 7
and v are orthogonal then the line and the plane will be parallel.

Let’s check this.
nev=0+0+8=8%0

The two vectors aren’t orthogonal and so the line and plane aren’t parallel.

So, the line and the plane are neither orthogonal nor parallel.
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Section 1-4 : Quadric Surfaces

In the previous two sections we’ve looked at lines and planes in three dimensions (or R?) and while
these are used quite heavily at times in a Calculus class there are many other surfaces that are also used
fairly regularly and so we need to take a look at those.

In this section we are going to be looking at quadric surfaces. Quadric surfaces are the graphs of any
equation that can be put into the general form

Ax* + By’ +Cz* + Dxy+ Exz + Fyz+Gx+ Hy+Iz+J =0
where A, ..., J are constants.

There is no way that we can possibly list all of them, but there are some standard equations so here is a
list of some of the more common quadric surfaces.

Ellipsoid
Here is the general equation of an ellipsoid.
2 2 2
X z
—2+y—2+—2 :1
a b c

Here is a sketch of a typical ellipsoid.

If a =b=c then we will have a sphere.

Notice that we only gave the equation for the ellipsoid that has been centered on the origin. Clearly
ellipsoids don’t have to be centered on the origin. However, in order to make the discussion in this
section a little easier we have chosen to concentrate on surfaces that are “centered” on the origin in
one way or another.

Cone
Here is the general equation of a cone.

QN| =

Here is a sketch of a typical cone.
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Now, note that while we called this a cone it is more of an hour glass shape rather than what most
would call a cone. Of course, the upper and the lower portion of the hour glass really are cones as we
would normally think of them.

That brings up the question of what if we really did just want the upper or lower portion (i.e. a cone in
the traditional sense)? That is easy enough to answer. All we need to do is solve the given equation for
z as follows,

2 2

2 2
zzzcz[x—2+)b}—2j—2—x +b2y ‘= A +BY o z=tJAX + By’

a

We simplified the coefficients a little to make it the equation(s) easier to deal with. Now, we know that

square roots always return positive numbers and so we can then see that z =4/ X7+ Bzy2 will
always be positive and so be the equation for just the upper portion of the “cone” above. Likewise,

z= —\/Azx2 + B2y2 will always be negative and so be the equation of just the lower portion of the
“cone” above.

Also, note that this is the equation of a cone that will open along the z-axis. To get the equation of a
cone that opens along one of the other axes all we need to do is make a slight modification of the
equation. This will be the case for the rest of the surfaces that we’ll be looking at in this section as well.

In the case of a cone the variable that sits by itself on one side of the equal sign will determine the axis
that the cone opens up along. For instance, a cone that opens up along the x-axis will have the
equation,

2 ZZ x2

%)<
o
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For most of the following surfaces we will not give the other possible formulas. We will however
acknowledge how each formula needs to be changed to get a change of orientation for the surface.

Cylinder
Here is the general equation of a cylinder.

2
X
2

This is a cylinder whose cross section is an ellipse. If a =b we have a cylinder whose cross section is a
circle. We'll be dealing with those kinds of cylinders more than the general form so the equation of a

cylinder with a circular cross section is,

Here is a sketch of typical cylinder with an ellipse cross section.
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The cylinder will be centered on the axis corresponding to the variable that does not appear in the

equation.

Be careful to not confuse this with a circle. In two dimensions it is a circle, but in three dimensions it is a

cylinder.

Hyperboloid of One Sheet
Here is the equation of a hyperboloid of one sheet.

Here is a sketch of a typical hyperboloid of one sheet.
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The variable with the negative in front of it will give the axis along which the graph is centered.

Hyperboloid of Two Sheets

Here is the equation of a hyperboloid of two sheets.

2 2 2
Xy,

a b

Here is a sketch of a typical hyperboloid of two sheets.

The variable with the positive in front of it will give the axis along which the graph is centered.
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Notice that the only difference between the hyperboloid of one sheet and the hyperboloid of two sheets
is the signs in front of the variables. They are exactly the opposite signs.

Also note that just as we could do with cones, if we solve the equation for z the positive portion will give
the equation for the upper part of this while the negative portion will give the equation for the lower
part of this.

Elliptic Paraboloid

Here is the equation of an elliptic paraboloid.

x* Yy oz
St 2=
a b c

As with cylinders this has a cross section of an ellipse and if @ = b it will have a cross section of a circle.
When we deal with these we'll generally be dealing with the kind that have a circle for a cross section.

Here is a sketch of a typical elliptic paraboloid.

In this case the variable that isn’t squared determines the axis upon which the paraboloid opens up.
Also, the sign of ¢ will determine the direction that the paraboloid opens. If ¢ is positive then it opens up
and if ¢ is negative then it opens down.

Hyperbolic Paraboloid

Here is the equation of a hyperbolic paraboloid.
X y2 _z

2 72
a b° ¢

Here is a sketch of a typical hyperbolic paraboloid.
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These graphs are vaguely saddle shaped and as with the elliptic paraboloid the sign of ¢ will determine
the direction in which the surface “opens up”. The graph above is shown for ¢ positive.

With both of the types of paraboloids discussed above note that the surface can be easily moved up or
down by adding/subtracting a constant from the left side.
For instance

z=-x"—y"+6

is an elliptic paraboloid that opens downward (be careful, the “-” is on the x and y instead of the z) and
startsat z =6 instead of z=0.

Here are a couple of quick sketches of this surface.
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Note that we’ve given two forms of the sketch here. The sketch on the left has the standard set of axes
but it is difficult to see the numbers on the axis. The sketch on the right has been “boxed” and this
makes it easier to see the numbers to give a sense of perspective to the sketch. In most sketches that
actually involve numbers on the axis system we will give both sketches to help get a feel for what the
sketch looks like.
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Section 1-5 : Functions of Several Variables

In this section we want to go over some of the basic ideas about functions of more than one variable.

First, remember that graphs of functions of two variables, z = f(x,y) are surfaces in three

dimensional space. For example, here is the graph of z =2x’ +2y2 -4,

This is an elliptic paraboloid and is an example of a quadric surface. We saw several of these in the
previous section. We will be seeing quadric surfaces fairly regularly later on in Calculus III.

Another common graph that we’ll be seeing quite a bit in this course is the graph of a plane. We have a
convention for graphing planes that will make them a little easier to graph and hopefully visualize.

Recall that the equation of a plane is given by

ax+by+cz=d
or if we solve this for z we can write it in terms of function notation. This gives,
f(x,y)=Ax+By+D

To graph a plane we will generally find the intersection points with the three axes and then graph the
triangle that connects those three points. This triangle will be a portion of the plane and it will give us a
fairly decent idea on what the plane itself should look like. For example, let’s graph the plane given by,

f(x,y)=12—3x—4y
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For purposes of graphing this it would probably be easier to write this as,
z=12-3x-4y = 3x+4y+z=12

Now, each of the intersection points with the three main coordinate axes is defined by the fact that two
of the coordinates are zero. For instance, the intersection with the z-axis is defined by x =y =0. So,

the three intersection points are,

X —axis : (4,0,0)
y—axis : (0,3,0)
z—axis : (0,0,12)

Here is the graph of the plane.

Now, to extend this out, graphs of functions of the form w = f(x, y,z) would be four dimensional

surfaces. Of course, we can’t graph them, but it doesn’t hurt to point this out.

We next want to talk about the domains of functions of more than one variable. Recall that domains of
functions of a single variable, y = f(x) , consisted of all the values of x that we could plug into the

function and get back a real number. Now, if we think about it, this means that the domain of a function
of a single variable is an interval (or intervals) of values from the number line, or one dimensional space.

The domain of functions of two variables, z = f(x,y), are regions from two dimensional space and

consist of all the coordinate pairs, (x,y), that we could plug into the function and get back a real

number.
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Example 1 Determine the domain of each of the following.

@) f(xy)=yJx+y
M) f(xy)=Vx+iy

© f(xy)= ln(9—x2 —9y2)
Solution
(a) In this case we know that we can’t take the square root of a negative number so this means that
we must require,
x+y=0
Here is a sketch of the graph of this region.

(b) This function is different from the function in the previous part. Here we must require that,

x>0 and y=0
and they really do need to be separate inequalities. There is one for each square root in the function.
Here is the sketch of this region.

Laa
I

(2]

(c) In this final part we know that we can’t take the logarithm of a negative number or zero.
Therefore, we need to require that,
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2
9-x"-9y> >0 = x—+y2<1

and upon rearranging we see that we need to stay interior to an ellipse for this function. Hereis a
sketch of this region.

--------- '1-'._---_--'-'"--.
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Note that domains of functions of three variables, w = f(x,y,z), will be regions in three dimensional

space.

Example 2 Determine the domain of the following function,

1
f(x’y’Z): \/)c2 +y2+22—16

Solution
In this case we have to deal with the square root and division by zero issues. These will require,

X +y +2°-16>0 = X +y +z2>16

So, the domain for this function is the set of points that lies completely outside a sphere of radius 4
centered at the origin.

The next topic that we should look at is that of level curves or contour curves. The level curves of the
function z = f(x,y) are two dimensional curves we get by setting z = k, where k is any number. So

the equations of the level curves are f(x,y) =k . Note that sometimes the equation will be in the

form f(x,y,z) =0 and in these cases the equations of the level curves are f(x,y,k) =0.

You've probably seen level curves (or contour curves, whatever you want to call them) before. If you've
ever seen the elevation map for a piece of land, this is nothing more than the contour curves for the
function that gives the elevation of the land in that area. Of course, we probably don’t have the
function that gives the elevation, but we can at least graph the contour curves.

Let’s do a quick example of this.
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Example 3 I|dentify the level curves of f(x,y) = /x> + 7" . Sketch a few of them.

Solution

First, for the sake of practice, let’s identify what this surface given by f(x,y) is. To do this let’s

rewrite it as,
z=4x"+)?

Recall from the Quadric Surfaces section that this the upper portion of the “cone” (or hour glass
shaped surface).

Note that this was not required for this problem. It was done for the practice of identifying the
surface and this may come in handy down the road.

Now on to the real problem. The level curves (or contour curves) for this surface are given by the
equation are found by substituting z =k . In the case of our example this is,

k=\x*+y’ = X +yi =k
where k is any number. So, in this case, the level curves are circles of radius k with center at the
origin.

We can graph these in one of two ways. We can either graph them on the surface itself or we can
graph them in a two dimensional axis system. Here is each graph for some values of k.

x
5 43210-E734
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Note that we can think of contours in terms of the intersection of the surface that is given by
z= f(x,y) and the plane z = k. The contour will represent the intersection of the surface and the

plane.

For functions of the form f(x,y, Z) we will occasionally look at level surfaces. The equations of level

surfaces are given by f(x, y,z) =k where k is any number.

The final topic in this section is that of traces. In some ways these are similar to contours. As noted
above we can think of contours as the intersection of the surface given by z = f(x,y) and the plane

z =k . Traces of surfaces are curves that represent the intersection of the surface and the plane given
by x=a or y=>b.

Let’s take a quick look at an example of traces.

Example 4 Sketch the traces of f(x,y) =10—4x> —y* forthe plane x=1and y=2.
Solution
We'll start with x =1. We can get an equation for the trace by plugging x =1 into the equation.
Doing this gives,

z=f(Ly)=10-4(1) =y = z=6-)°
and this will be graphed in the plane given by x =1.
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Below are two graphs. The graph on the left is a graph showing the intersection of the surface and
the plane given by x =1. On the right is a graph of the surface and the trace that we are after in this

part.
I ZEI A
*3 Y *3 Ty

For y =2 we will do pretty much the same thing that we did with the first part. Here is the equation

of the trace,
z=f(x,2)=10-4x*~(2)" =  z=6-4x’

and here are the sketches for this case.

f12 ZPQ
s /\h}y
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Section 1-6 : Vector Functions

We first saw vector functions back when we were looking at the Equation of Lines. In that section we

talked about them because we wrote down the equation of a line in R’ in terms of a vector function
(sometimes called a vector-valued function). In this section we want to look a little closer at them and

. . 3 .
we also want to look at some vector functions in R” other than lines.

A vector function is a function that takes one or more variables and returns a vector. We’ll spend most
of this section looking at vector functions of a single variable as most of the places where vector
functions show up here will be vector functions of single variables. We will however briefly look at
vector functions of two variables at the end of this section.

A vector functions of a single variable in R? and R’ have the form,
F(1)=(/(1).8(7)) F(1)=(/().2(1).h(1))

respectively, where f(t) , g(t) and h(t) are called the component functions.

The main idea that we want to discuss in this section is that of graphing and identifying the graph given
by a vector function. Before we do that however, we should talk briefly about the domain of a vector
function. The domain of a vector function is the set of all t’s for which all the component functions are
defined.

Example 1 Determine the domain of the following function.
F(1)= <cost,ln(4—t),\/t+1>
Solution

The first component is defined for all t’s. The second component is only defined for f < 4. The third
component is only defined for f > —1. Putting all of these together gives the following domain.

[-1.4)

This is the largest possible interval for which all three components are defined.

Let’s now move into looking at the graph of vector functions. In order to graph a vector function all we
do is think of the vector returned by the vector function as a position vector for points on the graph.

Recall that a position vector, say v = <a,b,c> , is a vector that starts at the origin and ends at the point

(a,b,c) .

So, in order to sketch the graph of a vector function all we need to do is plug in some values of t and
then plot points that correspond to the resulting position vector we get out of the vector function.

Because it is a little easier to visualize things we'll start off by looking at graphs of vector functions in
R?.
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Example 2 Sketch the graph of each of the following vector functions.
@ 7(1)=(1.1)
) 7(1) = <t,t3 —10t+7>

Solution

(a) 7 (¢)=(z,1)

Okay, the first thing that we need to do is plug in a few values of t and get some position vectors.
Here are a few,

F(=3)=(=3.1) F(=1)=(-L1) F(2)=(21) 7(5)=(51)

So, what this tells us is that the following points are all on the graph of this vector function.

(-3.1) (-1,1) (2,1) (5.1)

Here is a sketch of this vector function.

I | | | T S I | I I
-5 =4 -3 2 -1 1] 1 2 3 4 &

In this sketch we’ve included many more evaluations than just those above. Also note that we’ve put
in the position vectors (in gray and dashed) so you can see how all this is working. Note however,
that in practice the position vectors are generally not included in the sketch.

In this case it looks like we’ve got the graph of the line y =1.

(b) 7 (¢) = (t.£ =10t +7)
Here are a couple of evaluations for this vector function.

F(-3)=(-3,10) F(-1)=(-116) F(1)=(1,-2) 7(3)=(3,4)
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So, we’ve got a few points on the graph of this function. However, unlike the first part this isn’t really
going to be enough points to get a good idea of this graph. In general, it can take quite a few function
evaluations to get an idea of what the graph is and it’s usually easier to use a computer to do the
graphing.

Here is a sketch of this graph. We’ve put in a few vectors/evaluations to illustrate them, but the
reality is that we did have to use a computer to get a good sketch here.

¥

bl =

Both of the vector functions in the above example were in the form,

F(1)=(t.g(1))
and what we were really sketching is the graph of y = g(x) as you probably caught onto. Let’s graph a
couple of other vector functions that do not fall into this pattern.

Example 3 Sketch the graph of each of the following vector functions.
(a) 7(1) = <6 cost,3sin t>

(b) F(t):<t—25int,t2>

Solution

As we saw in the last part of the previous example it can really take quite a few function evaluations
to really be able to sketch the graph of a vector function. Because of that we'll be skipping all the
function evaluations here and just giving the graph. The main point behind this set of examples is to
not get you too locked into the form we were looking at above. The first part will also lead to an
important idea that we’ll discuss after this example.

So, with that said here are the sketches of each of these.
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(a) 7(t)= <6cost,3sint>

So, in this case it looks like we’ve got an ellipse.

(b) F(t):<t—2sint,t2>

Here’s the sketch for this vector function.

Before we move on to vector functions in R® let’s go back and take a quick look at the first vector
function we sketched in the previous example, ?(t) = <6 cost,3sint>. The fact that we got an ellipse
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here should not come as a surprise to you. We know that the first component function gives the x
coordinate and the second component function gives the y coordinates of the point that we graph. If
we strip these out to make this clear we get,

x =6cost y =3sint

This should look familiar to you. Back when we were looking at Parametric Equations we saw that this
was nothing more than one of the sets of parametric equations that gave an ellipse.

This is an important idea in the study of vector functions. Any vector function can be broken down into
a set of parametric equations that represent the same graph. In general, the two dimensional vector

function, F(t) = <f(t),g(t)> , can be broken down into the parametric equations,

x=f(t) y=g(t)

Likewise, a three dimensional vector function, F(t) = <f(t),g(t),h(t)> , can be broken down into the

parametric equations,

Do not get too excited about the fact that we’re now looking at parametric equations in R’. They work

in exactly the same manner as parametric equations in R”> which we’re used to dealing with already.
The only difference is that we now have a third component.

Let’s take a look at a couple of graphs of vector functions.

Example 4 Sketch the graph of the following vector function.
F(t)=(2-4t,-1+51,3+1)

Solution
Notice that this is nothing more than a line. It might help if we rewrite it a little.

F(1)=(2,-1,3)+1(-4,5,1)

In this form we can see that this is the equation of a line that goes through the point (2,—1,3) and is

parallel to the vector vV = <—4, 5,l> )

To graph this line all that we need to do is plot the point and then sketch in the parallel vector. In
order to get the sketch will assume that the vector is on the line and will start at the point in the line.
To sketch in the line all we do this is extend the parallel vector into a line.

Here is a sketch.
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Example 5 Sketch the graph of the following vector function.
F(t)= <2 cost,2sin t,3>

Solution
In this case to see what we’ve got for a graph let’s get the parametric equations for the curve.
x =2cost y=2sint z=3

If we ignore the z equation for a bit we’ll recall (hopefully) that the parametric equations for x and y
give a circle of radius 2 centered on the origin (or about the z-axis since we are in R’ ).

Now, all the parametric equations here tell us is that no matter what is going on in the graph all the z
coordinates must be 3. So, we get a circle of radius 2 centered on the z-axis and at the level of z=3.

Here is a sketch.

Note that it is very easy to modify the above vector function to get a circle centered on the x or y-axis as
well. For instance,

7(1)=(10sint,-3,10cos?)
will be a circle of radius 10 centered on the y-axis and at y =—3. In other words, as long as two of the

terms are a sine and a cosine (with the same coefficient) and the other is a fixed number then we will
have a circle that is centered on the axis that is given by the fixed number.
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Let’s take a look at a modification of this.

Example 6 Sketch the graph of the following vector function.
F(t)= <4cost,4sint,t>

Solution
If this one had a constant in the z component we would have another circle. However, in this case we
don’t have a constant. Instead we’ve got a t and that will change the curve. However, because the x

and y component functions are still a circle in parametric equations our curve should have a circular
nature to it in some way.

In fact, the only change is in the z component and as t increases the z coordinate will increase. Also,
as tincreases the x and y coordinates will continue to form a circle centered on the z-axis. Putting
these two ideas together tells us that as we increase t the circle that is being traced out in the x and y
directions should also be rising.

Here is a sketch of this curve.

So, we’ve got a helix (or spiral, depending on what you want to call it) here.

As with circles the component that has the t will determine the axis that the helix rotates about. For
instance,

F(t)= <z‘,6cost,6sint>

is a helix that rotates around the x-axis.

Also note that if we allow the coefficients on the sine and cosine for both the circle and helix to be
different we will get ellipses.

For example,
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F(t)= <9cost,t,2sint>

will be a helix that rotates about the y-axis and is in the shape of an ellipse.

There is a nice formula that we should derive before moving onto vector functions of two variables.

Example 7 Determine the vector equation for the line segment starting at the point
P= (xl,yl,zl) and ending at the point O = (xz,yz,zz).

Solution

It is important to note here that we only want the equation of the line segment that starts at P and
ends at Q. We don’t want any other portion of the line and we do want the direction of the line
segment preserved as we increase t. With all that said, let’s not worry about that and just find the
vector equation of the line that passes through the two points. Once we have this we will be able to
get what we’re after.

So, we need a point on the line. We've got two and we will use P. We need a vector that is parallel to
the line and since we’ve got two points we can find the vector between them. This vector will lie on

the line and hence be parallel to the line. Also, let’s remember that we want to preserve the starting
and ending point of the line segment so let’s construct the vector using the same “orientation”.

v :<x2 XYy TV % _Z1>
Using this vector and the point P we get the following vector equation of the line.
’_;(t) =<x1,yl,zl>+t<x2 =X Vo T V2, _Z1>

While this is the vector equation of the line, let’s rewrite the equation slightly.

—

r(t):<xl,y,,zl>+t<x2,y2,zz>—t<x,,y,,zl>
(1—t)<x1,y1,zl>+t<x2,y2,zz>

This is the equation of the line that contains the points P and Q. We of course just want the line
segment that starts at P and ends at Q. We can get this by simply restricting the values of t.

Notice that
’7(0):<xvyvzl> F(l):<x2’yz=zz>

So, if we restrict t to be between zero and one we will cover the line segment and we will start and
end at the correct point.
So, the vector equation of the line segment that starts at P = (xl,yl,zl) and ends at
Q:(xzayz’zz) is,

F(t):(1—t)<xl,yl,zl>+t<x2,y2,zz> 0<r<1
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As noted briefly at the beginning of this section we can also have vector functions of two variables. In
these cases the graphs of vector function of two variables are surfaces. So, to make sure that we don’t
forget that let’s work an example with that as well.

Example 8 I|dentify the surface that is described by F(x,y) =xi+yj +(x2 + yz)k .

Solution
First, notice that in this case the vector function will in fact be a function of two variables. This will
always be the case when we are using vector functions to represent surfaces.

To identify the surface let’s go back to parametric equations.

X=X y:y Z:x2+y2

The first two are really only acknowledging that we are picking x and y for free and then determining z
from our choices of these two. The last equation is the one that we want. We should recognize that
function from the section on quadric surfaces. The third equation is the equation of an elliptic
paraboloid and so the vector function represents an elliptic paraboloid.

As a final topic for this section let’s generalize the idea from the previous example and note that given
any function of one variable ( y = f(x) or x= h(y) ) or any function of two variables (z = g(x,y),

xX= g(y,z) ,or y= g(x,z)) we can always write down a vector form of the equation.

For a function of one variable this will be,
F(x) = xf+f(x)]’
and for a function of two variables the vector form will be,

F(x,y):x7+yj+g(x,y)l€ F(y,z):g(y,z)f+y]+zl€

=)

(r)=h(»)i+yJ

r(x,z):x;+g(x,z)] +zk
depending upon the original form of the function.

For example, the hyperbolic paraboloid y = 2x> —5z% can be written as the following vector function.

F(x,z):xf+(2x2—522)]+zl€

This is a fairly important idea and we will be doing quite a bit of this kind of thing in Calculus III.
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Section 1-7 : Calculus with Vector Functions

In this section we need to talk briefly about limits, derivatives and integrals of vector functions. As you
will see, these behave in a fairly predictable manner. We will be doing all of the work in R* but we can
naturally extend the formulas/work in this section to R" (i.e. n-dimensional space).

Let’s start with limits. Here is the limit of a vector function.

lim 7 (1) = lim(/ (1) g (1).h (1))

={lim 0. lime (0)ima(0)

=lim /(1) +limg () j +limh(r)k

So, all that we do is take the limit of each of the component’s functions and leave it as a vector.

9

Example 1 Compute ltirrllF(t) where 7 (t)= <t3,w e2t>.

r—1
Solution
There really isn’t all that much to do here.
= . . sin(3¢-3) .
lim7 ()= <hmt3, hmg, 11me2t>
t—1 t—1 t—>1 t—1 t—1

3cos(3t—3
- <lir{1t3,lin}$,lin}ez’>

=<1,3,e2>

Notice that we had to use L'Hospital’s Rule on the y component.

Now let’s take care of derivatives and after seeing how limits work it shouldn’t be too surprising that we
have the following for derivatives.

()= (f"(0).8'(0) 1 ()= 1" (1) + &' () ]+ (1)

Example 2 Compute 7'(t) for 7(t) =17 +sin(2¢) j—In(¢+1)k .
Solution
There really isn’t too much to this problem other than taking the derivatives.

F'(t):6t5f+2cos(2t)]—t1—ll€
+

Most of the basic facts that we know about derivatives still hold however, just to make it clear here are
some facts about derivatives of vector functions.
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Facts
d . N
E(quv):u +V
(cﬁ)lzcu'
L1 a(0)=r @)+ (07
d .\ .y
E(u-v):u-eru-v
d

E(ﬁxﬁ):ﬁ'x§+ﬁxﬁ'

d

S @)=r@a(r()

There is also one quick definition that we should get out of the way so that we can use it when we need
to.

A smooth curve is any curve for which ?'(t) is continuous and ?'(t) # 0 for any t except possibly at the

endpoints. A helix is a smooth curve, for example.

Finally, we need to discuss integrals of vector functions. Using both limits and derivatives as a guide it
shouldn’t be too surprising that we also have the following for integration for indefinite integrals

j?(t)dt=<If(t)dt,jg(t)dt,Ik(r)dz>+E
[7(e)de=[ f(t)de 7+ [g(t)de j+[h(t)dt k+e

and the following for definite integrals.

I:?(f)df=<I:f(t)dt,j:g(t)dt,I:h(z)dt>

Ij?(r)dt=j:f(t)dt ?+J':g(z)dt ]+I:h(’)dt p

With the indefinite integrals we put in a constant of integration to make sure that it was clear that the
constant in this case needs to be a vector instead of a regular constant.

Also, for the definite integrals we will sometimes write it as follows,
J»ab?(t)dt = (<If(t)dt,jg(t)dt,fh(t)dt>)
[(7()dr=([1(r)ae T+ [g(r)de f+[h(c)dr k)

b
a

b
a
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In other words, we will do the indefinite integral and then do the evaluation of the vector as a whole

instead of on a component by component basis.

44

Example 3 Compute If(t)dt for 7(1)= <sin(t),6, 4t> .
Solution
All we need to do is integrate each of the components and be done with it.

[7(t)dt =(=cos(t),6t,2¢")+&

1
0

Example 4 Compute I 7 (t)dt for 7 (1) =<sin(t),6,4t>.

Solution
In this case all that we need to do is reuse the result from the previous example and then do the

evaluation.
I;F(t)dt (<—cos(t),6t,2t2>)l0

(=cos(1),6,2)—(~1,0,0)

<1 —cos(1),6, 2>
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Section 1-8 : Tangent, Normal and Binormal Vectors

In this section we want to look at an application of derivatives for vector functions. Actually, there are a
couple of applications, but they all come back to needing the first one.

In the past we’ve used the fact that the derivative of a function was the slope of the tangent line. With
vector functions we get exactly the same result, with one exception.

Given the vector function, F(t), we call ?'(t) the tangent vector provided it exists and provided
F'(t) #0. The tangent line to F(l) at Pis then the line that passes through the point P and is parallel
to the tangent vector, ?'(t). Note that we really do need to require 77'(1‘) # 0 in order to have a

tangent vector. If we had ?'(t) = 0 we would have a vector that had no magnitude and so couldn’t give

us the direction of the tangent.

Also, provided F'(t) # 6, the unit tangent vector to the curve is given by,

7(1)= )

NEG

While, the components of the unit tangent vector can be somewhat messy on occasion there are times
when we will need to use the unit tangent vector instead of the tangent vector.

Example 1 Find the general formula for the tangent vector and unit tangent vector to the curve
given by 7 (1) =1’ i +2sint j +2costk .

Solution

First, by general formula we mean that we won’t be plugging in a specific t and so we will be finding a
formula that we can use at a later date if we’d like to find the tangent at any point on the curve. With
that said there really isn’t all that much to do at this point other than to do the work.

Here is the tangent vector to the curve.
7 (t)=2ti +2cost j —2sintk

To get the unit tangent vector we need the length of the tangent vector.
”77' (t)” = J4t? +dcos ¢ +4sin’t

=4’ +4

The unit tangent vector is then,
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f(t)= 2t?+2cost]—25intl€)

1
\/4t2+4(
_ 2t o 2cost Fo 2sint i

Jar+4 A+ 4" A+ 4

Example 2 Find the vector equation of the tangent line to the curve given by
F(t)=07+2sintj+2costk att=%.

Solution

First, we need the tangent vector and since this is the function we were working with in the previous
example we can just reuse the tangent vector from that example and plug in ¢ = %

~ 27— - . - 2T~ . -
P 2 =25 v 2cos| Z Jj —2sin z k:—ﬂi+j—\/§k
3 3 3 3 3

We'll also need the point on the line at = % so,

2
T P/ e
Pl 2 =273 j+k
(3) 9 /

The vector equation of the line is then,

f(r)=<%2,\/§,1>+z<27”,1,—\/§>

Before moving on let’s note a couple of things about the previous example. First, we could have used
the unit tangent vector had we wanted to for the parallel vector. However, that would have made for a
more complicated equation for the tangent line.

Second, notice that we used 7 (t) to represent the tangent line despite the fact that we used that as
well for the function. Do not get excited about that. The 7(1‘) here is much like y is with normal

functions. With normal functions, y is the generic letter that we used to represent functions and F(t)

tends to be used in the same way with vector functions.
Next, we need to talk about the unit normal and the binormal vectors.

The unit normal vector is defined to be,

The unit normal is orthogonal (or normal, or perpendicular) to the unit tangent vector and hence to the
curve as well. We've already seen normal vectors when we were dealing with Equations of Planes. They
will show up with some regularity in several Calculus Il topics.
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The definition of the unit normal vector always seems a little mysterious when you first see it. It follows
directly from the following fact.

Fact
Suppose that 77(1) is a vector such that ”F(t)” =c forall t. Then F'(t) is orthogonal to F(t).

To prove this fact is pretty simple. From the fact statement and the relationship between the
magnitude of a vector and the dot product we have the following.

F0)eF(0)=F () = foralls

Now, because this is true for all t we can see that,

d . - d,,
?(r(t)-r(t))=d—(c ):0

t t

Also, recalling the fact from the previous section about differentiating a dot product we see that,

g(;(,).;(t)) = 7 (6)eF (1) + 7 (1) (£) = 27 (£)+7 (1)

t

Or, upon putting all this together we get,
27 ()7 (t)=0 = F(1)e7(1)=0

Therefore f'(t) is orthogonal to F(t).

The definition of the unit normal then falls directly from this. Because T(t) is a unit vector we know
that ”f(t)” =1 for all t and hence by the Fact f'(t) is orthogonal to f(t) However, because f(t) is
tangent to the curve, f’(t) must be orthogonal, or normal, to the curve as well and so be a normal

vector for the curve. All we need to do then is divide by ”f’(t)” to arrive at a unit normal vector.

Next, is the binormal vector. The binormal vector is defined to be,

B(1)=T(1)xN (1)

Because the binormal vector is defined to be the cross product of the unit tangent and unit normal
vector we then know that the binormal vector is orthogonal to both the tangent vector and the normal
vector.

Example 3 Find the normal and binormal vectors for F(t) = <t,3sint,3cost> .

Solution
We first need the unit tangent vector so first get the tangent vector and its magnitude.
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F(1)= <1,3cost,—3sin t>
7 (t)||:\/1+9cos2t+9sin2t =10

The unit tangent vector is then,

0= 55 )

The unit normal vector will now require the derivative of the unit tangent and its magnitude.

7' (¢ ——sin¢,———cost
()= 0.~ sint 7 cost

—’, _ 9 -2 9 2 _ 9 _ 3
T (t)”— ESIH t+ECOS t = E—E

The unit normal vector is then,
— V10 3 3
N(t)=—{(0,———sint,————cost ) =(0,—sint,—cos¢
( ) 3 V10 V10 < >

Finally, the binormal vector is,

B(t)=T(t)xN(t)

=

i j i j

1 3 3 . 1 3
:E ﬁcost —\/Esmt 70 \/ﬁcost

0 —sint —Ccost 0 —sint

i
Sm-ti

3 1 - 1 -~ 3
——cos’ti ———sintk +——cost | ———
\/10 V10 V10 / V10

3 +Lcost ]—Lsint k
~ Vo Jio

J10
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Section 1-9 : Arc Length with Vector Functions

In this section we’ll recast an old formula into terms of vector functions. We want to determine the
length of a vector function,

on theinterval a <t <b.

We actually already know how to do this. Recall that we can write the vector function into the
parametric form,

x:f(t) yzg(t) z=h(t)

Also, recall that with two dimensional parametric curves the arc length is given by,

1= [T +[e )T a

There is a natural extension of this to three dimensions. So, the length of the curve F(t) on the interval

a<t<bis,

L= [ JrT +[e O] +[r(0)] a

There is a nice simplification that we can make for this. Notice that the integrand (the function we're
integrating) is nothing more than the magnitude of the tangent vector,

FO|=OF +[e O] +[r ()]

Therefore, the arc length can be written as,

7 (1))t

L],

Let’s work a quick example of this.

Example 1 Determine the length of the curve F(t) = <2t,3sin(2t),3cos(2t)> on the interval
0<t<L2r.

Solution
We will first need the tangent vector and its magnitude.

7(t)=(2,6co0s(2t),~6sin(2¢))

|7 (1)] = /4 +36cos? (2¢) +36sin* (2r) =+/4+36 = 210

The length is then,
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L=[;
=.[02”2«/Edt
= 4710

We need to take a quick look at another concept here. We define the arc length function as,

()= [ 7 ()

F (1) dt

Before we look at why this might be important let’s work a quick example.

Example 2 Determine the arc length function for 7 (¢) = <2t,3 sin(2¢),3 cos(2t)> .

Solution
From the previous example we know that,

o) =210

The arc length function is then,

S(1)=J;2\/Edu:(2\/Eu) =2101

t
0

Okay, just why would we want to do this? Well let’s take the result of the example above and solve it
for t.

S

2410

Now, taking this and plugging it into the original vector function and we can reparametrize the function

=

into the form, 7 (t(s)) . For our function this is,

F(1(s))= <ﬁ,3sin(%}3cos(%j>

So, why would we want to do this? Well with the reparameterization we can now tell where we are on
the curve after we’ve traveled a distance of s along the curve. Note as well that we will start the
measurement of distance from where we are at 1 =0.

Example 3 Where on the curve F(t) = <2t,3sin(2t),3cos(2t)> are we after traveling for a

distance of ﬂ\iﬁ ?

Solution
To determine this we need the reparameterization, which we have from above.
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F(t(s))%ﬁ,;;m[%}k%[%)

V.
Then, to determine where we are all that we need to do is plugin s =

Vel (53

7 33 3

along the curve we are at the point | —,——,—|.
32 2

into this and we'll get

our location.

10

So, after traveling a distance of
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Section 1-10 : Curvature

In this section we want to briefly discuss the curvature of a smooth curve (recall that for a smooth curve
we require F'(l) is continuous and F'(t) # 0). The curvature measures how fast a curve is changing

direction at a given point.

There are several formulas for determining the curvature for a curve. The formal definition of curvature
is,

dT
K=|—
ds

where T is the unit tangent and s is the arc length. Recall that we saw in a previous section how to
reparametrize a curve to get it into terms of the arc length.

In general the formal definition of the curvature is not easy to use so there are two alternate formulas
that we can use. Here they are.

70 {00
7 ol

These may not be particularly easy to deal with either, but at least we don’t need to reparametrize the
unit tangent.

Example 1 Determine the curvature for F(t) = <l‘,3sin l‘,3cost> )

Solution
Back in the section when we introduced the tangent vector we computed the tangent and unit
tangent vectors for this function. These were,

F(1)= <1, 3cost,—3sin t>
3

T(1)= < 3 smt>
NORN TR T
The derivative of the unit tangent is,

T'(t)= < \/i_osml \/?_Ocost>

The magnitudes of the two vectors are,

”F'(t)”=\/1+9cos2t+9sin2t =10

3

| ” \/+—s1n l+9coszz: 9_ 3
10 10 \/E

© 2018 Paul Dawkins http://tutorial. math.lamar.edu



Calculus 11l 53

The curvature is then,

In this case the curvature is constant. This means that the curve is changing direction at the same
rate at every point along it. Recalling that this curve is a helix this result makes sense.

Example 2 Determine the curvature of ?(t) =27 +tk.

Solution
In this case the second form of the curvature would probably be easiest. Here are the first couple of
derivatives.

F(t)=2t7 +k () =27

Next, we need the cross product.

ikl i
F(t)xr"(r)=2t 0 1] 2t 0
2 0 0 2 0

= 2]

The magnitudes are,

F ()7 (1) =2 7 (1) = v4e* +1

The curvature at any value of tis then,

2

K=

4t2+1%
(4 +1)

There is a special case that we can look at here as well. Suppose that we have a curve given by
y= f(x) and we want to find its curvature.

As we saw when we first looked at vector functions we can write this as follows,

F(x)=x17+f(x)]

If we then use the second formula for the curvature we will arrive at the following formula for the
curvature.

)
(1+[ (T

K=
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Section 1-11 : Velocity and Acceleration

In this section we need to take a look at the velocity and acceleration of a moving object.

From Calculus | we know that given the position function of an object that the velocity of the object is
the first derivative of the position function and the acceleration of the object is the second derivative of
the position function.

So, given this it shouldn’t be too surprising that if the position function of an object is given by the
vector function ?(t) then the velocity and acceleration of the object is given by,

v(1)=7(1) a(r)=r"(1)
Notice that the velocity and acceleration are also going to be vectors as well.

In the study of the motion of objects the acceleration is often broken up into a tangential component,
a,, and a normal component, a, . The tangential component is the part of the acceleration that is

tangential to the curve and the normal component is the part of the acceleration that is normal (or
orthogonal) to the curve. If we do this we can write the acceleration as,

a=a,T+ayN

where T and N are the unit tangent and unit normal for the position function.

If we define v = ||\7(t)|| then the tangential and normal components of the acceleration are given by,

0z e R0

| (0) I ()

where x is the curvature for the position function.

There are two formulas to use here for each component of the acceleration and while the second
formula may seem overly complicated it is often the easier of the two. In the tangential component, v,
may be messy and computing the derivative may be unpleasant. In the normal component we will
already be computing both of these quantities in order to get the curvature and so the second formula
in this case is definitely the easier of the two.

Let’s take a quick look at a couple of examples.

Example 1 If the acceleration of an object is givenby @ =i + 2] +6tk find the object’s velocity

and position functions given that the initial velocity is 17(0) = j —k and the initial position is

7(0)=i-2j+3k.

Solution
We'll first get the velocity. To do this all (well almost all) we need to do is integrate the acceleration.
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W(t)=[a(t)ar
=I?+2]‘+6ﬂ€dt
=10 +2t +3%k+¢

To completely get the velocity we will need to determine the “constant” of integration. We can use
the initial velocity to get this.

j-k=v(0)=¢

The velocity of the object is then,
V(t)=ti+2tj+30k+j—k
=t7+(2+1)j+(37 -1)k

We will find the position function by integrating the velocity function.
F(t)= J'v(t)dt

=|e7+(2t+1) 7 +(3¢° - 1)k at
=Jei+ (37 -1)

:%t27+(t2+t)j+(t3—t)/€+5

Using the initial position gives us,

So, the position function is,

F(t):[%ﬁ +1)?+(r2 +t—2)]+(t3—t+3)l€

Example 2 For the object in the previous example determine the tangential and normal
components of the acceleration.

Solution
There really isn’t much to do here other than plug into the formulas. To do this we’ll need to notice

that,
F(t)=ti+(2e+1)j+(36 1)k
7(t)=7 +2] +6tk

Let’s first compute the dot product and cross product that we’ll need for the formulas.
F ()" (t) =t +2(2 +1)+6¢(3° —1) =187 —1+2
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i i
Fe)xr"(e)=|t 2t+1 3°-1 ¢ 2t+1
1 2 61 I 2

(66) (26 +1)7 +(3¢> =1) j + 2tk — 677 =2(36 =1)i = (2t +1)k
(61 +61+2)i =(3¢ +1)j —k

Next, we also need a couple of magnitudes.

HOIE \/t +(20+1) + (37 —1) =0r' £ + 4142

|7 (£)x7" ()] = \/(6t2 +6r+2) +(362 +1) +1 =450 +726 + 661> + 241 + 6

The tangential component of the acceleration is then,
188 —t+2
NOrt — £ 14t 42

ar =

The normal component of the acceleration is,

A5t 720 + 6617 + 241 +6 \/45# +721 +661> +241 +6
! Jor* — 2 + 4t +2 o' —1* + 4t +2
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Section 1-12 : Cylindrical Coordinates

57

As with two dimensional space the standard (x, y,z) coordinate system is called the Cartesian

coordinate system. In the last two sections of this chapter we’ll be looking at some alternate coordinate

systems for three dimensional space.

We’'ll start off with the cylindrical coordinate system. This one is fairly simple as it is nothing more than
an extension of polar coordinates into three dimensions. Not only is it an extension of polar
coordinates, but we extend it into the third dimension just as we extend Cartesian coordinates into the
third dimension. All that we do is add a z on as the third coordinate. The r and fare the same as with

polar coordinates.

Here is a sketch of a point in R*.

il

P

z
[x,y,z) = [r,é?,z)
*
2
“—T—————___L__y
e T

The conversions for x and y are the same conversions that we used back when we were looking at polar
coordinates. So, if we have a point in cylindrical coordinates the Cartesian coordinates can be found by

using the following conversions.

x=rcos@
y=rsind
zZ=2Z

The third equation is just an acknowledgement that the z-coordinate of a point in Cartesian and polar

coordinates is the same.

Likewise, if we have a point in Cartesian coordinates the cylindrical coordinates can be found by using

the following conversions.
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r=yx’+y° OR rr=x"+y’
Q:tanl(lj

X
z=z

Let’s take a quick look at some surfaces in cylindrical coordinates.

Example 1 |dentify the surface for each of the following equations.

(a) r=5

(b) > +z> =100

) z=r
Solution

(a) In two dimensions we know that this is a circle of radius 5. Since we are now in three dimensions
and there is no z in equation this means it is allowed to vary freely. So, for any given z we will have a
circle of radius 5 centered on the z-axis.

In other words, we will have a cylinder of radius 5 centered on the z-axis.

(b) This equation will be easy to identify once we convert back to Cartesian coordinates.
r’+z* =100

x> +y +z° =100
So, this is a sphere centered at the origin with radius 10.

(c) Again, this one won’t be too bad if we convert back to Cartesian. For reasons that will be apparent

eventually, we'll first square both sides, then convert.
2

2
z =r
22=X2+y2

From the section on gquadric surfaces we know that this is the equation of a cone.
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Section 1-13 : Spherical Coordinates

In this section we will introduce spherical coordinates. Spherical coordinates can take a little getting
used to. It's probably easiest to start things off with a sketch.

(0.8, 9)

(%.2)

Spherical coordinates consist of the following three quantities.

First thereis p. This is the distance from the origin to the point and we will require p > 0.

Next there is @. This is the same angle that we saw in polar/cylindrical coordinates. It is the angle
between the positive x-axis and the line above denoted by r (which is also the same r as in
polar/cylindrical coordinates). There are no restrictions on 6.

Finally, there is ¢ . This is the angle between the positive z-axis and the line from the origin to the point.
We will require 0<p <.

In summary, p is the distance from the origin to the point, ¢ is the angle that we need to rotate down

from the positive z-axis to get to the point and @ is how much we need to rotate around the z-axis to
get to the point.

We should first derive some conversion formulas. Let’s first start with a point in spherical coordinates
and ask what the cylindrical coordinates of the point are. So, we know (p, (9,(0) and want to find

(r, 9,2) . Of course, we really only need to find r and z since @ is the same in both coordinate systems.

If we look at the sketch above from directly in front of the triangle we get the following sketch,
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Zams

2y plane

We know that the angle between the z-axis and p is ¢ and with a little geometry we also know that
the angle between p and the vertical side of the right triangle is also ¢ .

Then, with a little right triangle trig we get,

Z=pCosQ
r=psing

and these are exactly the formulas that we were looking for. So, given a point in spherical coordinates
the cylindrical coordinates of the point will be,

r=psing
0=0
Z=pCoSQ

Note as well from the Pythagorean theorem we also get,

p=r’+z

Next, let’s find the Cartesian coordinates of the same point. To do this we’ll start with the cylindrical
conversion formulas from the previous section.

x=rcos@
y=rsiné
z=1z

Now all that we need to do is use the formulas from above for r and z to get,
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x= psingpcosf
y = psin@sinf
zZ=pcose

Also note that since we know that * = x* + y2 we get,

p2:x2+y2+z2

Converting points from Cartesian or cylindrical coordinates into spherical coordinates is usually done
with the same conversion formulas. To see how this is done let’s work an example of each.

Example 1 Perform each of the following conversions.

(a) Convert the point [\/E,%,\/EJ from cylindrical to spherical coordinates.

(b) Convert the point (—l, 1, —\/5) from Cartesian to spherical coordinates.

Solution

V4
(a) Convert the point (\/E,Z, \/Ej from cylindrical to spherical coordinates.

We’ll start by acknowledging that @ is the same in both coordinate systems and so we don’t need to
do anything with that.

Next, let’s find p .

p=~rr+z> =J6+2=+/8=22

Finally, let’s get @ . To do this we can use either the conversion for ror z. We'll use the conversion
for z.

pCcos@ = Ccos @ z \/E = Q cos™' ! dd
zZ = = — = —_— = —_— | = —

V2 2) 3
Notice that there are many possible values of @ that will give cos @ = %, however, we have

restricted ¢ to the range 0 < ¢ < 7 and so this is the only possible value in that range.

So, the spherical coordinates of this point will are (2 2,%,%) .

(b) Convert the point (—1,1,—\/5) from Cartesian to spherical coordinates.

The first thing that we’ll do here is find p .

P=AX"+y +2° =1+1+2=2
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Now we’ll need to find @ . We can do this using the conversion for z.

z _\/5 —l[_ﬁ\] 37[
Z=pCoS@ = COSYp=—=—"" = @ =COos — =
Yo 2 2

As with the last parts this will be the only possible @ in the range allowed.

Finally, let’s find @. To do this we can use the conversion for x or y. We will use the conversion for y
in this case.

Y ! =L=£ = 9=£0r9=3ﬂ

pﬁnwzz[Jij V22 4 4

sinfd =

Now, we actually have more possible choices for 8 but all of them will reduce down to one of the
two angles above since they will just be one of these two angles with one or more complete rotations
around the unit circle added on.

We will however, need to decide which one is the correct angle since only one will be. To do this let’s
notice that, in two dimensions, the point with coordinates x =—1 and y =1 lies in the second
quadrant. This means that € must be angle that will put the point into the second quadrant.
Therefore, the second angle, 8 = 37”, must be the correct one.

RY/4 372]
4

The spherical coordinates of this point are then (2,7,— .

Now, let’s take a look at some equations and identify the surfaces that they represent.

Example 2 |dentify the surface for each of the following equations.

@ p=5
V4
b) p=—
(b) ¢ 3
2
¢) 0=—
© 3
(d) psinp=2
Solution
@@ p=5

There are a couple of ways to think about this one.

First, think about what this equation is saying. This equation says that, no matter what & and ¢ are,

the distance from the origin must be 5. So, we can rotate as much as we want away from the z-axis
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and around the z-axis, but we must always remain at a fixed distance from the origin. This is exactly
what a sphere is. So, this is a sphere of radius 5 centered at the origin.

The other way to think about it is to just convert to Cartesian coordinates.
p=35
2
p =25

X +y +z° =25

Sure enough a sphere of radius 5 centered at the origin.
T

(b) ¢ =—
3

In this case there isn’t an easy way to convert to Cartesian coordinates so we’ll just need to think
about this one a little. This equation says that no matter how far away from the origin that we move

and no matter how much we rotate around the z-axis the point must always be at an angle of Z from
the z-axis.

This is exactly what happens in a cone. All of the points on a cone are a fixed angle from the z-axis.
So, we have a cone whose points are all at an angle of £ from the z-axis.

2
0=—
(c) 3

As with the last part we won’t be able to easily convert to Cartesian coordinates here. In this case no
matter how far from the origin we get or how much we rotate down from the positive z-axis the

points must always form an angle of ZT” with the x-axis.

Points in a vertical plane will do this. So, we have a vertical plane that forms an angle of ZT” with the
positive x-axis.

(d) psingp =2

In this case we can convert to Cartesian coordinates so let’s do that. There are actually two ways to
do this conversion. We will look at both since both will be used on occasion.

Solution 1
In this solution method we will convert directly to Cartesian coordinates. To do this we will first need
to square both sides of the equation.

psin®p=4

Now, for no apparent reason add p” cos” ¢ to both sides.
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pisin® o+ p>cos’ @ =4+ p’cos’ @
P’ (sin2 @+ cos’ go) =4+ p’cos’ @
pl= 4+(,ocosgz))2

Now we can convert to Cartesian coordinates.
X +y 4zt =447

X+ y2 =4
So, we have a cylinder of radius 2 centered on the z-axis.
This solution method wasn’t too bad, but it did require some not so obvious steps to complete.

Solution 2

This method is much shorter, but also involves something that you may not see the first time around.
In this case instead of going straight to Cartesian coordinates we’ll first convert to cylindrical
coordinates.

This won’t always work, but in this case all we need to do is recognize that » = psin @ and we will
get something we can recognize. Using this we get,
psing =2
r=2

At this point we know this is a cylinder (remember that we’re in three dimensions and so this isn’t a
circle!). However, let’s go ahead and finish the conversion process out.

=4

X’ +y =4

So, as we saw in the last part of the previous example it will sometimes be easier to convert equations in
spherical coordinates into cylindrical coordinates before converting into Cartesian coordinates. This
won’t always be easier, but it can make some of the conversions quicker and easier.

The last thing that we want to do in this section is generalize the first three parts of the previous
example.

sphere of radius a centered at the origin

Il
=™ R =

cone that makes an angle of & with the positive z — axis

SR SRS
I

vertical plane that makes an angle of £ with the positive x —axis
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Section 4-1 : Double Integrals

Before starting on double integrals let’s do a quick review of the definition of definite integrals for
functions of single variables. First, when working with the integral,

Jj f(x)dx

we think of X’s as coming from the interval a < x < b . For these integrals we can say that we are
integrating over the interval a < x <b. Note that this does assume that a < b, however, if we have
b < a then we can just use theinterval b<x<a.

Now, when we derived the definition of the definite integral we first thought of this as an area problem.
We first asked what the area under the curve was and to do this we broke up the interval a < x < b into

n subintervals of width Ax and choose a point, x:, from each interval as shown below,

X X fx, Lt X x
0o 1 Xy M ox 3

Each of the rectangles has height of f(xl*) and we could then use the area of each of these rectangles

to approximate the area as follows.
Azf(xf)Ax+f(x;)Ax+--~+f(xf)Ax+~--+f(x:)Ax

To get the exact area we then took the limit as n goes to infinity and this was also the definition of the
definite integral.

n—oo <

h . ! *®
L f(x)dx=11mzlf(x[ )Ax
=
In this section we want to integrate a function of two variables, f(x,y). With functions of one variable
we integrated over an interval (i.e. a one-dimensional space) and so it makes some sense then that

when integrating a function of two variables we will integrate over a region of R? (two-dimensional
space).
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We will start out by assuming that the region in R? isa rectangle which we will denote as follows,

R:[a,b]x[c,d]
This means that the rangesforxand yare a<x<b and c< y<d.

Also, we will initially assume that f(x,y) > 0 although this doesn’t really have to be the case. Let’s

start out with the graph of the surface S given by graphing f(x,y) over the rectangle R.

Now, just like with functions of one variable let’s not worry about integrals quite yet. Let’s first ask what
the volume of the region under S (and above the xy-plane of course) is.

We will approximate the volume much as we approximated the area above. We will first divide up
a < x < b into n subintervals and divide up ¢ < y < d into m subintervals. This will divide up Rinto a

series of smaller rectangles and from each of these we will choose a point (x:,y; ) . Here is a sketch of

this set up.
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x
| | | | |
2=x N X Tl b= Ky

Now, over each of these smaller rectangles we will construct a box whose height is given by f(x:,y; ) .

Here is a sketch of that.

Each of the rectangles has a base area of A4 and a height of f(x:,y;) so the volume of each of these

boxes is f(x:,y; )AA . The volume under the surface S is then approximately,

ESNWERANY

i=l j=1

We will have a double sum since we will need to add up volumes in both the x and y directions.
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To get a better estimation of the volume we will take n and m larger and larger and to get the exact
volume we will need to take the limit as both n and m go to infinity. In other words,

= lim ZZf( XY, )AA

n, m—»o
i=l j=1

Now, this should look familiar. This looks a lot like the definition of the integral of a function of single

variable. In fact, this is also the definition of a double integral, or more exactly an integral of a function
of two variables over a rectangle.

Here is the official definition of a double integral of a function of two variables over a rectangular region
R as well as the notation that we’ll use for it.

”f x,y)dA= lim Zn:Zf( ,,y)

)’lm*)OOllll

Note the similarities and differences in the notation to single integrals. We have two integrals to denote
the fact that we are dealing with a two dimensional region and we have a differential here as well. Note
that the differential is dA instead of the dx and dy that we're used to seeing. Note as well that we don’t
have limits on the integrals in this notation. Instead we have the R written below the two integrals to
denote the region that we are integrating over.

As indicated above one interpretation of the double integral of f(x,y) over the rectangle R is the

volume under the function f(x,y) (and above the xy-plane). Or,

Volume = H f(x,y)d4

We can use this double sum in the definition to estimate the value of a double integral if we need to.

We can do this by choosing (x:,y;) to be the midpoint of each rectangle. When we do this we usually

denote the point as (fi,)_/j) . This leads to the Midpoint Rule,

I/ Gor)as DY WIERAIY

i=l j=1

In the next section we start looking at how to actually compute double integrals.
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Section 4-2 : lterated Integrals

In the previous section we gave the definition of the double integral. However, just like with the
definition of a single integral the definition is very difficult to use in practice and so we need to start
looking into how we actually compute double integrals. We will continue to assume that we are
integrating over the rectangle

R:[a,b]x[c,d]

We will look at more general regions in the next section.
The following theorem tells us how to compute a double integral over a rectangle.

Fubini’s Theorem
If f(x,y) is continuous on R = [a,b]x[c,d] then,

”f(x,y)a’A :jjj.:,f(x,y)dydx:Jjj.:f(x,y)dxdy

These integrals are called iterated integrals.

Note that there are in fact two ways of computing a double integral over a rectangle and also notice that
the inner differential matches up with the limits on the inner integral and similarly for the outer
differential and limits. In other words, if the inner differential is dy then the limits on the inner integral
must be y limits of integration and if the outer differential is dy then the limits on the outer integral
must be y limits of integration.

Now, on some level this is just notation and doesn’t really tell us how to compute the double integral.
Let’s just take the first possibility above and change the notation a little.

J;_[f(x,y)dA = jj“jf(x,y)dy} dx

We will compute the double integral by first computing

Ldf (x,)dy

and we compute this by holding x constant and integrating with respect to y as if this were a single
integral. This will give a function involving only x’s which we can in turn integrate.

We’ve done a similar process with partial derivatives. To take the derivative of a function with respect
to y we treated the x’s as constants and differentiated with respect to y as if it was a function of a single

variable.

Double integrals work in the same manner. We think of all the x’s as constants and integrate with
respect to y or we think of all y’s as constants and integrate with respect to x.

Let’s take a look at some examples.
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Example 1 Compute each of the following double integrals over the indicated rectangles.

@ [[6xy”d4, R=[2,4]x[1,2]
R
(b) H2x—4y3dA R=[-5,4]x[0,3]

(c) Hx y® +cos(zx)+sin(zy)dA, R=[-2,-1]x[0,1]

(d) gmm, R=[0,1]x[1,2]

© [[xedd, R=[-1,2]x[0,1]
R

Solution
(@) [[6x” da, R=[2,4]x[1,2]
R

It doesn’t matter which variable we integrate with respect to first, we will get the same answer
regardless of the order of integration. To prove that let’s work this one with each order to make sure
that we do get the same answer.

Solution 1
In this case we will integrate with respect to y first. So, the iterated integral that we need to compute
is,

H 6xy° dA = f; J.lz 6xy° dy dx
R

When setting these up make sure the limits match up to the differentials. Since the dy is the inner
differential (i.e. we are integrating with respect to y first) the inner integral needs to have y limits.

To compute this we will do the inner integral first and we typically keep the outer integral around as
follows,

” 6xy” dA = Jj(2xy3 )|12 dx
R
= I2416x—2xdx

=j2414xdx

Remember that we treat the x as a constant when doing the first integral and we don’t do any
integration with it yet. Now, we have a normal single integral so let’s finish the integral by computing
this.

[[6xy* da=7x[ =84
R
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Solution 2

In this case we’ll integrate with respect to x first and then y. Here is the work for this solution.

” 6xy” dA = le Jj 6xy” dx dy
R

d
2y

Sure enough the same answer as the first solution.

So, remember that we can do the integration in any order.

(b) [[2x—4)" d4, R=[-5,4]x[0,3]

For this integral we'll integrate with respect to y first.

Iij—4y3dA:f4sjj2x—4y3dydx

f _
=f_45(2xy—y4)|z dx
= [ 6x-81dx

~ (3¢ - 81x)|:
=756

Remember that when integrating with respect to y all x’s are treated as constants and so as far as the
inner integral is concerned the 2x is a constant and we know that when we integrate constants with

respect to y we just tack on a y and so we get 2xy from the first term.

(c) ”x y* +cos(zx)+sin(zy)dA, R=[-2,-1]x[0,1]

In this case we’ll integrate with respect to x first.
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L.
”x ¥ +cos 7rx)+sin(7ry)dA=f j;xzyz+cos(7zx)+sin(7ry)dxdy
0d-

-1

1
:J (%)fyz+lsin(ﬂx)+xsin(7zy)J dy
0

T

-2

1
=j Zy2 +sin(7ry)dy
03

1

:%y3 —icos(ﬂy)

0

Don’t forget your basic Calculus | substitutions!

(d) H%dA, R=[0,1]x[1,2]

. (2x+3y)

In this case because the limits for x are kind of nice (i.e. they are zero and one which are often nice for
evaluation) let’s integrate with respect to x first. We'll also rewrite the integrand to help with the
first integration.

H(2x+ 3y)_2 dA = flz I;(2x+3y)_2 dx dy

- le(—%(2x+3y)l)

1

dy

0

:—%(ln8—ln2—ln5)
(e) [[xe” d4, R=[-1,2]x[0,1]

Now, while we can technically integrate with respect to either variable first sometimes one way is
significantly easier than the other way. In this case it will be significantly easier to integrate with
respect to y first as we will see.

H xe” dA = J-j J‘; xe™ dy dx
R
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The y integration can be done with the quick substitution,

u=xy du=xdy
which gives

H xeY dA = fl e” ; dx

R
= Jjex —ldx

2

e
=e’ —2—(e‘l +1)
—e’—e' -3

So, not too bad of an integral there provided you get the substitution. Now let’s see what would
happen if we had integrated with respect to x first.

IRI xe” dA = j; J_zl xe™ dxdy

In order to do this we would have to use integration by parts as follows,

Uu=x dv=e" dx
du = dx v:lexy
y

The integral is then,
rl

2
[[xe”da=| | Ze” —J Levay | ay
o y y B

J 0

— 2 e _Leij
2
J, Y y 4

rl
= zezy—izezyj—(—le_y —Lze_y]dy
J O y y y y

2

dy

We're not even going to continue here as these are very difficult, if not impossible, integrals to do.
[Return to Problems]

As we saw in the previous set of examples we can do the integral in either direction. However,

sometimes one direction of integration is significantly easier than the other so make sure that you think

about which one you should do first before actually doing the integral.

The next topic of this section is a quick fact that can be used to make some iterated integrals somewhat

easier to compute on occasion.
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There is a nice special case of this kind of integral. First, let’s assume that f(x,y) = g(x)h(y) and

let’s also assume we are integrating over a rectangle given by R = [a,b]x [c,d] . Then, the integral

becomes,

[ e = [ (haa=[ [ (a1t

R

Note that it doesn’t matter in this case which variable we integrate first as either order will arrive at the
same result with the same work.

Next, notice that because the inner integral is with respect to x and h(y) is a function only of y it can
be considered a “constant” as far as the x integration is concerned (changing x will not affect the value
of y!) and because it is also times g(x) we can factor the h(y) out of the inner integral. Doing this

gives,

”f(x,y)dA =J;Jg(x)h(y)dA =Ijh(y)j;g(x)dxdy

R

b
Now, J. g(x) dx is a standard Calculus | definite integral and we know that its value is just a constant.
a

Therefore, it can be factored out of the y integration to get,
b d
”f(x,y)dA = ”g(x)h(y)dA = L g(x)dx_[c h(y)dy
R R

In other words, if we can break up the function into a function only of x times a function of only y then
we can do the two integrals individually and multiply them together.

Here is a quick summary of this idea.

Fact
If f(x,y) = g(x)h(y) and we are integrating over the rectangle R = [a,b]x[c,d] then,

”f(x,y)dA=J;J.g(x)h(y)dA=(J. g(x)dx)(.[jh(y)dy)

R

b

a

Let’s do a quick example using this integral.
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Example 2 Evaluate ”xcosz(y)dA, R:[—2,3]x[0,%}.
R

Solution
Since the integrand is a function of x times a function of y we can use the fact.

jijcosz(y)dA =(j_32xdx)[j§cos2(y)dyj

e

3
1%
2 [5‘[02 1+cos(2y)dyJ
2

_ G] %(y+%sin(2y)]”

0

Y4

8

We have one more topic to discuss in this section. This topic really doesn’t have anything to do with
iterated integrals, but this is as good a place as any to put it and there are liable to be some questions
about it at this point as well so this is as good a place as any.

What we want to do is discuss single indefinite integrals of a function of two variables. In other words,
we want to look at integrals like the following.

J-xsec2 (2y)+4xydy

X
fx3—eydx

From Calculus | we know that these integrals are asking what function that we differentiated to get the
integrand. However, in this case we need to pay attention to the differential (dy or dx) in the integral,
because that will change things a little.

In the case of the first integral we are asking what function we differentiated with respect to y to get the
integrand while in the second integral we’re asking what function differentiated with respect to x to get
the integrand. For the most part answering these questions isn’t that difficult. The important issue is

how we deal with the constant of integration.

Here are the integrals.

_[xsecz (2y)+4xydy =%tan(2y)+2xy2 +g(x)

Jx3 —e’ abc:%x4 +ye” +h(y)
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Notice that the “constants” of integration are now functions of the opposite variable. In the first
integral we are differentiating with respect to y and we know that any function involving only x’s will
differentiate to zero and so when integrating with respect to y we need to acknowledge that there may
have been a function of only x’s in the function and so the “constant” of integration is a function of x.

Likewise, in the second integral, the “constant” of integration must be a function of y since we are

integrating with respect to x. Again, remember if we differentiate the answer with respect to x then any
function of only y’s will differentiate to zero.
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Section 4-3 : Double Integrals over General Regions

In the previous section we looked at double integrals over rectangular regions. The problem with this is
that most of the regions are not rectangular so we need to now look at the following double integral,

”f(x,y)dA

where D is any region.

There are two types of regions that we need to look at. Here is a sketch of both of them.

Case 1 ¥ Case 2

}"=Sz[-’f)

¥ =g(x]

We will often use set builder notation to describe these regions. Here is the definition for the region in
Case 1

D={(x,y)|a£x£b, gl(x)Syng(x)}
and here is the definition for the region in Case 2.

D:{(x,y)|hl(y)SxShz(y),cSySd}

This notation is really just a fancy way of saying we are going to use all the points, (x,y), in which both

of the coordinates satisfy the two given inequalities.

The double integral for both of these cases are defined in terms of iterated integrals as follows.
In Case 1 where D = {(x,y) la<x<Db, g (x) <y<g, (x)} the integral is defined to be,

b X
[[f (x.y)aa= j Iggz(i))f(x,y)dy d
D a”el
In Case 2 where D = {(x,y) | Ay (y) <x<h, (y),c <y< d} the integral is defined to be,
d
Hf(x,y)dA :j Ih (y)f(x,y)dxdy

D c 1()’)
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Here are some properties of the double integral that we should go over before we actually do some
examples. Note that all three of these properties are really just extensions of properties of single
integrals that have been extended to double integrals.

Properties

1. J.J.f(x,y)—i-g(x,y)dA=J-jf(x,y)dA+Ijg(x,y)dA

2. J.J.cf(x,y)dA = c”f(x,y)dA , Where c is any constant.
D D

3. If the region D can be split into two separate regions D, and D, then the integral can be written

as

”f(x,y)dA =”f(%y)dA+Hf(x,y)dA

Let’s take a look at some examples of double integrals over general regions.

Example 1 Evaluate each of the following integrals over the given region D.
(a) fje;dA, D={(x,y)|1£y£2, nySyB}
D
(b) ”4xy—y3 dA, Dis the region bounded by y = Jx and y=x.
D
() ”6}62 —40ydA, Dis the triangle with vertices (0,3), (1,1) ,and (5,3).
Solution 0
(a) ffe;dA, D={(x,y)|1£y£2, yﬁxﬁy3}
D

Okay, this first one is set up to just use the formula above so let’s do that.
2 3

x 2 3 0x x|¥
- y - -
HeydAsz e dedy=| ye'| dy
D 1 7 1 y
2 yz 1
=f1 ye' —yedy
2
= leyz—lyze1 Lo o
20 27 ) T2
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(b) ”4xy —y'dA, Dis the region bounded by y = Jx and y=
D

3
X .

In this case we need to determine the two inequalities for x and y that we need to do the integral.
The best way to do this is the graph the two curves. Here is a sketch.

¥
1 b
kg y=afx
e
4t
y=x
02t
1 1 | 1
02 0.4 06 0.3 1.

So, from the sketch we can see that that two inequalities are,
0<x<l1 ¥ <y< Jx

We can now do the integral,

H4xy—y3 dA :JIJ.Jf4xy—y3 dy dx
D 0¥

1 . g5
= 2xy° ——y* || dx
J( )

0

1
:J zx2 —2x’ +lx12 dx
04 4

I
_ lxs _lxs _i_ixla
12 4 52

0

55
156

(c) J] 6x% — 40y dA, Dis the triangle with vertices (0,3), (l,l) , and (5,3) .
D

We got even less information about the region this time. Let’s start this off by sketching the triangle.
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Since we have two points on each edge it is easy to get the equations for each edge and so we’ll leave
it to you to verify the equations.

Now, there are two ways to describe this region. If we use functions of x, as shown in the image we

will have to break the region up into two different pieces since the lower function is different
depending upon the value of x. In this case the region would be given by D = D, U D, where,

D1={(x,y)|OSxS1, —2x+3£y£3}

DZ:{(x,y)HSxSS, %x+%£y£3}

Note the U is the “union” symbol and just means that D is the region we get by combing the two
regions. If we do this then we’ll need to do two separate integrals, one for each of the regions.

To avoid this we could turn things around and solve the two equations for x to get,

1 3

=-—2x+3 = X=——y+—

4 2770
y > > Yy

If we do this we can notice that the same function is always on the right and the same function is
always on the left and so the region is,

Dz{(x,y)\—%y+%§x£2y—l, 1Sy£3}

Writing the region in this form means doing a single integral instead of the two integrals we’d have to
do otherwise.

Either way should give the same answer and so we can get an example in the notes of splitting a
region up let’s do both integrals.

Solution 1
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D

”6x2 —40ydA =ﬂ6x2 —40ydA+”6x2 —40ydA
D, D,

N 2 e 2
:j Iz 36x —-40y dy dx + .[1 ,6x° —40y dy dx
oY —2x+ 1 EX+E

5

:jol(6x2y—20y2)|3zx+3 dx+J (6xzy—20y2)|3 . dx

! e
= [ 1207 -180+20(3 - 2x)" dr+ [ -3x" +15x> ~180+20 (3 x+4)" dx

5

= (3x4 —ISOX—%(3—2x)3); +(—%x4 +5x° —180x+%(%x+%)3)

1

935
3

That was a lot of work. Notice however, that after we did the first substitution that we didn’t multiply
everything out. The two quadratic terms can be easily integrated with a basic Calc | substitution and
so we didn’t bother to multiply them out. We’ll do that on occasion to make some of these integrals
a little easier.

Solution 2
This solution will be a lot less work since we are only going to do a single integral.

3 —_
Ij6x2—40ydA:f jzf ' 6x7 — 40y drdy
; 1T

= JS(Zx3 - 40xy)
1

:f100y—100y2 +2(2y-1) =2(=4y+2) dy

2y-1

1 3dy

2
272

(501 2 (2-1) + (404 2)')
935
3

So, the numbers were a little messier, but other than that there was much less work for the same
result. Also notice that again we didn’t cube out the two terms as they are easier to deal with using a
Calc | substitution.

As the last part of the previous example has shown us we can integrate these integrals in either order
(i.e. x followed by y or y followed by x), although often one order will be easier than the other. In fact,
there will be times when it will not even be possible to do the integral in one order while it will be
possible to do the integral in the other order.
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Also, do not forget about Calculus | substitutions. Students often just get in a hurry and multiply
everything out after doing the integral evaluation and end up missing a really simple Calculus |
substitution that avoids the hassle of multiplying everything out. Calculus | substitutions don’t always
show up, but then they do they almost always simplify the work for the rest of the problem.

Let’s see a couple of examples of these kinds of integrals.

Example 2 Evaluate the following integrals by first reversing the order of integration.

3 3
(a) f Ii x’e” dydx
oYX

(b) Jjj%\/)f +1dxdy

Solution
3569 3 3
(a) fo LZ x’e’ dydx
First, notice that if we try to integrate with respect to y we can’t do the integral because we would

need a y2 in front of the exponential in order to do the y integration. We are going to hope that if
we reverse the order of integration we will get an integral that we can do.

Now, when we say that we’re going to reverse the order of integration this means that we want to
integrate with respect to x first and then y. Note as well that we can’t just interchange the integrals,
keeping the original limits, and be done with it. This would not fix our original problem and in order
to integrate with respect to x we can’t have x’s in the limits of the integrals. Even if we ignored that
the answer would not be a constant as it should be.

So, let’s see how we reverse the order of integration. The best way to reverse the order of
integration is to first sketch the region given by the original limits of integration. From the integral we
see that the inequalities that define this region are,

0<x<3

¥’ <y<9

These inequalities tell us that we want the region with y = x” on the lower boundary and y=9 on
the upper boundary that lies between x =0 and x =3. Here is a sketch of that region.
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10

Since we want to integrate with respect to x first we will need to determine limits of x (probably in
terms of y) and then get the limits on the y’s. Here they are for this region.

OSxS\/;

0<y<9

Any horizontal line drawn in this region will start at x=0 and end at x = \/; and so these are the
limits on the x’s and the range of y’s for the regions is 0 to 9.

The integral, with the order reversed, is now,
3569 3 9 3
j I L x'e’ dydx:J J-ﬁx%y dxdy
0 X 0 0

and notice that we can do the first integration with this order. We'll also hope that this will give us a
second integral that we can do. Here is the work for this integral.

3 3 9 7 3
f J.gz x'e’ dydx:J J-ﬁx%y dx dy
oYX 0 0
9

1, P
:J —x'e’
4
0

dy
9
1 2 y3
=| —yed
jo 4y y

1

:—ey

12

0

9

0
:%(6729 _1)

So, as we hoped, we were able to do the integral once we interchanged the order of integration.
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(b) J;J‘;;\/x“ +1dxdy

As with the first integral we cannot do this integral by integrating with respect to x first so we’ll hope
that by reversing the order of integration we will get something that we can integrate. Here are the
limits for the variables that we get from this integral.

2/;£x£2

0<y<8

and here is a sketch of this region.

The integral is then,

2 X
I:J‘;;'\/x4 +1dxdy:j0 '[03\/x4 +1dydx

2 P
:J xt+1] dx
0 0

3
= Iozx3\/x4 +1dx =é(172 —l]

The final topic of this section is two geometric interpretations of a double integral. The first
interpretation is an extension of the idea that we used to develop the idea of a double integral in the
first section of this chapter. We did this by looking at the volume of the solid that was below the surface

of the function z = f(x,y) and over the rectangle R in the xy-plane. This idea can be extended to

more general regions.

The volume of the solid that lies below the surface given by z = f(x,y) and above the region D in the

xy-plane is given by,
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Vzﬂf(x,y)dA

D

Example 3 Find the volume of the solid that lies below the surface given by z =16xy +200 and lies
above the region in the xy-plane bounded by y = x* and y=3_8 -x°.

Solution

Here is the graph of the surface and we’ve tried to show the region in the xy-plane below the surface.

By setting the two bounding equations equal we can see that they will intersectat x=2 and x =-2.
So, the inequalities that will define the region D in the xy-plane are,

-2<x<2

X <y<8—x°

The volume is then given by,
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v =[[16xy+200d4
D

2 gy2

=f [ 162 +200dy dx
_pvX
2 8—x’

:J (832 +200y)[ " dx
-2 X

= [ ~128x" ~400x* +512x +1600dx

2

= (—32)(4 —?ﬁ +256x% + l600x} = w

-2

Example 4 Find the volume of the solid enclosed by the planes 4x+2y+2z=10, y=3x, z=0,
x=0.

Solution This example is a little different from the previous one. Here the region D is not explicitly
given so we’re going to have to find it. First, notice that the last two planes are really telling us that
we won’t go past the xy-plane and the yz-plane when we reach them.

The first plane, 4x+2y+z =10, is the top of the volume and so we are really looking for the volume
under,

z=10-4x-2y
and above the region D in the xy-plane. The second plane, y =3x (yes that is a plane), gives one of
the sides of the volume as shown below.

dx+2y+z =10

4

2
é
4
2
1 2 3 4 0
¥

The region D will be the region in the xy-plane (i.e. z=0) thatis bounded by y =3x, x=0, and the
line where z+4x+42y =10 intersects the xy-plane. We can determine where z+4x+2y =10
intersects the xy-plane by plugging z =0 into it.

0+4x+2y=10 = 2x+y=S5 = y=-2x+5
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So, here is a sketch the region D.

y=-2x+5

¥=1x

1] L L— x

0. 0.5 1.

The region D is really where this solid will sit on the xy-plane and here are the inequalities that define
the region.
0<x<1
3x<y<-2x+5
Here is the volume of this solid.

v =[[10-4x—2yd4

D
= jolj_zx+510—4x—2ydydx

3x
—2x+5

dx

1
=fo (10y—4xy—y2>

- jol 25x% —50x + 25 dx

= [2—35X3 —25x% + 25x)

3x

1

25

0

Note that more generally,

V:”f(x,y)dA

D

gives the net volume between the graph of z = f(x,y) and the region D in the xy-plane. Regions that

are below the xy-plane have a negative volume and regions that are above the xy-plane have a positive
volume.

We saw a similar idea in Calculus | where,

A :I:f(x)dx
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gives the net area between the curve given by y = f(x) and the x-axis on the interval [a,b] .

The second geometric interpretation of a double integral is the following.

Area of D = ”dA
D

This is easy to see why this is true in general. Let’s suppose that we want to find the area of the region
shown below.

From Calculus | we know that this area can be found by the integral,

A= Ijgz (x)—g (x)dx

Or in terms of a double integral we have,

Area of D = HdA
D
_ b gz(x)
B Ja J’5,’1("‘) dy dx
b . b
=[ ol dv=], & (x) - (x)dx

This is exactly the same formula we had in Calculus I.
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Section 4-4 : Double Integrals in Polar Coordinates

To this point we’ve seen quite a few double integrals. However, in every case we’ve seen to this point
the region D could be easily described in terms of simple functions in Cartesian coordinates. In this
section we want to look at some regions that are much easier to describe in terms of polar coordinates.
For instance, we might have a region that is a disk, ring, or a portion of a disk or ring. In these cases,
using Cartesian coordinates could be somewhat cumbersome. For instance, let’s suppose we wanted to
do the following integral,

[[ £ (x.y)dd, D is the disk of radius 2
D

To this we would have to determine a set of inequalities for x and y that describe this region. These
would be,
—2<x<L2

—d-x* <y<d-x
With these limits the integral would become,

_”f(X,J/)dA =f22j_gf(x,y)dydx

Due to the limits on the inner integral this is liable to be an unpleasant integral to compute.

However, a disk of radius 2 can be defined in polar coordinates by the following inequalities,
0<6<L2x

0<r<2

These are very simple limits and, in fact, are constant limits of integration which almost always makes
integrals somewhat easier.

So, if we could convert our double integral formula into one involving polar coordinates we would be in
pretty good shape. The problem is that we can’t just convert the dx and the dy into adranda d@. In
computing double integrals to this point we have been using the fact that d4 = dx dy and this really

does require Cartesian coordinates to use. Once we’ve moved into polar coordinates dA # dr d6 and
so we’re going to need to determine just what dA is under polar coordinates.

So, let’s step back a little bit and start off with a general region in terms of polar coordinates and see
what we can do with that. Here is a sketch of some region using polar coordinates.
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So, our general region will be defined by inequalities,

a<lO0<p
h(0)<r<h,(6)

Now, to find dA let’s redo the figure above as follows,

roAg

N

As shown, we'll break up the region into a mesh of radial lines and arcs. Now, if we pull one of the
pieces of the mesh out as shown we have something that is almost, but not quite a rectangle. The area

of this piece is A4. The two sides of this piece both have length Ar =7, —r. where r, is the radius of
the outer arc and 7; is the radius of the inner arc. Basic geometry then tells us that the length of the

inner edge is 7, A6 while the length of the out edge is 7, A@ where A @ is the angle between the two
radial lines that form the sides of this piece.
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Now, let’s assume that we’ve taken the mesh so small that we can assume that 7, ~ », = r and with this

assumption we can also assume that our piece is close enough to a rectangle that we can also then
assume that,
AM=rAGAr

Also, if we assume that the mesh is small enough then we can also assume that,
dA =~ AA do =~ A0 dr=Ar

With these assumptions we then get dA ~rdrd@ .

In order to arrive at this we had to make the assumption that the mesh was very small. This is not an
unreasonable assumption. Recall that the definition of a double integral is in terms of two limits and as
limits go to infinity the mesh size of the region will get smaller and smaller. In fact, as the mesh size gets
smaller and smaller the formula above becomes more and more accurate and so we can say that,

dA=rdrd@

WEe'll see another way of deriving this once we reach the Change of Variables section later in this
chapter. This second way will not involve any assumptions either and so it maybe a little better way of
deriving this.

Before moving on it is again important to note that dA4 # dr d@ . The actual formula for dA has an rin

it. It will be easy to forget this r on occasion, but as you’ll see without it some integrals will not be
possible to do.

Now, if we’re going to be converting an integral in Cartesian coordinates into an integral in polar
coordinates we are going to have to make sure that we’ve also converted all the x’s and y’s into polar
coordinates as well. To do this we’ll need to remember the following conversion formulas,

x=rcosd y=rsinf rP=x"+y’

We are now ready to write down a formula for the double integral in terms of polar coordinates.

0 .
ﬂf(x,y)dA:j jh(e)f(rcos&rmn@)rdrd&
D @ "

It is important to not forget the added r and don’t forget to convert the Cartesian coordinates in the
function over to polar coordinates.

Let’s look at a couple of examples of these kinds of integrals.
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Example 1 Evaluate the following integrals by converting them into polar coordinates.

(a) '” 2x ydA, Dis the portion of the region between the circles of radius 2
D
and radius 5 centered at the origin that lies in the first quadrant.

(b) ”ex2+y2 dA, D is the unit disk centered at the origin.
D

Solution

(a) J‘J- 2x ydA, D is the portion of the region between the circles of radius 2 and radius 5 centered
D
at the origin that lies in the first quadrant.

First let’s get D in terms of polar coordinates. The circle of radius 2 is given by » =2 and the circle of
radius 5 is given by » =5. We want the region between the two circles, so we will have the following
inequality for r.

2<r<5

Also, since we only want the portion that is in the first quadrant we get the following range of ’s.

0<o<Z
2

Now that we’ve got these we can do the integral.

.g2xydA =J02I;2(rcosﬁ)(rsin9)rdrd9

Don’t forget to do the conversions and to add in the extra r. Now, let’s simplify and make use of the
double angle formula for sine to make the integral a little easier.

ijzxydA = fozjj ¥ sin (20) dr dO

[

5

:J %r“ sin(20)

0

do

2

:Jzﬁsin(%’)dé
) 4

=—%cos(29) ’

0
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(b) H e dA , D is the unit disk centered at the origin.
D

In this case we can’t do this integral in terms of Cartesian coordinates. We will however be able to do
it in polar coordinates. First, the region D is defined by,
0<0L2x

0<r<i

In terms of polar coordinates the integral is then,

2,.2 27 2
[[e dA:f [(re” drae
O 0
D
Notice that the addition of the r gives us an integral that we can now do. Here is the work for this

integral.
2z
jje)**ysz:f [ re’arae
D 0 0
2

= —e
. 2

Let’s not forget that we still have the two geometric interpretations for these integrals as well.

Example 2 Determine the area of the region that lies inside » =3+ 2sinf and outside r =2.

Solution
Here is a sketch of the region, D, that we want to determine the area of.

r=3+2ané
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To determine this area we’ll need to know that value of @for which the two curves intersect. We can
determine these points by setting the two equations equal and solving.

3+2sinf =2
. 1 11
sind =—— = 6’=7—7[,—7[
2 6 6
Here is a sketch of the figure with these angles added.
r=94+25n8
1
._1_
=1x _ 11

=% r=2 5'_—%,7’7

Note as well that we’ve acknowledged that —Z is another representation for the angle “T” . Thisis

important since we need the range of 6 to actually enclose the regions as we increase from the lower

117

limit to the upper limit. If we’d chosen to use “T” then as we increase from 77” to =5~ we would be

tracing out the lower portion of the circle and that is not the region that we are after.

So, here are the ranges that will define the region.

T2
6 6

2<r<3+2sinf

To get the ranges for r the function that is closest to the origin is the lower bound and the function
that is farthest from the origin is the upper bound.

The area of the region D is then,
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4={[da
D
:J‘77r/6J-3+251n9rdrd9
-z/6 J2
 17/6 1 3+2sin6
= —r’ do
J —z/6 2 2
r7zz/6
= —+6sin@+2sin* 0do
J -7/6
r77r/6 7
= —+6sin6—cos(260)d0

J -x/6
T

6

(18—6005«9—lsin(20)j
2 2

G
6

:%+147”:24.187

Example 3 Determine the volume of the region that lies under the sphere Xt + y2 +2z°=9 , above

the plane z =0 and inside the cylinder X +y2 =5.

Solution
We know that the formula for finding the volume of a region is,

V =”f(x,y)dA

In order to make use of this formula we’re going to need to determine the function that we should be
integrating and the region D that we're going to be integrating over.

The function isn’t too bad. It’s just the sphere, however, we do need it to be in the form z = f(x,y)

. We are looking at the region that lies under the sphere and above the plane z =0 (just the xy-plane
right?) and so all we need to do is solve the equation for z and when taking the square root we’ll take
the positive one since we are wanting the region above the xy-plane. Here is the function.

z2=49-x> =)’

The region D isn’t too bad in this case either. As we take points, (x,y), from the region we need to
completely graph the portion of the sphere that we are working with. Since we only want the portion
of the sphere that actually lies inside the cylinder given by x* + y2 =15 this is also the region D. The

region D is the disk x° +y2 <5 in the xy-plane.

For reference purposes here is a sketch of the region that we are trying to find the volume of.
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So, the region that we want the volume for is really a cylinder with a cap that comes from the sphere.

We are definitely going to want to do this integral in terms of polar coordinates so here are the limits

(in polar coordinates) for the region,
0<0<2x

0<r</5

and we’ll need to convert the function to polar coordinates as well.

V :H\/9—x2 ~y*dA
D
:JZHJ-Oﬁr\/9—r2 drdo
0

NG
do

The volume is then,

2z 1 3
_ 2
= —5(9—1" )2
0
2z
:f Edg
o 3
38z
3

0
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Example 4 Find the volume of the region that lies inside z = x* + y* and below the plane z =16.

Solution
Let’s start this example off with a quick sketch of the region.

Now, in this case the standard formula is not going to work. The formula

V =Hf(x,y)dA

finds the volume under the function f(x,y) and we’re actually after the volume that is above a

function. This isn’t the problem that it might appear to be however. First, notice that

Vz”l6dA
D

will be the volume under z =16 (of course we’ll need to determine D eventually) while

V= ” x*+ 7y’ dA
D
is the volume under z = x* + y2, using the same D.

The volume that we’re after is really the difference between these two or,
v =|[[16d4~[[+y*da=[[16—(x* +y)dA
D D D

Now all that we need to do is to determine the region D and then convert everything over to polar
coordinates.

Determining the region D in this case is not too bad. If we were to look straight down the z-axis onto

the region we would see a circle of radius 4 centered at the origin. This is because the top of the

region, where the elliptic paraboloid intersects the plane, is the widest part of the region. We know

the z coordinate at the intersection so, setting z =16 in the equation of the paraboloid gives,
16=x"+y

which is the equation of a circle of radius 4 centered at the origin.
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Here are the inequalities for the region and the function we’ll be integrating in terms of polar
coordinates.
0<0<2rx 0<r<4 z=16—r
The volume is then,
v =[[16-(x*+y")d4
D
27 44
:f J- r(16—r2)drdl9
0 0

2 4
=J [8;"2 —lr“]
0 4

_ j02”64d¢9

do

0

=128x

In both of the previous volume problems we would have not been able to easily compute the volume
without first converting to polar coordinates so, as these examples show, it is a good idea to always
remember polar coordinates.

There is one more type of example that we need to look at before moving on to the next section.
Sometimes we are given an iterated integral that is already in terms of x and y and we need to convert
this over to polar so that we can actually do the integral. We need to see an example of how to do this
kind of conversion.

Example 5 Evaluate the following integral by first converting to polar coordinates.

1 0 5 5
leﬁcos(x +y )dydx
Solution
First, notice that we cannot do this integral in Cartesian coordinates and so converting to polar
coordinates may be the only option we have for actually doing the integral. Notice that the function
will convert to polar coordinates nicely and so shouldn’t be a problem.

Let’s first determine the region that we’re integrating over and see if it’s a region that can be easily
converted into polar coordinates. Here are the inequalities that define the region in terms of
Cartesian coordinates.

-1<x<1

—J1-x? <y<0

Now, the lower limit for the y’s is,
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and this looks like the bottom of the circle of radius 1 centered at the origin. Since the upper limit for
the y’sis y =0 we won’t have any portion of the top half of the disk and so it looks like we are going
to have a portion (or all) of the bottom of the disk of radius 1 centered at the origin.

The range for the x’s in turn, tells us that we are will in fact have the complete bottom part of the
disk.

So, we know that the inequalities that will define this region in terms of polar coordinates are then,
T<0L2x

0<r<i

Finally, we just need to remember that,
dxdy=dA=rdrd@
and so the integral becomes,

J‘_llj-fmcos(xz +y2)dy dx = J.jﬁj.;rcos(rz)dr do

Note that this is an integral that we can do. So, here is the rest of the work for this integral.
2z

Jllljj)J?cos(ac2 +y2)dydx =J %sin(rz)

T

2721 )
:j Esm(l)dﬁ

T

1
dé
0

=%sin(1)
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Section 4-5 : Triple Integrals

Now that we know how to integrate over a two-dimensional region we need to move on to integrating
over a three-dimensional region. We used a double integral to integrate over a two-dimensional region
and so it shouldn’t be too surprising that we’ll use a triple integral to integrate over a three dimensional
region. The notation for the general triple integrals is,

Jljf(x, y,z)dV

Let’s start simple by integrating over the box,
B= [a,b]x[c,d]x[r,s]

Note that when using this notation we list the x’s first, the y’s second and the Z’s third.

The triple integral in this case is,

T Geyzyar =] f (x.y.2)dedyaz

Note that we integrated with respect to x first, then y, and finally z here, but in fact there is no reason to
the integrals in this order. There are 6 different possible orders to do the integral in and which order
you do the integral in will depend upon the function and the order that you feel will be the easiest. We
will get the same answer regardless of the order however.

Let’s do a quick example of this type of triple integral.

Example 1 Evaluate the following integral.
[[[8zav, B=[2,3]x[1,2]x[0,1]
B

Solution
Just to make the point that order doesn’t matter let’s use a different order from that listed above.
We'll do the integral in the following order.

J ” xyzdV = Lz Jj I; 8xyz dz dx dy
B

Before moving on to more general regions let’s get a nice geometric interpretation about the triple
integral out of the way so we can use it in some of the examples to follow.
Fact
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The volume of the three-dimensional region E is given by the integral,

szydrf

Let’s now move on the more general three-dimensional regions. We have three different possibilities
for a general region. Here is a sketch of the first possibility.

Z

£ T, (I,h}’)“

z=w(xy)]

In this case we define the region E as follows,
E= {(x,y,z) | (x,y) eD, u, (x,y) <z<u, (x,y)}
where (x,y) € D is the notation that means that the point (x,y) lies in the region D from the xy-

plane. In this case we will evaluate the triple integral as follows,
5 Gezar = [[[| [0 5 (o2 |
E
D

where the double integral can be evaluated in any of the methods that we saw in the previous couple of
sections. In other words, we can integrate first with respect to x, we can integrate first with respect to
y, or we can use polar coordinates as needed.

Example 2 Evaluate IH 2xdV where E is the region under the plane 2x+3y +2z =6 thatliesin
E

the first octant.

Solution

We should first define octant. Just as the two-dimensional coordinates system can be divided into
four quadrants the three-dimensional coordinate system can be divided into eight octants. The first
octant is the octant in which all three of the coordinates are positive.

Here is a sketch of the plane in the first octant.
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We now need to determine the region D in the xy-plane. We can get a visualization of the region by
pretending to look straight down on the object from above. What we see will be the region D in the

xy-plane. So D will be the triangle with vertices at (0,0) , (3,0), and (0,2). Here is a sketch of D.

Now we need the limits of integration. Since we are under the plane and in the first octant (so we’re
above the plane z =0) we have the following limits for z.

0<z<6-2x-3y

We can integrate the double integral over D using either of the following two sets of inequalities.

<x<
O<x<3 0Sx£—%y+3

2
0Sy£—§x+2 0<y<?

Since neither really holds an advantage over the other we’ll use the first one. The integral is then,
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[ i [2xav = H[ [ dz} dA

D
= [[2xzf; " a4
D

r3 —2x+2

= J. 3 2x(6—2x—3y)dydx
Jo?0
3 —3x+2

= (12xy—4x2y—3xy2) 3odx
J 0 0
(‘34

=| —x’—8x*+12xdx
Jo

3

0

(lx4 —§x3 +6x2j
3 3
9

Let’s now move onto the second possible three-dimensional region we may run into for triple integrals.
Here is a sketch of this region.

x=u1|[y,Z:l z
il
x=u, [;u,z)
xf_\

For this possibility we define the region E as follows,

E={(x,y,z)|(y,z)eD, u, (y,z)SxSu2 (y,z)}
So, the region D will be a region in the yz-plane. Here is how we will evaluate these integrals.

Iﬂf (x.p,2)dV = H[ [ ((yy ;) (= y,z)dx} dA

As with the first possibility we will have two options for doing the double integral in the yz-plane as well
as the option of using polar coordinates if needed.
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Example 3 Determine the volume of the region that lies behind the plane x+ y+z =8 and in front

of the region in the yz-plane that is bounded by z :% \/; and z = %y .

Solution

In this case we’ve been given D and so we won’t have to really work to find that. Here is a sketch of
the region D as well as a quick sketch of the plane and the curves defining D projected out past the
plane so we can get an idea of what the region we’re dealing with looks like.

g

3_
= 3
Z‘iv";
2_
_ 3
Z_Il_}’

1_
|:| | | | 1

0 ] 2 3 g ¥

is

Now, the graph of the region above is all okay, but it doesn’t really show us what the region is. So,
here is a sketch of the region itself.

Here are the limits for each of the variables.
0<y<4

3 3
Zy<z<=
47 VY

0<x<8-y—-z

The volume is then,
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v=[ffav=({[]["" ax|as
E D 0
4302
—JOLW 8—y—zdzdy
r4 &
2
= (82—)/2—122) dy
2 3y
Jo @
r4 1 3
L5732 033
=| 12p2-=y—2y2 4274
J Iy
> 57 35 11, 49
=82 -y 24— | ==
(y 167 757 32yj 5

We now need to look at the third (and final) possible three-dimensional region we may run into for
triple integrals. Here is a sketch of this region.

y =1, (x.2)

In this final case E is defined as,
E= {(x, y,z) | (x,z) eD, u, (x,z) <y<u, (x,z)}
and here the region D will be a region in the xz-plane. Here is how we will evaluate these integrals.

Jﬂf (x,.2)dV = ﬂ[ [ (()) 7 (x, y,z)ddeA

where we will can use either of the two possible orders for integrating D in the xz-plane or we can use
polar coordinates if needed.
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Example 4 Evaluate ”f \3x? +32° dV where E is the solid bounded by y = 2x” +2z” and the
E

plane y =8.

Solution
Here is a sketch of the solid E.

10

The region D in the xz-plane can be found by “standing” in front of this solid and we can see that D
will be a disk in the xz-plane. This disk will come from the front of the solid and we can determine the
equation of the disk by setting the elliptic paraboloid and the plane equal.

2x* +2z° =8 = xX>+z=4

This region, as well as the integrand, both seems to suggest that we should use something like polar
coordinates. However, we are in the xz-plane and we’ve only seen polar coordinates in the xy-plane.
This is not a problem. We can always “translate” them over to the xz-plane with the following
definition.

x=rcosl z=rsinf

Since the region doesn’t have y’s we will let z take the place of y in all the formulas. Note that these

definitions also lead to the formula,

X +zi=r

With this in hand we can arrive at the limits of the variables that we’ll need for this integral.
2x* +2z°<y<8
0<r<2
0<0<L2x

The integral is then,

© 2018 Paul Dawkins http://tutorial. math.lamar.edu



Calculus 11l 196

[V 37" ar = j [

Jj( 3x? +3z
_Hm (2% +22%)) dd

Now, since we are going to do the double integral in polar coordinates let’s get everything converted
over to polar coordinates. The integrand is,

3(x7 +27) (8-(247 +222)):\/37(8—2r2)
=~/3 r(8-2r7)

:\/5(81”—27/3)

3x +32° d ]dA

dA

2x 222

The integral is then,

m V32 +322dV = Hﬁ (8r—2r°)d4
:ﬁfzﬁjz (87=2r")rdrdo
2 2
- J 53
—\/_Jhﬁda
256\/—7r

15

do

0
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Section 4-6 : Triple Integrals in Cylindrical Coordinates

In this section we want do take a look at triple integrals done completely in Cylindrical Coordinates.
Recall that cylindrical coordinates are really nothing more than an extension of polar coordinates into
three dimensions. The following are the conversion formulas for cylindrical coordinates.

x=rcosf y=rsinf z=z
In order to do the integral in cylindrical coordinates we will need to know what dV will become in terms

of cylindrical coordinates. We will be able to show in the Change of Variables section of this chapter
that,

| dV =rdzdrd@

The region, E, over which we are integrating becomes,
E= {(x,y,z) [(x,y)eD, u(x,y)<z<u, (x,y)}
={(r.0.2)|a<0< B, h(0)<r<h/(6), u,(rcos,rsinf)<z<u,(rcosd,rsinb)}|

Note that we’ve only given this for E’s in which D is in the xy-plane. We can modify this accordingly if D
is in the yz-plane or the xz-plane as needed.

In terms of cylindrical coordinates a triple integral is,

[[£Gy.z)ar =[” j:((;;) [ (1 cos 0, rsin 0, 2) dz dr dO
E 1

u(rcos,rsind)

Don’t forget to add in the r and make sure that all the x’s and y’s also get converted over into cylindrical
coordinates.

Let’s see an example.

Example 1 Evaluate IHde where E is the region that lies below the plane z = x+ 2 above the
E
xy-plane and between the cylinders x° +y2 =1and x° +y2 =4,

Solution

There really isn’t too much to do with this one other than do the conversions and then evaluate the
integral.

We'll start out by getting the range for z in terms of cylindrical coordinates.
0<z<x+2 = 0<z<rcosfd+2
Remember that we are above the xy-plane and so we are above the plane z=0
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Next, the region D is the region between the two circles xt+ y2 =1and x* + y2 =4 in the xy-plane

and so the ranges for it are,
0<0<L2rx 1<r<2

Here is the integral.

”_[y dv = IOZH Lz J.Orcosaﬂ(rsin 6’) rdzdrd@
E
= IZﬂjzrz sin@(rcos@+2)drd6

_Izﬁ —r sin(20)+2r’sin @ dr d@

2z 2
= (lr4 sin(29)+zr3 sin 6)
. 8 3

1

do

2z
:J 1—Ssin(29)+—4sm0d€
o 8 3
2r

(—Ecos (20) —ﬂcos 6’)
16 3

0

0

Just as we did with double integral involving polar coordinates we can start with an iterated integral in
terms of x, y, and z and convert it to cylindrical coordinates.

1 «ll—yz J)c2+)/2

Example 2 Convert I IO I , xyzdzdxdy into an integral in cylindrical coordinates.
-1 X“+y

Solution

Here are the ranges of the variables from this iterated integral.

-1<y<l1
0<x<41-y°
x2+y2£Z£\/x2+y2

The first two inequalities define the region D and since the upper and lower bounds for the x’s are

=4/1 —y2 and x =0 we know that we’ve got at least part of the right half a circle of radius 1
centered at the origin. Since the range of y’sis —1 < y <1 we know that we have the complete right
half of the disk of radius 1 centered at the origin. So, the ranges for D in cylindrical coordinates are,

Tep<Z
2 2
0<r<li

All that’s left to do now is to convert the limits of the z range, but that’s not too bad.
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rP<z<r
On a side note notice that the lower bound here is an elliptic paraboloid and the upper bound is a
cone. Therefore, E is a portion of the region between these two surfaces.

The integral is,

1 A l—y2 «lx2+y2
I—I-[O J.x2+y2

xyz dz dx dy :Iﬂ/z I; .[;2 r(rcos@)(rsin@)zdzdrdo

-7/2

= [ ([ 2 cos Osin 0 dzdr a6

-r/2
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Section 4-7 : Triple Integrals in Spherical Coordinates

In the previous section we looked at doing integrals in terms of cylindrical coordinates and we now need
to take a quick look at doing integrals in terms of spherical coordinates.

First, we need to recall just how spherical coordinates are defined. The following sketch shows the
relationship between the Cartesian and spherical coordinate systems.

=

(xx.2)=(0.0.9)

Here are the conversion formulas for spherical coordinates.

x= psingpcosf y = psin@sin @ Z=pCosSQ

X4yt =p’

We also have the following restrictions on the coordinates.
p=0 0<p=<rxm

For our integrals we are going to restrict E down to a spherical wedge. This will mean that we are going
to take ranges for the variables as follows,

as<p<b
a<
OL@p<y

Here is a quick sketch of a spherical wedge in which the lower limit for both p and ¢ are zero for
reference purposes. Most of the wedges we’ll be working with will fit into this pattern.
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From this sketch we can see that E is nothing more than the intersection of a sphere and a cone and
generally will represent a shape that is reminiscent of an ice cream cone.

In the next section we will show that

dV = p’sinpdpdfde

Therefore, the integral will become,

j”f(x,y,z)deIijjjpz sing f'(psingcosd, psingsind, pcosp)dpdfdp
E

This looks bad but given that the limits are all constants the integrals here tend to not be too bad.

Example 1 Evaluate .[”162 dV where E is the upper half of the sphere x* +y2 +z° =1.
E

Solution
Since we are taking the upper half of the sphere the limits for the variables are,
0<p<l1
0<0<L2x
V4
0<p<—
¢ 2

The integral is then,
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[fi6zav =[ 2 2" [\ p*sinp(16pcosp)dpdodg
E

= I§J02”I;8p3 sin(2¢)dpdOde
:jfjoz”zsin(zgo)ded(p

= [ 2 47sin(20)dg

V4

=-27cos (2(0)|05

=4r

Example 2 Evaluate Jﬂzde where E is above x’ er2 +z* =4, inside the cone (pointing
E

upward) that makes an angle of 5 with the negative z-axis and has x < 0.

Solution

First, we need to take care of the limits. The region E is basically an upside down ice cream cone that
has been cut in half so that only the portion with x <0 remains. Therefore, because we are inside a
portion of a sphere of radius 2 we must have,

0<p<2

For ¢ we need to be careful. The problem statement says that the cone makes an angle of 5 with
the negative z-axis. However, remember that ¢ is measured from the positive z-axis. Therefore, the
2z

first angle, as measured from the positive z-axis, that will “start” the cone will be ¢ == and it goes
to the negative z-axis. Therefore, we get the following limits for ¢ .

Finally, for the @ we can use the fact that we are also told that x <0 . This means we are to the left
of the y-axis and so the range of € must be,

RY/4

o<t
2 2

Now that we have the limits we can evaluate the integral.
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J}[J‘zde = J-{;J.;fﬂIi(pcos¢)(psingocos€)p2 sinpdpdfde

r p3Z 62
=J.2,,J.ﬁ2j p*cospsin® pcos@dpdfde
ERE

rT 3
232 )
= '[2 3?cosgosmz(pcosé?dé?d(p
2z

J~«l18—x2—y2

3 0937
Example 3 Convert IO JO g e x* +y* + 2" dzdxdy into spherical coordinates.
X +y

Solution
Let’s first write down the limits for the variables.
0<y<3

0<x<4/9-y?

The range for x tells us that we have a portion of the right half of a disk of radius 3 centered at the
origin. Since we are restricting y’s to positive values it looks like we will have the quarter disk in the
first quadrant. Therefore, since D is in the first quadrant the region, E, must be in the first octant and
this in turn tells us that we have the following range for @ (since this is the angle around the z-axis).

0<o<Z
2

Now, let’s see what the range for z tells us. The lower bound, z = Jxi+ y2 , is the upper half of a
cone. At this point we don’t need this quite yet, but we will later. The upper bound,

z=4/18—x" —y2 , is the upper half of the sphere,

X'+’ +z° =18
and so from this we now have the following range for p

0<p<+18=32

Now all that we need is the range for @ . There are two ways to get this. One is from where the cone

and the sphere intersect. Plugging in the equation for the cone into the sphere gives,
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Note that we can assume z is positive here since we know that we have the upper half of the cone
and/or sphere. Finally, plug this into the conversion for z and take advantage of the fact that we

know that p = 3\/5 since we are intersecting on the sphere. This gives,

pcosp =3
3\/§cos¢>:3
22 4

So, it looks like we have the following range,

T
0<p<—
=%

The other way to get this range is from the cone by itself. By first converting the equation into

cylindrical coordinates and then into spherical coordinates we get the following,
z=r

L COSQ = psing

l=tang = Q=

NG

So, recalling that p2 =x"+ y2 + Zz, the integral is then,

[ j” [ st +y2+22dzdxdy:foﬁ/4jz/zfsﬁp4sin¢dpd9d¢

X+y
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Section 4-8 : Change of Variables

Back in Calculus | we had the substitution rule that told us that,

jjf(g(X))g’(x)dx=Ldf(u)du where u=g(x)

In essence this is taking an integral in terms of x’s and changing it into terms of u’s. We want to do
something similar for double and triple integrals. In fact we’ve already done this to a certain extent
when we converted double integrals to polar coordinates and when we converted triple integrals to
cylindrical or spherical coordinates. The main difference is that we didn’t actually go through the details
of where the formulas came from. If you recall, in each of those cases we commented that we would
justify the formulas for dA and dV eventually. Now is the time to do that justification.

While often the reason for changing variables is to get us an integral that we can do with the new
variables, another reason for changing variables is to convert the region into a nicer region to work with.
When we were converting the polar, cylindrical or spherical coordinates we didn’t worry about this
change since it was easy enough to determine the new limits based on the given region. That is not
always the case however. So, before we move into changing variables with multiple integrals we first
need to see how the region may change with a change of variables.

First, we need a little terminology/notation out of the way. We call the equations that define the
change of variables a transformation. Also, we will typically start out with a region, R, in xy-coordinates
and transform it into a region in uv-coordinates.

Example 1 Determine the new region that we get by applying the given transformation to the

region R.
2

(a) R is the ellipse x° +§—6 =1 and the transformation is x :%, y=3v.

4
(b) Ris the region bounded by y =-x+4, y=x+1, and yzg—g and the

transformation is x = %(u + v) , ¥ = %(u —v).

Solution
2

(a) Riis the ellipse x° +§—6 =1 and the transformation is x = % , y=3v.

There really isn’t too much to do with this one other than to plug the transformation into the
equation for the ellipse and see what we get.

35

ut N’
—t—=1
4 36

u' +v' =4
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So, we started out with an ellipse and after the transformation we had a disk of radius 2.

4
(b) R is the region bounded by y =—x+4, y=x+1,and y =§—§ and the transformation is
= (utv), y=—(u-v).
2 2

As with the first part we’ll need to plug the transformation into the equation, however, in this case we
will need to do it three times, once for each equation. Before we do that let’s sketch the graph of the
region and see what we’ve got.

(-2.-3)

So, we have a triangle. Now, let’s go through the transformation. We will apply the transformation
to each edge of the triangle and see where we get.

Let’sdo y =—x+4 first. Plugging in the transformation gives,

1 1
E(u—v):—a(u+v)+4
Uu—-v=-u—-v+8
2u=28
u=4

The first boundary transforms very nicely into a much simpler equation.

Now let’s take a look at y =x+1,
1 1
—(u—v)=—=(u+v)+1
Hum)=2 ()
U—v=u+v+2
—2v=2

v=-1
Again, a much nicer equation that what we started with.
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Finally, let’s transform y =% —4.
1 1(1 4
—(\u—v)=—|—(u+v)|——=
S =335

3u-3v=u+v-8

4v=2u+8
v:£+2
2

So, again, we got a somewhat simpler equation, although not quite as nice as the first two.

Let’s take a look at the new region that we get under the transformation.

|
\*1
|
J=
9]
I
=

(~6,-1) v=-1 (4,-1)

We still get a triangle, but a much nicer one.

Note that we can’t always expect to transform a specific type of region (a triangle for example) into the
same kind of region. It is completely possible to have a triangle transform into a region in which each of
the edges are curved and in no way resembles a triangle.

Notice that in each of the above examples we took a two dimensional region that would have been
somewhat difficult to integrate over and converted it into a region that would be much nicer in integrate
over. As we noted at the start of this set of examples, that is often one of the points behind the
transformation. In addition to converting the integrand into something simpler it will often also
transform the region into one that is much easier to deal with.

Before proceeding with the next topic let’s address another point. On occasion, we will also need to
know the range of u and/or v for each of the new equations we get from the transformation. We didn’t
need that for the two examples above and it is not something that we will often need. However, it can

help on occasion in determining the new region.

So, let’s work a quick example to see how we do that.
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4
Example 2 For the region bounded by y =—x+4, y=x+1,and y = X_2 andthe

1 1
transformation x = E(Ll + v) , Y= E(u —v) determine the ranges of u and v for each of the new

equations from the transformation.
Solution
Okay, we already know what the new region looks like and what the new equations are from

the previous example. So, here is a quick review of the transformation of each of the original
equations.

y=—x+4 = u=4

y=x+1 = v=-1
x 4 u
y==—-= = v=—+2
3 3 2

Here is the new region we get under the transformation.

4k [4"‘4)
a4
=494
| | N
_74 2 )
(~6,-1) v=-1 (4,-1)

Note, that, in this case, we could determine the range of u and v for each equation from the sketch
above. However, in cases where we might actually need the ranges that is usually not an option as
we often need the ranges for u and/or v to get an accurate sketch of the new region.

So, let’s now actually start working the problem.
Let’s start with the equation u =4 . First, we don’t need a “range” of u’s here as equation makes it
pretty clear we have a single value of u, namely u =4. So, let’s determine the range of v's we should

get.

Let’s start with the x transformation and plug in the knows value of u for this equation. That gives,
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x:%(u+v):%(4+v)

Now, we know that the range of x’s for the original equation, y =—x+4, are %S x<4. Wealso

know from above what x is in terms of v, so plug that into this range and do a little manipulation as
follows,

IN

N | W
AN o] — W

(%)

So, the range of V's for u =4 must be —1 <v <4, which nicely matches with what we would expect
from the graph of the new region.

Note that we could just as easily used the y transformation and y range for the original equation and
gotten the same result.

Okay, let’s now move onto v =—1 and we won’t put in quite as much explanation for this part.

First, we don’t need a range of v for this because we clearly have just a single value of v. So, to get

the range of u let’s again start with the x transformation, plug v =—1 in that and then use the range
of x’s from the original equation, y =x+1.

Here is that work.

So, the range of u for v=—1 is —6 <u <4 which, again, matches up with what we see on the graph.
Also note that once again, we could have used the y ranges to do this work.

Finally, let’s find the range of u and v for v =4+2. This time let’s use the y transformation so we can

say we used that in one these. So, we’ll start with the range of y’s for the original equation, y = %—%
, plug in the y transformation and then plug in for v. Doing this gives,
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So, again we get the range of u’s we expect to get from the graph. Once we have those the
appropriate range of v can be found from the equation itself as follows,

Basically, start with the range of u’s and “build up” the equation for the side and we get the range of
Vv's for this side.

So, we now know how to get ranges of u and/or v for new equations under a transformation. However,
this is not something that is done terribly often but it is a useful skill to have in case it does arise
somewhere.

Now that we’ve seen a couple of examples of transforming regions we need to now talk about how we
actually do change of variables in the integral. We will start with double integrals. In order to change
variables in a double integral we will need the Jacobian of the transformation. Here is the definition of
the Jacobian.

Definition
The Jacobian of the transformation x = g(u,v) , V= h(u,v) is
Ox Ox
o(x,y) |ou ov
owv) | &
ou Ov

The Jacobian is defined as a determinant of a 2x2 matrix, if you are unfamiliar with this that is okay.
Here is how to compute the determinant.
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a b‘
=ad —bc
d

C

Therefore, another formula for the determinant is,
ax o
5(%)’)_ ou Ov ga_y_a_xﬁ_y

8(u,v)_6_y QY| Oudv Ovou
ou Ov

Now that we have the Jacobian out of the way we can give the formula for change of variables for a
double integral.

Change of Variables for a Double Integral

Suppose that we want to integrate f(x,y) over the region R. Under the transformation

xX= g(u,v) , V= h(u,v) the region becomes S and the integral becomes,

s “WA=ﬂf<g<u,v>,h<u,v>> ox7)

dA

a(u,v)

Note that we use dA in the u/v integral above to denote that it will be in terms of du and dv once we
convert to two single integrals rather than the dx and dy we are used to using for dA. This is notational
only and we generally just use dA for both and just make sure to remember that the “new” dA is in
terms of du and dv.

Also note that we are taking the absolute value of the Jacobian.

If we look just at the differentials in the above formula we can also say that

o(x,)

6(u,v)

Example 3 Show that when changing to polar coordinates we have d4 =rdrd@

dA = dA

Solution
So, what we are doing here is justifying the formula that we used back when we were integrating with
respect to polar coordinates. All that we need to do is use the formula above for dA.

The transformation here is the standard conversion formulas,
x=rcos6f y=rsiné

The Jacobian for this transformation is,
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ox Ox
o(x,y) |or 06
o000 o o
or 06
cos@ —rsinf

sind rcos@
=rcos’ 6’—(—r sin’ 6’)
= r(cos2 6 +sin’ 0)
=r

We then get,

dAz‘a(x’y)

6(r,0)

drd@=|r|drd6=rdrdo

So, the formula we used in the section on polar integrals was correct.

Now, let’s do a couple of integrals.

Example 4 Evaluate ﬂx + ydA where R is the trapezoidal region with vertices given by (0,0) ,
R

(5,0), (%,%) and (%,—%) using the transformation x =2u+3v and y =2u—3v.

Solution
First, let’s sketch the region R and determine equations for each of the sides.
¥
ik 305
(3.3)
=
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Each of the equations was found by using the fact that we know two points on each line (i.e. the two
vertices that form the edge).

While we could do this integral in terms of x and y it would involve two integrals and so would be
some work.

Let’s use the transformation and see what we get. We'll do this by plugging the transformation into
each of the equations above.

Let’s start the process off with y =x.

2u—3v=2u+3v
6v=0
v=0

Transforming y = —x is similar.
2u-3v= —(2u+3v)
4u=0
u=0

Next, we’ll transform y=—x+35.
2u—3v:—(2u+3v)+5
4u=>5
5
Uu=—
4
Finally, let’s transform y=x-5.
2u-3v=2u+3v-5
—6v=-5
V==
6
The region S is then a rectangle whose sides are givenby u =0, v=0, u :% and v :% and so the

ranges of u and v are,

OSuSi OSvSé
4 6
Next, we need the Jacobian.
o(x, 2 3
(x.7) _ =—6-6=—-12
6(u,v) 2 3

The integral is then,

© 2018 Paul Dawkins http://tutorial. math.lamar.edu



Calculus 11l 214

”x+ydA= (‘J-Of‘((2u+3v)+(2u—3v))|—12|dudv
R v 0

r'% 3

= I448ududv

J 0 0

5

= f624u2|§ dv
0

Example 5 Evaluate ” X —xy+y2 dA where R is the ellipse given by x* —xy+y2 <2 and using

R
the transformation x:\/zu—\/%v, y:\/zu+\/%v.

Solution
Before we proceed with this problem. Let’s do a quick graph of the boundary of the region R. We
claimed that it is an ellipse, but is clearly not in “standard” form. Here is the boundary of R.

¥

-

b2 =

-
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So, it is an ellipse, just one that is at an angle rather than symmetric about the x and y-axis as we are
used to dealing with.

Also, note that we used “< 2” when “defining” R to make it clear that we are using both the actual
ellipse itself as well as the interior of the ellipse for R.

Okay, let’s proceed with the problem.

The first thing to do is to plug the transformation into the equation for the ellipse to see what the
region transforms into.

2=x"—xyp+)’

=2u’ —%uv+§v2 —(2u2 —%v2j+2u2 +%uv+§v2

=2u’ +20°

Or, upon dividing by 2 we see that the equation describing R transforms into
u +v' =1
or the unit circle. Again, this will be much easier to integrate over than the original region.

Note as well that we’ve shown that the function that we’re integrating is

X —xy+y° :2(u2 +v2)
in terms of u and v so we won’t have to redo that work when the time to do the integral comes
around.

Finally, we need to find the Jacobian.

2
+—=

2. 2 _4
V3 BB

The integral is then,

4| —
2 2 2 2
X —xy+y dA :JJ2 u +v —‘dA
] vk
S
Before proceeding a word of caution is in order. Do not make the mistake of substituting

x —nyry2 =2 or u” +v* =1 in for the integrand. These equations are only valid on the boundary

of the region and we are looking at all the points interior to the boundary as well and for those points
neither of these equations will be true!
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At this point we’ll note that this integral will be much easier in terms of polar coordinates and so to
finish the integral out will convert to polar coordinates.

ijz—xy+y2 dAzﬂz(u2+v2)

S
8 271'1 )
=— ro)rdrd@
\/gfo IO( )
2z
81 1.
V3), 4
8 (1
=— —do
ﬁjo 4
47

E

Let’s now briefly look at triple integrals. In this case we will again start with a region R and use the

4| -
—|dA
A

1
do
0

transformation x = g(u,v, w), y= h(u,v, w) ,and z= k(u,v, w) to transform the region into the

new region S. To do the integral we will need a Jacobian, just as we did with double integrals. Here is
the definition of the Jacobian for this kind of transformation.

ox Ox Ox
ou oOv ow
o(xy7) |y &
8(u,v, w) lou ov ow
0z 0Oz Oz

u ov ow

In this case the Jacobian is defined in terms of the determinant of a 3x3 matrix. We saw how to evaluate
these when we looked at cross products back in Calculus II. If you need a refresher on how to compute
them you should go back and review that section.

The integral under this transformation is,

jyf(x,y,z)dv=Jﬂf(g(u,v,w),h(u,v,w),k(u,v,w))

S

a(x, y,z) A7

6(u,v,w

As with double integrals we used dV inthe u/v/w integral above to remind ourselves that we will need
to use du, dv and dw when converting to single integrals. Again, this is just notation and is usually
written as just dV.

We can look at just the differentials and note that we must have
o(x,,2)

a(u,v, w)

dV = dv
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We're not going to do any integrals here, but let’s verify the formula for dV for spherical coordinates.

Example 6 Verify that dV = p*>sinpd pd@d¢p when using spherical coordinates.

Solution
Here the transformation is just the standard conversion formulas.
x = psingcosd y = psin@sind Z=,pCoSQ
The Jacobian is,
sinpcosf —psingsind pcos@cosd
o(x,y,z)

————~—=[singsind psinpcosd pcospsinf
o(p.0,0) .
cos @ 0 —psin@

=—p’sin’ pcos’ @— p* sinpcos’ psin® @+ 0

—p’sin’ gsin® @—0— p’ sinpcos” pcos’ O
=—p’sin’ go(cos2 0 +sin’ 9)—,02 sin ¢ cos’ go(sin2 0 +cos’ 9)
=—p’sin’ p— p’singcos’ @
=—p’sin gp(sin2 @ +cos’ qo)
=—p’sing
Finally, dV becomes,

aW=|—,02 sin(p|d,0d¢9a’(p=p2 sinpdpdf@de

Recall that we restricted ¢ to the range 0 < @ < 7 for spherical coordinates and so we know that
sin@ > 0 and so we don’t need the absolute value bars on the sine.

We will leave it to you to check the formula for dV for cylindrical coordinates if you’d like to. It is a much
easier formula to check.
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Section 4-9 : Surface Area

In this section we will look at the lone application (aside from the area and volume interpretations) of
multiple integrals in this material. This is not the first time that we’ve looked at surface area We first
saw surface area in Calculus I, however, in that setting we were looking at the surface area of a solid of
revolution. In other words, we were looking at the surface area of a solid obtained by rotating a
function about the x or y axis. In this section we want to look at a much more general setting although
you will note that the formula here is very similar to the formula we saw back in Calculus II.

Here we want to find the surface area of the surface given by z = f(x,y) where (x,y) is a point from

the region D in the xy-plane. In this case the surface area is given by,

S:fj\/[fx]z+[fy]2+ldA

Let’s take a look at a couple of examples.

Example 1 Find the surface area of the part of the plane 3x+2y + z = 6 that lies in the first octant.

Solution
Remember that the first octant is the portion of the xyz-axis system in which all three variables are

positive. Let’s first get a sketch of the part of the plane that we are interested in.
N

We'll also need a sketch of the region D.
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Remember that to get the region D we can pretend that we are standing directly over the plane and
what we see is the region D. We can get the equation for the hypotenuse of the triangle by realizing
that this is nothing more than the line where the plane intersects the xy-plane and we also know that
z =0 on the xy-plane. Plugging z =0 into the equation of the plane will give us the equation for the
hypotenuse.

Notice that in order to use the surface area formula we need to have the function in the form

z= f(x,y) and so solving for z and taking the partial derivatives gives,

z=6-3x-2y f.=-3 f,=-2

The limits defining D are,

0<x<2 0Sy£—%x+3

The surface area is then,

S=[[{[3] +[-2] +144
D
2 —Ex+3
SRR
= \/ﬁj.oz—%er:%dx
= \/ﬁ(—%xz +3xj
=314

2
0
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Example 2 Determine the surface area of the part of z = xy that lies in the cylinder given by

x*+y° =1.

Solution
In this case we are looking for the surface area of the part of z = xy where (x,y) comes from the

disk of radius 1 centered at the origin since that is the region that will lie inside the given cylinder.

Here are the partial derivatives,

The integral for the surface area is,

S=[[Jx*+y*+1d4
D

Given that D is a disk it makes sense to do this integral in polar coordinates.

S:J‘J‘\/x2+y2+ldA
D
j;”jolr\/urz drdo

1

r2r

- 0 %(%}(Hﬁ);

do

0
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Section 4-10 : Area and Volume Revisited

This section is here only so we can summarize the geometric interpretations of the double and triple
integrals that we saw in this chapter. Since the purpose of this section is to summarize these formulas
we aren’t going to be doing any examples in this section.

We'll first look at the area of a region. The area of the region D is given by,

Area of D = ”dA
D

Now let’s give the two volume formulas. First the volume of the region E is given by,

Volume of E = IﬂdV
E

Finally, if the region E can be defined as the region under the function z = f(x,y) and above the

region D in xy-plane then,

Volume of E = .Uf(x,y) dA
D

Note as well that there are similar formulas for the other planes. For instance, the volume of the region
behind the function y = f(x,z) and in front of the region D in the xz-plane is given by,

Volume of E = ”f(x,z) dA
D

Likewise, the the volume of the region behind the function x = f(y,z) and in front of the region D in

the yz-plane is given by,

Volume of E = ”f(y,z) dA
D
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Chapter 5 : Line Integrals

In this section we are going to start looking at Calculus with vector fields (which we’ll define in the first
section). In particular we will be looking at a new type of integral, the line integral and some of the
interpretations of the line integral. We will also take a look at one of the more important theorems
involving line integrals, Green’s Theorem.

Here is a listing of the topics covered in this chapter.

Vector Fields — In this section we introduce the concept of a vector field and give several examples of
graphing them. We also revisit the gradient that we first saw a few chapters ago.

Line Integrals — Part | — In this section we will start off with a quick review of parameterizing curves. This
is a skill that will be required in a great many of the line integrals we evaluate and so needs to be
understood. We will then formally define the first kind of line integral we will be looking at : line
integrals with respect to arc length.

Line Integrals — Part Il — In this section we will continue looking at line integrals and define the second
kind of line integral we’ll be looking at : line integrals with respect to x, y, and/or z. We also introduce
an alternate form of notation for this kind of line integral that will be useful on occasion.

Line Integrals of Vector Fields — In this section we will define the third type of line integrals we’ll be
looking at : line integrals of vector fields. We will also see that this particular kind of line integral is
related to special cases of the line integrals with respect to x, y and z.

Fundamental Theorem for Line Integrals — In this section we will give the fundamental theorem of
calculus for line integrals of vector fields. This will illustrate that certain kinds of line integrals can be
very quickly computed. We will also give quite a few definitions and facts that will be useful.

Conservative Vector Fields — In this section we will take a more detailed look at conservative vector
fields than we’ve done in previous sections. We will also discuss how to find potential functions for
conservative vector fields.

Green’s Theorem — In this section we will discuss Green’s Theorem as well as an interesting application
of Green’s Theorem that we can use to find the area of a two dimensional region.
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Section 5-1 : Vector Fields

We need to start this chapter off with the definition of a vector field as they will be a major component
of both this chapter and the next. Let’s start off with the formal definition of a vector field.

Definition

A vector field on two (or three) dimensional space is a function F that assigns to each point (x,y)

(or (x,y,z)) a two (or three dimensional) vector given by F’(x,y) (or F’(x, y,z) ).

That may not make a lot of sense, but most people do know what a vector field is, or at least they’ve
seen a sketch of a vector field. If you've seen a current sketch giving the direction and magnitude of a
flow of a fluid or the direction and magnitude of the winds then you’ve seen a sketch of a vector field.

The standard notation for the function F is,
F(x,y)=P(x,»)i +Q(x,y)]

F’(x,y,z) = P(x,y,z)?+Q(x,y,z)]+R(x,y,z)l;
depending on whether or not we’re in two or three dimensions. The function P, Q, R (if it is present) are
sometimes called scalar functions.

Let’s take a quick look at a couple of examples.

Example 1 Sketch each of the following vector fields.
(a) ﬁ(x,y) =—yi+xJ
(b) F’(x,y,z) = 2x17—2yj—2xl€

Solution

(a) ﬁ’(x,y) = —yl7 +xj

Okay, to graph the vector field we need to get some “values” of the function. This means plugging in
some points into the function. Here are a couple of evaluations.

Il 17,15
22)" 72"
(11 Ne 15 1. 1.
o B ) S S S
2 2] (2) 2/ 72 T

Iz E,l]=_l;+§j

So, just what do these evaluations tell us? Well the first one tells us that at the point (%,%) we will
1

plot the vector —%17 +%j Likewise, the third evaluation tells us that at the point (%’Z we will plot

3-
l+7].

the vector —+
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of the vector field.

If we want significantly more points plotted, then it is usually best to use a computer aided graphing

system such as Maple or Mathematica. Here is a sketch with many more vectors included that was
generated with Mathematica.

¥
//’f’_,_,f__,g__.._uax\\‘\
K/‘/{______,__._-._-.'-h‘x‘\:::

.’_._____-.\-_\\\
A0 PONNNNN
‘r;;;r--l"_““‘h‘h“"
R L T
A P T L T
'i — . PRI N S
Ji?ll.l.-n_l-*~..-srr3

4 & ,,l.".'.'.l'
NN SRS
NN SO
::\\H_‘H_...-.-'z’//.f
H\\\HH"-""””{I/’/
\\\H,___,H__;_.__...ﬂ..-.-',-"f/

(b) F(x,y,z)=2x17—2yj—2x/€

In the case of three dimensional vector fields it is almost always better to use Maple, Mathematica, or
some other such tool. Despite that let’s go ahead and do a couple of evaluations anyway.

F(1,-3,2)=27 +6j -2k
F(0,53)=-107

We can continue in this fashion plotting vectors for several points and we’ll get the following sketch
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Notice that z only affects the placement of the vector in this case and does not affect the direction or
the magnitude of the vector. Sometimes this will happen so don’t get excited about it when it does.

Here is a couple of sketches generated by Mathematica. The sketch on the left is from the “front”
and the sketch on the right is from “above”.

x ¥

4 2 0 2 4 4 9 0 2 —4

4|T_"—~—\.|_.__ _u-!' e = 4 - Jf'rzzr-'_, I"lll l‘\"__ Tg
L TANY FRTI T
, ; TR e
fifhmélj kaae

z ok abies

-

Now that we’ve seen a couple of vector fields let’s notice that we’ve already seen a vector field function.
In the second chapter we looked at the gradient vector. Recall that given a function f(x,y,z) the
gradient vector is defined by,

VS =(fu S )

This is a vector field and is often called a gradient vector field.

In these cases, the function f(x,y,z) is often called a scalar function to differentiate it from the vector
field.

Example 2 Find the gradient vector field of the following functions.
(@) f(x,y)=x"sin(5y)
®) f(x,y,z)=ze™

Solution

(@) f(x,y)=x"sin(5y)

Note that we only gave the gradient vector definition for a three dimensional function, but don’t

forget that there is also a two dimension definition. All that we need to drop off the third component
of the vector.

Here is the gradient vector field for this function.
Vf = <2xsin(5y),5x2 cos(Sy)>
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(b) f(x,y,z)=ze™

There isn’t much to do here other than take the gradient.
Vf = <— yze ™ —xze "V, eV >

Let’s do another example that will illustrate the relationship between the gradient vector field of a
function and its contours.

Example 3 Sketch the gradient vector field for f(x,y) =x" 4+ y* as well as several contours for

this function.
Solution
Recall that the contours for a function are nothing more than curves defined by,

f(x,y) =k
for various values of k. So, for our function the contours are defined by the equation,
x’+y =k

and so they are circles centered at the origin with radius \/E

Here is the gradient vector field for this function.
Vf(x,y) = 2xz7+2y]’

Here is a sketch of several of the contours as well as the gradient vector field.
¥

SNAANANYYyr PSS
SONNON NV A e A S S
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M\‘x\\\!ﬁ_!)‘f,-’ff..-“
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-"-\."—n‘\.‘.‘!\.\i.l_(!'.fﬂrr.r".:—"
] 1 1 1 1 L. x
—3‘_. .4_:# ‘—1‘ s . tlt *lh_ .__3._,
e e S A0 1 S T B i e
P S N B | R e T
BT e e e B T T T
R e e R e R T S O T W
A A A A AN
A L B T T T e

Notice that the vectors of the vector field are all orthogonal (or perpendicular) to the contours. This will
always be the case when we are dealing with the contours of a function as well as its gradient vector
field.
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The k’s we used for the graph above were 1.5, 3, 4.5, 6, 7.5, 9, 10.5, 12, and 13.5. Now notice that as we
increased k by 1.5 the contour curves get closer together and that as the contour curves get closer
together the larger the vectors become. In other words, the closer the contour curves are (as k is
increased by a fixed amount) the faster the function is changing at that point. Also recall that the
direction of fastest change for a function is given by the gradient vector at that point. Therefore, it
should make sense that the two ideas should match up as they do here.

The final topic of this section is that of conservative vector fields. A vector field F iscalled a

conservative vector field if there exists a function f* such that F = Vf.If F is a conservative vector
field then the function, f, is called a potential function for F.

All this definition is saying is that a vector field is conservative if it is also a gradient vector field for some
function.

For instance the vector field £ = yi+xJ isaconservative vector field with a potential function of
f(x,y) =xy because Vf = <y,x>.

On the other hand, F = —yi + xj' is not a conservative vector field since there is no function f such

that F = Vf . If you're not sure that you believe this at this point be patient, we will be able to prove

this in a couple of sections. In that section we will also show how to find the potential function for a
conservative vector field.
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Section 5-2 : Line Integrals - Part |

In this section we are now going to introduce a new kind of integral. However, before we do that it is
important to note that you will need to remember how to parameterize equations, or put another way,
you will need to be able to write down a set of parametric equations for a given curve. You should have
seen some of this in your Calculus Il course. If you need some review you should go back and review
some of the basics of parametric equations and curves.

Here are some of the more basic curves that we’ll need to know how to do as well as limits on the
parameter if they are required.

Curve Parametric Equations
Counter-Clockwise Clockwise
x_2 y_z_l x=acos(t) x=acos(t)
a’ b’ y =bsin(¢) y =—bsin(¢)
(Ellipse)
0<t<L2x 0<t<L2x
Counter-Clockwise Clockwise
X +y =7 x=rcos(t) x=rcos(t)
(Circle) y=rsin(t) y=—rsin(t)
0<tL2rx 0<tL2rx
y=f(x) e
y=r(t)
x=g(») x=g(t)
y=t

F(t):(l—t)<x0,y0,zo>+t<x1,y1,zl> ,0<r<1

Line Segment From or
(xo,yo,zo) to (xl,yl,zl) )C=(1—t))co+l‘x1
y=(1-t)y,+ty, , 0<t<l
Z=(1—t)zO +1z,

With the final one we gave both the vector form of the equation as well as the parametric form and if
we need the two-dimensional version then we just drop the zcomponents. In fact, we will be using the
two-dimensional version of this in this section.
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For the ellipse and the circle we’ve given two parameterizations, one tracing out the curve clockwise
and the other counter-clockwise. As we’ll eventually see the direction that the curve is traced out can,
on occasion, change the answer. Also, both of these “start” on the positive x-axis at  =0.

Now let’s move on to line integrals. In Calculus | we integrated f(x) , a function of a single variable,
over an interval [a,b] . In this case we were thinking of x as taking all the values in this interval starting
at a and ending at b. With line integrals we will start with integrating the function f(x,y), a function

of two variables, and the values of x and y that we’re going to use will be the points, (x,y), that lieon a

curve C. Note that this is different from the double integrals that we were working with in the previous
chapter where the points came out of some two-dimensional region.

Let’s start with the curve C that the points come from. We will assume that the curve is smooth (defined
shortly) and is given by the parametric equations,

x=h(t) y:g(t) a<t<h
We will often want to write the parameterization of the curve as a vector function. In this case the
curve is given by,

F(t)=h(t)i+g(1)j a<t<bh

The curve is called smooth if 17'(t) is continuous and F'(l) # 0 forall t.

The line integral of f(x,y) along Cis denoted by,
If(x,y)ds
C

We use a ds here to acknowledge the fact that we are moving along the curve, C, instead of the x-axis
(denoted by dx) or the y-axis (denoted by dy). Because of the ds this is sometimes called the line
integral of f with respect to arc length.

We've seen the notation ds before. If you recall from Calculus Il when we looked at the arc length of a
curve given by parametric equations we found it to be,

2 2
L= Ib ds , where ds = (ﬁj + (@j dt
a dt dt

It is no coincidence that we use ds for both of these problems. The ds is the same for both the arc
length integral and the notation for the line integral.

So, to compute a line integral we will convert everything over to the parametric equations. The line
integral is then,

b

(7= sr0.st0) %) (2 a

C

a
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Don’t forget to plug the parametric equations into the function as well.

If we use the vector form of the parameterization we can simplify the notation up somewhat by noticing

that,
IBEOELE

where ||17'(t)|| is the magnitude or norm of 77'(1). Using this notation, the line integral becomes,

[ Geopyds =[] 1 (n(e), 2 (0) |7 (1) e

C

Note that as long as the parameterization of the curve Cis traced out exactly once as t increases from a
to b the value of the line integral will be independent of the parameterization of the curve.

Let’s take a look at an example of a line integral.

Example 1 Evaluate Ixy4 ds where Cis the right half of the circle, x> + y* =16 traced out in a
C
counter clockwise direction.

Solution
We first need a parameterization of the circle. This is given by,
x =4cost y=4sint
We now need a range of t's that will give the right half of the circle. The following range of t's will do
this.

|
NN
IA
IA
NN

Now, we need the derivatives of the parametric equations and let’s compute ds.

ﬁ=—4sint ﬂ=4cost
dt dt

ds =\/16sin2t+l6cos2tdt=4dt

The line integral is then,
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J.xy4 ds = J._/Z/z24cost(4 sint)' (4)dr

C
= 4096I " cost sin® ¢ dt
-r/2

4096 . 5 |2
= s ¢

G
2

8192
5

Next we need to talk about line integrals over piecewise smooth curves. A piecewise smooth curve is
any curve that can be written as the union of a finite number of smooth curves, C,...,C, where the end

point of C; is the starting point of C,,,. Below is an illustration of a piecewise smooth curve.

¥
CIE
W
Cﬂ
— (:"1
X

Evaluation of line integrals over piecewise smooth curves is a relatively simple thing to do. All we do is
evaluate the line integral over each of the pieces and then add them up. The line integral for some

function over the above piecewise curve would be,

J.f(x,y)ds:If(x,y)ds+Jf(x,y)ds+jf(x,y)ds+If(x,y)ds

Let’s see an example of this.
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Example 2 Evaluate J‘4x3 ds where Cis the curve shown below.
C

¥
-
1 Chox=1
1 | 1
2 ~1 . 2 "
’t" cy=x -1
iy =-1 ,/"‘r 27
. - . —}
Solution
So, first we need to parameterize each of the curves.
C : x=t, y=-1, —-2<t<0
C,: x=t,y=t-1, 0<¢<1
C,: x=1 y=t, 0<r<L2

Now let’s do the line integral over each of these curves.

£4x3 ds = '[_024#1/(1)2 +(0) dt =j_°24r3 dt = t* : ~_16
[ 4xids= J14z34/(1)2 +(32) dr
G 0
=I014t3\/1+9t4 dt
1(2 s (8
=—(—j(1+9z4)2 :—[102—1j=2.268
913 27

0

[axtds=[ a1y J(0) +(1) de = 4dr =8

Finally, the line integral that we were asked to compute is,
J-4x3 ds = I4x3 ds + I 4x> ds + I 4x’ ds
c G G G
=—16+2.268+8
=-5.732
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Notice that we put direction arrows on the curve in the above example. The direction of motion along a
curve may change the value of the line integral as we will see in the next section. Also note that the

curve can be thought of a curve that takes us from the point (—2,—1) to the point (1,2) . Let’s first see

what happens to the line integral if we change the path between these two points.

Example 3 Evaluate I4x3 ds where Cis the line segment from (—2,—1) to (1,2).
C

Solution
From the parameterization formulas at the start of this section we know that the line segment

starting at (—2,—1) and ending at (1,2) is given by,

F(t)=(1-1)(-2,-1)+1(1,2)
=(-2+31,—1+3¢)
for 0 <t <1. This means that the individual parametric equations are,

Using this path the line integral is,

[4xids=[ a(-2+3)'\ox9ar
=1242 (%) (-2 +3¢)’

5

-1243(-2]

=-15J2 =-21.213

1
0

When doing these integrals don’t forget simple Calc | substitutions to avoid having to do things like
cubing out a term. Cubing it out is not that difficult, but it is more work than a simple substitution.

So, the previous two examples seem to suggest that if we change the path between two points then the
value of the line integral (with respect to arc length) will change. While this will happen fairly regularly
we can’t assume that it will always happen. In a later section we will investigate this idea in more detail.

Next, let’s see what happens if we change the direction of a path.

Example 4 Evaluate J‘4x3 ds where Cis the line segment from (1,2) to (—2,—1).
C

Solution
This one isn’t much different, work wise, from the previous example. Here is the parameterization of

the curve. F(t)=(1-1){1,2)+1({-2,-1)
(1-31,2-37)
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for 0 <t <1. Remember that we are switching the direction of the curve and this will also change
the parameterization so we can make sure that we start/end at the proper point.

Here is the line integral.

.[4x3 ds = _|.014(1—3t)3 J9+9dr
=1242(-3)(1-3)"

5

-1243(-3]

=-15J2 =-21.213

1
0

So, it looks like when we switch the direction of the curve the line integral (with respect to arc length)
will not change. This will always be true for these kinds of line integrals. However, there are other kinds
of line integrals in which this won’t be the case. We will see more examples of this in the next couple of
sections so don’t get it into your head that changing the direction will never change the value of the line
integral.

Before working another example let’s formalize this idea up somewhat. Let’s suppose that the curve C
has the parameterization x = h(t) , V= g(t) . Let’s also suppose that the initial point on the curve is A
and the final point on the curve is B. The parameterization x = h(t) , V= g(t) will then determine an

orientation for the curve where the positive direction is the direction that is traced out as t increases.
Finally, let —C be the curve with the same points as C, however in this case the curve has B as the initial
point and A as the final point, again t is increasing as we traverse this curve. In other words, given a
curve C, the curve —C is the same curve as C except the direction has been reversed.

We then have the following fact about line integrals with respect to arc length.

Fact

jf(x,y)dSZ_[ f(x,y)ds

C

So, for a line integral with respect to arc length we can change the direction of the curve and not change
the value of the integral. This is a useful fact to remember as some line integrals will be easier in one
direction than the other.

Now, let’s work another example
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Example 5 Evaluate jxds for each of the following curves.
C

(a C, cy=x>, —1<x<I1
(b) C,: The line segment from (—1,1) to (1,1).
(c) C,:The line segment from (1,1) to (—1,1).

Solution
Before working any of these line integrals let’s notice that all of these curves are paths that connect

the points (—1,1) and (1,1). Also notice that C; =—C, and so by the fact above these two should
give the same answer.

Here is a sketch of the three curves and note that the curves illustrating C, and C, have been

separated a little to show that they are separate curves in some way even though they are the same
line.

¥
= S — »
"'-\._\. C3 _."'l
\ 03k 4.-"
x 06
\ /
-.v-xl‘l‘ 0.4k ‘__,-"'I&_"l
1\ 02k /"/
1 I ) —— — - I L .
-1 -03 0. 03 1.

(a) Cl:y=x2, —-1<x<1

Here is a parameterization for this curve.
C:x=t y=t, -1<t<1

Here is the line integral.
1

[xds=] r1+ar a’t:%(l+4t2); =0

G -1
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(b) C,: The line segment from (—1,1) to (1,1) .

There are two parameterizations that we could use here for this curve. The first is to use the formula
we used in the previous couple of examples. That parameterization is,

C,:7(t)=(1-1)(-L1)+(L1)
=(2t-1,1)
for 0<r<I.

Sometimes we have no choice but to use this parameterization. However, in this case there is a
second (probably) easier parameterization. The second one uses the fact that we are really just
graphing a portion of the line y =1. Using this the parameterization is,

C,ix=t,y=1, -1<t<1

This will be a much easier parameterization to use so we will use this. Here is the line integral for this

curve.

1
=0

-1

Jwds=[' rvodi==r

G

Note that this time, unlike the line integral we worked with in Examples 2, 3, and 4 we got the same
value for the integral despite the fact that the path is different. This will happen on occasion. We
should also not expect this integral to be the same for all paths between these two points. At this
point all we know is that for these two paths the line integral will have the same value. ltis
completely possible that there is another path between these two points that will give a different
value for the line integral.

(c) C;: The line segment from (1,1) to (—1,1) .

Now, according to our fact above we really don’t need to do anything here since we know that
C, =—C,. The fact tells us that this line integral should be the same as the second part (i.e. zero).
However, let’s verify that, plus there is a point we need to make here about the parameterization.

Here is the parameterization for this curve.
Cy 7 (1) =(1-1)(L1)+2(-11)
=(1-21,1)
for 0<¢t<1.
Note that this time we can’t use the second parameterization that we used in part (b) since we need
to move from right to left as the parameter increases and the second parameterization used in the

previous part will move in the opposite direction.

Here is the line integral for this curve.
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[ xds =.[01(1—2t)\/Mdt=2(t—12)|10 =0

G

Sure enough we got the same answer as the second part.

To this point in this section we’ve only looked at line integrals over a two-dimensional curve. However,
there is no reason to restrict ourselves like that. We can do line integrals over three-dimensional curves
as well.

Let’s suppose that the three-dimensional curve Cis given by the parameterization,
x:x(t), yzy(t) z:z(t) a<t<h
then the line integral is given by,

e Rt DRI

Note that often when dealing with three-dimensional space the parameterization will be given as a
vector function.

Notice that we changed up the notation for the parameterization a little. Since we rarely use the
function names we simply kept the x, y, and z and added on the (t) part to denote that they may be

functions of the parameter.
Also notice that, as with two-dimensional curves, we have,

(&) (2] (2] I

and the line integral can again be written as,

[ (5:2)ds = [° 7 (x(e).p().2(0))

7 (1) dt

So, outside of the addition of a third parametric equation line integrals in three-dimensional space work
the same as those in two-dimensional space. Let’s work a quick example.
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Example 6 Evaluate Ixyz ds where Cis the helix given by, F(t) = <cos(t),sin(t),3t> ,0<t<4rn
C

Solution
Note that we first saw the vector equation for a helix back in the Vector Functions section. Hereis a
quick sketch of the helix.

Here is the line integral.

Ixyzds = j:”3t cos(z‘)sin(t)\/sinzt+cos2 t+9dt

C

:J4”3t(%sin(2t)j\/mm

0

_3\/5 4r
_T .

tsin(2¢)dt

_3\/5(1 4
2

2 sin (2t) —%cos(Zt))

=—3\/ﬁ7r

0

You were able to do that integral right? It required integration by parts.

So, as we can see there really isn’t too much difference between two- and three-dimensional line
integrals.
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Section 5-3 : Line Integrals - Part Il

In the previous section we looked at line integrals with respect to arc length. In this section we want to
look at line integrals with respect to x and/or y.

As with the last section we will start with a two-dimensional curve C with parameterization,

x:x(t) y:y(t) alt<h

The line integral of f with respect to x is,

[ £ (ep)ae=[] £ (x(e)op(0) (e)

C

The line integral of f with respect to y is,

[Fxy)ay=]

C©

b

7(x(0). 2 (0) e)

a

Note that the only notational difference between these two and the line integral with respect to arc
length (from the previous section) is the differential. These have a dx or dy while the line integral with
respect to arc length has a ds. So, when evaluating line integrals be careful to first note which
differential you’ve got so you don’t work the wrong kind of line integral.

These two integral often appear together and so we have the following shorthand notation for these
cases.

dex+Qdy=IP(x,y)dx+IQ(x,y)dy

Let’s take a quick look at an example of this kind of line integral.

Example 1 Evaluate jsin(ﬂy)deryxz dx where Cis the line segment from (0,2) to (1,4) )

C
Solution
Here is the parameterization of the curve.
F(£)=(1-1)(0,2)+1(1,4) =(1,2+2t) 0<r<1

The line integral is,
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Jsin(ﬂy)dy+yx2dx Jsm zy)dy +Iyx dx
C

C

= [ sin(z 2+2t))(2)dt+I;(2+2t)(t)2(l)dt
0 +(%t3 +%t4J

1
— —~cos(27+2
ﬂcos( m+27t)

0

7
6

In the previous section we saw that changing the direction of the curve for a line integral with respect to
arc length doesn’t change the value of the integral. Let’s see what happens with line integrals with
respect to x and/or y.

Example 2 Evaluate jsin(ﬂy)deryxz dx where Cis the line segment from (1,4) to (0,2).

C

Solution
So, we simply changed the direction of the curve. Here is the new parameterization.

F(t)=(1-1)(L,4)+1(0,2) =(1-1,4-21) ~ 0<t<I

The line integral in this case is,

Isin(;ry)dy+yx2 dx = Isin(;ry)dy Jrj)/)c2 dx
= [ sin(z(4-20))(<2)de+ [ (4-20)(1-1)* (~1)dr

] 1 1, 8 :
— ——cos (47 —271) —(——t4+—t3—5t2+4tj
, U2 73

T

0

So, switching the direction of the curve got us a different value or at least the opposite sign of the value
from the first example. In fact this will always happen with these kinds of line integrals.

Fact
If Cis any curve then,

J f(x,y)dx = —jf(x,y)dx and J f(x,y)dy = —J-f(x,y)dy

C

With the combined form of these two integrals we get,
j Pdx+Qdy = —dex+Qdy
=C @

We can also do these integrals over three-dimensional curves as well. In this case we will pick up a third
integral (with respect to z) and the three integrals will be.
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if(x,y,z)dx:ij(x(t),y(z‘),z(t))x'(t)dt
‘C[f(x,y,z)dy=jjf(x(t),y(t),z(t))y'(t)dt

b
jf(x,y,z)dz = L f(x(t),y(t),z(t))z'(t)dt
€
where the curve Cis parameterized by

x:x(t) y:y(l‘) Z:Z(t) alt<h

As with the two-dimensional version these three will often occur together so the shorthand we’ll be
using here is,

Ide+Qdy+RdZ:IP(x,y,Z)dx—i-J.Q(x,y,z)dy+_|.R(x,y,Z)dz
c c c c

Let’s work an example.

Example 3 Evaluate Iydx+xdy+ zdz where Cis given by X =C0S?, y =sin¢, z=1¢7,
C

0<t<L2rx.

Solution

So, we already have the curve parameterized so there really isn’t much to do other than evaluate the
integral.

jydx+xdy+zdz :J.ydx+_[xdy+jzdz
C C C C
= J-:” sin#(—sint)dt + J-OM cost(cost)dt + J.Ozﬂtz (2t)dt
= —J.OM sin’ ¢ dt + J.OM cos’ tdt + IOZ” 20 dt
= —%‘[02”(1 —cos(2¢))dt +%I02”(1 +cos(2t))dt + IOZH 287 dt

- (—%(z‘—%sin(2t)]+%(z+%sin(2t)j+%t4j

4

27

0

=8
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Section 5-4 : Line Integrals of Vector Fields

In the previous two sections we looked at line integrals of functions. In this section we are going to
evaluate line integrals of vector fields. We'll start with the vector field,

ﬁ(x,y,z):P(x,y,z)f+Q(x,y,z)j+R(x,y,z)/;

and the three-dimensional, smooth curve given by

—

Ft)=x(e)i +y(t)j+z(1)k a<t<b

The line integral of 7 along Cis

lﬁ-d? = [VF(F (1)) (1) dr

Note the notation in the integral on the left side. That really is a dot product of the vector field and the

differential really is a vector. Also, F'(F(t)) is a shorthand for,
F(7(1))=F (x(1), (1), 2(0)
We can also write line integrals of vector fields as a line integral with respect to arc length as follows,
[Fed7=[F-Tds
C C
where f(t) is the unit tangent vector and is given by,
- (1)
T t :w—
R

If we use our knowledge on how to compute line integrals with respect to arc length we can see that
this second form is equivalent to the first form given above.

jﬁ.df:jﬁ-fds
C C

In general, we use the first form to compute these line integral as it is usually much easier to use. Let’s
take a look at a couple of examples.
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Example 1 Evaluate jﬁ-d? where F(x,y,z)=8x2y2;+52j—4xyl€ and C is the curve given
c
by 7(t)=ti +£* j+£k, 0<t<1.

Solution
Okay, we first need the vector field evaluated along the curve.

F(7F (1)) =86 (£ )(£)T+56 j—4e(f ) =8¢ T +56 -4’k

Next, we need the derivative of the parameterization.
F(t)=i+2t]j+3k

Finally, let’s get the dot product taken care of.
F(7 (1)) (1) =8¢ +10¢* =127

The line integral is then,

[Fedr j;8t7+10t4—12t5dt
C

1
(18 +265 =24 )‘0
1

Example 2 Evaluate jﬁ-d? where ﬁ(x, y,z) =xzi —yzlg and Cis the line segment from
C
(—1,2,0) to (3,0,1).

Solution

We'll first need the parameterization of the line segment. We saw how to get the parameterization
of line segments in the first section on line integrals. We've been using the two dimensional version
of this over the last couple of sections. Here is the parameterization for the line.

F(1)=(1-1){-1,2,0)+1(3,0,1)
=(41-1,2-21,1), 0<r<1

So, let’s get the vector field evaluated along the curve.

F(7(1))=(4t=1)(t)i —(2-21) (1) k

= (4> —1)7 - (2t -2 )k

Now we need the derivative of the parameterization.

F(1)=(4,-2,1)
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The dot product is then,
F(7 (1)) ()= 4(4t2 —t)—(Zt —2t2) = 18> — 6t

The line integral becomes,

Fedi= (182 —61dt
fFrar- ]

1
0

(6t3 —3t2)
3

Let’s close this section out by doing one of these in general to get a nice relationship between line
integrals of vector fields and line integrals with respect to x, y, and z.

Given the vector field ﬁ(x,y,z) = Pf+Qj+R/€ and the curve C parameterized by
?(t) = x(t);+y(t)j+z(t)/€, a <t <b the line integral is,
Iﬁ-d? :Ij(P7+Qj+Rl;)-(x';+y'j+z'l€)dt
C
:Jbe'+Qy'+Rz'dt
b b b
:Ja Px’dt+fa Qy'dt+fa RZ'dt
= [Pax+[Qdy+[Rdz
C C C

= [Pax+Qdy+Rdz
C

So, we see that,

Q—

F-df:jpdx+Qdy+Rdz
C

Note that this gives us another method for evaluating line integrals of vector fields.

This also allows us to say the following about reversing the direction of the path with line integrals of
vector fields.

Fact

jﬁ-d?:—jﬁad?
-C C

This should make some sense given that we know that this is true for line integrals with respect to x, y,
and/or z and that line integrals of vector fields can be defined in terms of line integrals with respect to x,
y,and z.
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Section 5-5 : Fundamental Theorem for Line Integrals

In Calculus | we had the Fundamental Theorem of Calculus that told us how to evaluate definite
integrals. This told us,

[ F'(x)dx=F(b)-F(a)

It turns out that there is a version of this for line integrals over certain kinds of vector fields. Here it is.

Theorem

Suppose that Cis a smooth curve given by F(t), a<t<b. Also suppose that fis a function whose

gradient vector, V£, is continuous on C. Then,

rer= e )

Note that F(a) represents the initial point on C while ?(b) represents the final point on C. Also, we

did not specify the number of variables for the function since it is really immaterial to the theorem. The
theorem will hold regardless of the number of variables in the function.

Proof
This is a fairly straight forward proof.

For the purposes of the proof we’ll assume that we’re working in three dimensions, but it can be done
in any dimension.

Let’s start by just computing the line integral.

[Vfedr = ["Nf (7 (0))oF ()t

b
_| [ T o dz
Ox dt Oydt oOzdt

a

Now, at this point we can use the Chain Rule to simplify the integrand as follows,

b
[Ved = [1@+@ﬂ+@£}h
2 ox dt oydt ozdt

[ 4L

To finish this off we just need to use the Fundamental Theorem of Calculus for single integrals.

Jvrdr =7 (F(o)-1(7(a))
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Let’s take a quick look at an example of using this theorem.

Example 1 Evaluate IVf-d 7 where f(x,y,z)=cos(zx)+sin(zy)—xyz and Cis any path
C

that starts at (1,%,2) and ends at (2, 1,—1).

Solution

First let’s notice that we didn’t specify the path for getting from the first point to the second point.
The reason for this is simple. The theorem above tells us that all we need are the initial and final
points on the curve in order to evaluate this kind of line integral.

So, let ;7(1‘), a <t <b be any path that starts at (1,%,2) and ends at (2,1,—1). Then,

F(a):<l,%,2> F(b)=(2,1,-1)

The integral is then,

[vfedr :f(2,1,—1)—f(1,%,2]

_ cos(27z)+sin7r—2(1)(—1)—(cosn+sin(§j—l(%}(2)j
_4

Notice that we also didn’t need the gradient vector to actually do this line integral. However, for the
practice of finding gradient vectors here it is,

Vf = <—7r sin (7x)— yz, wcos(7y)— xz,—xy>

The most important idea to get from this example is not how to do the integral as that’s pretty simple,
all we do is plug the final point and initial point into the function and subtract the two results. The
important idea from this example (and hence about the Fundamental Theorem of Calculus) is that, for
these kinds of line integrals, we didn’t really need to know the path to get the answer. In other words,
we could use any path we want and we’ll always get the same results.

In the first section on line integrals (even though we weren’t looking at vector fields) we saw that often
when we change the path we will change the value of the line integral. We now have a type of line
integral for which we know that changing the path will NOT change the value of the line integral.

Let’s formalize this idea up a little. Here are some definitions. The first one we’ve already seen before,

but it's been a while and it’s important in this section so we’ll give it again. The remaining definitions
are new.
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Definitions

First suppose that F is a continuous vector field in some domain D.
1.

F' is a conservative vector field if there is a function f such that F = Vf . The function fis

called a potential function for the vector field. We first saw this definition in the first section
of this chapter.

Iﬁ-d? is independent of path if Iﬁ-d? = I Fed 7 for any two paths C, and C, inD
C (@] G
with the same initial and final points.

A path Cis called closed if its initial and final points are the same point. For example, a circle
is a closed path.

A path Cis simple if it doesn’t cross itself. A circle is a simple curve while a figure 8 type curve
is not simple.

Aregion D is open if it doesn’t contain any of its boundary points.

A region D is connected if we can connect any two points in the region with a path that lies
completely in D.

A region D is simply-connected if it is connected and it contains no holes. We won’t need this
one until the next section, but it fits in with all the other definitions given here so this was a
natural place to put the definition.

With these definitions we can now give some nice facts.

Facts

1. IVf-d 7 is independent of path.
@

This is easy enough to prove since all we need to do is look at the theorem above. The theorem
tells us that in order to evaluate this integral all we need are the initial and final points of the
curve. This in turn tells us that the line integral must be independent of path.

2. If F isa conservative vector field then '[F-d 7 isindependent of path.

This fact is also easy enough to prove. If F is conservative then it has a potential function, f, and
so the line integral becomes Iﬁ-d r= IVf-d 7 . Then using the first fact we know that this line
@ C

integral must be independent of path.

C
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3. If F is a continuous vector field on an open connected region D and if_[ﬁ-d? is independent of
@

path (for any path in D) then F is a conservative vector field on D.

4. |If J.F-d 7 isindependent of path then _[ﬁ-d 7 =0 for every closed path C.
c T

5. If _[F-d 7 =0 for every closed path C then J.I:“-d 7 is independent of path.
T &

These are some nice facts to remember as we work with line integrals over vector fields. Also notice
that 2 & 3 and 4 & 5 are converses of each other.
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Section 5-6 : Conservative Vector Fields

In the previous section we saw that if we knew that the vector field F was conservative then Iﬁ-d 7
C
was independent of path. This in turn means that we can easily evaluate this line integral provided we

can find a potential function for F.

In this section we want to look at two questions. First, given a vector field F is there any way of

determining if it is a conservative vector field? Secondly, if we know that F is a conservative vector
field how do we go about finding a potential function for the vector field?

The first question is easy to answer at this point if we have a two-dimensional vector field. For higher
dimensional vector fields we’ll need to wait until the final section in this chapter to answer this question.

With that being said let’s see how we do it for two-dimensional vector fields.

Theorem

let F =Pi + Q] be avector field on an open and simply-connected region D. Then if P and Q have
continuous first order partial derivatives in D and

P _ag

oy ox

the vector field F is conservative.

Let’s take a look at a couple of examples.

Example 1 Determine if the following vector fields are conservative or not.

(a) ﬁ(x,y) =(x2 —yx)f+(y2 —xy)]
(b) F(x,y) = (2xexy +x2yexy)f+(x3exy +2y)j

Solution
Okay, there really isn’t too much to these. All we do is identify P and Q then take a couple of
derivatives and compare the results.

(a) I*:'()c,y):(x2 —yx)f+(y2—xy)]

In this case here is P and Q and the appropriate partial derivatives.

P:xz—yx 6_P=_x
y
0
O=y"—xy Q__,
ox

So, since the two partial derivatives are not the same this vector field is NOT conservative.
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(b) ﬁ'(x,y) = (2xexy +x2yexy)7+(x3exy +2y)]

Here is P and Q as well as the appropriate derivatives.

oP
=2x"eY +x’e¥ +x’ye? =3x"e¥ + x’yeV

P=2xe” +x’ye? —
y

O=xe¢¥ +2y Y =3x’e” +x’ ye?
X

The two partial derivatives are equal and so this is a conservative vector field.

Now that we know how to identify if a two-dimensional vector field is conservative we need to address
how to find a potential function for the vector field. This is actually a fairly simple process. First, let’s

assume that the vector field is conservative and so we know that a potential function, f(x,y) exists.

We can then say that,

vi=2Li+ L5 pisgj=F
ox Oy

Or by setting components equal we have,

1:P and @:

ox 8yQ

By integrating each of these with respect to the appropriate variable we can arrive at the following two
equations.

f(x,y):IP(x,y)dx or f(x,y):IQ(x,y)dy

We saw this kind of integral briefly at the end of the section on iterated integrals in the previous
chapter.

It is usually best to see how we use these two facts to find a potential function in an example or two.

Example 2 Determine if the following vector fields are conservative and find a potential function for
the vector field if it is conservative.

(@) F :(2x3y4 +x)7+(2x4y3 +y)]

(b) F(x,y) :(2xexy +x2yexy)f+(x3exy +2y)]

Solution
(a) F = (2x3y4 +x)z7+(2x4y3 +y)j

Let’s first identify P and Q and then check that the vector field is conservative.
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P=2xy"+x —=8x"y’
oy
0
Q:2x4y3+y —Q:8x3y3
ox

So, the vector field is conservative. Now let’s find the potential function. From the first fact above we

know that,
1:2x3y4+x g:2x4y3+y
ox 0

From these we can see that
f(x,y):J‘2X3y4+xdx or f(x°y):.|.2x4y3+ydy

We can use either of these to get the process started. Recall that we are going to have to be careful
with the “constant of integration” which ever integral we choose to use. For this example let’s work
with the first integral and so that means that we are asking what function did we differentiate with
respect to x to get the integrand. This means that the “constant of integration” is going to have to be
a function of y since any function consisting only of y and/or constants will differentiate to zero when
taking the partial derivative with respect to x.

Here is the first integral.

f(x,y):J.2x3y4 + xdx
:%x“y4 +%x2 +h(y)

where h(y) is the “constant of integration”.

We now need to determine h(y) . This is easier than it might at first appear to be. To get to this

point we’ve used the fact that we knew P, but we will also need to use the fact that we know Q to
complete the problem. Recall that Q is really the derivative of f with respect to y. So, if we
differentiate our function with respect to y we know what it should be.

So, let’s differentiate f (including the h(y) ) with respect to y and set it equal to Q since that is what

the derivative is supposed to be.

9 :
é:2x4y3+h (y):2x4y3+y:Q

From this we can see that,
H(y)=y

Notice that since h'(y) is a function only of y so if there are any x’s in the equation at this point we

will know that we’ve made a mistake. At this point finding h(y) is simple.
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h00=Jh(yﬁb=fydy=%y2+c

So, putting this all together we can see that a potential function for the vector field is,
I oy4 1 5 15
X,y)=—Xxy +—x"+=—y +c
f(x,) SV Ay

Note that we can always check our work by verifying that Vf = F . Also note that because the ¢ can

be anything there are an infinite number of possible potential functions, although they will only vary
by an additive constant.

(b) ﬁ'(x,y) = (2xexy +x2yexy)f+(x3exy +2y)]

Okay, this one will go a lot faster since we don’t need to go through as much explanation. We've
already verified that this vector field is conservative in the first set of examples so we won’t bother
redoing that.

Let’s start with the following,

g d
g 2xe™ +x’ye® 9 _ x’e¥ +2y
5x ay
This means that we can do either of the following integrals,
f(x,y):J.erXy +x2yexy dx or f(x’y)zjx3exy +2ydy

While we can do either of these the first integral would be somewhat unpleasant as we would need
to do integration by parts on each portion. On the other hand, the second integral is fairly simple
since the second term only involves y’s and the first term can be done with the substitution u = xy .

So, from the second integral we get,
f(x,y)=x’¢"+y’ +h(x)

Notice that this time the “constant of integration” will be a function of x. If we differentiate this with
respect to x and set equal to P we get,

Zl:2xexy+x2yexy +h'(x)=2xe” +x’ye? = P
s

So, in this case it looks like,

So, in this case the “constant of integration” really was a constant. Sometimes this will happen and
sometimes it won’t.

Here is the potential function for this vector field.
f(x,py)=xe"+y"+c
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Now, as noted above we don’t have a way (yet) of determining if a three-dimensional vector field is
conservative or not. However, if we are given that a three-dimensional vector field is conservative
finding a potential function is similar to the above process, although the work will be a little more
involved.

In this case we will use the fact that,
Vf=%?+g]+gl€ —Pi+Qj+Rk=F
ox Oy 0z

Let’s take a quick look at an example.

Example 3 Find a potential function for the vector field,
F=2x"2*T +3x%)y%z* j +4x%)°2° k

Solution

Okay, we’ll start off with the following equalities.
LA =2xy°z" g =3x"y’z* g =4x*y’2
ox oy oz

To get started we can integrate the first one with respect to x, the second one with respect to y, or
the third one with respect to z. Let’s integrate the first one with respect to x.

f(x, y,z)= I2xy3z4 dx=x"y’z" + g(y,z)

Note that this time the “constant of integration” will be a function of both y and z since differentiating
anything of that form with respect to x will differentiate to zero.

Now, we can differentiate this with respect to y and set it equal to Q. Doing this gives,

0

g =3x’y’z" + g, (y,z) =3x’y’z" =0

oy

Of course we’ll need to take the partial derivative of the constant of integration since it is a function
of two variables. It looks like we’ve now got the following,

g, (r.2)=0 = g(r.z)=h(z)
Since differentiating g(y,z) with respect to y gives zero then g(y,z) could at most be a function

of z. This means that we now know the potential function must be in the following form.
f(x, y,z) =x"y'zt+ h(z)
To finish this out all we need to do is differentiate with respect to z and set the result equal to R.

Zi =4x°y’7 +h'(z)= 4x*y’z> =R
z
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So,

W (z)=0 = h(z)=c

The potential function for this vector field is then,
f(x,y,z) =x'y'zt+c

Note that to keep the work to a minimum we used a fairly simple potential function for this example. It
might have been possible to guess what the potential function was based simply on the vector field.
However, we should be careful to remember that this usually won’t be the case and often this process is

required.

Also, there were several other paths that we could have taken to find the potential function. Each
would have gotten us the same result.

Let’s work one more slightly (and only slightly) more complicated example.

Example 4 Find a potential function for the vector field,
F = (2xcos(y)—2z3)7+(3+2yez —x’ Sin(y))]+(y2ez —6xzz)l€

Solution

Here are the equalities for this vector field.
af 3 af z 2 af 2.z 2
—=2xcos(y)—2z —=3+2ye” —x"sin —=ye" —6xz
o () oy (v) o 7

For this example let’s integrate the third one with respect to z.
f(xp,2)= Iyzez —6xz’ dz =y’ —2xz° + g(x,y)

The “constant of integration” for this integration will be a function of both x and y.

Now, we can differentiate this with respect to x and set it equal to P. Doing this gives,

%:—223 +g (x,y)=2xcos(y)-22 =P
a

So, it looks like we’ve now got the following,

g, (x,y)=2xcos(y) = g(x,y)=x"cos(y)+h(y)

The potential function for this problem is then,
f(x,,z)=y’e" =2xz° +x*cos(y)+h(y)

To finish this out all we need to do is differentiate with respect to y and set the result equal to Q.
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%zzyez—xzsin(y)+h’(y)=3+2yez—xzsin(y)=Q

So,

h(y)=3 = h(y)=3y+c

The potential function for this vector field is then,
f(x,p,z)=y"e" =2xz° +x’ cos(y)+3y+c

So, a little more complicated than the others and there are again many different paths that we could
have taken to get the answer.

We need to work one final example in this section.

Example 5 Evaluate jﬁ'd?’ where F = (2x3y4 +x)z7 +(2x4y3 +y)j and Cis given by

F(t)=(tcos(mt)-1)i +s1n( 5 jj 0<z<I.

Solution
Now, we could use the techniques we discussed when we first looked at line integrals of vector fields
however that would be particularly unpleasant solution.

Instead, let’s take advantage of the fact that we know from Example 2a above this vector field is
conservative and that a potential function for the vector field is,

I v, 1, 1,
X,y)==x"y +=—x"+=y +c
f(xy) SX VAo x oy

Using this we know that integral must be independent of path and so all we need to do is use the
theorem from the previous section to do the evaluation.

iﬁ-d? :.IVf-d? = f(7(1))- 7 (7(0))

where,

So, the integral is,
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Section 5-7 : Green's Theorem

In this section we are going to investigate the relationship between certain kinds of line integrals (on
closed paths) and double integrals.

Let’s start off with a simple (recall that this means that it doesn’t cross itself) closed curve C and let D be
the region enclosed by the curve. Here is a sketch of such a curve and region.

i
™

First, notice that because the curve is simple and closed there are no holes in the region D. Also notice
that a direction has been put on the curve. We will use the convention here that the curve C has a
positive orientation if it is traced out in a counter-clockwise direction. Another way to think of a
positive orientation (that will cover much more general curves as well see later) is that as we traverse
the path following the positive orientation the region D must always be on the left.

Given curves/regions such as this we have the following theorem.

Green’s Theorem
Let C be a positively oriented, piecewise smooth, simple, closed curve and let D be the region
enclosed by the curve. If Pand Q have continuous first order partial derivatives on D then,

dex+Qdy:JJ’[86—g—g—ijdA

Before working some examples there are some alternate notations that we need to acknowledge.
When working with a line integral in which the path satisfies the condition of Green’s Theorem we will
often denote the line integral as,

§ Pax +Qdy or - Pdx -+ Qdy
C C

Both of these notations do assume that C satisfies the conditions of Green’s Theorem so be careful in
using them.

Also, sometimes the curve Cis not thought of as a separate curve but instead as the boundary of some
region D and in these cases you may see C denoted as 0D .
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Let’s work a couple of examples.

Example 1 Use Green’s Theorem to evaluate 4>xy dx+x"y’ dy where Cis the triangle with
C

vertices (0,0), (1,0), (1,2) with positive orientation.

Solution
Let’s first sketch C and D for this case to make sure that the conditions of Green’s Theorem are met
for C and will need the sketch of D to evaluate the double integral.

¥
2 L
I A
y=2x
1 -
I A
0 | — 1 . ] x
. 02 04 0.4 0z 1.

So, the curve does satisfy the conditions of Green’s Theorem and we can see that the following
inequalities will define the region enclosed.

0<x<l1 0<y<2x

We can identify P and Q from the line integral. Here they are.
P=xy 0=x"y

So, using Green’s Theorem the line integral becomes,

© 2018 Paul Dawkins http://tutorial. math.lamar.edu



Calculus 11l 259

q.nyachrxzy3 dy:'”.2xy3 —xdA
C D

1 X
:f _[2 2xy” —xdydx
0v0

1 2x
= lx 4—x
0 5 3% 2%

dx
= J.Ol 8x° —2x% dx

0

Example 2 Evaluate q5y3 dx—x’ dy where Cis the positively oriented circle of radius 2 centered at
C
the origin.

Solution
Okay, a circle will satisfy the conditions of Green’s Theorem since it is closed and simple and so there

really isn’t a reason to sketch it.

Let’s first identify P and Q from the line integral.
P=y’ 0=-x"

Be careful with the minus sign on Q!

Now, using Green’s theorem on the line integral gives,
(f)y3 dx—x"dy = ”—3x2 -3y%dA
C D

where D is a disk of radius 2 centered at the origin.

Since D is a disk it seems like the best way to do this integral is to use polar coordinates. Here is the
evaluation of the integral.
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Y dx—xdy=-3||(x*+y")d4
fracaifie)
=_3f [ drdo
0
2w 2
=—3J ir“ do
0 0
=3[ " 4do
=-24r

So, Green’s theorem, as stated, will not work on regions that have holes in them. However, many
regions do have holes in them. So, let’s see how we can deal with those kinds of regions.

Let’s start with the following region. Even though this region doesn’t have any holes in it the arguments
that we’re going to go through will be similar to those that we’d need for regions with holes in them,
except it will be a little easier to deal with and write down.

Cy

G

The region D will be D, U D, and recall that the symbol U is called the union and means that D

consists of both D and D,. The boundary of D is C, U C; while the boundary of D, is G, u(—C3)

and notice that both of these boundaries are positively oriented. As we traverse each boundary the
corresponding region is always on the left. Finally, also note that we can think of the whole boundary, C,
as,

C=(CuC)u(C,u(-C))=CuC,

|II

since both C; and —C; will “cancel” each other out.

Now, let’s start with the following double integral and use a basic property of double integrals to break

e f[(e.-2)da= [] (0.-r)da= (0.7 )aa+ [[(0. - )as

D,uD,

Next, use Green’s theorem on each of these and again use the fact that we can break up line integrals
into separate line integrals for each portion of the boundary.
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I_J(Qx —};)dA:Q(QX—g,)dmg(Qx_py)dA

= g% Pdx + Qdy + gS Pdx + Qdy

G UG, C,U(-G3)
= Cﬁde+Qdy+CJ.>de+Qdy+gSde+Qdy+ (j‘) Pdx + Qdy
q Gy C, -G,

Next, we’ll use the fact that,

@ Pdx + Qdy = —Cj) Pdx + Qdy

-G G

Recall that changing the orientation of a curve with line integrals with respect to x and/or y will simply
change the sign on the integral. Using this fact we get,

[[(0.-P,)da = Pdx+Qdy+d Pdx+ Qdy+¢ Pdx+ Qdy - § Pdx + Qdy
D G G c, G,

:q-Dde+Qdy+<j>de+Qdy

G G

Finally, put the line integrals back together and we get,

”(Qx—g,)dA:qSde+Qdy+g[>de+Qdy

= (ﬁ Pdx + Qdy

C UG,

= @de + QOdy
C

So, what did we learn from this? If you think about it this was just a lot of work and all we got out of it
was the result from Green’s Theorem which we already knew to be true. What this exercise has shown
us is that if we break a region up as we did above then the portion of the line integral on the pieces of
the curve that are in the middle of the region (each of which are in the opposite direction) will cancel
out. This idea will help us in dealing with regions that have holes in them.

To see this let’s look at a ring.
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Notice that both of the curves are oriented positively since the region D is on the left side as we traverse
the curve in the indicated direction. Note as well that the curve C, seems to violate the original
definition of positive orientation. We originally said that a curve had a positive orientation if it was
traversed in a counter-clockwise direction. However, this was only for regions that do not have holes.

For the boundary of the hole this definition won’t work and we need to resort to the second definition
that we gave above.

Now, since this region has a hole in it we will apparently not be able to use Green’s Theorem on any line
integral with the curve C = C, U C, . However, if we cut the disk in half and rename all the various

portions of the curves we get the following sketch.
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The boundary of the upper portion (Dl Jof the disk is C, U C, U C; U C, and the boundary on the

lower portion (D, )of the disk is C; U C, U(—C,)U(—Cy). Also notice that we can use Green’s

Theorem on each of these new regions since they don’t have any holes in them. This means that we can
do the following,

(. -B)da=[[(0.~ B )+ [[(Q.~F)ds

= qS Pdx+ Qdy + (JS Pdx + Qdy

CUC,UCsUCq C3UC,U(—Cs )u(-Cg)

Now, we can break up the line integrals into line integrals on each piece of the boundary. Also recall
from the work above that boundaries that have the same curve, but opposite direction will cancel.
Doing this gives,

IDI(QX —RV)dA=_|;J:(Qx—Py)dA+£_Z[(Qx ~P)dA

=gﬁpdx+Qdy+45de+Qdy+§>de+Qdy+gSde+Qdy
G G, Gy Cy

But at this point we can add the line integrals back up as follows,

[[(0.-P)da= ¢  Pdx+Qdy

GuC,uCuC,

= (]Sde + Qdy
C

The end result of all of this is that we could have just used Green’s Theorem on the disk from the start
even though there is a hole in it. This will be true in general for regions that have holes in them.

Let’s take a look at an example.

Example 3 Evaluate q5y3 dx —x’ dy where C are the two circles of radius 2 and radius 1 centered
C
at the origin with positive orientation.

Solution

Notice that this is the same line integral as we looked at in the second example and only the curve has
changed. In this case the region D will now be the region between these two circles and that will only
change the limits in the double integral so we’ll not put in some of the details here.

Here is the work for this integral.
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Cﬁy3 dx—x’ dy:—3ﬂ(x2+y2)d14
C D
=4f [*rdrao
0 1
27r1 2
=—3J —rt deo
0 4 1
27
:—3J Ed@
o 4
__ Bz
2

We will close out this section with an interesting application of Green’s Theorem. Recall that we can

determine the area of a region D with the following double integral.

A=|[d
D
Let’s think of this double integral as the result of using Green’s Theorem. In other words, let’s assume

that
0.-F =1
and see if we can get some functions P and Q that will satisfy this.

There are many functions that will satisfy this. Here are some of the more common functions.

-_J

P=0 P=—y P= 2
=X =0 X
0 Q sz

Then, if we use Green’s Theorem in reverse we see that the area of the region D can also be computed

by evaluating any of the following line integrals.

Aquxdy:—Cﬁydx:%Ci)xdy—ydx

C

C

where Cis the boundary of the region D.

Let’s take a quick look at an example of this.
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Example 4 Use Green’s Theorem to find the area of a disk of radius a.

Solution
We can use either of the integrals above, but the third one is probably the easiest. So,

1
A=E§xdy—ydx

where Cis the circle of radius a. So, to do this we’ll need a parameterization of C. This is,
X =acost y=asint 0<t<2x

The area is then,

1
A=—Pxdy—ydx
ZC'E y =y

= %(Iozz acost(acost)dt - J.OM asint(—asint) dt)

1 p27 .
:—I a’ cos’ t+a’sin’ t dt
2 Jo
1 2
=— a’dt
2 Jo

2
=na
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Chapter 6 : Surface Integrals

In the previous chapter we looked at evaluating integrals of functions or vector fields where the points
came from a curve in two- or three-dimensional space. We now want to extend this idea and integrate
functions and vector fields where the points come from a surface in three-dimensional space. These
integrals are called surface integrals.

Here is a list of the topics covered in this chapter.
Curl and Divergence — In this section we will introduce the concepts of the curl and the divergence of a

vector field. We will also give two vector forms of Green’s Theorem and show how the curl can be used
to identify if a three dimensional vector field is conservative field or not.

Parametric Surfaces — In this section we will take a look at the basics of representing a surface with
parametric equations. We will also see how the parameterization of a surface can be used to find a
normal vector for the surface (which will be very useful in a couple of sections) and how the
parameterization can be used to find the surface area of a surface.

Surface Integrals — In this section we introduce the idea of a surface integral. With surface integrals we

will be integrating over the surface of a solid. In other words, the variables will always be on the surface
of the solid and will never come from inside the solid itself. Also, in this section we will be working with
the first kind of surface integrals we’ll be looking at in this chapter : surface integrals of functions.

Surface Integrals of Vector Fields — In this section we will introduce the concept of an oriented surface
and look at the second kind of surface integral we’ll be looking at : surface integrals of vector fields.

Stokes’ Theorem — In this section we will discuss Stokes’ Theorem.

Divergence Theorem — In this section we will discuss the Divergence Theorem.
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Section 6-1 : Curl and Divergence

Before we can get into surface integrals we need to get some introductory material out of the way. That
is the purpose of the first two sections of this chapter.

In this section we are going to introduce the concepts of the curl and the divergence of a vector.

Let’s start with the curl. Given the vector field F = Pi + 0j+ Rk the curl is defined to be,

curl F=(R,—-Q,)i +(P-R,)j+(0,-P,)k

There is another (potentially) easier definition of the curl of a vector field. To use it we will first need to
define the V operator. This is defined to be,

V=Qf+i]+il§
ox oy 0z

We use this as if it’s a function in the following manner.

:if+g]+gl€

\Y%
4 ox oy 0z

So, whatever function is listed after the V is substituted into the partial derivatives. Note as well that
when we look at it in this light we simply get the gradient vector.

Using the V we can define the curl as the following cross product,

i J k
curl F =VxF = i i ﬁ
ox Oy Oz
P O R

We have a couple of nice facts that use the curl of a vector field.
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Facts
1. If f(x, y,z) has continuous second order partial derivatives then curl(Vf) =0. Thisis easy

enough to check by plugging into the definition of the derivative so we’ll leave it to you to check.

2. If F isa conservative vector field then curlﬁ' = 6 This is a direct result of what it means to be a
conservative vector field and the previous fact.

3. If Fisdefined on all of R® whose components have continuous first order partial derivative and

curl F =0 then F is a conservative vector field. This is not so easy to verify and so we won’t
try.

Example 1 Determine if F' =x>yi +xyz j —x’y* k is a conservative vector field.

Solution
So, all that we need to do is compute the curl and see if we get the zero vector or not.
i k
curl F = i i ﬁ
ox Oy 0z
xzy xyz —xzy2
= —2x2yz?+yzl€—(—2xy2 j)—xyz?—le;
= —(2x2y+xy)f+2xy2 j+(yz—x2)1€
%0

So, the curl isn’t the zero vector and so this vector field is not conservative.

Next, we should talk about a physical interpretation of the curl. Suppose that F isthe velocity field of a

flowing fluid. Then curl F represents the tendency of particles at the point (x,y,z) to rotate about

the axis that points in the direction of curl F . If curl F =0 then the fluid is called irrotational.

Let’s now talk about the second new concept in this section. Given the vector field
F=Pi+ 0j+ Rk the divergence is defined to be,

div F _47 89, o)
ox Oy oz

There is also a definition of the divergence in terms of the V operator. The divergence can be defined
in terms of the following dot product.

divF =VeF
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Example 2 Compute divF for F =x*yi +xyz j —x*y*k
Solution
There really isn’t much to do here other than compute the divergence.

divF = 6—i(x2y)+%(xyz)+%(—x2y2) =2xy+xz

We also have the following fact about the relationship between the curl and the divergence.
div(curlﬁ) =0

Example 3 Verify the above fact for the vector field F = yz?i +xy j + yzlg .

Solution
Let’s first compute the curl.
ik
= o 0
curl F=|— — —
X Oy Oz
yz2 Xy yz

:zf+2yzj+y/€—zzl€
:zf+2yz]+(y—zz)l€

Now compute the divergence of this.

diV(curlﬁ) =§(z)+§(2yz)+§(y—zz) =2z-2z=0
X )y 4

We also have a physical interpretation of the divergence. If we again think of F asthe velocity field of
a flowing fluid then divF represents the net rate of change of the mass of the fluid flowing from the
point (x,y,z) per unit volume. This can also be thought of as the tendency of a fluid to diverge from a

point. If divF =0 then the F is called incompressible.

The next topic that we want to briefly mention is the Laplace operator. Let’s first take a look at,
div(Vf)=VeVf =f .+, + 1.
The Laplace operator is then defined as,
V?=V.V
The Laplace operator arises naturally in many fields including heat transfer and fluid flow.

The final topic in this section is to give two vector forms of Green’s Theorem. The first form uses the
curl of the vector field and is,
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gﬁﬁ-d 7= j(cuﬂﬁ)-/? dA
C

D

where £ is the standard unit vector in the positive z direction.

The second form uses the divergence. In this case we also need the outward unit normal to the curve C.
If the curve is parameterized by
F(t)=x(t)i +y(t)]

then the outward unit normal is given by,
’ ’
(). X()

jim i -
@l @)

Here is a sketch illustrating the outward unit normal for some curve C at various points.

P—g" =+
o ]

N

)

1)

WL

i

The vector form of Green’s Theorem that uses the divergence is given by,

gSﬁ-ﬁds =jjdivﬁdA
C D
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Section 6-2 : Parametric Surfaces

The final topic that we need to discuss before getting into surface integrals is how to parameterize a
surface. When we parameterized a curve we took values of t from some interval [a,b] and plugged
them into

F()=x()i +y(t)f+z(¢)k

and the resulting set of vectors will be the position vectors for the points on the curve.

With surfaces we’ll do something similar. We will take points, (u,v) , out of some two-dimensional
space D and plug them into

?(u,v) = x(u,v)f+y(u,v)]’+z(u,v)l€
and the resulting set of vectors will be the position vectors for the points on the surface S that we are
trying to parameterize. This is often called the parametric representation of the parametric surface S.

We will sometimes need to write the parametric equations for a surface. There are really nothing more
than the components of the parametric representation explicitly written down.

x=x(u,v) y=y(u,V) Z:Z(”a")

Example 1 Determine the surface given by the parametric representation
F(u,v)=ui +ucosvj+usinvk
Solution

Let’s first write down the parametric equations.
X=u Yy =uUcosv z=usinvy

Now if we square y and z and then add them together we get,

Y +z> =u’cos’ v+u’sin®v=u’ (cos2 v+sin® v) =u’=x"

So, we were able to eliminate the parameters and the equation in x, y, and z is given by,
Xt = y2 +z°

From the Quadric Surfaces section notes we can see that this is a cone that opens along the x-axis.

We are much more likely to need to be able to write down the parametric equations of a surface than
identify the surface from the parametric representation so let’s take a look at some examples of this.
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Example 2 Give parametric representations for each of the following surfaces.
(a) The elliptic paraboloid x =5y* +2z>—10.
(b) The elliptic paraboloid x = Sy2 +2z% —10 that is in front of the yz-plane.
(¢) The sphere x* +y* +z* =30.
(d) The cylinder y*> +2z% =25.

Solution
(a) The elliptic paraboloid x = 5y2 +2z*-10.

This one is probably the easiest one of the four to see how to do. Since the surface is in the form
X = f(y,z) we can quickly write down a set of parametric equations as follows,

x=5y"+2z"-10 y=y z=z

The last two equations are just there to acknowledge that we can choose y and z to be anything we
want them to be. The parametric representation is then,

F(y.z)=(5y"+22"-10)i +yj+zk
(b) The elliptic paraboloid x = Sy2 +2z° —10 that is in front of the yz-plane.

This is really a restriction on the previous parametric representation. The parametric representation
stays the same.

17()/,2):(5y2 +222—10)l7+yj+zl€

However, since we only want the surface that lies in front of the yz-plane we also need to require that
x> 0. This is equivalent to requiring,
5y°+22°-10>0 or 5y°+2z°>10

(c) The sphere x* +y2 +z* =30.

This one can be a little tricky until you see how to do it. In spherical coordinates we know that the
equation of a sphere of radius a is given by,
p=a
and so the equation of this sphere (in spherical coordinates) is p = \/% Now, we also have the
following conversion formulas for converting Cartesian coordinates into spherical coordinates.
x = psinpcosd y = psin@sind Z=,pCOSQ

However, we know what p is for our sphere and so if we plug this into these conversion formulas we
will arrive at a parametric representation for the sphere. Therefore, the parametric representation is,

F(@,(D)=\/ﬁsingocosﬁf+msin¢sin9]+@cos¢l€
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All we need to do now is come up with some restriction on the variables. First, we know that we have
the following restriction.

0<p=<rxm
This is enforced upon us by choosing to use spherical coordinates. Also, to make sure that we only
trace out the sphere once we will also have the following restriction.

0<60<L2x
(d) The cylinder y2 +z7=25.

As with the last one this can be tricky until you see how to do it. In this case it makes some sense to
use cylindrical coordinates since they can be easily used to write down the equation of a cylinder.

In cylindrical coordinates the equation of a cylinder of radius a is given by
r=a
and so the equation of the cylinder in this problemis » =5 .

Next, we have the following conversion formulas.

X=Xx y=rsinf z=rcosf
Notice that they are slightly different from those that we are used to seeing. We needed to change
them up here since the cylinder was centered upon the x-axis.

Finally, we know what r is so we can easily write down a parametric representation for this cylinder.
?(x,&) = x?+55in9]+5cos€l€

We will also need the restriction 0 <8 <27 to make sure that we don’t retrace any portion of the
cylinder. Since we haven’t put any restrictions on the “height” of the cylinder there won’t be any
restriction on x.

In the first part of this example we used the fact that the function was in the form x = f(y,z) to

quickly write down a parametric representation. This can always be done for functions that are in this
basic form.

z:f(x,y) = F(x,y):xl?+y]+f(x,y)l€
xzf(y,z) = F(y,z):f(y,z)17+y]'+z/€
y=f(x,z) = F(x,z):x?+f(x,z)j+zl€

Okay, now that we have practice writing down some parametric representations for some surfaces let’s
take a quick look at a couple of applications.

Let’s take a look at finding the tangent plane to the parametric surface S given by,
F(M,v) = x(u,v)f+y(u,v)]'+z(u,v)l€
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First, define

7 (u,v) =Z—i(u,v)f+2—i(u,v)j+2—i(u,v)/€

- ox - 0 - Oz
7 (u,v) :—(u,v)z +—y(u,v)] +—(u,v)k
ov ov ov

If we hold v =v, fixed then 7, (u,vo) will be tangent to the curve given by F(u,vo) (and yes this is a
curve given that only one of the variables, u, is changing....) provided 7, (u,vo) #0. Similarly, if we hold
u =u, fixed then r, (uov) will be tangent to the curve given by F(uo,v) (again, because only v is

changing this is a curve) provided 7, (uo,v) #0.

Therefore, both 7, (uo,vo) and 7, (uo,vo), provided neither one is the zero vector) will be tangent to
the surface, S, given by F(u,v) at (uo,vo) and the tangent plane to the surface at (uo,vo) will be the

plane containing both 7, (u,,v, ) and 7, (u,,V,).

To help make things a little clearer we did the work at a particular point, but this fact is true at any point
for which neither 7, or 7, are the zero vector.

This, in turn, means that provided 7, x7, # 0 the vector 7, x7, will be orthogonal to the surface S and so

it can be used for the normal vector that we need in order to write down the equation of a tangent
plane. This is an important idea that will be used many times throughout the next couple of sections.

Let’s take a look at an example.

Example 3 Find the equation of the tangent plane to the surface given by
F(u,v):uf+2v2j+(u2 +v)/€

at the point (2,2,3) .

Solution
Let’s first compute 7, x7,. Here are the two individual vectors.

Zl(u,v)=17+2u1€ ﬁ(u,v):4vj+l€

Now the cross product (which will give us the normal vector 7 ) is,
i J ok
A=FxF =1 0 2ul=-8uvi-j+4vk
0 4v 1
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Now, this is all fine, but in order to use it we will need to determine the value of u and v that will give
us the point in question. We can easily do this by setting the individual components of the parametric
representation equal to the coordinates of the point in question. Doing this gives,

2=u = u=>2
2=27 = v=x=1
3=u’+v

Now, as shown, we have the value of u, but there are two possible values of v. To determine the
correct value of v let’s plug u into the third equation and solve for v. This should tell us what the
correct value is.

3=4+vy = v=-1

Okay so we now know that we’ll be at the point in question when # =2 and v =—1. At this point
the normal vector is,

i=16i — ] —4k
The tangent plane is then,
16(x—2)—(y—2)—4(z—3)=0
l6x—y—-4z=18

You do remember how to write down the equation of a plane, right?

The second application that we want to take a quick look at is the surface area of the parametric surface
S given by,

F(M,v)=x(u,v)f+y(u,v)]'+z(u,v)l€

and as we will see it again comes down to needing the vector 7, x 7,

So, provided S is traced out exactly once as (u,v) ranges over the points in D the surface area of S'is

I

given by,

dA

r,Xr,

Let’s take a look at an example.

Example 4 Find the surface area of the portion of the sphere of radius 4 that lies inside the cylinder
X +y2 =12 and above the xy-plane.

Solution

Okay we’ve got a couple of things to do here. First, we need the parameterization of the sphere. We
parameterized a sphere earlier in this section so there isn’t too much to do at this point. Here is the
parameterization.

17(6?,(0):4sin(pcosﬁf+4sin(psin9]+4c05(pl€
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Next, we need to determine D. Since we are not restricting how far around the z-axis we are rotating
with the sphere we can take the following range for 6.

0<60<L2x

Now, we need to determine a range for ¢ . This will take a little work, although it’s not too bad.
First, let’s start with the equation of the sphere.
X’ +y +2z° =16
Now, if we substitute the equation for the cylinder into this equation we can find the value of z where
the sphere and the cylinder intersect.
x+y +z° =16
12+2° =16

22=4 = z=%2

Now, since we also specified that we only want the portion of the sphere that lies above the xy-plane
we know that we need z =2 . We also know that p =4 . Plugging this into the following conversion

formula we get,
Z=pCcosQ
2=4cosg

1
CosQp =— = Q=
2

Wy

So, it looks like the range of ¢ will be,

0<p<

Wy

Finally, we need to determine 7, x 17(/). Here are the two individual vectors.
7,(0,9) =—4sinpsin i +4singcoso j
17(0(«9,(0) =4cosqocosef+4cos¢sin9]—4sin¢)l€
Now let’s take the cross product.
i J k
1y X1, =|-4sinpsin@ 4singpcost 0
4cospcos@ 4cospsinf —4sing
=—16sin’> pcos @i —16sinpcos@sin® Ok —16sin® psin € | —16sin pcospcos’ Ok
= —16sin” pcos@i —16sin’ psin | —16sin(pCOS(p(sin2 0+ cos’ Q)E

=—16sin’ pcosOi —16sin’ psin j —16sinpcos pk

We now need the magnitude of this,
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”Fg X Fq}” = \/2565in* pcos® O+ 256sin* psin® @+ 256sin’ pcos’ o

= \/256 sin* gp(cos2 0 +sin’ 9) +256sin’ pcos’ @

= \/256 sin’ (p(sin2 @ +cos’ (p)
=164/sin” @

= 16|sin (p|

=16sing@

We can drop the absolute value bars in the sine because sine is positive in the range of ¢ that we are
working with.

We can finally get the surface area.
Az”l6sin¢9dA
D
= J.M.[gmsin(pdqod@
0 0
2z /3
= IO —16cosg0|0/ do

2
=| 8d6
0

=167z
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Section 6-3 : Surface Integrals

It is now time to think about integrating functions over some surface, S, in three-dimensional space.
Let’s start off with a sketch of the surface S since the notation can get a little confusing once we get into

it. Here is a sketch of some surface S.
z

The region S will lie above (in this case) some region D that lies in the xy-plane. We used a rectangle
here, but it doesn’t have to be of course. Also note that we could just as easily looked at a surface S that
was in front of some region D in the yz-plane or the xz-plane. Do not get so locked into the xy-plane that
you can’t do problems that have regions in the other two planes.

Now, how we evaluate the surface integral will depend upon how the surface is given to us. There are
essentially two separate methods here, although as we will see they are really the same.

First, let’s look at the surface integral in which the surface Sis given by z = g(x,y). In this case the

surface integral is,

[[£(xy.2)ds = || f(x..g(x.7)) (a—gT +(8_gJ2 +1dA4

s Ox Oy

o

Now, we need to be careful here as both of these look like standard double integrals. In fact the integral
on the right is a standard double integral. The integral on the left however is a surface integral. The way
to tell them apart is by looking at the differentials. The surface integral will have a dS while the standard
double integral will have a dA.
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In order to evaluate a surface integral we will substitute the equation of the surface in for z in the
integrand and then add on the often messy square root. After that the integral is a standard double
integral and by this point we should be able to deal with that.

Note as well that there are similar formulas for surfaces given by y = g(x,z) (with D in the xz-plane)

and x = g(y,z) (with D in the yz-plane). We will see one of these formulas in the examples and we’ll

leave the other to you to write down.

The second method for evaluating a surface integral is for those surfaces that are given by the
parameterization,

F(u,v) = x(u,v)f+y(u,v)]’+z(u,v)1€
In these cases the surface integral is,

(] Gez)ds = [[ £ (7 )

where D is the range of the parameters that trace out the surface S.

Before we work some examples let’s notice that since we can parameterize a surface given by
z=g (x,y) as,

F(x,y) =Xxi +yj +g(x,y)k
we can always use this form for these kinds of surfaces as well. In fact, it can be shown that,

el (2] (3] -
X y

for these kinds of surfaces. You might want to verify this for the practice of computing these cross
products.

Let’s work some examples.

Example 1 Evaluate ” 6xy dS where S is the portion of the plane x+ y+z =1 that lies in the 1%
N
octant and is in front of the yz-plane.

Solution
Okay, since we are looking for the portion of the plane that lies in front of the yz-plane we are going

to need to write the equation of the surface in the form x = g(y,z). This is easy enough to do.

x=l-y—z

Next, we need to determine just what D is. Here is a sketch of the surface S.
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lx

Here is a sketch of the region D.

|:|_ 1 | | 1 }-'
0. nz 0.4 0.4 0.3 l.

Notice that the axes are labeled differently than we are used to seeing in the sketch of D. This was to
keep the sketch consistent with the sketch of the surface. We arrived at the equation of the
hypotenuse by setting x equal to zero in the equation of the plane and solving for z. Here are the
ranges for y and z.

Now, because the surface is not in the form z = g(x,y) we can’t use the formula above. However,

as noted above we can modify this formula to get one that will work for us. Here it is,

Ljf(x,y,z)dS: f(g(y.2).3.2) IJ{%TJ{%JZ dA

D
The changes made to the formula should be the somewhat obvious changes. So, let’s do the integral.

[[6xyds = [[6(1—y—z) yL+(-1) +(-1)" da

Notice that we plugged in the equation of the plane for the x in the integrand. At this point we’ve got
a fairly simple double integral to do. Here is that work.
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”6xde=x/§”6(y—y2—zy)dA
N D
1 _
:6\/§f J.lyy—yz—zydzdy
O 0
1 1 1-y
:6x/§J (yz—zyz—azzyj dy
0
g 'l 1
=633 | —y—y*+=1’d
fozy y 2)’ y

—6\/_( ¥’ ——y ly“J

0

B
4

8

0

Example 2 Evaluate ”ZdS where S is the upper half of a sphere of radius 2.

Solution

We gave the parameterization of a sphere in the previous section. Here is the parameterization for
this sphere.

17(6?,(0):2sin(pcost9;+2sin(psin6’]‘+2c05(pl€

Since we are working on the upper half of the sphere here are the limits on the parameters.

0<0<2x OS(DS%

Next, we need to determine 7, x ;7$ . Here are the two individual vectors.
7,(0,9)=-2sinpsin i +2singcos j
r, («9,(/)) = 2cos¢cos€f+2cosgosin9]—2sin¢)l€
Now let’s take the cross product.
i J k
Iy X1, =|-2sin@sin@ 2singcosd 0
2cospcosd 2cosesind —2sing
= —4sin® pcos @i —4sinpcossin® Ok —4sin’ ¢sin 6 j —4sin pcospcos® O k
= —4sin* pcos@i —4sin’ gosin@f—4sin(pc05(p(sin2 0+ cos’ 9)/2
= —4sin* pcos @i —4sin’ gosin@j—4sin(pcos¢l€

Finally, we need the magnitude of this,
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”179 xzfp” = J16sin* pcos® 0 +16sin* psin® 0 +16sin’ pcos® ¢

= \/16sin4 go(0052 0 +sin’ 0) +16sin’ pcos’ @

= \/16sin2 (/)(sin2 @+ cos’ (o)
=4,/sin’ ¢

= 4|sin ¢)|

=4sin@

We can drop the absolute value bars in the sine because sine is positive in the range of ¢ that we are
working with. The surface integral is then,

[[zds = [[2cos p(4sinp) da

Don’t forget that we need to plug in for x, y and/or z in these as well, although in this case we just
needed to plugin z. Here is the evaluation for the double integral.

[[zas=[" ] 4sin(20) oo

= J-Ozﬂ(—2 cos(2gz)))|;2Z do
= ["4d0
0

=8

Example 3 Evaluate Hde where S is the portion of the cylinder x° + y* =3 that lies between
N
z=0and z=6.

Solution
We parameterized up a cylinder in the previous section. Here is the parameterization of this cylinder.

7(z,0) =3cosOi +\/3sin@j+zk
The ranges of the parameters are,
0<z<6 0<0<2x

Now we need 7. x7,. Here are the two vectors.
7.(z,0) =k
7 (2,0)=—3sin07 +/3cos 6 j

Here is the cross product.
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P
7XT, = 0 0
—3sin@ ~f3cosd 0
=—3cosOi —\3sin6 ]

— X

The magnitude of this vector is,

|7 X’79||=\/300529+3sin2 0 =+/3

The surface integral is then,
[[yas=[[V3sino(3)d
N D
=3j02”j§sin0dzd9
2r
=3.[0 6sin68déo

=(—18cos 9)|(2)”
=0

Example 4 Evaluate J..[y +2dS where S is the surface whose side is the cylinder x* + y* =3,
S

whose bottom is the disk x* + y2 <3 in the xy-plane and whose top is the plane z =4—y.

Solution

There is a lot of information that we need to keep track of here. First, we are using pretty much the
same surface (the integrand is different however) as the previous example. However, unlike the
previous example we are putting a top and bottom on the surface this time. Let’s first start out with a
sketch of the surface.
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P
35 1 the bottom of the cylinder

We need to be careful here. There is more to this sketch than the actual surface itself. We’re going
to let S, be the portion of the cylinder that goes from the xy-plane to the plane. In other words, the

top of the cylinder will be at an angle. We'll call the portion of the plane that lies inside (i.e. the cap
on the cylinder) .S, . Finally, the bottom of the cylinder (not shown here) is the disk of radius \/§ in
the xy-plane and is denoted by S, .

In order to do this integral we’ll need to note that just like the standard double integral, if the surface
is split up into pieces we can also split up the surface integral. So, for our example we will have,

ﬂy+uﬁ=ﬂy+um+ﬂy+uw+ﬂy+uw
S, S,

s s,

We're going to need to do three integrals here. However, we’ve done most of the work for the first
one in the previous example so let’s start with that.

S, : The Cylinder

The parameterization of the cylinder and ”’72 X ;75” is,

7(2,0)=3cos 07 +/3sin@j+zk IF. 7| =3

The difference between this problem and the previous one is the limits on the parameters. Here they
are.
0<0<L2x

0<z<4-y=4—+3sin0
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The upper limit for the Z’s is the plane so we can just plug that in. However, since we are on the
cylinder we know what y is from the parameterization so we will also need to plug that in.

Here is the integral for the cylinder.

jSljy+zdS=ij(\/§sin9+z)(\/§)dA

_ ﬁj:”j:’m“gﬁsmmzdz d6
=3[ V3sin0(4-35ing) +(4-3sino) a0
:\/§I02”8—%sin29d9

:ﬁj:”g—%(l—cos(za))de

=\/§[%9+§sin(20)j
_ 2937

2

0

S, : Plane on Top of the Cylinder

In this case we don’t need to do any parameterization since it is set up to use the formula that we
gave at the start of this section. Remember that the plane is given by z=4—y. Also note that, for

this surface, D is the disk of radius \/5 centered at the origin.

Here is the integral for the plane.

[[y+zds = [[(y+4-)J(0) +(-1) +1d4
=2[[4a4

Don’t forget that we need to plug in for z! Now at this point we can proceed in one of two ways.

Either we can proceed with the integral or we can recall that ” dA is nothing more than the area of
D

D and we know that D is the disk of radius \/g and so there is no reason to do the integral.

Here is the remainder of the work for this problem.
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[[y+zds=a2[[ a4

:4\/5(71(\/5)2)
=12\2 7

S, : Bottom of the Cylinder

Again, this is set up to use the initial formula we gave in this section once we realize that the equation
for the bottom is given by g(x,y) =0 and D is the disk of radius \/g centered at the origin. Also,

don’t forget to plug in for z.
Here is the work for this integral.
[[y+zds=[[(y+0)y(0) +(0) +1d4

S; D
-y
D

2r \/’
=f j03r2sin0drd9
0

2z 1 \/g
:J (—r3 sin (9) do
3 0

0

- j:”ﬁ sin6do

2
0

=—/3cosfl

=0

We can now get the value of the integral that we are after.

Hy+zdS:Hy+zdS+”y+zdS+ﬂy+zdS
S, Sy

s s,

203 7
2

11242740

- %(29\6+ 242)
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Section 6-4 : Surface Integrals of Vector Fields

Just as we did with line integrals we now need to move on to surface integrals of vector fields. Recall
that in line integrals the orientation of the curve we were integrating along could change the answer.
The same thing will hold true with surface integrals. So, before we really get into doing surface integrals
of vector fields we first need to introduce the idea of an oriented surface.

Let’s start off with a surface that has two sides (while this may seem strange, recall that the Mobius Strip
is a surface that only has one side!) that has a tangent plane at every point (except possibly along the

boundary). Making this assumption means that every point will have two unit normal vectors, 7, and
1, =—n,. This means that every surface will have two sets of normal vectors. The set that we choose

will give the surface an orientation.

There is one convention that we will make in regard to certain kinds of oriented surfaces. First, we need
to define a closed surface. A surface S is closed if it is the boundary of some solid region E. A good
example of a closed surface is the surface of a sphere. We say that the closed surface S has a positive
orientation if we choose the set of unit normal vectors that point outward from the region E while the
negative orientation will be the set of unit normal vectors that point in towards the region E.

Note that this convention is only used for closed surfaces.

In order to work with surface integrals of vector fields we will need to be able to write down a formula
for the unit normal vector corresponding to the orientation that we’ve chosen to work with. We have
two ways of doing this depending on how the surface has been given to us.

First, let’s suppose that the function is given by z = g(x,y). In this case we first define a new function,

f(xp.z)=z-g(x.y)
In terms of our new function the surface is then given by the equation f(x,y,z) =0. Now, recall that

V1 will be orthogonal (or normal) to the surface given by f(x, y,z) =0. This means that we have a
normal vector to the surface. The only potential problem is that it might not be a unit normal vector.

That isn’t a problem since we also know that we can turn any vector into a unit vector by dividing the
vector by its length. In our case this is,

vf

=

[¥71

In this case it will be convenient to actually compute the gradient vector and plug this into the formula
for the normal vector. Doing this gives,

Vf  -gi-g,j+k

Vil Je ) +(z,) +1

Now, from a notational standpoint this might not have been so convenient, but it does allow us to make
a couple of additional comments.

ﬁ=|
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First, notice that the component of the normal vector in the z-direction (identified by the £ in the
normal vector) is always positive and so this normal vector will generally point upwards. It may not
point directly up, but it will have an upwards component to it.

This will be important when we are working with a closed surface and we want the positive orientation.
If we know that we can then look at the normal vector and determine if the “positive” orientation
should point upwards or downwards. Remember that the “positive” orientation must point out of the
region and this may mean downwards in places. Of course, if it turns out that we need the downward
orientation we can always take the negative of this unit vector and we’ll get the one that we need.
Again, remember that we always have that option when choosing the unit normal vector.

Before we move onto the second method of giving the surface we should point out that we only did this
for surfaces in the form z = g(x,y). We could just as easily done the above work for surfaces in the

form y = g(x,z) (so f(x,y,z) = y—g(x,z)) or for surfaces in the form x = g(y,z) (so

f(xayaz):x_g(yoz))-

Now, we need to discuss how to find the unit normal vector if the surface is given parametrically as,
F(u,v) = x(u,v)f+y(u,v)]’+z(u,v)l€

In this case recall that the vector 7, x 7, will be normal to the tangent plane at a particular point. But if

the vector is normal to the tangent plane at a point then it will also be normal to the surface at that
point. So, this is a normal vector. In order to guarantee that it is a unit normal vector we will also need
to divide it by its magnitude.

So, in the case of parametric surfaces one of the unit normal vectors will be,
P r,XT,

r, Xl’v

As with the first case we will need to look at this once it’s computed and determine if it points in the
correct direction or not. If it doesn’t then we can always take the negative of this vector and that will
point in the correct direction.

Finally, remember that we can always parameterize any surface given by z = g(x,y) (or y= g(x,z)

or x = g(y,z)) easily enough and so if we want to we can always use the parameterization formula to

find the unit normal vector.

Okay, now that we’ve looked at oriented surfaces and their associated unit normal vectors we can
actually give a formula for evaluating surface integrals of vector fields.

Given a vector field F with unit normal vector 7i then the surface integral of F over the surface Sis
given by,
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j j FedS = ”Fﬁ ds
S S

where the right hand integral is a standard surface integral. This is sometimes called the flux of F
across S.

Before we work any examples let’s notice that we can substitute in for the unit normal vector to get a
somewhat easier formula to use. We will need to be careful with each of the following formulas
however as each will assume a certain orientation and we may have to change the normal vector to
match the given orientation.

Let’s first start by assuming that the surface is given by z = g(x,y). In this case let’s also assume that

the vector field is given by F' = Pi + Oj+R k and that the orientation that we are after is the

“upwards” orientation. Under all of these assumptions the surface integral of F overSis,

[ FedsS = jS [ Feiids

N

= || (P7+Qj+RE)r 8.8tk \/(gx)2+(gy)2+1dA

) +(e,) +1

D
_[ (P?+Qj+Rl€)-(—gx7—gy]‘+l€)dA
D

= [[-Pg,-0g, +RdA
D

Now, remember that this assumed the “upward” orientation. If we’d needed the “downward”
orientation, then we would need to change the signs on the normal vector. This would in turn change
the signs on the integrand as well. So, we really need to be careful here when using this formula. In
general, it is best to rederive this formula as you need it.

When we’ve been given a surface that is not in parametric form there are in fact 6 possible integrals
here. Two for each form of the surface z = g(x,y), y= g(x,z) and x = g(y,z) . Given each form
of the surface there will be two possible unit normal vectors and we’ll need to choose the correct one to

match the given orientation of the surface. However, the derivation of each formula is similar to that
given here and so shouldn’t be too bad to do as you need to.

Notice as well that because we are using the unit normal vector the messy square root will always drop
out. This means that when we do need to derive the formula we won’t really need to put this in. All
we’ll need to work with is the numerator of the unit vector. We will see at least one more of these
derived in the examples below. It should also be noted that the square root is nothing more than,

Y&y +(g,) +1=I7]
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so in the following work we will probably just use this notation in place of the square root when we can
to make things a little simpler.

Let’s now take a quick look at the formula for the surface integral when the surface is given
parametrically by F(u,v) . In this case the surface integral is,

[[ Feds = jsj FeiidS

N

|| Ao 22 7
n,XT,
D
= [[Fe(7x72)da
D

Again, note that we may have to change the sign on 7, x7, to match the orientation of the surface and

so there is once again really two formulas here. Also note that again the magnitude cancels in this case
and so we won’t need to worry that in these problems either.

Note as well that there are even times when we will use the definition, J.J.Fodg = ”F’-ﬁ ds, directly.

S N
We will see an example of this below.

Let’s now work a couple of examples.

Example 1 Evaluate ” Fe+dS where F = y]' —zk and Sis the surface given by the paraboloid
S

y=x"+2z",0<y<1 and thedisk x> +2z° <1 at y =1. Assume that S has positive orientation.

Solution
Okay, first let’s notice that the disk is really nothing more than the cap on the paraboloid. This means
that we have a closed surface. This is important because we’ve been told that the surface has a

positive orientation and by convention this means that all the unit normal vectors will need to point
outwards from the region enclosed by S.

Let’s first get a sketch of S so we can get a feel for what is going on and in which direction we will
need to unit normal vectors to point.
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As noted in the sketch we will denote the paraboloid by §, and the disk by .S, . Also note that in

order for unit normal vectors on the paraboloid to point away from the region they will all need to
point generally in the negative y direction. On the other hand, unit normal vectors on the disk will
need to point in the positive y direction in order to point away from the region.

Since S is composed of the two surfaces we’ll need to do the surface integral on each and then add
the results to get the overall surface integral. Let’s start with the paraboloid. In this case we have the

surface in the form y = g(x,z) so we will need to derive the correct formula since the one given

initially wasn’t for this kind of function. This is easy enough to do however. First define,

feyz)=y-g(xz)=y-x*-2

We will next need the gradient vector of this function.

Vf =(-2x,1,-2z)

Now, the y component of the gradient is positive and so this vector will generally point in the positive
y direction. However, as noted above we need the normal vector point in the negative y direction to
make sure that it will be pointing away from the enclosed region. This means that we will need to use

—Vf _(2x,-1,2z)
=Vl v

Let’s note a couple of things here before we proceed. We don't really need to divide this by the
magnitude of the gradient since this will just cancel out once we actually do the integral. So, because
of this we didn’t bother computing it. Also, the dropping of the minus sign is not a typo. When we

compute the magnitude we are going to square each of the components and so the minus sign will
drop out.

n=

S, : The Paraboloid

Okay, here is the surface integral in this case.
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(2x,-1,2z)

Vfi|dA
=

(1705 = {70
:ij—y—zz dA

:'g—(x2+22)—222 dA

—ﬁxz +32%dA
D

Don’t forget that we need to plug in the equation of the surface for y before we actually compute the
integral. In this case D is the disk of radius 1 in the xz-plane and so it makes sense to use polar
coordinates to complete this integral. Here are polar coordinates for this region.

x=rcosf z=rsin@

0<0<2n 0<r<li
Note that we kept the x conversion formula the same as the one we are used to using for x and let z
be the formula that used the sine. We could have done it any order, however in this way we are at
least working with one of them as we are used to working with.
Here is the evaluation of this integral.
[[ Feds = —jsz +3z2dA
Sl

f J- r? cos® @+ 3r sin «9)rdrd9

f J. cos” 6 +3sin’ H)r drdf

J ( (1+cos(20))+ ;(1—cos(29))j&r4j

= —g_[02”4—2cos(26’)d«9

1

do

0

2z

—%(40—sin(29))

0

=—7

S, : The Cap of the Paraboloid

We can now do the surface integral on the disk (cap on the paraboloid). This one is actually fairly
easy to do and in fact we can use the definition of the surface integral directly. First let’s notice that
the disk is really just the portion of the plane y =1 that is in front of the disk of radius 1 in the xz-

plane.

© 2018 Paul Dawkins http://tutorial. math.lamar.edu



Calculus 11l 293

Now we want the unit normal vector to point away from the enclosed region and since it must also be
orthogonal to the plane y =1 then it must point in a direction that is parallel to the y-axis, but we

already have a unit vector that does this. Namely,
i=j
the standard unit basis vector. It also points in the correct direction for us to use. Because we have

the vector field and the normal vector we can plug directly into the definition of the surface integral
to get,

([FdS = (37 R 7)as= ] vas
S, S, S,
At this point we need to plug in for y (since S, is a portion of the plane y =1 we do know what it is)
and we’ll also need the square root this time when we convert the surface integral over to a double
integral. In this case since we are using the definition directly we won’t get the canceling of the
square root that we saw with the first portion. To get the square root well need to acknowledge that
y=1l=g (x, z)

and so the square root is,

Y& +1+(g.)

The surface integral is then,

=J}1\/0+1+OdA:IIdA

At this point we can acknowledge that D is a disk of radius 1 and this double integral is nothing more
than the double integral that will give the area of the region D so there is no reason to compute the
integral. Here is the value of the surface integral.

Hﬁ-dg =7

S,

Finally, to finish this off we just need to add the two parts up. Here is the surface integral that we
were actually asked to compute.

ﬂﬁ-dﬁ=”F.d§+ﬂﬁ-d§=—n+;z=o
S, S,

N

Example 2 Evaluate ” FedS where F =xi +yj+z'k and Sis the upper half the sphere
S

x’ er2 +z* =9 and the disk x +y2 <9 inthe plane z=0. Assume that S has the positive
orientation.

Solution

So, as with the previous problem we have a closed surface and since we are also told that the surface
has a positive orientation all the unit normal vectors must point away from the enclosed region. To
help us visualize this here is a sketch of the surface.
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= 1z bottom of the hemi-sphere

We will call S, the hemisphere and S, will be the bottom of the hemisphere (which isn’t shown on

the sketch). Now, in order for the unit normal vectors on the sphere to point away from enclosed
region they will all need to have a positive zcomponent. Remember that the vector must be normal
to the surface and if there is a positive z component and the vector is normal it will have to be
pointing away from the enclosed region.

On the other hand, the unit normal on the bottom of the disk must point in the negative z direction in
order to point away from the enclosed region.

S, : The Sphere

Let’s do the surface integral on S, first. In this case since the surface is a sphere we will need to use
the parametric representation of the surface. This is,
7(0,9)=3sinpcos @i +3singsind j +3cospk

Since we are working on the hemisphere here are the limits on the parameters that we’ll need to use.

0<0<2x OSgpS%

Next, we need to determine 7, x ;7$ . Here are the two individual vectors and the cross product.
7, (0,9)=-3sinpsin i +3singpcos o j
7.(0.0) =3cos@cos@i +3cospsind j —3sinpk

— — —

i J k
Iy %1, =|-3singsin@ 3singcosd 0
3cospcosf 3cos@sin@d —3sing
=-9sin’ pcos @i —9sin g cos psin’ 0k —9sin’ @sin@ j —9sin ¢ cos ¢ cos’ Ok
=-9sin’ pcos @i —9sin’ (/)siné’]’—9sing0cosq)(sin2 0+ cos’ 9)1;

=—9sin2¢cos€?—9sin2¢sin6’]‘—9singocosgol€
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Note that we won’t need the magnitude of the cross product since that will cancel out once we start
doing the integral.

Notice that for the range of ¢ that we’ve got both sine and cosine are positive and so this vector will
have a negative z component and as we noted above in order for this to point away from the
enclosed area we will need the z component to be positive. Therefore, we will need to use the
following vector for the unit normal vector.
P Ty XT, _ 9sin’ pcos @i +9sin’ psind j +9sinpcospk
77| 77|

Again, we will drop the magnitude once we get to actually doing the integral since it will just cancel in
the integral.

Okay, next we’ll need
]7“(7(49,(0)) =3sinpcos @i +3singsind j +81cos’ (pl;
Remember that in this evaluation we are just plugging in the x component of ;7(9,(0) into the vector

field etc.

We also may as well get the dot product out of the way that we know we are going to need.
F(f(&,(p))-(—@ X F{p) =27sin’ gpcos® @ +27sin’ psin® @+ 729sin pcos’ @

=27sin’ @ +729sinpcos’ @
Now we can do the integral.
- ( | mpxr,
HF-d = || Fo m—= ”rgxr”dA
Si J ||r9><r¢||
D
r 2T L4
= J.227sm @ +729singpcos’ pdpdf
J 0
r2r ks
= j227smg0(1 cos q))+729sm(ocos pdpdod
J 0
2 z
2
=— [27(005@—10053 ¢j+Ecos° go] do
. 3 6 .
2
:J Edg
o 2
=279

S, : The Bottom of the Hemi-Sphere

Now, we need to do the integral over the bottom of the hemisphere. In this case we are looking at
the disk x* + y2 <9 that lies in the plane z =0 and so the equation of this surface is actually z=0.
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The disk is really the region D that tells us how much of the surface we are going to use. This also
means that we can use the definition of the surface integral here with

ii=—k
We need the negative since it must point away from the enclosed region.
The surface integral in this case is,
”F-dg = H(x?+y]+z4 E)-(—E)dS
S, S,

2 = [[-="ds

Remember, however, that we are in the plane given by z =0 and so the surface integral becomes,

[[ FedS =[[-z"ds =[[0ds =0

The last step is to then add the two pieces up. Here is surface integral that we were asked to look at.
[[ FedS = [[ FedS + [[ F+dS = 2797 +0=2797
Si S,

N

We will leave this section with a quick interpretation of a surface integral over a vector field. If V is the
velocity field of a fluid then the surface integral

jsj VedS

represents the volume of fluid flowing through S per time unit (i.e. per second, per minute, or whatever
time unit you are using).
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Section 6-5 : Stokes' Theorem

In this section we are going to take a look at a theorem that is a higher dimensional version of Green’s
Theorem. In Green’s Theorem we related a line integral to a double integral over some region. In this
section we are going to relate a line integral to a surface integral. However, before we give the theorem
we first need to define the curve that we’re going to use in the line integral.

Let’s start off with the following surface with the indicated orientation.

#

-

/Fz’

Around the edge of this surface we have a curve C. This curve is called the boundary curve. The
orientation of the surface S will induce the positive orientation of C. To get the positive orientation of C
think of yourself as walking along the curve. While you are walking along the curve if your head is
pointing in the same direction as the unit normal vectors while the surface is on the left then you are
walking in the positive direction on C.

Now that we have this curve definition out of the way we can give Stokes’ Theorem.

Stokes’ Theorem

Let S be an oriented smooth surface that is bounded by a simple, closed, smooth boundary curve C
with positive orientation. Also let F be a vector field then,

J-F-dfzﬂcurlﬁ-dg
C S

In this theorem note that the surface S can actually be any surface so long as its boundary curve is given
by C. This is something that can be used to our advantage to simplify the surface integral on occasion.

Let’s take a look at a couple of examples.
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Example 1 Use Stokes’ Theorem to evaluate ” curl F «dS where F =z*7 —3xyj+x’y’ k ands
S
is the partof z=15 —x’ —y2 above the plane z =1. Assume that S is oriented upwards.

Solution
Let’s start this off with a sketch of the surface.

In this case the boundary curve C will be where the surface intersects the plane z =1 and so will be
the curve

X +y =4 atz=1

So, the boundary curve will be the circle of radius 2 that is in the plane z =1. The parameterization
of this curve is,

?(t)=200$t;+25int]+l€, 0<tL2rx

The first two components give the circle and the third component makes sure that it is in the plane
z=1.

Using Stokes’ Theorem we can write the surface integral as the following line integral.

ﬂcurlﬁ-d§=jﬁ-d?=jj
S C

T —

F(7(t))s7 (¢)dt

So, it looks like we need a couple of quantities before we do this integral. Let’s first get the vector
field evaluated on the curve. Remember that this is simply plugging the components of the
parameterization into the vector field.
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( 7 (1 )) (1 ) (2cost)(2sint)]+(2c0st)3(2sint)3lg
=i —12costsint j +64cos’ tsin’ tk
Next, we need the derivative of the parameterization and the dot product of this and the vector field.
F(t)=-2sinti +2cost j
F(F(t))-?’(t): —2sint —24sintcos’ ¢
We can now do the integral.
H curl FedS = IOZ” —2sint —24sintcos’ tdt
N

2r
=(2cost+80053 t)o

=0

Example 2 Use Stokes’ Theorem to evaluate J.F-d F where F =227 +)" j’+xl€ and Cis the

triangle with vertices (1,0,0), (O, 1,0) and (O, 0,1) with counter-clockwise rotation.

Solution
We are going to need the curl of the vector field eventually so let’s get that out of the way first.
ik
- |0 0 O -
curlF=— — —|=2zj—-j=(2z-1
o oy 2| T (22-1)7
z y2 X

Now, all we have is the boundary curve for the surface that we’ll need to use in the surface integral.
However, as noted above all we need is any surface that has this as its boundary curve. So, let’s use
the following plane with upwards orientation for the surface.
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Since the plane is oriented upwards this induces the positive direction on C as shown. The equation
of this plane is,

x+y+z=1 = z:g(x,y)zl—x—y

Now, let’s use Stokes’ Theorem and get the surface integral set up.
IF’-dF:'Ucurlﬁ-dS’
C S

=[[(22-1)jas

= Vf
= [{(2z-1) jor=t= [V | d4
JDI S

Okay, we now need to find a couple of quantities. First let’s get the gradient. Recall that this comes
from the function of the surface.

f(x,y,z):z—g(x,y):z—1+x+y
Vf=i+]+k
Note as well that this also points upwards and so we have the correct direction.

Now, D is the region in the xy-plane shown below,
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D. 1 | | 1 T
0. 0z 0.4 0.4 0.2 l.

We get the equation of the line by plugging in z =0 into the equation of the plane. So based on this
the ranges that define D are,
0<x<1 0<y<—x+1

The integral is then,
[Fedi={[(2z- lj(z+]+k)dA
C D

Ilj_x+12(l—x—y)—ldydx

0J0

Don’t forget to plug in for z since we are doing the surface integral on the plane. Finishing this out
gives,

Iﬁ-d?zjij;x+ll—2x—2ydydx
C

—x+1

—I y—2xy-— y) dx
=I0x2—xdx
4]

3 2 o

1
6

In both of these examples we were able to take an integral that would have been somewhat unpleasant
to deal with and by the use of Stokes’ Theorem we were able to convert it into an integral that wasn’t
too bad.
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Section 6-6 : Divergence Theorem

In this section we are going to relate surface integrals to triple integrals. We will do this with the
Divergence Theorem.

Divergence Theorem

Let E be a simple solid region and S is the boundary surface of E with positive orientation. Let F bea
vector field whose components have continuous first order partial derivatives. Then,

jsj FedS =] Q divF dv

Let’s see an example of how to use this theorem.

Example 1 Use the divergence theorem to evaluate ” F+dS where F = xyi —%yz J+ zk and
S

the surface consists of the three surfaces, z = 4 —3x” —3y2 , 1<z<4 onthetop, x>+ y2 =1,
0<z<1 onthesidesand z =0 on the bottom.

Solution
Let’s start this off with a sketch of the surface.

The region E for the triple integral is then the region enclosed by these surfaces. Note that cylindrical
coordinates would be a perfect coordinate system for this region. If we do that here are the limits for
the ranges.

0<z<4-3/°
0<r<i1
0<0<L2x

We’'ll also need the divergence of the vector field so let’s get that.
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The integral is then,

divF=y—y+1=1
jjﬁ.dﬁzmdivﬁdrf
S

E
AT g
=J J j rdzdrd6
0 070

2r
:f Il4r—3r3drd<9
0 0

2r 3
:J (21*2 ——r4j
4
0

2
:f édg
0o 4

1

do

0
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