Fluid Mechanics CEE 3311
LECTURE 9

Conservation of mass
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The continuity principle i1s based on the conservation of mass.
In this case extensive property N=mass

intensive property n=1

Then control volume equation becomes
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If the flow 1s steady, there results
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For one dimensional flow ijdA can be written as Z PVA

For steady one dimensional flow the formula diminishes to
> pvA=0
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For steady one dimensional flow the formula diminishes to

This formula may be used, e.g., in a steady flow case in a
conduit

ZPVA =—p AV, +p,A,v, =0

for ;I)Kl» =Av, cﬁ()ozgpﬂv1 .
T

— o _
and v,A, =A,v, cos0°=+A,v,

The continuity equation takes the form

P,ALV, =p AV,



The equation takes the form

P,ALV, =p AV,

If the density 1s constant in the control volume, the continuity
equation then reduces to

Av,=A,v,

This form of the equation is used quite often, particularly with
liquids and low speed gas



EXAMPLE 4.1

Water 2ﬂ.-::uuaw."s at a uniform velocity of 3 m/s into a nozzle that reduces the diameter from 10
cm to 2 cm (Fig. E4.1). Calculate the water’s velocity leaving the nozzle and the flow rate

10 em dia.

enters the control volume at section 1 and leaves at section 2. The simplified continuif}
equation (4.3.6) is used: 3

AV, = AV,
A
e V-} = V = 1
2 lA:
% 0.1%/4
= Tmys
7 X 00224 w/s

The flow rate, or discharge, is found to be

Q=VA,
=3 % 7 x0.1°/4 = 00236 m’/s



DIFFERENTIAL EQUATION OF CONTINUITY

In Chap. 4 a very practical, but special, form of the equation of continuity was
presented. For some purposes a more general three-dimensional form is
desired. Also, in that chapter the concept of the flow net was explained

largely on an intuitive basis. To reach a more fundamental understanding of
the mechanics of the flow net, it is necessary to consider the differential
equations of continuity and irrotationality (Sec. 14.2) that give rise to the
orthogonal network of streamlines and equipotential lines.

Aside from application to the flow net, the differential form of the
continuity equation has an important advantage over the one-dimensional
form that was derived in Sec. 4.7 in that it is perfectly general for two- or
three-dimensional fluid space and for either steady or unsteady flow. Some of
the equations in this section only will also be applicable to compressible flow.



DIFFERENTIAL EQUATION OF CONTINUITY

Fﬂgure 14.1 shows three coordinate axes x, y, z mutually pe
and fixed in space. Let the velocity components in these three dire
ides Ax, Ay,

v, w, respectively. Consider now a small parallelepiped, having si
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Figure 14.1



DIFFERENTIAL EQUATION OF CONTINUITY

d(Mass) d -
& (:[pdVJré[deA
Similar expressions may be obtained for the y and z directions. The sum of
the rates of mass inflow in the three directions must equal the time rate of
change of the mass in the box, or (dp/dt) Ax Ay-Az. Summing up, applying
the limiting process, and dividing both side the equation by the volume of
the parallelepiped, which is common toall terms, we get

_dlpu) AxAyAz — aev) AxAyAz — alew) AvAyAz = 22 AxAyAz

ox oy 0z ot
Unsteady _9(pu) 9d(pv) d(pw) _ 9p (14.1)
compressible flow: ax dy 0z at '

which is the equation of continuity in its most general\form. This equation as
well as the other equations in this section are, of course, valid regardless of
whether the fluid is a real one or an ideal one. If the flow is steady, p does not
vary with time, but it may vary in space. Since d(pu)/dx = p(du/dx) +
u(dp/ox), it follows that for steady flow the W be\written as
Steady ap ap ap p(au o v aw)

: —+v—+w—+ -+
compressible flow: “oax T dy W oz ox dy 0z

=0 (14.2)



DIFFERENTIAL EQUATION OF CONTINUITY
Steady uLay Loy p(Hr ) 0 (142)
compressible flow: — ax ay 0z

In the case of an incompressible fluid (p =
steady or not, the equation of continuity beco

, whet the flow is

d ov d
Steady AL PV

i * < 14.3
incompressible flow: gx ay 90z : ( )

For two-dimensional flow, application of the same procedure to a=

elemental volume in polar coordinates yields for steady flow the following
equations:

Steady

- + e +——(pv,)) = 0 14.4
compressible flow: r (p vr) (pv ) r ae (pv.) = ( r
Steady, E'_f_ o L 0 (14.5)
incompressible flow: r dr rae

where v, and v, represent the velocities in the radial and tangential
directions, respectively.



DIFFERENTIAL EQUATION OF CONTINUITY

SampLE PrROBLEM 14.1 Assuming p to be constant, do the following flows satisfy
continuity? (@) u = =2y, v = 3x;(b)u = 0, v = 3xy; (c)u = 2x,v = —2y.

Solution Sha
From Eq. (14.3): Continuity for incompressible fluids is satisfied if —“ a—; b
a_u+@+a_w = ( Since it is 2 dimensional —+@ =0
ox dy 0z ax ay

o(-2y)  9Gx)

(a) =0+0=20 Continuity is satisfied @ ANS

0x dy
d(0) a(3
(b) EEx) + (a?) =0+3x # 0 Continuity is not satisfied ANS
0(2x) a(—2
(c) (6‘.1:)+ (ayy) =2-2=0 Continuity is satisfied ANS

Note: If (b) did indeed describe a flow field, the fluid must be compressible.





