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Preface

Here are a set of assighnment problems for the Calculus Il notes. Please note that these
problems do not have any solutions available. These are intended mostly for instructors who
might want a set of problems to assign for turning in. Having solutions available (or even just
final answers) would defeat the purpose the problems.

If you are looking for some practice problems (with solutions available) please check out the
Practice Problems. There you will find a set of problems that should give you quite a bit practice.
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Outline

Here is a listing of sections for which assignment problems have been written as well as a brief
description of the material covered in the notes for that particular section.

3-Dimensional Space — In this chapter we will start looking at three dimensional space. This chapter is
generally prep work for Calculus Il and so we will cover the standard 3D coordinate system as well as a
couple of alternative coordinate systems. We will also discuss how to find the equations of lines and
planes in three dimensional space. We will look at some standard 3D surfaces and their equations. In
addition we will introduce vector functions and some of their applications (tangent and normal vectors,
arc length, curvature and velocity and acceleration).
The 3-D Coordinate System — | In this section we will introduce the standard three dimensional
coordinate system as well as some common notation and concepts needed to work in three
dimensions.
Equations of Lines — In this section we will derive the vector form and parametric form for the
equation of lines in three dimensional space. We will also give the symmetric equations of lines
in three dimensional space. Note as well that while these forms can also be useful for lines in
two dimensional space.
Equations of Planes — In this section we will derive the vector and scalar equation of a plane.
We also show how to write the equation of a plane from three points that lie in the plane.
Quadric Surfaces — In this section we will be looking at some examples of quadric surfaces.
Some examples of quadric surfaces are cones, cylinders, ellipsoids, and elliptic paraboloids.
Functions of Several Variables — In this section we will give a quick review of some important
topics about functions of several variables. In particular we will discuss finding the domain of a
function of several variables as well as level curves, level surfaces and traces.
Vector Functions — In this section we introduce the concept of vector functions concentrating
primarily on curves in three dimensional space. We will however, touch briefly on surfaces as
well. We will illustrate how to find the domain of a vector function and how to graph a vector
function. We will also show a simple relationship between vector functions and parametric
equations that will be very useful at times.
Calculus with Vector Functions — In this section here we discuss how to do basic calculus, i.e.
limits, derivatives and integrals, with vector functions.
Tangent, Normal and Binormal Vectors — In this section we will define the tangent, normal and
binormal vectors.
Arc Length with Vector Functions — In this section we will extend the arc length formula we
used early in the material to include finding the arc length of a vector function. As we will see
the new formula really is just an almost natural extension of one we’ve already seen.
Curvature — In this section we give two formulas for computing the curvature (i.e. how fast the
function is changing at a given point) of a vector function.
Velocity and Acceleration — In this section we will revisit a standard application of derivatives,
the velocity and acceleration of an object whose position function is given by a vector function.
For the acceleration we give formulas for both the normal acceleration and the tangential
acceleration.
Cylindrical Coordinates — In this section we will define the cylindrical coordinate system, an
alternate coordinate system for the three dimensional coordinate system. As we will see
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Calculus 11l v

cylindrical coordinates are really nothing more than a very natural extension of polar
coordinates into a three dimensional setting.

Spherical Coordinates — In this section we will define the spherical coordinate system, yet
another alternate coordinate system for the three dimensional coordinate system.

Partial Derivatives — In this chapter we’ll take a brief look at limits of functions of more than one
variable and then move into derivatives of functions of more than one variable. As we’ll see if we can do
derivatives of functions with one variable it isn’t much more difficult to do derivatives of functions of
more than one variable (with a very important subtlety). We will also discuss interpretations of partial
derivatives, higher order partial derivatives and the chain rule as applied to functions of more than one
variable. We will also define and discuss directional derivatives.
Limits — In the section we’ll take a quick look at evaluating limits of functions of several
variables. We will also see a fairly quick method that can be used, on occasion, for showing that
some limits do not exist.
Partial Derivatives — In this section we will the idea of partial derivatives. We will give the
formal definition of the partial derivative as well as the standard notations and how to compute
them in practice (i.e. without the use of the definition). As you will see if you can do derivatives
of functions of one variable you won’t have much of an issue with partial derivatives. There is
only one (very important) subtlety that you need to always keep in mind while computing partial
derivatives.
Interpretations of Partial Derivatives — In the section we will take a look at a couple of
important interpretations of partial derivatives. First, the always important, rate of change of
the function. Although we now have multiple ‘directions’ in which the function can change
(unlike in Calculus I). We will also see that partial derivatives give the slope of tangent lines to
the traces of the function.
Higher Order Partial Derivatives — In the section we will take a look at higher order partial
derivatives. Unlike Calculus | however, we will have multiple second order derivatives, multiple
third order derivatives, etc. because we are now working with functions of multiple variables.
We will also discuss Clairaut’s Theorem to help with some of the work in finding higher order
derivatives.
Differentials — In this section we extend the idea of differentials we first saw in Calculus | to
functions of several variables.
Chain Rule — In the section we extend the idea of the chain rule to functions of several variables.
In particular, we will see that there are multiple variants to the chain rule here all depending on
how many variables our function is dependent on and how each of those variables can, in turn,
be written in terms of different variables. We will also give a nice method for writing down the
chain rule for pretty much an ysituation you might run into when dealing with functions of
multiple variables. In addition, we will derive a very quick way of doing implicit differentiation
so we no longer need to go through the process we first did back in Calculus I.
Directional Derivatives — In the section we introduce the concept of directional derivatives,
including how to compute them and see a couple of nice facts pertaining to directional
derivatives.

Applications of Partial Derivatives — In this chapter we will take a look at several applications of partial
derivatives. We will find the equation of tangent planes to surfaces and we will revisit on of the more
important applications of derivatives from earlier Calculus classes. We will spend a significant amount
of time finding relative and absolute extrema of functions of multiple variables. We will also introduce
Lagrange multipliers to find the absolute extrema of a function subject to one or more constraints.
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Tangent Planes and Linear Approximations — In this section formally define just what a tangent
plane to a surface is and how we use partial derivatives to find the equations of tangent planes

to surfaces that can be written as z = f(x,y) . We will also see how tangent planes can be

thought of as a linear approximation to the surface at a given point.

Gradient Vector, Tangent Planes and Normal Lines — In this section discuss how the gradient
vector can be used to find tangent planes to a much more general function than in the previous
section. We will also define the normal line and discuss how the gradient vector can be used to
find the equation of the normal line.

Relative Minimums and Maximums — In this section we will define critical points for functions
of two variables and discuss a method for determining if they are relative minimums, relative
maximums or saddle points (i.e. neither a relative minimum or relative maximum).

Absolute Minimums and Maximums — In this section we will how to find the absolute extrema
of a function of two variables when the independent variables are only allowed to come from a
region that is bounded (i.e. no part of the region goes out to infinity) and closed (i.e. all of the
points on the boundary are valid points that can be used in the process).

Lagrange Multipliers — In this section we’ll see discuss how to use the method of Lagrange
Multipliers to find the absolute minimums and maximums of functions of two or three variables
in which the independent variables are subject to one or more constraints. We also give a brief
justification for how/why the method works.

Multiple Integrals — In this chapter will be looking at double integrals, i.e. integrating functions of two
variables in which the independent variables are from two dimensional regions, and triple integrals, i.e.
integrating functions of three variables in which the independent variables are from three dimensional
regions. Included will be double integrals in polar coordinates and triple integrals in cylindrical and
spherical coordinates and more generally change in variables in double and triple integrals.
Double Integrals — In this section we will formally define the double integral as well as giving a
quick interpretation of the double integral.
Iterated Integrals — In this section we will show how Fubini’s Theorem can be used to evaluate
double integrals where the region of integration is a rectangle.
Double Integrals over General Regions — In this section we will start evaluating double integrals
over general regions, i.e. regions that aren’t rectangles. We will illustrate how a double integral
of a function can be interpreted as the net volume of the solid between the surface given by the
function and the xy-plane.
Double Integrals in Polar Coordinates — In this section we will look at converting integrals
(including dA) in Cartesian coordinates into Polar coordinates. The regions of integration in
these cases will be all or portions of disks or rings and so we will also need to convert the
original Cartesian limits for these regions into Polar coordinates.
Triple Integrals — In this section we will define the triple integral. We will also illustrate quite a
few examples of setting up the limits of integration from the three dimensional region of
integration. Getting the limits of integration is often the difficult part of these problems.
Triple Integrals in Cylindrical Coordinates — In this section we will look at converting integrals
(including dV) in Cartesian coordinates into Cylindrical coordinates. We will also be converting
the original Cartesian limits for these regions into Cylindrical coordinates.
Triple Integrals in Spherical Coordinates — In this section we will look at converting integrals
(including dV) in Cartesian coordinates into Spherical coordinates. We will also be converting
the original Cartesian limits for these regions into Spherical coordinates.
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Change of Variables — In previous sections we’ve converted Cartesian coordinates in Polar,
Cylindrical and Spherical coordinates. In this section we will generalize this idea and discuss how
we convert integrals in Cartesian coordinates into alternate coordinate systems. Included will
be a derivation of the dV conversion formula when converting to Spherical coordinates.

Surface Area — In this section we will show how a double integral can be used to determine the
surface area of the portion of a surface that is over a region in two dimensional space.

Area and Volume Revisited — In this section we summarize the various area and volume
formulas from this chapter.

Line Integrals — In this chapter we will introduce a new kind of integral : Line Integrals. With Line
Integrals we will be integrating functions of two or more variables where the independent variables now
are defined by curves rather than regions as with double and triple integrals. We will also investigate
conservative vector fields and discuss Green’s Theorem in this chapter.
Vector Fields — In this section we will start off with a quick review of parameterizing curves. This
is a skill that will be required in a great many of the line integrals we evaluate and so needs to be
understood. We will then formally define the first kind of line integral we will be looking at : line
integrals with respect to arc length.
Line Integrals — Part | — In this section we will start looking at line integrals. In particular we will
look at line integrals with respect to arc length.
Line Integrals — Part Il — In this section we will continue looking at line integrals and define the
second kind of line integral we’ll be looking at : line integrals with respect to x, y, and/or z. We
also introduce an alternate form of notation for this kind of line integral that will be useful on
occasion.
Line Integrals of Vector Fields — In this section we will define the third type of line integrals we’'ll
be looking at : line integrals of vector fields. We will also see that this particular kind of line
integral is related to special cases of the line integrals with respect to x, y and z.
Fundamental Theorem for Line Integrals — In this section we will give the fundamental theorem
of calculus for line integrals of vector fields. This will illustrate that certain kinds of line integrals
can be very quickly computed. We will also give quite a few definitions and facts that will be
useful.
Conservative Vector Fields — In this section we will take a more detailed look at conservative
vector fields than we’ve done in previous sections. We will also discuss how to find potential
functions for conservative vector fields.
Green’s Theorem — In this section we will discuss Green’s Theorem as well as an interesting
application of Green’s Theorem that we can use to find the area of a two dimensional region.

Surface Integrals — In this chapter we look at yet another kind on integral : Surface Integrals. With
Surface Integrals we will be integrating functions of two or more variables where the independent
variables are now on the surface of three dimensional solids. We will also look at Stokes” Theorem and
the Divergence Theorem.
Curl and Divergence — In this section we will introduce the concepts of the curl and the
divergence of a vector field. We will also give two vector forms of Green’s Theorem and show
how the curl can be used to identify if a three dimensional vector field is conservative field or
not.
Parametric Surfaces — In this section we will take a look at the basics of representing a surface
with parametric equations. We will also see how the parameterization of a surface can be used
to find a normal vector for the surface (which will be very useful in a couple of sections) and
how the parameterization can be used to find the surface area of a surface.
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Surface Integrals — In this section we introduce the idea of a surface integral. With surface
integrals we will be integrating over the surface of a solid. In other words, the variables will
always be on the surface of the solid and will never come from inside the solid itself. Also, in
this section we will be working with the first kind of surface integrals we’ll be looking at in this
chapter : surface integrals of functions.

Surface Integrals of Vector Fields — In this section we will introduce the concept of an oriented
surface and look at the second kind of surface integral we’ll be looking at : surface integrals of
vector fields.

Stokes’ Theorem — In this section we will discuss Stokes” Theorem.

Divergence Theorem — In this section we will discuss the Divergence Theorem.
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Chapter 1 : 3-Dimensional Space

Here are a set of assighnment problems for the 3-Dimensional Space chapter of the Calculus Il notes.
Please note that these problems do not have any solutions available. These are intended mostly for
instructors who might want a set of problems to assign for turning in. Having solutions available (or even
just final answers) would defeat the purpose the problems.

If you are looking for some practice problems (with solutions available) please check out the Practice
Problems. There you will find a set of problems that should give you quite a bit practice.

Here is a list of all the sections for which assignment problems have been written as well as a brief
description of the material covered in the notes for that particular section.

The 3-D Coordinate System — In this section we will introduce the standard three dimensional
coordinate system as well as some common notation and concepts needed to work in three dimensions.

Equations of Lines — In this section we will derive the vector form and parametric form for the equation
of lines in three dimensional space. We will also give the symmetric equations of lines in three
dimensional space. Note as well that while these forms can also be useful for lines in two dimensional
space.

Equations of Planes — In this section we will derive the vector and scalar equation of a plane. We also
show how to write the equation of a plane from three points that lie in the plane.

Quadric Surfaces — In this section we will be looking at some examples of quadric surfaces. Some
examples of quadric surfaces are cones, cylinders, ellipsoids, and elliptic paraboloids.

Functions of Several Variables — In this section we will give a quick review of some important topics
about functions of several variables. In particular we will discuss finding the domain of a function of
several variables as well as level curves, level surfaces and traces.

Vector Functions — In this section we introduce the concept of vector functions concentrating primarily
on curves in three dimensional space. We will however, touch briefly on surfaces as well. We will
illustrate how to find the domain of a vector function and how to graph a vector function. We will also
show a simple relationship between vector functions and parametric equations that will be very useful
at times.

Calculus with Vector Functions — In this section here we discuss how to do basic calculus, i.e. limits,
derivatives and integrals, with vector functions.

Tangent, Normal and Binormal Vectors — In this section we will define the tangent, normal and binormal
vectors.

Arc Length with Vector Functions — In this section we will extend the arc length formula we used early in
the material to include finding the arc length of a vector function. As we will see the new formula really
is just an almost natural extension of one we’ve already seen.

© 2018 Paul Dawkins http://tutorial. math.lamar.edu



Calculus 11l 2

Curvature — In this section we give two formulas for computing the curvature (i.e. how fast the function
is changing at a given point) of a vector function.

Velocity and Acceleration — In this section we will revisit a standard application of derivatives, the
velocity and acceleration of an object whose position function is given by a vector function. For the
acceleration we give formulas for both the normal acceleration and the tangential acceleration.

Cylindrical Coordinates — In this section we will define the cylindrical coordinate system, an alternate
coordinate system for the three dimensional coordinate system. As we will see cylindrical coordinates
are really nothing more than a very natural extension of polar coordinates into a three dimensional
setting.

Spherical Coordinates — In this section we will define the spherical coordinate system, yet another
alternate coordinate system for the three dimensional coordinate system. This coordinates system is
very useful for dealing with spherical objects. We will derive formulas to convert between cylindrical
coordinates and spherical coordinates as well as between Cartesian and spherical coordinates (the more
useful of the two).
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Section 1-1 : The 3-D Coordinate System

1. Give the projection of P = (—9,1,5) onto the three coordinate planes.

2. Give the projection of P = (3,—2, —5) onto the three coordinate planes.

3. Which of the points P = (8, —9,3) and Q = (—6, 4, —5) is closest to the xz-plane?
4. Which of the points P = (8, —9,3) and Q0 = (—6, 4, —5) is closest to the xy-plane?
5. Which of the points P = (5,—4,3) and Q = (—6, 3,9) is closest to the x-axis?

6. Which of the points P = (5,—4,3) and Q = (—6, 3,9) is closest to the y-axis?

For problems 7 — 9 list all of the coordinates systems (R, R?, R?) that the given equation will have a
graph in. Do not sketch the graph.

7.8z+ )§+1 =4x
y +2
8. \Jy+2=6
2
9.7y’ ————=xy
x+1
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Section 1-2 : Equations of Lines

For problems 1 — 4 give the equation of the line in vector form, parametric form and symmetric form.

1. The line through the points (7,—3,1) and (—2,1,4).
2. The line through the point (1, —5,0) and parallel to the line given by F(t) = <8—3t,—10+9t,—1 —t>.
3. The line through the point (1, —7,14) and parallel to the line givenby x=6¢, y=9, z=8-16¢.

4. The line through the point (—7, 2,4) and orthogonal to both v = <O, —9,1> and w=3i +J —4k .
For problems 5 — 7 determine if the two lines are parallel, orthogonal or neither.

5. The line given by F(t) = <4— 7t,-10+5¢,21 —4t> and the line given by
F(t)=(-2+31,7+51,5+1).

6. The line through the points (10,—4,18) and (5,6,—7) and the line givenby x =5+3¢, y=—6¢,
z=1+15¢.

7.Theline givenby x =29, y=-3-6¢, z=12—t and the line given by
F(t)={(12-14¢,2+7t,-10+3¢).

For problems 8 — 10 determine the intersection point of the two lines or show that they do not
intersect.

8. The line passing through the points (0, —9,—1) and (1,6,—3) and the line given by
F(1)=(-9-4t,10+61,1-2r).

9.Theline givenby x =1+6¢f, y=—1-3¢t, z=4+12t andthelinegivenby x=4+¢, y=-10-8¢,
z=3-5¢.

10. The line given by 7(1‘) = <14+ 5t,-3t,1+ 7t> and the line given by F(t) = <3 =3t,5+2t,-2+ 4t> )

11. Does the line passing through (—5,4,—1) and (—3,—5,0) intersect the yz-plane? If so, give the

point.

12. Does the line given by F(t) = <6 +t,—8+14¢, 4t> intersect the xz-plane? If so, give the point.
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Calculus 11l 5

13. Which of the three coordinate planes does the line givenby x =16¢, y=—4-9¢, z =34
intersect?
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Section 1-3 : Equations of Planes

For problems 1 — 5 write down the equation of the plane.

1. The plane containing the points (6, —3,1), (5,—4,1) and (3,—4,0).

2. The plane containing the point (1, —5,8) and orthogonal to the line given by x =-3+15¢, y=14—1¢
,z=9-3¢.

3. The plane containing the point (—8,3,7) and parallel to the plane given by 4x+8y—2z =45.

4. The plane containing the point (2,0,—8) and containing the line given by F(t) = <8t,—1—5t,4—t> .
5. The plane containing the two lines given by F(z‘) = <7 +5¢,2+t, 6t> and F(t) = <7 -61,2— 2t,10t>.
For problems 6 — 8 determine if the two planes are parallel, orthogonal or neither.

6. The plane given by —5x+3y +2z =—8 and the plane given by 6x—-8z =15.

7. The plane given by 3x+9y + 7z = —1 and the plane containing the points (1,—1,9) , (4,—1,2) and
(—2, 3,4).

8. The plane given by —x —8y + 3z =6 and the plane given by 2x+2y+ 6z =-91.

For problems 9 — 11 determine where the line intersects the plane or show that it does not intersect the
plane.

9. The line given by ?(t) = <9+ t,—4+1,2+ 5t> and the plane given by 4x—9y+2z=6.
10. The line given by F(t) = <2—3t,l+t,—4—2t> and the plane givenby x—7y—4z=-1.

11. The line given by x =8, y=-9¢, z=1+10¢ and the plane givenby 8x+9y+2z=17.
For problems 12 & 13 find the line of intersection of the two planes.

12. Find the line of intersection of the plane given by 4x+ y+10z = -2 and the plane given by
—8x+2y+3z=-8.

13. Find the line of intersection of the plane given by x —10y —2z =3 and the plane given by
2x—y+z=-13.
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14. Determine if the line given by x =4+3¢, y=-2, z =146t and the plane given by
8x—y+4z =-3 are parallel, orthogonal or neither.
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Section 1-4 : Quadric Surfaces

Sketch each of the following quadric surfaces.

2. z=2+4x"+6)°

3. 4x° +y* +32° =1

2 2
X V4

5. y=—+—-7
YT
6. 6x2+222 =1
2
7. x=12-2__322
4

8. x* =4y> +97°
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Section 1-5 : Functions of Several Variables

For problems 1 — 6 find the domain of the given function.

1. f(x,y):,/2x+4y—l

1 1 1
+ +
x+1 y-1 x+y-z

4. f(x,y,z) =

5. f(x,y,z) = ln(x2 +y° —82)

6. [(x,y)=x+y—x-3

For problems 7 — 11 identify and sketch the level curves (or contours) for the given function.
7.x"—4z—y=2

8. x—4z—y> =2

9. z* +4x’ :1—4y2

10. z+4x” =1-4y°

11. 2x-6y+z=-2

For problems 12 — 14 identify and sketch the traces for the given curves.

12. x* —4z—y=2

13. 2% +4x° =1—4y2

14. 2x—6y+z=-2
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Section 1-6 : Vector Functions

10

For problems 1 — 3 find the domain of the given vector function.

1 1 1

b F(t)=<t2—1’t+3’t—6>
2. F(r)=<ﬁ,m,m>

3. 7(t)=(In(t+7),In(r-3))

For problems 4 — 8 sketch the graph of the given vector function.

For problems 9 — 12 identify the graph of the vector function without sketching the graph.

9. 7(t)=(6,2+81,—1+10r)

10. 7 (1)

(121,6-81,4+7t)

11. 7 (1)

<2, 6¢os(?), 6sin(t)>

12. 7 (1) = <—2t, 6¢os(t),6sin (t)>

For problems 13 — 16 write down the equation of the line segment between the two points.

13. The line segment starting at (4, —7) and ending at(2,0) .

14. The line segment starting at (—1,2) and ending at(7,—2) .
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Calculus 11l 11

15. The line segment starting at (4, 1,—3) and ending at(—l, 2,6) .

16. The line segment starting at (1,—1,9) and ending at(4, —7,10) .
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Section 1-7 : Calculus with Vector Functions

12

For problems 1 — 6 evaluate the given limit.

1. lim(cos(Zt)f—e‘H]'Jr(t2 +3t —9)/€)

t—0

. -4 -4
2. lim( — , 5
>4\ —3t—4"16—1

124522 "1+ +1°

1
6. lim<ln(1—§j,e’2,2>
t—0

5t —-8t+1 2+¢ >

For problems 7 — 11 compute the derivative of the given vector function.

7.17(t)=<\/§ 1 1>

o
8. 7 (t)=cos(2t)i —sin(2t)]+ln(2t)l€
9.7(t)= <et2"',4—sec(2t),7>

10. 7 (¢) =sin(¢)cos(¢) i —¢ ln(tz)j'

1 £ P42

11 7(1)= (tz_4)2’t2+2’ r

For problems 11 — 14 evaluate the given integral.
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1 1 8
11. dt where 7 t ——1,5t,———
J (1= <t3 6t t4>

12. I t)dt, where 7 (t) (tz—S)e’ T+ 4 +17 —sin’ (5¢) k
13. I t)dt where 7 ( t):<tcos(7rt),8t—2,12t3—e2’>

14. I t)dt where 7(t)=tan(¢) i —sin’(¢)cos’(¢) /-8t
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Section 1-8 : Tangent, Normal and Binormal Vectors

For problems 1 — 3 find the unit tangent vector for the given vector function.

1. 7(t)=¢"7 —cos(8¢)j +sin(8¢)k

2. 7 (1) <8t,2—t6,t4>

3, ?(t):<ln(6t),e"’,5t>

For problems 4 & 5 find the tangent line to the vector function at the given point.

4. 7(t)=(3+2%,1',6) ati=-1.

5. F(t) = <2t,cos2 (t),e6t> at1=0.

For problems 5 & 6 find the unit normal and the binormal vectors for the given vector function.

5. 7(t)= <e‘” sin(7),e* cos(t),2>

6. 7(t) =27 +1£ j+In(F )k
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Section 1-9 : Arc Length with Vector Functions

1. 7(t)=4cos(2t)i +3tj—4sin(2¢)k from 0<t<3x.
2. F(t):<9—2t,4+2t,\/§t2> from 0<7<1.
3. F(t)=2t7 +4£ j+In(£ )k from 1<1<3.

For problems 4 — 6 find the arc length function for the given vector function.

4.7 (t)=(8t,6+1,-7t)

3
5. 7(t) = <8t,4t2,3>

6.7 ()= <e4’ sin(7),e* cos(t),2>

3
7. Determine where on the curve given by F(t) = <8t, 4¢2 ,3> we are after traveling a distance of 4.

8. Determine where on the curve given by ;7(1‘) = <e4t sin(t),e‘" cos(t),2> we are after traveling a

distance of 15.
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Section 1-10 : Curvature

16

Find the curvature for each the following vector functions.

3
1. 7 (t)= <5t,1 - 2t,4z2>
2. 7(t)=(6,e™,3re™)

3.7 (1) = <cos(a)t),t, sin(a)t)>

© 2018 Paul Dawkins
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Section 1-11 : Velocity and Acceleration

1. An objects acceleration is given by a = cos(Zt)l7 +4¢ ]’+ 6sin(3t)l€. The objects initial velocity is
v (0) =6i + 2] +7k and the objects initial position is 17(0) =i 9} +6k . Determine the objects

velocity and position functions.

2. An objects acceleration is given by a = 10t17—6j +tcos(t)l€ . The objects initial velocity is

7#(0)=—7 +117 —k and the objects initial position is 7 (0)=4i + j +10k . Determine the objects
(0) j j b j j

velocity and position functions.

3. Determine the tangential and normal components of acceleration for the object whose position is

3
given by F(t) = <51,1 —2t,4t? >

4. Determine the tangential and normal components of acceleration for the object whose position is
given by F(t) = <6,e_5t,3te_5Z> .
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Section 1-12 : Cylindrical Coordinates

For problems 1 & 2 convert the Cartesian coordinates for the point into Cylindrical coordinates.
1. (-3,5,-8)

2. (4,1,7)

3. Convert the following equation written in Cartesian coordinates into an equation in Cylindrical
coordinates.

Xy

————=X)z
X+t +1 4

For problems 4 — 6 convert the equation written in Cylindrical coordinates into an equation in Cartesian
coordinates.

4. zr’ cos(6) =4r+8
5. 72 =3sin(0) =z +Vr’ +1
6. tan(@)+2z=1-r"

For problems 7 — 9 identify the surface generated by the given equation.

7.z=-4r, z<0

8. 2r+6c0s(0)+18sin(9):5—1

r
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Section 1-13 : Spherical Coordinates

19

For problems 1 — 3 convert the Cartesian coordinates for the point into Spherical coordinates.
1. (6, 2,—8)

2.(-1,5,2)

3.(-3,-2,1)

4. Convert the Cylindrical coordinates for the point (5,1.294,6) into Spherical coordinates.

5. Convert the following equation written in Cartesian coordinates into an equation in Spherical
coordinates.

For problems 6 — 8 convert the equation written in Spherical coordinates into an equation in Cartesian
coordinates.

6. pcos@sin@sinf =3

7. p—cos@=2+cos’ @

8. tang(cos@—sin ) =4

For problems 9 & 10 identify the surface generated by the given equation.

9. cos’p—sin’ =0

. : . 1
10. singpcos@+sin@sin@+cosp =—
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Chapter 2 : Partial Derivatives

Here are a set of assighment problems for the Partial Derivatives chapter of the Calculus Ill notes.

Please note that these problems do not have any solutions available. These are intended mostly for
instructors who might want a set of problems to assign for turning in. Having solutions available (or even
just final answers) would defeat the purpose the problems.

If you are looking for some practice problems (with solutions available) please check out the Practice
Problems. There you will find a set of problems that should give you quite a bit practice.

Here is a list of all the sections for which assignment problems have been written as well as a brief
description of the material covered in the notes for that particular section.

Limits — In the section we’ll take a quick look at evaluating limits of functions of several variables. We
will also see a fairly quick method that can be used, on occasion, for showing that some limits do not
exist.

Partial Derivatives — In this section we will the idea of partial derivatives. We will give the formal
definition of the partial derivative as well as the standard notations and how to compute them in
practice (i.e. without the use of the definition). As you will see if you can do derivatives of functions of
one variable you won’t have much of an issue with partial derivatives. There is only one (very
important) subtlety that you need to always keep in mind while computing partial derivatives.

Interpretations of Partial Derivatives — In the section we will take a look at a couple of important
interpretations of partial derivatives. First, the always important, rate of change of the function.
Although we now have multiple ‘directions’ in which the function can change (unlike in Calculus I). We
will also see that partial derivatives give the slope of tangent lines to the traces of the function.

Higher Order Partial Derivatives — In the section we will take a look at higher order partial derivatives.
Unlike Calculus | however, we will have multiple second order derivatives, multiple third order
derivatives, etc. because we are now working with functions of multiple variables. We will also discuss
Clairaut’s Theorem to help with some of the work in finding higher order derivatives.

Differentials — In this section we extend the idea of differentials we first saw in Calculus | to functions of
several variables.

Chain Rule — In the section we extend the idea of the chain rule to functions of several variables. In
particular, we will see that there are multiple variants to the chain rule here all depending on how many
variables our function is dependent on and how each of those variables can, in turn, be written in terms
of different variables. We will also give a nice method for writing down the chain rule for pretty much
any situation you might run into when dealing with functions of multiple variables. In addition, we will
derive a very quick way of doing implicit differentiation so we no longer need to go through the process
we first did back in Calculus I.

Directional Derivatives — In the section we introduce the concept of directional derivatives. With
directional derivatives we can now ask how a function is changing if we allow all the independent
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variables to change rather than holding all but one constant as we had to do with partial derivatives. In
addition, we will define the gradient vector to help with some of the notation and work here. The
gradient vector will be very useful in some later sections as well. We will also give a nice fact that will
allow us to determine the direction in which a given function is changing the fastest.
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Section 2-1 : Limits

22

Evaluate each of the following limits.

1.

(4y_Z3)e3x—6

(x,y,z)%(Z,l,O) 4Z _ yx2

lim S Vtw
()37 2x" 4+ y

4x* —xy-3y°

lim > >
()34 12x" +17xy + 6y

10x° +11xy +y°

lim > 5
(x2)=(-110) 10x" —39xy — 4y

2 2
lim 2x 2+ 7 y2
(x:2)=(0.0) 497 4+ x

6/x-3 '
lim ————
(x:2)=>(0.0) 9y™ +2x

2x"y
im ———
(x2)=(0.0) x* + 6y
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Section 2-2 : Partial Derivatives

23

For problems 1 —13 find all the 1°t order partial derivatives.

1. f()c,y,z)z)c3\/;+4z3y2 —xyz+x° —%/z—5
2. W(a,b,c,d)za2 +b’ —c*d* —5a°c—d®h’a

3. A(p,t,u):L—i+
pt2 u’ t

4u p

4

4. g(x,y,z) =\x*+z7 +sin(xy—x2)

> f(S’f):COS(SetZ)+cos(s+e’2)

. f(x,y)=1H(Z)”“(xiyj_m@

X

1
7. 4 = t 2oy’
(r.2) e + an(yz % )

8. g(u,v)= zcos(1j+4u —vu
v u

4x+z

9. w=(x—y)e ‘ —sin(2x+7z)sec(yz3)

10. f(u,v, w) = (uw+ 4)sin"1 (u2 +v2>_1n(w_jj

%

2
11.f(x,y,z):sin( 2Z ]—6)26 Ty

Z+x) y-2°

3,2 2
pt 4s—1)¢
12.g(s,t,p):sz+1+( 6—5)

13. f(x,p,z,w)=x"sin(4y)+z* (6x—y)+ )"
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0 16}
For problems 14 & 15 find z and Z for the given function.
ox oy

14. z* =y’ +x* = 6x°y’z’

15. x° sin(z)+(x2 —l)y4 =z°

© 2018 Paul Dawkins
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Section 2-3 : Interpretations of Partial Derivatives

1. Determine if f(x,y) =10-x7 —y2 is increasing or decreasing at (7,—3) if

(a) we allow x to vary and hold y fixed.
(b) we allow y to vary and hold x fixed.

2. Determine if f(x,y) =xe" ¥ +100y isincreasing or decreasing at (—2,1) if

(a) we allow x to vary and hold y fixed.
(b) we allow y to vary and hold x fixed.

3. Determine if f(x,y) Xty

is increasing or decreasing at (0, 7) if

(a) we allow x to vary and hold y fixed.
(b) we allow y to vary and hold x fixed.

4. Write down the vector equations of the tangent lines to the traces for f(x, y) =sin (x)cos(y) at

(£,-%).

5. Write down the vector equations of the tangent lines to the traces for f(x,y) =In (izj at (6,2) .
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Section 2-4 : Higher Order Partial Derivatives

For problems 1 — 3 verify Clairaut’s Theorem for the given function.
1. O(s,t)=In(st)—s" sin(6¢)+ st
2. f(u,w) = sin(uw)+4u2w’2

3. f(x,y)=e"sin(y)
For problems 4 — 9 find all 2" order derivatives for the given function.

4. h(x,y)=x"y? —4xy+e’” +In(2x)
5. A(u,v) =u’ cos(3v) +1In (;7)
6. g(v,w):ln(vsin(w))—i-sin(vln(w))

7. f(xp)= cos(x2 +y2)—sin(xy)

8. h(x,y, ) 71X’ y*z" +8

9. O(u,v,w)=u" sin(wz)—z—rﬂn(vzw)
u

For problems 10 & 11 find all 3™ order derivatives for the given function.

10. h(x,y)=x"y’ —5Jx +8y

3

11. A(u,v) =u’ sin(2v)——2
v

12.Given f(x,y,z)=e"cos(4y)In(2x) find f, ...
13. Given w= ln( j+8x y3f find ———— Ow
z 8x8228y8x

7
14. Given h(u,v)zcos(uuuzﬂ)_% find %.
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6

15. Given f'(x,y)= —cos(x2)+6exsin(y) find fy ey -

I+6y
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Section 2-5 : Differentials

Compute the differential of each of the following functions.

2. f(x,y)= tan(xyz)

3. A(x,y,z)=z"¢"sec(y)
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Section 2-6 : Chain Rule

d.
1. Given the following information use the Chain Rule to determine d_Z .
t

z=e" " x=sin(4r), y=£'-9

dw
2. Given the following information use the Chain Rule to determine — .

dt
1
w=x'—4xy’ +7° x=+t, y=¢€, z=-
t
. I i . _adw
3. Given the following information use the Chain Rule to determine 7 .
t
4x
w=—7 x=T7t-1, y=1-2¢, z=t*
vz
. o . . . dz
4. Given the following information use the Chain Rule to determine d_ .
x
z=2x"e" y = cos(6x)
. o . . . dz
5. Given the following information use the Chain Rule to determine a’_ .
x
X
z=tan(—] y=e)C2
y
. o . . .0z 0z
6. Given the following information use the Chain Rule to determine — and — .
ou ov
z:xsin(yz—x) x=3u-v, y=u’
7. Given the following information use the Chain Rule to determine w, and w, .
w=x"y7z’ x=u'v, y=3—-uv, z=Tu’—10v
. o ) . . Oz oz
8. Given the following information use the Chain Rule to determine 8_ and 8_ .
t S
z=6x+y" tan(x) x=p =3, y=s'—t*, p=¢"’

9. Given the following information use the Chain Rule to determine w, and w, .

w=x"y*z"-2xy x=2p, y=3tq, z=3p’, q=2
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ow

ow
10. Given the following information use the Chain Rule to determine — and —

ou ov
Jy

2.3
X Z

w= x=uv, y=u'—p’, z=4qp, p=2u-3v, q=1V

11. Determine formulas for w, and w, for the following situation.

w=w(x,y) xzx(y,z), yzy(u,v), z=z(u,t), vzv(t)

ow ow
12. Determine formulas for — and — for the following situation.

os
w= w(x,y,z) xX= x(u,v,t), y= y(p), z= z(u,t), V= v(p,t), p= p(s,t)
dy . .
13. Compute d_ for the following equation.
x
cos(2x+3y)=x" -8y’
dy . .
14. Compute — for the following equation.
x

cos(2x)sin(3y)—xy=y*+9

0. 19
15. Compute Sl and Z for the following equation.
ox oy

2yt —x’cos(2y—4z)=4z

0. 0.
16. Compute Sl and A for the following equation.
ox oy

sin(x)e* +22°y = cos(z)

17. Determine f,, and f, for the following situation.

f=r(xy) x=e"sin(v), y=e"cos(v)
18. Determine f,, and f,, for the following situation.

f:f(x’y) x:uz_vza y:z
v
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Section 2-7 : Directional Derivatives

For problems 1 — 4 determine the gradient of the given function.

1. f(x,y) =y’x’ +1n(xy)

X

2. f(x,y) —e’ +y° sin(xy)

4
3. f(x,y,z)=4z—%+\/x3 (z—l)
z

4. f(x,y,z)=cos (ﬂj +2°y°x

z
For problems 5 — 8 determine D, f* for the given function in the indicated direction.
5. f(x,y) = ln(Z)cy)—sin(x2 +y2) in the direction of v = <7,—3>

6. f(x,y) =4x’y’ —2x+5y inthe direction of V = <—1,4>

2

7. f(x, y,z) =8xy” —5i+y4 in the direction of v = <—4, 1,2>
X

3
8. f(x,y,z)z > al 5 +5x” =8y in the direction of \7=<0,3,—2>
y -z

9. Determine Dﬁf(—1,4,6) for f(x, y,z) —e’ +4zy’ direction of v = <2,—3, 6>.

10. Determine Dﬁf(8,l,2) for f(x, y,Z) = 1n(£}+ln [£J+y2x direction of v = <1,5,2> )
z Y

For problems 11 — 13 find the maximum rate of change of the function at the indicated point and the
direction in which this maximum rate of change occurs.

11. f(x,y)=e"" at (6,-2)

12. f(x,y,z) =x"y* =3z°x at (1, —6,3)
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z

13. f(x,y,z):ln(2x+3yj at (2,7,4)

14. Given ﬁ_<_§ _£> V= ii Vv—<—i _L> D (_1 4)_5 and
. 5, 5 ’ \/E’\/ﬁ ’ 11: \/ﬁ ’ i s 5

D, (-14)= _ 22 determine the value of D, (—1,4) .

V18
1 4 3 5 1 1 18
15. Given ii = ( ——,—— ), V= ———,———), w={——,—), D, (0,1)= and
<\/15 \/15> < J34 @> < 2 2> (0.1 J15
40
D, (0,1)=— determine the value of D (0,1) .
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Chapter 3 : Applications of Partial Derivatives

Here are a set of assighnment problems for the Applications of Partial Derivatives chapter of the Calculus
lll notes. Please note that these problems do not have any solutions available. These are intended
mostly for instructors who might want a set of problems to assign for turning in. Having solutions
available (or even just final answers) would defeat the purpose the problems.

If you are looking for some practice problems (with solutions available) please check out the Practice
Problems. There you will find a set of problems that should give you quite a bit practice.

Here is a list of all the sections for which assignment problems have been written as well as a brief
description of the material covered in the notes for that particular section.

Tangent Planes and Linear Approximations — In this section formally define just what a tangent plane to
a surface is and how we use partial derivatives to find the equations of tangent planes to surfaces that

can be written as z = f(x,y). We will also see how tangent planes can be thought of as a linear

approximation to the surface at a given point.

Gradient Vector, Tangent Planes and Normal Lines — In this section discuss how the gradient vector can
be used to find tangent planes to a much more general function than in the previous section. We will
also define the normal line and discuss how the gradient vector can be used to find the equation of the
normal line.

Relative Minimums and Maximums — In this section we will define critical points for functions of two
variables and discuss a method for determining if they are relative minimumes, relative maximums or
saddle points (i.e. neither a relative minimum or relative maximum).

Absolute Minimums and Maximums — In this section we will how to find the absolute extrema of a
function of two variables when the independent variables are only allowed to come from a region that is
bounded (i.e. no part of the region goes out to infinity) and closed (i.e. all of the points on the boundary
are valid points that can be used in the process).

Lagrange Multipliers — In this section we’ll see discuss how to use the method of Lagrange Multipliers to
find the absolute minimums and maximums of functions of two or three variables in which the
independent variables are subject to one or more constraints. We also give a brief justification for
how/why the method works.
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Section 3-1 : Tangent Planes and Linear Approximations

12x
1. Find the equation of the tangent plane to z = x2y4 —— at (—1,6) .
Y

1
2. Find the equation of the tangent plane to z = ln(xzy)—x y at (—5,4j .

3. Find the equation of the tangent plane to z =™’ + y’e'™ at (0,1) .

4. Find the linear approximation to z = Cos(sin(y)—x) at (—2,0) .

2

at (4,—1) .

5. Find the linear approximationto z =
xX=y

© 2018 Paul Dawkins http://tutorial. math.lamar.edu



Calculus 11l 35

Section 3-2 : Gradient Vector, Tangent Planes and Normal Lines

1. Find the tangent plane and normal line to zy+4x\/;—x3y2 =221 at (—2,5,9).

2

at (0,-2,6).

2
2. Find the tangent plane and normal line to e +zy* =61+ "
X+

3. Find the tangent plane and normal line to 9yz — /x> —8z = xy* — 26 at (3, 1,—2).

4. Find the point(s) on 6x° +y2 —3z% =4 where the tangent plane to the surface is parallel to the
plane givenby 2x+7y—z=6.

5. Find the point(s) on x* — 8y2 — 2z =3 where the tangent plane to the surface is parallel to the
plane given by —4x—y+8z=1.
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Section 3-3 : Relative Minimums and Maximums

36

Find and classify all the critical points of the following functions.
1. f(x,y) =2y-9x—xy+5x> +)°

2. f(x,y)zx3 — 3 +8xy

3. f(x,y) = (y—x)(l—2x—3y)

4. f(x,y)=3x"—4xpy’ —2x* +8)”

—8<x2 +y2)

5. f(x,y):xye

6. f(x,y)=8x—xdy—l+x3+%y—12x2

© 2018 Paul Dawkins

http://tutorial. math.lamar.edu



Calculus 11l 37

Section 3-4 : Absolute Minimums and Maximums

1. Find the absolute minimum and absolute maximum of f(x,y) =18x" +4y> —y’x—2 onthe

triangle with vertices (—1,—1), (5,—1) and (5,17).

2. Find the absolute minimum and absolute maximum of f(x,y) =2x" —4y’ +24xy on the rectangle
givenby 0<x <5, 3<y<—1.

3. Find the absolute minimum and absolute maximum of f(x,y) =x —y2 + xy —5x on the region

bounded by y = 5—x" and the x-axis.
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Section 3-5 : Lagrange Multipliers

1. Find the maximum and minimum values of f(x,y) =10y’ —4x” subject to the constraint

xtryt=1.

2. Find the maximum and minimum values of f(x,y) =3x—6y subject to the constraint

4x* +2y* =25.

3. Find the maximum and minimum values of f(x,y) = Xy subject to the constraint x’ -y=12.

Assume that y <0 for this problem. Why is this assumption needed?

4. Find the maximum and minimum values of f(x,y,z) =x’ +3y2 subject to the constraint

x*+4y* +z7 =36.

5. Find the maximum and minimum values of f(x, y,z) = xyz subject to the constraint

X' +2y° +4z° =24,

6. Find the maximum and minimum values of f(x, y,z) =2x+4y+ 2z subject to the constraints

y +z"=1and x*+2° =1.

7. Find the maximum and minimum values of f(x,y,z) =x+y+ z” subject to the constraints

x+y+z=1and x*+2*=1.
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Chapter 4 : Multiple Integrals

Here are a set of assignment problems for the Multiple Integrals chapter of the Calculus Ill notes. Please
note that these problems do not have any solutions available. These are intended mostly for instructors
who might want a set of problems to assign for turning in. Having solutions available (or even just final
answers) would defeat the purpose the problems.

If you are looking for some practice problems (with solutions available) please check out the Practice
Problems. There you will find a set of problems that should give you quite a bit practice.

Here is a list of all the sections for which assignment problems have been written as well as a brief
description of the material covered in the notes for that particular section.

Double Integrals — In this section we will define the double integral.

Iterated Integrals — In this section we will show how Fubini’s Theorem can be used to evaluate double
integrals where the region of integration is a rectangle.

Double Integrals over General Regions — In this section we will start evaluating double integrals over
general regions, i.e. regions that aren’t rectangles. We will illustrate how a double integral of a function
can be interpreted as the net volume of the solid between the surface given by the function and the xy-
plane.

Double Integrals in Polar Coordinates — In this section we will look at converting integrals (including dA)
in Cartesian coordinates into Polar coordinates. The regions of integration in these cases will be all or
portions of disks or rings and so we will also need to convert the original Cartesian limits for these
regions into Polar coordinates.

Triple Integrals — In this section we will define the triple integral. We will also illustrate quite a few
examples of setting up the limits of integration from the three dimensional region of integration.
Getting the limits of integration is often the difficult part of these problems.

Triple Integrals in Cylindrical Coordinates — In this section we will look at converting integrals (including
dV) in Cartesian coordinates into Cylindrical coordinates. We will also be converting the original
Cartesian limits for these regions into Cylindrical coordinates.

Triple Integrals in Spherical Coordinates — In this section we will look at converting integrals (including
dV) in Cartesian coordinates into Spherical coordinates. We will also be converting the original Cartesian
limits for these regions into Spherical coordinates.

Change of Variables — In previous sections we’ve converted Cartesian coordinates in Polar, Cylindrical
and Spherical coordinates. In this section we will generalize this idea and discuss how we convert
integrals in Cartesian coordinates into alternate coordinate systems. Included will be a derivation of the
dV conversion formula when converting to Spherical coordinates.
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Surface Area — In this section we will show how a double integral can be used to determine the surface
area of the portion of a surface that is over a region in two dimensional space.

Area and Volume Revisited — In this section we summarize the various area and volume formulas from
this chapter.
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Section 4-1 : Double Integrals

1. Use the Midpoint Rule to estimate the volume under f(x,y) =4x+8y and above the rectangle

given by 0 <x <4, 2 <y <6 inthe xy-plane. Use 4 subdivisions in the x direction and 4 subdivisions in
the y direction.

2. Use the Midpoint Rule to estimate the volume under f(x,y) = 4x—y2 and above the rectangle

given by 0 <x <2, -2 < y <1 inthe xy-plane. Use 2 subdivisions in the x direction and 3 subdivisions
in the y direction.
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Section 4-2 : lterated Integrals

1. Compute the following double integral over the indicated rectangle (a) by integrating with respect to
x first and (b) by integrating with respect to y first.

[[1620-9x* +1d4 R=[2,3]x[-1,1]

R

2. Compute the following double integral over the indicated rectangle (a) by integrating with respect to
x first and (b) by integrating with respect to y first.

chos(x)sin(y)dA R=[z,2]x[z 2]

For problems 3 — 16 compute the given double integral over the indicated rectangle.

3. [[8x* —4a4 R =[-3,-1]x[0,4]
R

o [[1sy e Zaa R=[1.2]x(1.4]
R

5. || 4ysec’ (x)+2—di R=[0,2]x[1,5]
.); Y

6. [ —x’e’ da R=[-1,2]x[-3,3]
R

~N

x’ 1
. an“ S R=[1,0]x[0,4]
R

(o]

[ e —12xsin(zy)da  R=[-2,0]x[4.1]
R

Yo

. chos(4y+3x2)dA R:[O,\/;]x %,ﬂ]

10. g@m R=[1,2]x[3,4]
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1. [[x’y’ e " dd R =[0,1]x[~1,0]
R

12. [[42p° (1432 dd R=[0,1]x[0,2]
R
Cr x

13. “’Sgy)dA R=[%,7]x[1,2]
JJ Y
R
rr x

14, &i(y)dA R=[%,z]|x[1,2]
JJ Y

15. [[2yIn(x)-20x"y’ d4 R =[1,2]x[0,4]
R

16. ﬂxyex cos(y)dA R=[0,1]x[0, 7]
R

43

17. Determine the volume that lies under f(x,y) =20-3x"—3y” and above the rectangle given by

[—2,2]>< [—1,1] in the xy-plane.

18. Determine the volume that lies under f(x,y) =10+xy Sin(x2 —y2) and above the rectangle

given by [—3, 0]><[1,3] in the xy-plane.
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Section 4-3 : Double Integrals over General Regions

=

. Evaluate _USyx3 dA where D = {(x,y) |-1<y<2,-1<x< l+y2}
D

2. Evaluate ”12x2y—y2 dA where D = {(x,y) |-2<x<2,-x*<y< xz}
D

6y’ 3
3. Evaluate 9——26114 where D is the region in the 1* quadrant bounded by y =x" and y =4x.
X
D

4. Evaluate ”15x2 — 6y dA where D is the region bounded by x =1 ” and x = 4\/;.
D

5. Evaluate ” 6y(x+6)2 dA where D is the region bounded by x =—)" and x =y —6.
D

6. Evaluate .Ueyz” dA where D is the triangle with vertices (0,0), (—2,4) and (8,4).

D

7. Evaluate ” 7y3ex2+1 dA where D is the region bounded by y =2 4/x, x=9 and the x-axis.
D

8. Evaluate J.J.x5 sin(y4)dA where D is the region in the 2" quadrant bounded by y =3x?, y =12
D

and the y-axis.

9. Evaluate ”xy—yz dA where D is the region shown below.
D

(~4.4) it 2.4
(~4,-4) i (2,-4)

10. Evaluate Hl2x3 —3dA where D is the region shown below.
D
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(o)

1
x2

3
b
12. Evaluate JJ—ZdA where D is the region bounded by y =—-, x=1 and y :% in the order given
y
D

below.
(a) Integrate with respect to x first and then y.
(b) Integrate with respect to y first and then x.

13. Evaluate J.J.xy —° dA where D is the region bounded by y = x*, y =—x" and x =2 in the order
D
given below.
(a) Integrate with respect to x first and then y.

(b) Integrate with respect to y first and then x.

For problems 14 — 16 evaluate the given integral by first reversing the order of integration.
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1
Jo i x+1

(C 2 2[5
15. j x 34 y3+ldydx

J -4 VX

r8 2
14. J Y x dy

2 #3x 2 3
16. J.O J_XSy X +2dydx
17. Use a double integral to determine the area of the region bounded by x = —y2 and x=y—-6.

18. Use a double integral to determine the area of the region bounded by y = x> +1 and y= %xz +3.

19. Use a double integral to determine the volume of the region that is between the xy-plane and
f(x,y) =2 —)cy2 and is above the region in the xy-plane that is bounded by y = x> and x=1.

20. Use a double integral to determine the volume of the region that is between the xy-plane and

f(x,y) =1+’ Jx* +1 and is above the region in the xy-plane that is bounded by y= Jx , x=2

and the x-axis.

21. Use a double integral to determine the volume of the region in the first octant that is below the
plane givenby 2x+6y+4z=8.

22. Use a double integral to determine the volume of the region bounded by z =3 -2y, the surface

y=1—x" and the planes y =0 and z=0.

23. Use a double integral to determine the volume of the region bounded by the planes z=4—-2x-2y

, ¥y=2x,y=0and z=0.

24. Use a double integral to determine the formula for the area of a right triangle with base, b and
height h.

25. Use a double integral to determine a formula for the figure below.
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Section 4-4 : Double Integrals in Polar Coordinates

1. Evaluate ” 3xy° —2dA where D is the unit circle centered at the origin.
D

2. Evaluate ”4x—2ydA where D is the top half of region between x* + 3 =4 and x* + y* =25 .
D

3. Evaluate ”6xy+4x2 dA where D is the portion of x* +* =9 in the 2" quadrant.
D

4. Evaluate ”sin(?)xz +3y2)dA where D is the region between x” +y° =1 and x* +3° =7.
D

2
5. Evaluate ”el_xz_y dA where D is the region in the 4™ quadrant between x” + y*> =16 and
D
x> +y*=36.

6. Use a double integral to determine the area of the region that is inside » =6 —4cos 8.

7. Use a double integral to determine the area of the region that is inside ¥ =4 and outside
r=8+6sinf.

8. Evaluate the following integral by first converting to an integral in polar coordinates.
0 [47)}2
2
x“dxd
J_z J._V4_y2 4
9. Evaluate the following integral by first converting to an integral in polar coordinates.

Jl J-OW X+ dydx
-1

10. Use a double integral to determine the volume of the solid that is below z =9 —4x” — 4y and
above the xy-plane.

11. Use a double integral to determine the volume of the solid that is bounded by z =12 —3x? —3y2
and z=x"+)" -8.

12. Use a double integral to determine the volume of the solid that is inside both the cylinder
x> +y* =9 and the sphere x” +)* +z° =16.

13. Use a double integral to derive the area of a circle of radius a.
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14. Use a double integral to derive the area of the region between circles of radius a and b with
a <0< . Seethe image below for a sketch of the region.

]
[
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Section 4-5 : Triple Integrals

2021
1. Evaluate L L L2+22 —xydzdxdy

2. Evaluate J.:J.;z _[:Zyz —6zdydzdx

3. Evaluate J._zl J; '[0223x—\/1+22 dxdz dy

4. Evaluate ”Il2y dV where Eis the region below 6x+4y +3z =12 in the first octant.
E

5. Evaluate J”sz dV where E is the region below x+ 2y +4z =8 in the first octant.
E

6. Evaluate ”'[IOZZ —xdV where E is the region below z =8 — y and above the region in the xy-plane
E

bounded by y=2x, x=3 and y=0.

7. Evaluate ”J. 4y* dV where E is the region below Z = -3x —3y2 and above z =—12.
E

8. Evaluate “J.2y—9de where E is the region behind 6x+3y+3z =15 front of the triangle in the
E

xz-plane with vertices, in (x,z) form :(0,0), (0,4)and (2,4).

2
9. Evaluate MISX dV where E is the region behind the surface )} = 4— X" that s in front of the region
E

in the xz-plane bounded by z=-3x, z=2x and z=2.

10. Evaluate ”jzof dV where E is the region bounded by X = 2—)/2 —z" and X = 5y2 +52° -6,
E

11. Evaluate j”6zz dV where E is the region behind x + 6y +2z =8 that is in front of the region in the
E
yz-plane bounded by z =2y and z=4/4y .

12. Evaluate ”ISde where E is the region between x+ y+z =6 and x+ y+z =10 above the
E

triangle in the xy-plane with vertices, in (x,y) form : (0,0), (1,2) and (1,4).
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13. Evaluate ”J.8de where E is the region between x + y+z =6 and x+ y+z =10 in front of the
E

triangle in the xz-plane with vertices, in (x,z) form : (0,0), (1,2) and (1,4).

14. Evaluate ”ISde where E is the region between x+ y+z =6 and x+ y+z =10 in front of the
E
triangle in the yz-plane with vertices, in (y,z) form : (0,0), (1,2) and (1,4).

15. Use a triple integral to determine the volume of the region below z =8 — y» and above the region in
the xy-plane bounded by y =2x, x=3 and y=0.

16. Use a triple integral to determine the volume of the region in the 1% octant that is below
4x+8y+z=16.

17. Use a triple integral to determine the volume of the region behind 6x+3y +3z =15 front of the
triangle in the xz-plane with vertices, in (x,z) form :(0,0) , (0,4) and (2,4).

2, .2
18. Use a triple integral to determine the volume of the region bounded by ¥ =X +Z~ and
y=Ax"+2".

19. Use a triple integral to determine the volume of the region behind x + 6y + 2z =8 that is in front of

the region in the yz-plane bounded by z =2y and z = iy .
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Section 4-6 : Triple Integrals in Cylindrical Coordinates

1. Evaluate ” 8zdV where E is the region bounded by z =2x”+2y* —4 and z=5-x"—)" inthe
E

1%t octant.

2. Evaluate Jjj6xy dV where E is the region above z =2x—10, below z =2 and inside the cylinder

X +zi=4 .E

3. Evaluate ”I 9yZ3 dV where E is the region between x = —/9y”> +9z* and x = \/yz +2° inside the
cylinder y” +EZ2 =1.

4. Evaluate J”x+2dV where E is the region bounded by x =18 —43” —4z* and x =2 with z>0.
E

5. Evaluate ”Ix+ 2dV where E is the region between the two planes 2x+ y+z =6 and
E

6x+3y+3z =12 inside the cylinder x* +z* =16.

6. Evaluate .”J- x* dV where E is the region bounded by y = x> +z> —4 and y =8—5x" —5z” with
E

x<0.

7. Use a triple integral to determine the volume of the region bounded by z = /x> + ) , and

z=x"+y” inthe 1* octant.

8. Use a triple integral to determine the volume of the region bounded by y = \V9x* +9z% , and

y =-3x> -3z in the 1* octant.

9. Use a triple integral to determine the volume of the region behind x=z+3, infrontof x=—z-6
and inside the cylinder y*> +z° =4.

10. Evaluate the following integral by first converting to an integral in cylindrical coordinates.

4 2 x
J I e _[6 6yx> dzdxdy
490 0

11. Evaluate the following integral by first converting to an integral in cylindrical coordinates.
3f " j(’”Q*yQ 15z dzdyd
z dzdydx
0 _m —J2x%+2y?
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12. Use a triple integral in cylindrical coordinates to derive the volume of a cylinder of height h and
radius a.
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Section 4-7 : Triple Integrals in Spherical Coordinates

1. Evaluate .[.[.[4)/2 dV where E is the sphere x* + > +2z° =9.
E

2. Evaluate .U.J.?)x—Zy dV where E is the region between the spheres x° + y* +z*> =1 and
E

x*+y*+z° =4 with z<0.

3. Evaluate ”j2yde where E is the region below x” + ) +z° =16 and inside z = /3x” + 3y that
E

is in the 1%t octant.

4. Evaluate Hj z* dV where Eis the region between the spheres x° +y2 +z° =4 and

x*+y’ +z" =25 and inside z =— %xz +%y2 )

5. Evaluate J'J.J-Sy2 dV where E is the portion of x” +y” +2z° =4 with x<0.
E

6. Evaluate Hj2+l6de where E is the region between the spheres x* +y2 +z2=1and
x*+y*+z° =4 with y>0and z<0 .

7. Evaluate the following integral by first converting to an integral in cylindrical coordinates.

2
J J m 7x dzdydx
8. Evaluate the following integral by first converting to an integral in cylindrical coordinates.
NG
—yJx? +y
3xz* dzdxd
J JO J.\[lO—x —y Y

9. Use a triple integral in spherical coordinates to derive the volume of a sphere with radius a.
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Section 4-8 : Change of Variables

For problems 1 — 4 compute the Jacobian of each transformation.

1. x=4u’v y=6v-"Tu
2. x=+Ju y=10u+v
2
3 u
3. x=vu y=—
v

4. x=e"cosy y=e"siny

2
X
5. If R is the region inside E+ 49y* =1 determine the region we would get applying the

1
transformation x =5u, y = 7v to R.

6. If R is the triangle with vertices (2,0) , (6,4) and (1,4) determine the region we would get applying

the transformation x = %(u —v) , V= %(u + 4v) toR.

7. If Ris the parallelogram with vertices (0,0) , (4,2), (0,4) and (—4,2) determine the region we

. . 1
would get applying the transformation x=u—v, y = E(M +v) toR.

8. If Ris the square defined by 0 < x <3 and 0 < y <3 determine the region we would get applying the

transformation x =3u, y = v(2 + uz) toR.

9. If R is the parallelogram with vertices (1,1) , (5,3), (8,8) and (4,6) determine the region we would

6
get applying the transformation x = 7(u —v) , V= %(IOM - 3v) to R.

10. If R is the region bounded by xy =4, xy =10, y =x and y = 6x determine the region we would

fu
get applying the transformation x =2, |—, y =4+/uv toR.
Y
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11. Evaluate ”xzy4 dA where R is the region bounded by xy =4, xy =10, y=x and y =6x using
R
the transformation x = 2\/2, y=4Juv.
v

12. Evaluate ”l—ydA where R is the triangle with vertices (0,4), (l,l) and (2,5) using the
R

transformation x=%(7+u—v), y:%(7+4u +3v) to R.

13. Evaluate J. 121xdA where R is the parallelogram with vertices (0,0), (6,2), (7,6) and (1,4)

R

using the transformation x = H(V—?)u) , V= %(4v—u) to R.

15
14. Evaluate fj—ydfl where R is the region bounded by xy =2, xy =6, y=4 and y =10 using
X
R

. 2u
the transformation x=v, y=—

3y’
15. Evaluate ”Zy—Sdi where R is the parallelogram with vertices (6,0), (8,4), (6,8) and (4,4)
R
using the transformation x = %(u —v) , V= %(u +v) to R.

2

2
X
16. Derive a transformation that will transform the ellipse —2+y—2 =1 into a unit circle.

17. Derive the transformation used in problem 12.

18. Derive the transformation used in problem 13.

19. Derive a transformation that will convert the parallelogram with vertices (4,1) , (7,4), (6,8) and

(3,5) into a rectangle in the uv system.

20. Derive a transformation that will convert the parallelogram with vertices (4,1) , (7,4), (6,8) and

(3,5) into a rectangle with one corner occurring at the origin of the uv system.
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Section 4-9 : Surface Area

1. Determine the surface area of the portion of 6x+ y+2z =10 that is in the 1** octant.

2. Determine the surface area of the portion of 4x+3y+ 5z =8 that is inside the cylinder

X' +y7 =49 .
3. Determine the surface area of the portion of z =9x° +9y2 —1 that is below the xy-plane with x <0.

4. Determine the surface area of the portion of z=6y + 2x” that is above the triangle in the xy-plane

with vertices (0,0), (8,0) and (8,2).

5. Determine the surface area of the portion of y =8z + 2x° +1 that is in front of the region in the xz-

plane bounded by z = x*, x =2 and the x-axis.

6. Determine the surface area of the portion of x =6 — y” —z* that s in front of x =2 with y>0.

7. Determine the surface area of the portion of y = 4x+ 3z thatis in front of the triangle in the xz-

plane with vertices (0,0), (2,6) and (0,6).

8. Determine the surface area of the portion of y = 3x? + 3z’ that is inside the cylinder x+z7=1.

9. Determine the surface area of the portion of the sphere of radius 4 that is inside the cylinder
2 2
X +y =3.
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Section 4-10 : Area and Volume Revisited

The intent of the section was just to “recap” the various area and volume formulas from this chapter
and so no problems have been (or likely will be in the near future) written.
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Chapter 5 : Line Integrals

Here are a set of assignment problems for the Line Integrals chapter of the Calculus Ill notes. Please
note that these problems do not have any solutions available. These are intended mostly for instructors
who might want a set of problems to assign for turning in. Having solutions available (or even just final
answers) would defeat the purpose the problems.

If you are looking for some practice problems (with solutions available) please check out the Practice
Problems. There you will find a set of problems that should give you quite a bit practice.

Here is a list of all the sections for which assignment problems have been written as well as a brief
description of the material covered in the notes for that particular section.

Vector Fields — In this section we introduce the concept of a vector field and give several examples of
graphing them. We also revisit the gradient that we first saw a few chapters ago.

Line Integrals — Part | — In this section we will start off with a quick review of parameterizing curves. This
is a skill that will be required in a great many of the line integrals we evaluate and so needs to be
understood. We will then formally define the first kind of line integral we will be looking at : line
integrals with respect to arc length.

Line Integrals — Part Il — In this section we will continue looking at line integrals and define the second
kind of line integral we’ll be looking at : line integrals with respect to x, y, and/or z. We also introduce
an alternate form of notation for this kind of line integral that will be useful on occasion.

Line Integrals of Vector Fields — In this section we will define the third type of line integrals we’ll be
looking at : line integrals of vector fields. We will also see that this particular kind of line integral is
related to special cases of the line integrals with respect to x, y and z.

Fundamental Theorem for Line Integrals — In this section we will give the fundamental theorem of
calculus for line integrals of vector fields. This will illustrate that certain kinds of line integrals can be
very quickly computed. We will also give quite a few definitions and facts that will be useful.

Conservative Vector Fields — In this section we will take a more detailed look at conservative vector
fields than we’ve done in previous sections. We will also discuss how to find potential functions for
conservative vector fields.

Green’s Theorem — In this section we will discuss Green’s Theorem as well as an interesting application
of Green’s Theorem that we can use to find the area of a two dimensional region.
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Section 5-1 : Vector Fields

1. Sketch the vector field for F' = —yi+xj.

2. Sketch the vector field for F =7 + Xy .

3. Sketch the vector field for F =4yi + (x + 2)] .

4. Compute the gradient vector field for f(x,y) =6x" =9y +x° \/; .
5. Compute the gradient vector field for f(x,y) = sin(2x)cos(3x).

6. Compute the gradient vector field for f(x, y,z) =ze" +y’ tan(4x) )

: . 1,203 »?
7. Compute the gradient vector field for f(x, y,z) =x)y"z +4xe —ln(x—z).
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Section 5-2 : Line Integrals - Part |

For problems 1 — 10 evaluate the given line integral. Follow the direction of C as given in the problem
statement.

1. Evaluate j3yds where Cis the portion of x = 9—y2 from y=—land y=2.
C

2. Evaluate j\/;+2xy ds where Cis the line segment from (7,3) to (0,6).
C

3. Evaluate Iyz —10xy ds where Cis the left half of the circle centered at the origin of radius 6 with
C

counter clockwise rotation.

4. Evaluate Ixz —2yds where Cis given by F(t) = <4t4,t4> for —-1<¢<0 .
C

5. Evaluate IZS —4x+2yds where Cis the line segment from (2,4,—1) to (1,—1,0).
C

6. Evaluate Ix+12xzds where Cis given by F(t) = <t,%t2,%t4> for -2<¢<1.
C

7. Evaluate .[23 (x + 7) —2yds where Cis the circle centered at the origin of radius 1 centered on the
C

x-axis at x =—3 . See the sketches below for the direction.

© 2018 Paul Dawkins http://tutorial. math.lamar.edu



Calculus 11l 62

8. Evaluate I6xds where Cis the portion of y =3+ x” from x=-2 to x =0 followed by the portion
C

of y=3—x” form x=0 to x =2 which in turn is followed by the line segment from (2,—1) to

(—1, —2). See the sketch below for the direction.

9. Evaluate .[2 —xyds where Cis the upper half of the circle centered at the origin of radius 1 with the
c

clockwise rotation followed by the line segment form (1,0) to (3,0) which in turn is followed by the

lower half of the circle centered at the origin of radius 3 with the clockwise rotation. See the sketch
below for the direction.
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10. Evaluate .[3xy+(x—1)2 ds where Cis the triangle with vertices (0,3), (6,0) and (0,0) with the
C

clockwise rotation.

11. Evaluate Ixs ds for each of the following curves.
C

(a) Cis the line segment from (—1,3) to (0,0) followed by the line segment from
(0,0) to (0,4).

(b) Cis the portion of y:4—x4 from x=-1to x=0.

12. Evaluate I3x —6yds for each of the following curves.
C

(a) Cis the line segment from (6,0) to (0,3) followed by the line segment from
(0.3) to (6,6).
(b) Cis the line segment from (6,0) to (6,6) .

13. Evaluate jyz —3z+2ds for each of the following curves.
C

(a) Cis the line segment from (1, 0,4) to (2,—1,1).
(b) Cis the line segment from (2,—1,1) to (1,0,4).
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Section 5-3 : Line Integrals - Part Il

For problems 1 — 7 evaluate the given line integral. Follow the direction of C as given in the problem
statement.

1. Evaluate J.xydx+(x—y)dy where Cis the line segment from (0, —3) to (—4,1) )

a

2. Evaluate J-e” dx where Cis portion of x = Sin(4y) fromy=% to y=r.
C

3. Evaluate jxdy —(x2 + y)dx where Cis portion of the circle centered at the origin of radius 3 in the
C
2" quadrant with clockwise rotation.

4. Evaluate Idx—3y3 dy where Cis given by 7 (¢)=4sin(z) 7 +(t—1)" j with 0<¢<1.
C

5. Evaluate | 4y?% dx +3xdy + 2z dz where Cis the line segment from (4,—1,2) to (1,7,—1).
y 4
C

6. Evaluate I(yz+x)dx+yzdy—(y+z)dz where Cis given by F(t) = 3tf+4sin(t)]’+4cos(t)k
C

with 0<¢t <.

7. Evaluate j7xy dy where Cis the portion of y =+/x"+5 from x=—1 to x =2 followed by the line
C

segment from (2,3) to (4,—1) . See the sketch below for the direction.
y
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8. Evaluate j(yz —x)dx—4y dy where Cis the portion of y = x* from x=-2 to x =2 followed by
C

the line segment from (2,4) to (0,6) which in turn is followed by the line segment from (0,6) to

(—2, 4) . See the sketch below for the direction.

9. Evaluate j(xz - 2)dx +7xy” dy for each of the following curves.
C

(a) Cis the portion of x =—y” from y=—1to y=1.
(b) Cis the line segment from (—1,—1) to (1,1) .

10. Evaluate Ix3 +9ydy for each of the following curves.
Cc

(a) Cis the portion of y =1-x* fromx=-1tox=1.
(b) Cis the line segment from (—1,0) to (0,—1) followed by the line segment
from (0,—1) to (1,0).
11. Evaluate J-xyS dx —4xdy for each of the following curves.
C
(a) Cis the portion of the circle centered at the origin of radius 7 in the
1°t quadrant with counter clockwise rotation.

(b) Cis the portion of the circle centered at the origin of radius 7 in the
1°t quadrant with clockwise rotation.

© 2018 Paul Dawkins http://tutorial. math.lamar.edu



Calculus 11l 66

Section 5-4 : Line Integrals of Vector Fields

2 2
~ - - - X
1. Evaluate IF-dF where F(x,y) =2x"1 +(y2 —l)j and Cis the portion of E+% =1 thatis in
C

the 1%, 4" and 3" quadrant with the clockwise orientation.

2. Evaluate jﬁ.df where F(x,y)=xyi +(4x-2y); and Cis the line segment from (4,-3) to

(7,0). C

3. Evaluate [ Fedr where F(x,y)=(x’~y)i +(x* +7x); and Cis the portion of y =x"+2 from

x=-1to ; =2.

4. Evaluate [ FedF where F(x,y)=xyi +(1+x)] and Cis given by 7 (1) = e 7 +(4—¢ ) for

<i<0.

5. Evaluate [ FedF where F(x,y,z)= (3x-3y)7 +(»*=10) j+ yzk and Cis the line segment from

(1,4,-2) toc(3,4,6).

6. Evaluate [ Fedr where F(x,y,z)=(x+z)i +"j+(1-x)k and Cis the portion of the spiral on

the y-axis gi\jen by 7(¢)=cos(2¢)i —t j +sin(2¢)k for - <t<27.

7. Evaluate [ Fedr where F(x,y)=x"i +(y* —x)J and Cis the line segment from (2,4) to (0,4)
c

followed by the line segment form (0,4) to (3,-1).

2
8. Evaluate J.F“-df where F'(x,y) =xyi —3 and Cis the portion of x° +y7 =1 in the 2" quadrant
C

with clockwise rotation followed by the line segment from (0,4) to (4, —2) . See the sketch below.
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9. Evaluate Iﬁod? where F'(x,y) = xy217+(2y+3x)] and Cis the portion of x = y* —1 from
C

y=-2 to y =2 followed by the line segment from (3,2) to (0,0) which in turn is followed by the

line segment from (0,0) to (3, —2). See the sketch below.

10. Evaluate J-F-df where ﬁ(x,y) = (1 -y )7 —xj for each of the following curves.
C

(a) Cis the top half of the circle centered at the origin of radius 1 with the counter
clockwise rotation.
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2
(b) Cis the bottom half of x’ +:);—6 with clockwise rotation.

11. Evaluate jF"-d? where ﬁ(x,y) = (x2 +y+ 2); +xyj for each of the following curves.
C

(a) Cis the portion of y:x2 -2 from x=-3 to x=3.
(b) Cis the line segment from (—3,5) to (3,5) )

12. Evaluate J-F-df where ﬁ(x,y) = y2 i+ (l —3x)] for each of the following curves.
C

(a) Cis the line segment from (1,4) to (—2,3).
(b) Cis the line segment from (—2,3) to (1,4) )

13. Evaluate jF-dF where ﬁ(x,y) = —2x1?+(x+2y)j for each of the following curves.
C

2 2
X
(a) Cis the portion of E-I_yT =1 in the 1% quadrant with counter clockwise

rotation.
2 2

X
(b) Cis the portion of E-Fy— =1 in the 1% quadrant with clockwise rotation.

4
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Section 5-5 : Fundamental Theorem for Line Integrals

2t
2+1

1. Evaluate J.Vf-df where f(x,y) =5x—y>+10xy+9 and Cis given by ;7(1‘) :< 1—8t> with
C

-2<t<0.

2. Evaluate J.Vf-df where f(x,y,z) =227 andcis given by F(t) = 6tf+4j+(9—t3)l€ with
C

-1<1<3.

3. Evaluate IVf-dF where f(x,y) = 20ycos(x+3)—yx3 and C s right half of the ellipse given by
C

2
(x + 3)2 + (y1_61) =1 with clockwise rotation.

4. Compute Iﬁ-d? where F =2xi + 4y j and Cis the circle centered at the origin of radius 5 with
C

the counter clockwise rotation. Is jﬁ-d? independent of path? If it is not possible to determine if
C

Iﬁ-d? is independent of path clearly explain why not.

C

5. Compute Iﬁ-d? where F = yi+x* j and Cis the circle centered at the origin of radius 5 with the
C

counter clockwise rotation. Is J.F'-df independent of path? If it is not possible to determine if jﬁ-d?
C C

is independent of path clearly explain why not.
— 2 2 . .
6. Evaluate IVf-dr where f(x,y,z) =zX +x(y—2) and Cis the line segment from (1, 2,0) to
C

(—3,10,9) followed by the line segment from (—3,10,9) to (6, 0,2).

7. Evaluate JVf-dF where f(x,y) = 4x+3xy2 —ln(x2 +y2) and Cis the upper half of x* +y2 =1
c

=1 with counter clockwise

pao2)

with clockwise rotation followed by the right half of (x—l

rotation. See the sketch below.
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Section 5-6 : Conservative Vector Fields

71

For problems 1 — 4 determine if the vector field is conservative.

1. F :(2xy3 +e" COS(y))f+(ex sin(y)—3x2y2)j

2. I:“:()cy2 -3y* +2)17+()cy2 +x’y° —x)]

2y

2 3
4, F=[8—3x +5x4y2jf+[6+x—2—3y2 +2x5yj]'
Yy Yy

3. F:(2+12xy2 —3x2\/§)f—(x—3—12x2y]]‘

For problems 5 — 11 find the potential function for the vector field.

3

2
5. F=[4x3+3y+2); ]17+[3x—3y2—3y2 j]
X X

—

6. F:(3x2e2y+4ye4x)l (7—2x3e2y—e4x)j'

7. F

(cos(x) cos(x+y)—-2y° —sin(x)sin(x+y))f—(4xy+sin(x)sin(x+y))]

L (4 2¢ 2 ) 142 )
8.F:(—2+—x+ - 3]1‘4{ 6 l+x ]j
Xy Xy vty

-

9 F =

—

2xe’ sin(yz)—3y3)f+(2yex2‘z cos(y2)—9xy2)]+(12z—ex2‘z sin(yz))k

—

10. F=(12x—522)?+1n(1+zz)]—(mxz—liy;jé

11. F = (zyzey*x —xy’ze’ ™ )f +(2xyzey*x +xy°ze’ ™ )] +<xy2ey’x —242)12

3x

2 3
12. Evaluate J.F‘-d? where F(x,y) =[ —3x2yJ?+[8y —x’ - al ]] and Cis the line
C

(y-1)

y—1
segment from (1,2) to (4,3).
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13. Evaluate Iﬁodf where F(x,y)= (yz —4y+5)f+(2xy—4x—9)]’ and C the upper half of
C

2 2
X

_+E =1 with clockwise rotation.

36

14. Evaluate J.ﬁ%l’? where ﬁ(x,y) = —(3 —(1+2y)ex_1)f+(3y2 +2e"! )] and C is the portion of
C

y:x3+1 from x=-2to x=1.

z

15. Evaluate Iﬁodf where F(x,y,z)= J]E and Cis the
C

- 27+(2yz—6y)j+[y2+

x*+z 2

X’ +z

line segment from (1,0,—1) to (2,—4,3).

16. Evaluate J.F‘-d? where F'(x,y) = (12xy—2x)l7+(6x2 —8yz)j+(8—4y2)l€ and Cis the spiral
C

givenby 7 (1) = <sin(7rt),cos(7zt),3t> for 0<¢<6.

17. Evaluate .[F‘-d? where F(x,y) = (8—14xy2 +2ye2x)f+(e2x —14x2y)]' and Cis the curve
C

shown below.

(-12)

-

(4.-2)

18. Evaluate Iﬁodf where F(x,y)= (6)6—5)/2 +2xy° —10)l7+(3x2y2 —10xy)]' and Cis the curve
C

shown below.
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Tpper Half of x* 4+ 3% =1

: y:sin[m::l /‘

Lower Half of [x— 3)2 +yi=1
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Section 5-7 : Green's Theorem

74

1. Use Green’s Theorem to evaluate _[(yx2 —y)dx + (x3 + 4)dy where Cis shown below.

C

¥

(=3.3)

(5.3)

2. Use Green’s Theorem to evaluate ‘[(7x + yz)dy—(x2 —2y)dx where Cis are the two circles as

I
shown below.

3. Use Green’s Theorem to evaluate I(yz —6y)abc+(y3 +10y2)dy where C is shown below.

C
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(1-2)

y=xi-3

4. Use Green’s Theorem to evaluate Ixyz dx+(1 —xy3)dy where Cis shown below.
C
¥

4] [1,4)

(11)

(-1,-1) -1}

5. Use Green’s Theorem to evaluate Cﬁ(y2 - 4x)dx - (2 + xzyz)dy where C is shown below.
C
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C
¥

7. Verify Green’s Theorem for (35(6 +x’ )dx + (1 — 2xy)dy where Cis shown below by (a) computing
C
the line integral directly and (b) using Green’s Theorem to compute the line integral.
¥
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8. Verify Green’s Theorem for @(6}/ -3y" + x)dx+ yx’dy where Cis shown below by (a) computing
C
the line integral directly and (b) using Green’s Theorem to compute the line integral.
¥

5t (15]
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Chapter 6 : Surface Integrals

Here are a set of assighment problems for the Surface Integrals chapter of the Calculus Ill notes. Please
note that these problems do not have any solutions available. These are intended mostly for instructors
who might want a set of problems to assign for turning in. Having solutions available (or even just final
answers) would defeat the purpose the problems.

If you are looking for some practice problems (with solutions available) please check out the Practice
Problems. There you will find a set of problems that should give you quite a bit practice.

Here is a list of all the sections for which assignment problems have been written as well as a brief
description of the material covered in the notes for that particular section.

Curl and Divergence — In this section we will introduce the concepts of the curl and the divergence of a
vector field. We will also give two vector forms of Green’s Theorem and show how the curl can be used
to identify if a three dimensional vector field is conservative field or not.

Parametric Surfaces — In this section we will take a look at the basics of representing a surface with
parametric equations. We will also see how the parameterization of a surface can be used to find a
normal vector for the surface (which will be very useful in a couple of sections) and how the
parameterization can be used to find the surface area of a surface.

Surface Integrals — In this section we introduce the idea of a surface integral. With surface integrals we

will be integrating over the surface of a solid. In other words, the variables will always be on the surface
of the solid and will never come from inside the solid itself. Also, in this section we will be working with
the first kind of surface integrals we’ll be looking at in this chapter : surface integrals of functions.

Surface Integrals of Vector Fields — In this section we will introduce the concept of an oriented surface
and look at the second kind of surface integral we’ll be looking at : surface integrals of vector fields.

Stokes’ Theorem — In this section we will discuss Stokes’ Theorem.

Divergence Theorem — In this section we will discuss the Divergence Theorem.
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Section 6-1 : Curl and Divergence

79

For problems 1 — 3 compute divF and curl F .
1. F :(2y—cos(x));—zze”]+(x2 —7z)l€

2. F —(4y—l)f+xy2j+(x—3y)l€

2

Zz(y—x)7+4y

3
z

3. F

j+(x2 —32)12

For problems 4 — 6 determine if the vector field is conservative.

4. F =(2xy” —16x)i +2y(x* ~1)j +9k

5. F

(y—32)17+(x2+y4)j—4221€

6. F:(ISXZ +4z3)f—12yzj—(6y2 —12xzz)l€
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Section 6-2 : Parametric Surfaces

For problems 1 — 10 write down a set of parametric equations for the given surface.
1. The plane containing the three points (1,4,—2) , (—3,0,1) and (2, 4, —5).

2. The portion of the plane x+9y +3z =8 that lies in the 1* octant.

3. The portion of x =2y +2z” —7 that is behind x=5.

4. The portion of y = 10—3x* —3z* that is in front of the xz-plane.

5. The cylinder x* +z* =121.

6. The cylinder y* +z° =6 for 2<x<9.

7. The sphere x” +y* +2z° =17.

8. The portion of the sphere of radius 3 with y >0 and z<0.
9. The tangent plane to the surface given by the following parametric equation at the point (—5,4,—12)
7 (u,v) :(u+2v)z7+(u2 +3)]—3v21€

10. The tangent plane to the surface given by the following parametric equation at the point

(1,-11,19).
F(u,v)= <e6‘2v,u2 —15,1—uv2>

11. Determine the surface area of the portion of 3x+3y+4z =16 thatis in the 1* octant.

12. Determine the surface area of the portion of x+4y+8z =4 thatis inside the cylinder

x’+y* =16.

13. Determine the surface area of the portionof z=6y + 2x” that is above the triangle in the xy-plane

with vertices (0,0), (8,0) and (8,2).
14. Determine the surface area of the portion of x = 6—y2 —2* thatis in front of x =2 with y20.

15. Determine the surface area of the portion of x* + y* +z> =11 with x>0, y<0 and z>0.
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16. Determine the surface area of the portion of the surface given by the following parametric equation
that lies above the triangle in the uv-plane with vertices(0,0) , (10,2) and (0,2) .

F(u,v)= <v2,3v, 2u>

17. Determine the surface area of the portion of the surface given by the following parametric equation

3
that lies above the region in the uv-plane bounded by v = Euz , u =2 and the u-axis.

F(u,v) = <uv, 3uv,v>

18. Determine the surface area of the portion of the surface given by the following parametric equation
that lies inside the cylinder u* +v*> =16.

F(u,v) = <uv,1—3v,2+3u>
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Section 6-3 : Surface Integrals

1. Evaluate ”2x—3y+zdS where S is the portion of x+ y+z =2 thatis in the 1* octant.
N

2. Evaluate Hx+y2 +2°dS where Sis the portion of x =4— > —z that lies in front of x =—-2.
S

3. Evaluate ”6dS where S is the portion of y =4z + x* +6 that lies over the region in the xz-plane
s
with bounded by z = x’, x =1 and the x-axis.

4. Evaluate nyz dS where S is the portion of x° + 3> =36 between z=-3 and z=1.
N

5. Evaluate sz +xdS where Sis the portion of x* + y* +z° =4 with z>0.
S

6. Evaluate H4de where S is the portion of x> +z* =9 between y=2 and y=10—x.
N

7. Evaluate Hz+3dS where S is the surface of the solid bounded by z =2x* +2y”>—3 and z=1.
S

Note that both surfaces of this solid are included in S.

8. Evaluate ”ZdS where S is the surface of the solid bounded by y2 +z° =4, x= y—3,and
N

x =6—z. Note that all three surfaces of this solid are included in S.

9. Evaluate I 4+ zdS where S is the portion of the sphere of radius 1 with z>0 and x <0. Note
S
that all three surfaces of this solid are included in S.
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Section 6-4 : Surface Integrals of Vector Fields

1. Evaluate Hﬁ’-dg where F = (z—y)17+xj+4y/€ and S is the portion of x+ y+z =2 thatisin
the 1% octan:oriented in the positive z-axis direction.
2. Evaluate Hﬁ'odg where F = (x—4)l7+z] —ylg and S is the portion of x = 4—y2 —2° that lies in
front of x = iZ oriented in the negative x-axis direction.
3. Evaluate Hﬁ-dg where F =;+4Z]+(Z—y)/€ and S is the portion of y =4z +x’ +6 that lies

N

over the region in the xz-plane with bounded by z = x*, x =1 and the x-axis oriented in the positive y-
axis direction.

4. Evaluate Hﬁodg where F = (x+y)l7+xj +zx* k and Sis the portion of x° er2 =36 between
N

z=-3 and z =1 oriented outward (i.e. away from the z-axis).

5. Evaluate Hﬁ’-dg where F =z +3k and Sis the portion of x* + y* +z> =4 with z >0 oriented
N
outwards (i.e. away from the origin).

6. Evaluate Hﬁ'odg where F = —x17+(4+y)]'—zlg and S is the portion of x* +2z° =9 between
s

y=2 and y=10—x oriented inward (i.e. towards from the y-axis).

7. Evaluate Hﬁodg where F = yl?+2]+(z+3)2 k and S is the surface of the solid bounded by
N

z=2x>+2y" -3 and z =1 with the negative orientation. Note that both surfaces of this solid are
included in S.

8. Evaluate Hﬁ'-dg where F = (x—y)l7 + Z]+y/€ and S is the surface of the solid bounded by
N

y2 +z° =4, x= y—3,and x =6—z with the positive orientation. Note that all three surfaces of this
solid are included in S.

9. Evaluate ”F’-dg where F = y7—2l€ and S is the portion of the sphere of radius 1 with z >0 and
N

x <0 with the positive orientation. Note that all three surfaces of this solid are included in S.
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Section 6-5 : Stokes' Theorem

1. Use Stokes’ Theorem to evaluate J-J.curlﬁ-dg where F = x° f+(4y—z3y3)j+2xl€ and Sis the
N

portion of z = x* + y2 —3 below z =1 with orientation in the negative z-axis direction.

2. Use Stokes’ Theorem to evaluate J-J.curlﬁodg where F =2yi +3x ]+ (z —x)lg and Sis the
S

portion of y =11 —3x”=3z" infrontof y =5 with orientation in the positive y-axis direction.

3. Use Stokes’ Theorem to evaluate J-F-df where F = (zx3 —2z)f+xzj+yxl€ and Cis the triangle
c

with vertices (0, 0,4) , (0, 2,0) and (2,0,0). C has a clockwise rotation if you are above the triangle

and looking down towards the xy-plane. See the figure below for a sketch of the curve.
4

4. Use Stokes’ Theorem to evaluate J-F-df where F = x? f—4z]‘ +xyl€ and Cis is the circle of radius
c

1 at x =—3 and perpendicular to the x-axis. C has a counter clockwise rotation if you are looking down
the x-axis from the positive x-axis to the negative x-axis. See the figure below for a sketch of the curve.
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Section 6-6 : Divergence Theorem

1. Use the Divergence Theorem to evaluate ”chg where
S

F:(3x—zx2)7+(x3—1)]+(4y2+x222)]€ and S is the surface of the box with 0 < x <1,

—3<y<0and —2<z<1. Note that all six sides of the box are included in S.

2. Use the Divergence Theorem to evaluate Ijﬁ-dg where F =4xi + (l - 6y)]' +2°k and Sis the
N

surface of the sphere of radius 2 with z>0, y <0 and x> 0. Note that all four surfaces of this solid
are included in S.

3. Use the Divergence Theorem to evaluate ”F-d§ where F = —)cyl7 + (Z —l)j +2°k and Sisthe
N

2 2
surface of the solid bounded by J = 4x°+4z" -1 and the plane y =7. Note that both of the surfaces
of this solid included in S.

4. Use the Divergence Theorem to evaluate ”F-dg’ where F = (4x -7 )zT + (x+3z)j +(6— Z)];
N

and S is the surface of the solid bounded by the cylinder XZ + y2 =36 and the planes z=-2 and
z =73 . Note that both of the surfaces of this solid included in S.
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