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Section 8-4 : Fourier Sine Series 
 
In this section we are going to start taking a look at Fourier series.  We should point out that this is a 
subject that can span a whole class and what we’ll be doing in this section (as well as the next couple of 
sections) is intended to be nothing more than a very brief look at the subject.  The point here is to do 
just enough to allow us to do some basic solutions to partial differential equations in the next chapter.  
There are many topics in the study of Fourier series that we’ll not even touch upon here. 
 
So, with that out of the way let’s get started, although we’re not going to start off with Fourier series.  
Let’s instead think back to our Calculus class where we looked at Taylor Series.  With Taylor Series we 

wrote a series representation of a function, ( )f x , as a series whose terms were powers of x a−  for 

some x a= .  With some conditions we were able to show that, 

 ( )
( ) ( ) ( )

0 !

n
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f x x a

n

∞

=

= −∑  

and that the series will converge to ( )f x  on x a R− <  for some R that will be dependent upon the 
function itself. 
 
There is nothing wrong with this, but it does require that derivatives of all orders exist at x a= .  Or in 

other words ( ) ( )nf a  exists for 0,1,2,3,n = 
  Also for some functions the value of R may end up 

being quite small. 
 
These two issues (along with a couple of others) mean that this is not always the best way of writing a 
series representation for a function.  In many cases it works fine and there will be no reason to need a 
different kind of series.  There are times however where another type of series is either preferable or 
required. 
 
We’re going to build up an alternative series representation for a function over the course of the next 
couple of sections.  The ultimate goal for the rest of this chapter will be to write down a series 
representation for a function in terms of sines and cosines. 
 

We’ll start things off by assuming that the function, ( )f x , we want to write a series representation for 

is an odd function (i.e. ( ) ( )f x f x− = − ).  Because ( )f x  is odd it makes some sense that we should be 
able to write a series representation for this in terms of sines only (since they are also odd functions). 
 

What we’ll try to do here is write ( )f x  as the following series representation, called a Fourier sine 

series, on L x L− ≤ ≤ . 
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There are a couple of issues to note here.  First, at this point, we are going to assume that the series 

representation will converge to ( )f x  on L x L− ≤ ≤ .  We will be looking into whether or not it will 
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actually converge in a later section.  However, assuming that the series does converge to ( )f x  it is 
interesting to note that, unlike Taylor Series, this representation will always converge on the same 
interval and that the interval does not depend upon the function. 
 
Second, the series representation will not involve powers of sine (again contrasting this with Taylor 
Series) but instead will involve sines with different arguments. 
 

Finally, the argument of the sines, L
n xπ , may seem like an odd choice that was arbitrarily chosen and in 

some ways it was.  For Fourier sine series the argument doesn’t have to necessarily be this but there are 
several reasons for the choice here.  First, this is the argument that will naturally arise in the next 
chapter when we use Fourier series (in general and not necessarily Fourier sine series) to help us solve 
some basic partial differential equations.   
 
The next reason for using this argument is the fact that the set of functions that we chose to work with, 

( ){ } 1
sin L n

n xπ
=

∞
in this case, need to be orthogonal on the given interval, L x L− ≤ ≤  in this case, and 

note that in the last section we showed that in fact they are.  In other words, the choice of functions 
we’re going to be working with and the interval we’re working on will be tied together in some way.  We 
can use a different argument but will need to also choose an interval on which we can prove that the 
sines (with the different argument) are orthogonal. 
 

So, let’s start off by assuming that given an odd function, ( )f x , we can in fact find a Fourier sine series, 

of the form given above, to represent the function on L x L− ≤ ≤ .  This means we will have, 

 ( )
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As noted above we’ll discuss whether or not this even can be done and if the series representation does 
in fact converge to the function in later section.  At this point we’re simply going to assume that it can 

be done.  The question now is how to determine the coefficients, nB , in the series. 
 

Let’s start with the series above and multiply both sides by ( )sin L
m xπ   where m is a fixed integer in the 

range { }1, 2,3, .  In other words, we multiply both sides by any of the sines in the set of sines that 
we’re working with here.  Doing this gives, 
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Now, let’s integrate both sides of this from x L= −  to x L= . 
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At this point we’ve got a small issue to deal with.  We know from Calculus that an integral of a finite 
series (more commonly called a finite sum….) is nothing more than the (finite) sum of the integrals of 
the pieces.  In other words, for finite series we can interchange an integral and a series.  For infinite 
series however, we cannot always do this.  For some integrals of infinite series we cannot interchange 
an integral and a series.  Luckily enough for us we actually can interchange the integral and the series in 

this case.  Doing this and factoring the constant, nB , out of the integral gives, 
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Now, recall from the last section we proved that ( ){ } 1
sin L n

n xπ
=

∞
 is orthogonal on L x L− ≤ ≤ and that, 

if 
sin sin

0 if 

L

L

L n mn x m x dx
n mL L

π π

−

=    =     ≠    

⌠

⌡

 

 
So, what does this mean for us.  As we work through the various values of n in the series and compute 
the value of the integrals all but one of the integrals will be zero.  The only non-zero integral will come 
when we have n m= , in which case the integral has the value of L.  Therefore, the only non-zero term in 
the series will come when we have n m=  and our equation becomes, 
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m xf x dx B L
L
π

−

  = 
 

⌠

⌡

 

 
Finally, all we need to do is divide by L and we now have an equation for each of the coefficients. 
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Next, note that because we’re integrating two odd functions the integrand of this integral is even and so 
we also know that, 

( )
0

2 sin 1,2,3,
L

m
m xB f x dx m

L L
π = = 

 
⌠

⌡



 

 

Summarizing all this work up the Fourier sine series of an odd function ( )f x  on L x L− ≤ ≤  is given 
by, 
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Let’s take a quick look at an example. 
 

Example 1  Find the Fourier sine series for ( )f x x=  on L x L− ≤ ≤ . 

 
Solution 
First note that the function we’re working with is in fact an odd function and so this is something we 

can do.  There really isn’t much to do here other than to compute the coefficients for ( )f x x= . 
 
Here is that work and note that we’re going to leave the integration by parts details to you to verify.  
Don’t forget that n, L, and π  are constants! 
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2 2
0 0

2 2

2 2sin sin cos

2 sin cos

LL

n
n x L n x n xB x dx L n x

L L L n L L

L n n L n
n

π π ππ
π

π π π
π

        = = −                

= −

⌠

⌡  

 
These integrals can, on occasion, be somewhat messy especially when we use a general L for the 
endpoints of the interval instead of a specific number. 
 

Now, taking advantage of the fact that n is an integer we know that ( )sin 0nπ =  and that 

( ) ( )cos 1 nnπ = − .   We therefore have, 

 ( )( ) ( ) 1

2 2

1 22 1 1,2,3
n

n
n

L
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The Fourier sine series is then, 

 ( ) ( )1 1

1 1

1 2 12sin sin
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At this point we should probably point out that we’ll be doing most, if not all, of our work here on a 
general interval ( L x L− ≤ ≤  or 0 x L≤ ≤ ) instead of intervals with specific numbers for the 
endpoints.  There are a couple of reasons for this.  First, it gives a much more general formula that will 
work for any interval of that form which is always nice.  Secondly, when we run into this kind of work in 
the next chapter it will also be on general intervals so we may as well get used to them now. 
 
Now, finding the Fourier sine series of an odd function is fine and good but what if, for some reason, we 
wanted to find the Fourier sine series for a function that is not odd?  To see how to do this we’re going 
to have to make a change.  The above work was done on the interval L x L− ≤ ≤ .  In the case of a 
function that is not odd we’ll be working on the interval 0 x L≤ ≤ .  The reason for this will be made 
apparent in a bit. 
 

So, we are now going to do is to try to find a series representation for ( )f x  on the interval 0 x L≤ ≤  

that is in the form, 
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or in other words, 
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As we did with the Fourier sine series on L x L− ≤ ≤  we are going to assume that the series will in fact 

converge to ( )f x  and we’ll hold off discussing the convergence of the series for a later section.   
 

There are two methods of generating formulas for the coefficients, nB , although we’ll see in a bit that 
they are really the same, just looked at from different perspectives. 
 

The first method is to just ignore the fact that ( )f x  is not odd and proceed in the same manner that 
we did above only this time we’ll take advantage of the fact that we proved in the previous section that 

( ){ } 1
sin L n

n xπ
=

∞
 also forms an orthogonal set on 0 x L≤ ≤  and that, 

 
0

if 
sin sin 2

0 if 

L L n mn x m x dx
L L n m

π π  =    =    
     ≠

⌠

⌡

 

 

So, if we do this then all we need to do is multiply both sides of our series by ( )sin L
m xπ , integrate from 

0 to L and interchange the integral and series to get, 
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Now, plugging in for the integral we arrive at, 
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Upon solving for the coefficient we arrive at, 
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 
⌠

⌡



 

 
Note that this is identical to the second form of the coefficients that we arrived at above by assuming 

( )f x  was odd and working on the interval L x L− ≤ ≤ .  The fact that we arrived at essentially the 
same coefficients is not actually all the surprising as we’ll see once we’ve looked the second method of 
generating the coefficients. 
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Before we look at the second method of generating the coefficients we need to take a brief look at 

another concept.  Given a function, ( )f x , we define the odd extension of ( )f x  to be the new 
function, 

 ( ) ( )
( )

if  0
if  0

f x x L
g x

f x L x
≤ ≤= − − − ≤ ≤

 

 
It’s pretty easy to see that this is an odd function. 

 ( ) ( )( ) ( ) ( ) for 0g x f x f x g x x L− = − − − = − = − < <  

and we can also know that on 0 x L≤ ≤  we have that ( ) ( )g x f x= .  Also note that if ( )f x  is 

already an odd function then we in fact get ( ) ( )g x f x=  on L x L− ≤ ≤ . 
 
Let’s take a quick look at a couple of odd extensions before we proceed any further. 
 
Example 2  Sketch the odd extension of each of the given functions. 

(a) ( )f x L x= −  on 0 x L≤ ≤  

 

(b) ( ) 21f x x= +  on 0 x L≤ ≤   
 

(c) ( ) 2 2

2 2

if  0
if  

L L

L L

x
f x

x x L
≤ ≤

=  − ≤ ≤
  

 
Solution 
Not much to do with these other than to define the odd extension and then sketch it. 
 

(a) ( )f x L x= −  on 0 x L≤ ≤  

Here is the odd extension of this function. 

 

( ) ( )
( )

if  0
if  0

if  0
if  0

f x x L
g x

f x L x

L x x L
L x L x

≤ ≤= − − − ≤ ≤
− ≤ ≤

= − − − ≤ ≤

 

 
Below is the graph of both the function and its odd extension.  Note that we’ve put the “extension” in 
with a dashed line to make it clear the portion of the function that is being added to allow us to get 
the odd extension. 
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(b) ( ) 21f x x= +  on 0 x L≤ ≤  
First note that this is clearly an even function.  That does not however mean that we can’t define the 
odd extension for it.  The odd extension for this function is, 

 

( ) ( )
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2
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1 if  0
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f x L x

x x L
x L x
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 + ≤ ≤

= 
− − − ≤ ≤

 

 
The sketch of the original function and its odd extension are , 
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(c) ( ) 2 2
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=  − ≤ ≤
 

Let’s first write down the odd extension for this function. 
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The sketch of the original function and its odd extension are, 

 
 

 
 
With the definition of the odd extension (and a couple of examples) out of the way we can now take a 
look at the second method for getting formulas for the coefficients of the Fourier sine series for a 

function ( )f x  on 0 x L≤ ≤ . First, given such a function define its odd extension as above. At this 

point, because ( )g x  is an odd function, we know that on L x L− ≤ ≤  the Fourier sine series for ( )g x  

(and NOT ( )f x  yet) is, 
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However, because we know that ( ) ( )g x f x=  on 0 x L≤ ≤  we can also see that as long as we are on 

0 x L≤ ≤  we have, 
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So, exactly the same formula for the coefficients regardless of how we arrived at the formula and the 
second method justifies why they are the same here as they were when we derived them for the Fourier 
sine series for an odd function. 
 
Now, let’s find the Fourier sine series for each of the functions that we looked at in Example 2.   
 
Note that again we are working on general intervals here instead of specific numbers for the right 
endpoint to get a more general formula for any interval of this form and because again this is the kind of 
work we’ll be doing in the next chapter. 
 
Also, we’ll again be leaving the actually integration details up to you to verify.  In most cases it will 
involve some fairly simple integration by parts complicated by all the constants (n, L, π , etc.) that show 
up in the integral. 
 

Example 3  Find the Fourier sine series for ( )f x L x= −  on 0 x L≤ ≤ . 

 
Solution 
There really isn’t much to do here other than computing the coefficients so here they are, 
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In the simplification process don’t forget that n is an integer. 
 
So, with the coefficients we get the following Fourier sine series for this function. 

 ( )
1

2 sin
n

L n xf x
n L

π
π

∞

=
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 
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In the next example it is interesting to note that while we started out this section looking only at odd 
functions we’re now going to be finding the Fourier sine series of an even function on 0 x L≤ ≤ .  
Recall however that we’re really finding the Fourier sine series of the odd extension of this function and 
so we’re okay.   
 

Example 4  Find the Fourier sine series for ( ) 21f x x= +  on 0 x L≤ ≤ . 

 
Solution 
In this case the coefficients are liable to be somewhat messy given the fact that the integrals will 
involve integration by parts twice.  Here is the work for the coefficients. 
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As noted above the coefficients are not the most pleasant ones, but there they are.  The Fourier sine 
series for this function is then, 
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In the last example of this section we’ll be finding the Fourier sine series of a piecewise function and can 
definitely complicate the integrals a little but they do show up on occasion and so we need to be able to 
deal with them. 
 

Example 5  Find the Fourier sine series for ( ) 2 2

2 2

if  0
if  

L L

L L

x
f x

x x L
≤ ≤

=  − ≤ ≤
 on 0 x L≤ ≤ . 

 
Solution 
Here is the integral for the coefficients. 
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Note that we need to split the integral up because of the piecewise nature of the original function.  
Let’s do the two integrals separately  

 
22 2

0 0

sin cos 1 cos
2 2 2 2

LL

L n x L L n x L ndx
L n L n
π π π

π π
         = − = −                  

⌠

⌡
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( ) ( )

( )

2 2

2 2

2 2

2

2 2

sin sin cos
2 2

sin cos sin
2 2

1
sin

2 2

L L

LL

n

L n x L n x L n xx dx L n x
L n L L

L n L nL n n L
n

nL n
n

π π ππ
π

π ππ π
π

π π
π

          − = − −                    

  = − −     
 −  = − +  

   

⌠

⌡

 

 
Putting all of this together gives, 

 

( ) ( )

( )

2
1

0

1

2 2 2sin 1 1 cos sin
2 2 2

21 1 cos sin
2 2

L
n

n

n

n x L n nB f x dx
L L L n n

L n n
n n

π π π
π π

π π
π π

+

+

        = = + − − +              

    = + − − −        

⌠

⌡

 

 
So, the Fourier sine series for this function is, 

 ( ) ( ) 1

1

21 1 cos sin sin
2 2

n

n

L n n n xf x
n n L

π π π
π π

∞
+

=

      = + − − −            
∑  

 
 
As the previous two examples has shown the coefficients for these can be quite messy but that will 
often be the case and so we shouldn’t let that get us too excited. 
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Section 8-5 : Fourier Cosine Series 
 
In this section we’re going to take a look at Fourier cosine series.  We’ll start off much as we did in the 
previous section where we looked at Fourier sine series.  Let’s start by assuming that the function, 
( )f x , we’ll be working with initially is an even function (i.e. ( ) ( )f x f x− = ) and that we want to 

write a series representation for this function on L x L− ≤ ≤  in terms of cosines (which are also even).  
In other words, we are going to look for the following, 

 ( )
0

cosn
n

n xf x A
L
π∞

=

 =  
 

∑  

 
This series is called a Fourier cosine series and note that in this case (unlike with Fourier sine series) 
we’re able to start the series representation at 0n =  since that term will not be zero as it was with 
sines.  Also, as with Fourier Sine series, the argument of L

n xπ  in the cosines is being used only because it 
is the argument that we’ll be running into in the next chapter.  The only real requirement here is that 
the given set of functions we’re using be orthogonal on the interval we’re working on. 
 
Note as well that we’re assuming that the series will in fact converge to ( )f x  on L x L− ≤ ≤  at this 
point.  In a later section we’ll be looking into the convergence of this series in more detail. 
 

So, to determine a formula for the coefficients, nA , we’ll use the fact that ( ){ } 0
cos L n

n xπ
=

∞
 do form an 

orthogonal set on the interval L x L− ≤ ≤  as we showed in a previous section.  In that section we also 
derived the following formula that we’ll need in a bit. 
 

 
2 if 0

cos cos if 0
0 if 

L

L

L n m
n x m x dx L n m

L L
n m

π π

−

= =
    = = ≠   

     ≠

⌠

⌡

 

     
We’ll get a formula for the coefficients in almost exactly the same fashion that we did in the previous 
section.  We’ll start with the representation above and multiply both sides by ( )cos L

m xπ   where m is a 

fixed integer in the range { }0,1,2,3, .  Doing this gives, 

 ( )
0

cos cos cosn
n

m x n x m xf x A
L L L
π π π∞

=

     =     
     

∑  

 
Next, we integrate both sides from x L= −  to x L=  and as we were able to do with the Fourier Sine 
series we can again interchange the integral and the series. 

 
( )

0

0

cos cos cos

cos cos

L L

n
nL L

L

n
n L

m x n x m xf x dx A dx
L L L

n x m xA dx
L L

π π π

π π

∞

=− −

∞

= −

     =     
     

   =    
   

⌠ ⌠
 
⌡ ⌡

⌠

⌡

∑

∑
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We now know that the all of the integrals on the right side will be zero except when n m=  because the 
set of cosines form an orthogonal set on the interval L x L− ≤ ≤ .  However, we need to be careful 
about the value of m (or n depending on the letter you want to use).  So, after evaluating all of the 
integrals we arrive at the following set of formulas for the coefficients. 
 

0m = :  

          ( ) ( ) ( )0 0
12

2
L L

L L
f x dx A L A f x dx

L− −
= ⇒ =∫ ∫  

 
0m ≠ :  

 ( ) ( ) ( )1cos cos
L L

m m
L L

m x m xf x dx A L A f x dx
L L L
π π

− −

   = ⇒ =   
   

⌠ ⌠
 
⌡ ⌡

 

 
 
Summarizing everything up then, the Fourier cosine series of an even function, ( )f x  on L x L− ≤ ≤ is 
given by, 

 ( )
( )

( )0

1 0
2

cos
1 cos 0

L

L

Ln n
n

L

f x dx n
Ln xf x A A

n xL f x dx n
L L

π
π

−∞

=

−

 =
 = =       ≠   

⌠

⌡

∫
∑    

 
Finally, before we work an example, let’s notice that because both ( )f x  and the cosines are even the 

integrand in both of the integrals above is even and so we can write the formulas for the nA ’s as 
follows, 

 
( )

( )

0

0

1 0

2 cos 0

L

Ln

f x dx n
L

A
n xf x dx n

L L
π

 =
= 

  ≠   

⌠

⌡

∫
 

 
Now let’s take a look at an example. 
 
 
 
Example 1  Find the Fourier cosine series for ( ) 2f x x=  on L x L− ≤ ≤ . 

 
Solution 
We clearly have an even function here and so all we really need to do is compute the coefficients and 
they are liable to be a little messy because we’ll need to do integration by parts twice.  We’ll leave 
most of the actual integration details to you to verify. 
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 ( )
3 2

2
0 0 0

1 1 1
3 3

L L L LA f x dx x dx
L L L

 
= = = = 

 
∫ ∫  

 

( )

( )

( ) ( ) ( )( )
( )

2

0 0

2 2 2 2
3 3

0

2 2 2 2 2
3 3

2

2 2

2 2cos cos

2 2 cos 2 sin

2 2 cos 2 sin

4 1
1,2,3,

L L

n

L

n

n x n xA f x dx x dx
L L L L

L n x n xLn x n x L
L n L L

L n n n L L n
n

L
n

n

π π

π ππ π
π

π π π π
π

π

   = =   
   

      = + −            

= + −

−
= =

⌠ ⌠
 
⌡ ⌡



 

 
The coefficients are then, 

 
( )22

0 2 2

4 1
, 1,2,3,

3

n

n

LLA A n
n π
−

= = =   

 
The Fourier cosine series is then, 

 
( )22

2
0 2 2

0 1 1

4 1
cos cos cos

3

n

n n
n n n

Ln x n x L n xx A A A
L L n L
π π π

π

∞ ∞ ∞

= = =

−     = = + = +     
     

∑ ∑ ∑  

 
Note that we’ll often strip out the 0n =  from the series as we’ve done here because it will almost 
always be different from the other coefficients and it allows us to actually plug the coefficients into 
the series. 

 
Now, just as we did in the previous section let’s ask what we need to do in order to find the Fourier 
cosine series of a function that is not even.  As with Fourier sine series when we make this change we’ll 
need to move onto the interval 0 x L≤ ≤  now instead of L x L− ≤ ≤  and again we’ll assume that the 
series will converge to ( )f x  at this point and leave the discussion of the convergence of this series to a 
later section. 
 
We could go through the work to find the coefficients here twice as we did with Fourier sine series, 
however there’s no real reason to.  So, while we could redo all the work above to get formulas for the 
coefficients let’s instead go straight to the second method of finding the coefficients. 
 
In this case, before we actually proceed with this we’ll need to define the even extension of a function, 
( )f x  on L x L− ≤ ≤ .  So, given a function ( )f x  we’ll define the even extension of the function as, 

( ) ( )
( )

if  0
if  0

f x x L
g x

f x L x
≤ ≤=  − − ≤ ≤

 

 
Showing that this is an even function is simple enough. 
 ( ) ( )( ) ( ) ( ) for 0g x f x f x g x x L− = − − = = < <  
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and we can see that ( ) ( )g x f x=  on 0 x L≤ ≤  and if ( )f x  is already an even function we get 

( ) ( )g x f x=  on L x L− ≤ ≤ . 
 
Let’s take a look at some functions and sketch the even extensions for the functions. 
 
Example 2  Sketch the even extension of each of the given functions. 

(a) ( )f x L x= −  on 0 x L≤ ≤  

 
(b) ( ) 3f x x=  on 0 x L≤ ≤   

 

(c) ( ) 2 2

2 2

if  0
if  

L L

L L

x
f x

x x L
≤ ≤

=  − ≤ ≤
  

 
Solution 
(a) ( )f x L x= −  on 0 x L≤ ≤  
Here is the even extension of this function. 

 

( ) ( )
( )

if  0
if  0

if  0
if  0

f x x L
g x

f x L x

L x x L
L x L x

≤ ≤=  − − ≤ ≤
− ≤ ≤

=  + − ≤ ≤

 

 
Here is the graph of both the original function and its even extension.  Note that we’ve put the 
“extension” in with a dashed line to make it clear the portion of the function that is being added to 
allow us to get the even extension 
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(b) ( ) 3f x x=  on 0 x L≤ ≤  
The even extension of this function is, 

 

( ) ( )
( )

3

3

if  0
if  0

if  0
if  0

f x x L
g x

f x L x

x x L
x L x

≤ ≤=  − − ≤ ≤
 ≤ ≤

= 
− − ≤ ≤

 

 
The sketch of the function and the even extension is, 

 
 
 
 
 

(c) ( ) 2 2

2 2

if  0
if  

L L

L L

x
f x

x x L
≤ ≤

=  − ≤ ≤
 

Here is the even extension of this function, 

 

( ) ( )
( )

2 2

2 2

2 2

2 2

if  0
if  0

if  
if  0
if  0
if  

L L

L L

L L

L L

f x x L
g x

f x L x

x x L
x

x
x L x

≤ ≤=  − − ≤ ≤
− ≤ ≤

 ≤ ≤=  − ≤ ≤
− − − ≤ ≤ −

 

 
The sketch of the function and the even extension is, 
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Okay, let’s now think about how we can use the even extension of a function to find the Fourier cosine 
series of any function ( )f x  on 0 x L≤ ≤ . 
 
So, given a function ( )f x  we’ll let ( )g x  be the even extension as defined above.  Now, ( )g x  is an 

even function on L x L− ≤ ≤  and so we can write down its Fourier cosine series.  This is, 
 

 ( )
( )

( )

0

0

0

1 0
cos

2 cos 0

L

Ln n
n

f x dx n
Ln xg x A A

n xL f x dx n
L L

π
π

∞

=

 =
 = =       ≠   

⌠

⌡

∫
∑  

 
and note that we’ll use the second form of the integrals to compute the constants. 
 
Now, because we know that on 0 x L≤ ≤  we have ( ) ( )f x g x=  and so the Fourier cosine series of 

( )f x  on 0 x L≤ ≤  is also given by, 

 ( )
( )

( )

0

0

0

1 0
cos

2 cos 0

L

Ln n
n

f x dx n
Ln xf x A A

n xL f x dx n
L L

π
π

∞

=

 =
 = =       ≠   

⌠

⌡

∫
∑  

 
Let’s take a look at a couple of examples. 
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Example 3  Find the Fourier cosine series for ( )f x L x= −  on 0 x L≤ ≤ . 

 
Solution 
All we need to do is compute the coefficients so here is the work for that, 

 ( )0 0 0

1 1
2

L L LA f x dx L x dx
L L

= = − =∫ ∫  

 

( ) ( )

( )

( )( ) ( )( )

0 0

2 2
0

1
2 2 2 2

2 2cos cos

2 sin cos

2 2cos 1 1 1,2,3,

L L

n

L

n

n x n xA f x dx L x dx
L L L L

L n x n xn L x L
L n L L

L LL n L n
L n n

π π

π ππ
π

π
π π

+

   = = −   
   

      = − −            

 = − + = + − = 
 

⌠ ⌠
 
⌡ ⌡



 

 
The Fourier cosine series is then, 

 ( ) ( )( )1
2 2

1

2 1 1 cos
2

n

n

L L n xf x
n L

π
π

∞
+

=

 = + + −  
 

∑  

 
Note that as we did with the first example in this section we stripped out the 0A  term before we 
plugged in the coefficients. 

 
Next, let’s find the Fourier cosine series of an odd function.  Note that this is doable because we are 
really finding the Fourier cosine series of the even extension of the function. 
 
Example 4  Find the Fourier cosine series for ( ) 3f x x=  on 0 x L≤ ≤ . 

 
Solution 
The integral for 0A  is simple enough but the integral for the rest will be fairly messy as it will require 
three integration by parts.  We’ll leave most of the details of the actual integration to you to verify.  
Here’s the work,  

 ( )
3

3
0 0 0

1 1
4

L L LA f x dx x dx
L L

= = =∫ ∫  
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( )

( ) ( )

( ) ( ) ( ) ( )( )

3

0 0

2 2 2 2 2 2 2 3
4 4

0

2 2 2 2 3 2 2 3 3
4 4

4
2

4 4

2 2cos cos

2 6 sin 3 6 cos

2 6 sin 3 6 cos 6

2 3 2

L L

n

L

n x n xA f x dx x dx
L L L L

L n x n xn x n x L Ln x L
L n L L

L n L n L L n L n L n L
L n

L n
L n

π π

π ππ π π
π

π π π π π
π

π
π

   = =   
   

      = − + −            

 = − + − + 
 
 

= + 
 

⌠ ⌠
 
⌡ ⌡

( )( )( ) ( )( )( )
3

2 2 2
4 4

62 1 2 2 1 1,2,3,n nL n n
n

π
π

− − = + − − = 

 

 
The Fourier cosine series for this function is then, 

 ( ) ( )( )( )
3 3

2 2
4 4

1

6 2 2 1 cos
4

n

n

L L n xf x n
n L

ππ
π

∞

=

 = + + − −  
 

∑  

 
 
Finally, let’s take a quick look at a piecewise function. 
 

Example 5  Find the Fourier cosine series for ( ) 2 2

2 2

if  0
if  

L L

L L

x
f x

x x L
≤ ≤

=  − ≤ ≤
 on 0 x L≤ ≤ . 

 
Solution 
We’ll need to split up the integrals for each of the coefficients here.  Here are the coefficients. 

 

( ) ( ) ( )2

2

2

2

0 0 0

2 2 2

0

1 1

1 1 1 3 3
2 2 4 8 8 8

L

L

L

L

L L

L

A f x dx f x dx f x dx
L L

L L L L L Ldx x dx
L L L

 = = +  
     

= + − = + = =     
    

⌠ ⌠ 
⌡ ⌡

∫ ∫ ∫
 

 
For the rest of the coefficients here is the integral we’ll need to do. 

 

( ) ( ) ( )
2

2

2

2

0 0

0

2 2cos cos cos

2 cos cos
2 2

L

L

L

L

L L

n

L

n x n x n xA f x dx f x dx f x dx
L L L L L

L n x L n xdx x dx
L L L

π π π

π π

      = = +      
       

      = + −      
       

⌠ ⌠ ⌠
  
⌡ ⌡ ⌡

⌠ ⌠
 
⌡ ⌡

 

 
To make life a little easier let’s do each of these separately. 

 
22 2

0 0

cos sin sin sin
2 2 2 2 2 2

LL

L n x L L n x L L n L ndx
L n L n n
π π π π

π π π
           = = =           
           

⌠

⌡
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 ( ) ( )

( )

2 2

2

2 2

cos cos sin
2 2

cos sin cos
2 2

1 cos
2

L L

LL

n

L n x L L n x L n xx dx x
L n n L L

L L L L nn n
n n n

L n
n

π π π
π π

ππ π
π π π

π
π

          − = + −                    

  = + −     
  = − −     

⌠

⌡

 

 
Putting these together gives, 

 

( )

( )

2 2

2 2

2 2

2 sin 1 cos
2 2 2

2 1 cos sin
2 2 2

n
n

n

L n L nA
L n n

L n n n
n

π π
π π

π π π
π

     = + − −          
    = − − +        

 

 
So, after all that work the Fourier cosine series is then, 

 ( ) ( )2 2
1

3 2 1 cos sin cos
8 2 2 2

n

n

L L n n n n xf x
n L

π π π π
π

∞

=

      = + − − +            
∑  

 
 
Note that much as we saw with the Fourier sine series many of the coefficients will be quite messy to 
deal with. 
 



Differential Equations  56 

© 2018 Paul Dawkins  http://tutorial.math.lamar.edu 

Section 8-6 : Fourier Series 
 
Okay, in the previous two sections we’ve looked at Fourier sine and Fourier cosine series.  It is now time 
to look at a Fourier series.  With a Fourier series we are going to try to write a series representation for 

( )f x  on L x L− ≤ ≤  in the form, 

 ( )
0 1

cos sinn n
n n

n x n xf x A B
L L
π π∞ ∞

= =

   = +   
   

∑ ∑  

 
So, a Fourier series is, in some way a combination of the Fourier sine and Fourier cosine series.  Also, like 
the Fourier sine/cosine series we’ll not worry about whether or not the series will actually converge to 

( )f x  or not at this point.  For now we’ll just assume that it will converge and we’ll discuss the 
convergence of the Fourier series in a later section. 
 

Determining formulas for the coefficients, nA  and nB , will be done in exactly the same manner as we 

did in the previous two sections.  We will take advantage of the fact that  ( ){ } 0
cos L n

n xπ
=

∞
 and 

( ){ } 1
sin L n

n xπ
=

∞
 are mutually orthogonal on L x L− ≤ ≤  as we proved earlier.  We’ll also need the 

following formulas that we derived when we proved the two sets were mutually orthogonal. 
 

 

2 if 0
cos cos if 0

0 if 

if 
sin sin

0 if 

sin cos 0

L

L

L

L

L

L

L n m
n x m x dx L n m

L L
n m

L n mn x m x dx
n mL L

n x m x dx
L L

π π

π π

π π

−

−

−

= =
    = = ≠   

     ≠

=    =     ≠    

    =   
   

⌠

⌡

⌠

⌡

⌠

⌡

 

 
 

So, let’s start off by multiplying both sides of the series above by ( )cos L
m xπ  and integrating from –L to 

L.  Doing this gives, 

 ( ) ( ) ( ) ( ) ( ) ( )
0 1

cos cos cos sin cos
L L

L

n nL
n nL L

m x n x m x n x m x
L L L L Lf x dx A dx B dxπ π π π π

∞ ∞

−
= =− −

= +⌠ ⌠
 
⌡ ⌡
∑ ∑∫  

  
Now, just as we’ve been able to do in the last two sections we can interchange the integral and the 
summation.  Doing this gives, 
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 ( ) ( ) ( ) ( ) ( ) ( )
0 1

cos cos cos sin cos
L L L

n nL L L
n n

m x n x m x n x m x
L L L L Lf x dx A dx B dxπ π π π π

∞ ∞

− − −
= =

= +∑ ∑∫ ∫ ∫  

 
We can now take advantage of the fact that the sines and cosines are mutually orthogonal.  The integral 
in the second series will always be zero and in the first series the integral will be zero if n m≠  and so 
this reduces to, 

 ( ) ( ) ( )
( )
2 if 0

cos
if 0

L m

L
m

m x
L

A L n m
f x dx

A L n m
π

−

= ==  = ≠
∫  

Solving for mA  gives, 

 
( )

( ) ( )

0
1

2
1 cos 1,2,3,

L

L

L

m L

m x
L

A f x dx
L

A f x dx m
L

π

−

−

=

= =

∫

∫ 

 

 

Now, do it all over again only this time multiply both sides by ( )sin L
m xπ , integrate both sides from –L 

to L and interchange the integral and summation to get, 

 ( ) ( ) ( ) ( ) ( ) ( )
0 1

sin cos sin sin sin
L L L

n nL L L
n n

m x n x m x n x m x
L L L L Lf x dx A dx B dxπ π π π π

∞ ∞

− − −
= =

= +∑ ∑∫ ∫ ∫  

 
In this case the integral in the first series will always be zero and the second will be zero if n m≠  and so 
we get, 

 ( ) ( ) ( )sin
L

mL

m x
Lf x dx B Lπ

−
=∫  

 

Finally, solving for mB  gives, 

 ( ) ( )1 sin 1,2,3,
L

m L

m x
LB f x dx m

L
π

−
= =∫ 

 

 
In the previous two sections we also took advantage of the fact that the integrand was even to give a 
second form of the coefficients in terms of an integral from 0 to L.  However, in this case we don’t know 

anything about whether ( )f x  will be even, odd, or more likely neither even nor odd.  Therefore, this is 
the only form of the coefficients for the Fourier series. 
 
Before we start examples let’s remind ourselves of a couple of formulas that we’ll make heavy use of 
here in this section, as we’ve done in the previous two sections as well.  Provided n in an integer then, 

( ) ( ) ( )cos 1 sin 0nn nπ π= − =  

 
In all of the work that we’ll be doing here n will be an integer and so we’ll use these without comment in 
the problems so be prepared for them. 
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Also, don’t forget that sine is an odd function, i.e. ( ) ( )sin sinx x− = −  and that cosine is an even 

function, i.e. ( ) ( )cos cosx x− = .  We’ll also be making heavy use of these ideas without comment in 

many of the integral evaluations so be ready for these as well. 
 
Now let’s take a look at an example. 
 

Example 1  Find the Fourier series for ( )f x L x= −  on L x L− ≤ ≤ . 

 
Solution 
So, let’s go ahead and just run through formulas for the coefficients. 

 ( )0
1 1

2 2
L L

L L
A f x dx L x dx L

L L− −
= = − =∫ ∫  

 

( ) ( )

( )

( )( )

2 2

2 2

1 1cos cos

1 sin cos

1 2 sin 0 1,2,3,

L L

n
L L

L

L

n x n xA f x dx L x dx
L L L L

L n x n xn L x L
L n L L

L n L n n
L n

π π

π ππ
π

π π
π

− −

−

   = = −   
   

      = − −            

 = − − = = 
 

⌠ ⌠
 
⌡ ⌡



 

 

 

( ) ( )

( )

( ) ( )( ) ( )

2 2

2

2 2

1 1sin sin

1 sin cos

11 2 cos 2sin 1, 2,3,

L L

n
L L

L

L
n

n x n xB f x dx L x dx
L L L L

L n x n xL n x L
L n L L

LL n n n n
L n n

π π

π ππ
π

π π π
π π

− −

−

   = = −   
   

      = − − −            

2 − 
= − = = 

 

⌠ ⌠
 
⌡ ⌡



 

 

Note that in this case we had 0 0A ≠  and 0, 1,2,3,nA n= =    This will happen on occasion so don’t 
get excited about this kind of thing when it happens. 
 
The Fourier series is then, 

 
( )

( )
0 1

0
1 1 1

cos sin

2 1
cos sin sin

n n
n n

n

n n
n n n

n x n xf x A B
L L

Ln x n x n xA A B L
L L n L

π π

π π π
π

∞ ∞

= =

∞ ∞ ∞

= = =

   = +   
   

−     = + + = +     
     

∑ ∑

∑ ∑ ∑
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As we saw in the previous example sometimes we’ll get  0 0A ≠  and 0, 1,2,3,nA n= =    Whether or 

not this will happen will depend upon the function ( )f x  and often won’t happen, but when it does 
don’t get excited about it. 
 
Let’s take a look at another problem. 
 

Example 2  Find the Fourier series for ( )
if  0

2 if  0
L L x

f x
x x L

− ≤ ≤
=  ≤ ≤

 on L x L− ≤ ≤ . 

 
Solution 
Because of the piece-wise nature of the function the work for the coefficients is going to be a little 
unpleasant but let’s get on with it. 
  

 
( ) ( ) ( )

0

0 0

0 2 2

0

1 1
2 2
1 12

2 2

L L

L L

L

L

A f x dx f x dx f x dx
L L

L dx x dx L L L
L L

− −

−

 = = +  

   = + = + =   

∫ ∫ ∫

∫ ∫
 

 

 

( ) ( ) ( )
0

0

0

0

1 1cos cos cos

1 cos 2 cos

L L

n
L L

L

L

n x n x n xA f x dx f x dx f x dx
L L L L L

n x n xL dx x dx
L L L

π π π

π π

− −

−

      = = +      
       

    = +    
     

⌠ ⌠ ⌠
  
⌡ ⌡ ⌡

⌠ ⌠
 
⌡ ⌡

 

 
At this point it will probably be easier to do each of these individually. 

 ( )
00 2 2

cos sin sin 0
L L

n x L n x LL dx n
L n L n
π π π

π π− −

    = = =    
    

⌠

⌡

 

 ( ) ( ) ( )( )

( )( )

2 2
0 0

2 2

2

2 2

22 cos cos sin

2 cos sin cos 0

2 1 1

LL

n

n x L n x n xx dx L n x
L n L L

L L n n L n L
n

L
n

π π ππ
π

π π π
π

π

        = +                

 = + − 
 
 

= − − 
 

⌠

⌡

 

 
So, if we put all of this together we have, 

 
( ) ( )( )

( )( )

2

2 2

2 2

1 1 2cos 0 1 1

2 1 1 , 1,2,3,

L
n

n
L

n

n x LA f x dx
L L L n

L n
n

π
π

π

−

   = = + − −   
    

= − − =

⌠

⌡


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So, we’ve gotten the coefficients for the cosines taken care of and now we need to take care of the 
coefficients for the sines. 

 

( ) ( ) ( )
0

0

0

0

1 1sin sin sin

1 sin 2 sin

L L

n
L L

L

L

n x n x n xB f x dx f x dx f x dx
L L L L L

n x n xL dx x dx
L L L

π π π

π π

− −

−

      = = +      
       

    = +    
     

⌠ ⌠ ⌠
  
⌡ ⌡ ⌡

⌠ ⌠
 
⌡ ⌡

 

 
As with the coefficients for the cosines will probably be easier to do each of these individually. 

 ( )( ) ( )( )
00 2 2 2

sin cos 1 cos 1 1n

L L

n x L n x L LL dx n
L n L n n
π π π

π π π− −

    = − = − + = − −    
    

⌠

⌡

 

 ( ) ( )( )

( )( ) ( )

2 2
0 0

2 2

2 2

2 2

22 sin sin cos

2 sin cos

2 21 1

LL

n n

n x L n x n xx dx L n x
L n L L

L L n n L n
n

L Ln
n n

π π ππ
π

π π π
π

π
π π

        = −                

 = − 
 
 

= − − = − − 
 

⌠

⌡

 

 
So, if we put all of this together we have, 

 
( ) ( )( ) ( )

( ) ( )( )

2 21 1 2sin 1 1 1

1 1 1 1 1,2,3,

L
n n

n
L

n n

n x L LB f x dx
L L L n n

L L n
n n

π
π π

π π

−

  = = − − − −      

 = − − − = − + − = 

⌠

⌡



 

 
So, after all that work the Fourier series is, 

 

( )

( )( ) ( )( )

0 1

0
1 1

2 2
1 1

cos sin

cos sin

2 1 1 cos 1 1 sin

n n
n n

n n
n n

n n

n n

n x n xf x A B
L L

n x n xA A B
L L

L n x L n xL
n L n L

π π

π π

π π
π π

∞ ∞

= =

∞ ∞

= =

∞ ∞

= =

   = +   
   

   = + +   
   

   = + − − − + −   
   

∑ ∑

∑ ∑

∑ ∑

 

 
 
As we saw in the previous example there is often quite a bit of work involved in computing the integrals 
involved here. 
 
The next couple of examples are here so we can make a nice observation about some Fourier series and 
their relation to Fourier sine/cosine series 
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Example 3  Find the Fourier series for ( )f x x=  on L x L− ≤ ≤ . 

 
Solution 

Let’s start with the integrals for nA . 
 

 ( )0
1 1 0

2 2
L L

L L
A f x dx x dx

L L− −
= = =∫ ∫  

 ( )1 1cos cos 0
L L

n
L L

n x n xA f x dx x dx
L L L L

π π

− −

   = = =   
   

⌠ ⌠
 
⌡ ⌡

 

 
In both cases note that we are integrating an odd function (x is odd and cosine is even so the product 

is odd) over the interval [ ],L L−  and so we know that both of these integrals will be zero. 
 

Next here is the integral for nB  

 ( )
0

1 1 2sin sin sin
L L L

n
L L

n x n x n xB f x dx x dx x dx
L L L L L L

π π π

− −

     = = =     
     

⌠ ⌠ ⌠
  
⌡ ⌡ ⌡

 

 
In this case we’re integrating an even function (x and sine are both odd so the product is even) on the 

interval [ ],L L−  and so we can “simplify” the integral as shown above.  The reason for doing this here 
is not actually to simplify the integral however.  It is instead done so that we can note that we did this 
integral back in the Fourier sine series section and so don’t need to redo it in this section.  Using the 
previous result we get, 

 
( ) 11 2

1,2,3,
n

n

L
B n

nπ

+−
= =   

 
In this case the Fourier series is, 

 ( ) ( ) 1

0 1 1

1 2
cos sin sin

n

n n
n n n

Ln x n x n xf x A B
L L n L
π π π

π

+∞ ∞ ∞

= = =

−     = + =     
     

∑ ∑ ∑  

 
 
If you go back and take a look at Example 1 in the Fourier sine series section, the same example we used 
to get the integral out of, you will see that in that example we were finding the Fourier sine series for   

( )f x x=  on L x L− ≤ ≤ .  The important thing to note here is that the answer that we got in that 

example is identical to the answer we got here. 
 
If you think about it however, this should not be too surprising. In both cases we were using an odd 
function on L x L− ≤ ≤  and because we know that we had an odd function the coefficients of the 

cosines in the Fourier series, nA , will involve integrating and odd function over a symmetric interval, 
L x L− ≤ ≤ , and so will be zero.  So, in these cases the Fourier sine series of an odd function on 
L x L− ≤ ≤  is really just a special case of a Fourier series.   
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Note however that when we moved over to doing the Fourier sine series of any function on 0 x L≤ ≤  
we should no longer expect to get the same results.  You can see this by comparing Example 1 above 
with Example 3 in the Fourier sine series section.  In both examples we are finding the series for 

( )f x x L= −  and yet got very different answers.  
 
So, why did we get different answers in this case?  Recall that when we find the Fourier sine series of a 
function on 0 x L≤ ≤  we are really finding the Fourier sine series of the odd extension of the function 
on L x L− ≤ ≤  and then just restricting the result down to 0 x L≤ ≤ .  For a Fourier series we are 
actually using the whole function on L x L− ≤ ≤  instead of its odd extension.  We should therefore not 
expect to get the same results since we are really using different functions (at least on part of the 
interval) in each case. 
 
So, if the Fourier sine series of an odd function is just a special case of a Fourier series it makes some 
sense that the Fourier cosine series of an even function should also be a special case of a Fourier series.  
Let’s do a quick example to verify this. 
 

Example 4  Find the Fourier series for ( ) 2f x x=  on L x L− ≤ ≤ . 

 
Solution 

Here are the integrals for the nA  and in this case because both the function and cosine are even we’ll 
be integrating an even function and so can “simplify” the integral. 
 

 ( ) 2 2
0 0

1 1 1
2 2

L L L

L L
A f x dx x dx x dx

L L L− −
= = =∫ ∫ ∫  

 ( ) 2 2

0

1 1 2cos cos cos
L L L

n
L L

n x n x n xA f x dx x dx x dx
L L L L L L

π π π

− −

     = = =     
     

⌠ ⌠ ⌠
  
⌡ ⌡ ⌡

 

 
As with the previous example both of these integrals were done in Example 1 in the Fourier cosine 
series section and so we’ll not bother redoing them here.  The coefficients are, 

 
( )22

0 2 2

4 1
, 1,2,3,

3

n

n

LLA A n
n π
−

= = =   

 

Next here is the integral for the nB  

 ( ) 21 1sin sin 0
L L

n
L L

n x n xB f x dx x dx
L L L L

π π

− −

   = = =   
   

⌠ ⌠
 
⌡ ⌡

 

 
In this case the function is even and sine is odd so the product is odd and we’re integrating over 

L x L− ≤ ≤  and so the integral is zero. 
 
The Fourier series is then, 
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 ( ) ( )22

2 2
0 1 1

4 1
cos sin cos

3

n

n n
n n n

Ln x n x L n xf x A B
L L n L
π π π

π

∞ ∞ ∞

= = =

−     = + = +     
     

∑ ∑ ∑  

 
 
As suggested before we started this example the result here is identical to the result from Example 1 in 
the Fourier cosine series section and so we can see that the Fourier cosine series of an even function is 
just a special case a Fourier series. 
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