CHAPTER

FLUID KINEMATICS
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5.1. Introduction. 5.2. Description of fluid motion.—Langrangian method— Eulerian
method. 5.3. Types of fluid flow—steady and unsteady flows—uniform and non-uniform
flows—one, two and three dimensional flows—rotational and irrotational flows—Ilaminar
and turbulent flows—compressible and incompressible flows. 5.4. Types of flow lines-path
line—stream line—stream tube—streak line— 5.5. Rate of flow or discharge. 5.6. Continuity
equation. 5.7. Continuity equation in cartesian co-ordinates. 5.8. Equation of continuity
in polar co-ordinates. 5.9. Circulation and vorticity. 5.10. Velocity potential and stream
Junction—velocity potential—stream function—relation between stream function and
velocity potential. 5.10. Flow nets—methods of drawing the flow nets—uses and limitations
of flow nets. Highlights—Theoretical Questions—Objective Type Questions—Unsolved
Examples. ' '

S.1.Introduction

Fluid kinematics may be defined as follows:

“Fluid kinematics is a branch of ‘Fluid mechanics’ which deals with the study of velocity &
acceleration of the particles of fluids in motion and their distribution in space without consiges
any force or energy involved. ]

The motion of fluid can be described fully by an expression describing the location of 2 f_'
particle in space at different times thus enabling determination of the magnitude and directios
velocity and acceleration 1n the flow field at any instant of time. |

In the chapter we shall deal with the conception of fluid flow in general.

5.2.Description of Fluid Motion

The motion of fluid particles mﬁy be described by the following methods:
1. Langrangian method. '
2. Eulerian method.

5.2.1. Langrangian Method

In this method, the observer concentrates on the movement of a single particle. The path &
by the particle and the changes in its velocity and acceleration are studied. |

In the Cartesian system, the position of the fluid particle in space (x, y, z) at any time ¢ &
position (a, b, ¢) at time ¢ = 0 shall be given as:

=15, b, ¢t
B la, D,.c.'l)

B 1. (a, biept)

The velocity and acceleration components (obtained by taking derivatives with respect == = _'
are given by:
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Velocity components: V= > s .A5.2)
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Acceleration components : 4, = Tr? L (5.3)
%
g = &%z
=

At any point, the resultant velocity or scceleration shall be the resultant of three components of
respective quantity at that point.

Resultant velocity, I = \/ul + 1 4+ W (5.4}

Acceleration, | a = \/aﬁ + ai + ﬂf L {5.5)
Similarly, other quantities like pressure, density, etc. can oe found.
This method entails the following shorfcomings.
1. Cumbersome and complex.
2. The equations of motion are very difficult to solve and the motion is hard to understand.

5.2.2, Eulerian Method |
In Eulerian method, the ohserver concentrates on a point in the fluid system. Velocity, acceleration
2 other characteristics of the fluid at that particular point are studied.

This method is almost exclusively used in fluid mechanics, especially because of its mathematical
hap/icity. In fluid mechanics, we are not concemed with the motion of each particle, but we study

B peneral state of motion at various points in the fluid system.
b The velocities at any point (x, y, z) can be writien as

u = fi(x,y2,1) ]
v = f5(x,¥,2,7)

.' w= fi(x,¥%,2,1) |
F The components of acceleration of the fluid particle can be worked out by partial differentiation
iolows: -

-

.{5.6)

du = gu-dx + @.dy +-§u—.dz + -;ai.a’t
5 oy ce
Gu [ Bu dv Oun dy Ou dz Su dt
g, =—=| ——+ — =+ — 0 |t ——
dt L Ox dt Gy dr  dz dt ot dt
[ e Bu  BuY du
a, =|tt—+v—+w— |+
cx ay &z cf
. av v & &v\ 5t
SlIT.LllEIIl}", ﬂ_}. == =+ V— + W— |+ L - .(5,?}
it e oy &z &t
dw [ w  Bw an Sw
a'l]'d'.! ﬂ': = —= u—"'"'l'vT"'F W— +:—
! ch 3y cit

e ———— —— = [
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Now, resultant velocity: Vo= MJ[ RN L(5.8) | 53. Type
: 2 > 2 : Fluids §
Resultant acceleration, a = \/'ﬂx +a, +a; {39 ] 1 sef
In vector notation, "
Velocity vector: V=i v+ owh L(5.10) § 1 C
dV cv 2 CV oV ._ ;
Acceleration vector. g=—=| U—+F vDT— + W {i )  —_ .(5.11)
dt cx Gy gz ) ot 4.
a=aj+aj=ak L{5.12) 1 ;5.
and - 1If [ = J;z PRRYE W (5.13) ": 6. '
i
laj= \F:% + af, ¥ a: (514} : 53.1.
Vectorially, .
. ar ] o 3 2
a=(FN)V+= (5.5 § -
The velocity, in general, is a function of space(s) and time (1) 2.€. '
V =.j(_r| }.-j :}f)
ot V= fls, 1)
and the acceleration,
dv gy ds &V where (1,3
g = = —. + —— _ i
- dr & dt o .
av v -i | :
& &t sseady.
Thus the acceleration consists of the two parts: (A7
»
() V%L: This part is due 1o change in position or MoOvement and is called convective f ¥= U
§
acceleration. change w
- N s 7
- Convective acceleration = I«"EE- = ! ) L{5.17)
gs 2 Os
— terms in the parenthesis of Eqn. (3.7}
oV .
(11) ) . This part is with respect to time at a given location and 15 called local (or remporal)
acceleration.
. Local accelerati _ 5.18) o
.. Local acceleration == 3 is in the fd}
fu &v Ow £3
= " ! 1 E- . -. -
ot & ot in Eqn. (3.7) Unifg
Tangential and normal acceleration: Refer to Fig. 3.1 respect 1o :

When the motion is curvilinear eqn. 3. 16 gives the tangen sial acceleration. A particle moving
3

o

in a curved path will always have a norrnal acceleration @, = — rowards the centre of the curved

F ' '
path (r being the radius of the path}, though its tangential acceleration ( a, ) may be zeTo as in the
case of uniform circular monon.

For motion along a curved path, 1n general, { Ex
3 oL

a=a,~a, diameterly
~ 21 2
:I( y oL WI (5.19)
S 1 0 B
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»
(5.8) 5.3. Types of Fluid Flow K -
Flauids may be classified as follows: ST
5.9 I. Steady and unsteady flows ;"
2. Uniform and non-uniform flows Curved )
1 _ nath !
.(5.10) _ 3. One, two and three dimensional s ’
3 flows
(511} . . ,
4. Rotational and irrotational tlows
(5124 g5 5. Laminar and turbulent flows
513 __53 6. Compressible and incompressible -«
-5 19K flows. V=fis. 1} P
(514 5.3.1. Steady and Unsteady Flows Fig. 5.1. Tangential and normal acceleration.

Steady flow, The type of flow in which the fluid characteristics hike velocity, pressure, density,
. at a point do not change with time is called sready flow. Mathematically, we have

(519 s a N - ,
7 : . (@L'W . o 5‘11 _
- 7RI -0 M ) B
- / SRR MR S gz S N T
7 8p 2p)
-_ T‘DJ = {); & = (; and s0 on
\ Ol Xz Yo Tg \ T Ly g3y

B (x,, ¥, Z,) is a fixed point 1n a fluid field where these variables are being measured w.r.t.

Example. Flow through a prismatic or non-prismatic conduit ai a constant flow rate Q m>is is

el

-

E - (A prismatic conduit has & constant size shape and has a velocity equation in the form

3.

h = ax® + bx + ¢ which is independent of time 7).
Unsteady flow, It is that type of flow in which the velocity, pressure or density at a point
ge w.Lt. time, Mathematically, we have

{ convects

_ £ =T N

F EH ml i T |
“'(5' ._ L"‘_ | = D‘, [— + D:[T : = 0
} i /I;D: 303 ct J PIRTREX ol /r ¥o.¥gelo
. £ 2 2
| ‘ep (G |
K i =W | ;
(01 tempoT 2y 05| - | #0: and so on
TP O ANV

_: b Example. The flow in a pipe whose valve is being opened or closed gradually (velocity equation
R the form u = axe + byt ). |
§.3.2. Uniform and Noa-uniform Flows

Liniform flow. The tvpe of flow, in which the velocity at any given time does not change with
lacci to space is called uniform flow. Mathematically, we have

_::rartir:le ow !,r* A Y
re of the ¢ 05 /4 = constant
e zero as ind f where, &)7 = Change in velocity, and

&5 = Displacement in any direction.

Example. Flow through a siraight prismatic conduit {i.e. flow through a straight pipe of constant
mcicr).

. — e e § e e ey £
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Non-uniform flow. It is that type of flow in which the velocity at any given time changes witl
respect to space. Mathemaucally,
£y
21 # 0 g
WOS J = ponstant B
Example. (i) Flow through a non-prismatic condull (Fig 5
(if) Flow around a uniform diameter pipe-bend or a canal bend, 2
in engi:

£,3.3. One, Two and Three Dimensional Flows
One dimensional tlow. It 1s that type of flow in which the flow parameter such as velocity is a
fanction of time and one space co-crdinate only. Mathematically.
p=f(x)vy=0andw=0
where », v and w are velocity components in x, ¥ and z directions respectively.

Example, Fiow in a pipe where average flow parameters are oy

L T L]

o oy e )

T

- | T

considered for analysis. _p- Ny
Two dimensional flow. The flow in which the velocity is 2 : :

fimction of time and two rectangular space coordinates is called two — - -

dimensional flow, Mathematically, :: : -__
u=f {(x.)) — SN Fod

— SR % RN N F

v=F(x.¥) , L
w=0 Fig. 8.2. One dimensional flow. Fodl

Examples. (i) Flow berween parallel plates of infinite extent.
(i1} Flow in the main stream of a wide river.
Three dimensional flow. It is that type of flow in which the
velocity is a function of time and three mutually perpendicular
directions. Mathernatically,

VREREERERAERE

u=f (x,y2)

v=7,x»2) Fig. 5.3. Two dimensional flow.
w=1, (x, 0 2)

Examples. (i) Flow in a converging or diverging pipe or channel.

(ji} Flow in a prismatic open channel in which the width and the water depth are of 54.
the same order of magnitude. _ i
5.3.4. Rotational and Irrotational Flows wpon o
Rotational flow. A flow is said to be rotational if the fluid particles while moving in the direction - subject

of flow rotate about theit mass centres, Flow near the solid boundaries is rotational,

Example. Motion of liquid in a rotating tank.

irrotational flow. A flow is said to be {rrofational 1t
the fluid particles while moving in the direction of flow do
not rofate about their mass centres. Flow outside the - -
boundary layer is generally considered irrotational.

Example. Flow above a drain hole of a stationary
rank or a wash basm.

Note. [fthe flow is irrotational as well as steady, itis known
as Potential flow, '

5.3.5. Laminar and Turbulent Flows

[ aminar flow. A laminar flow is one in which paths taken by the individual particles do not
cross one another and move along well defined paths (Fig. 3.3), This type of flow is also called
stream-line flow or viscous flow.

Fig. 5.4. Three dimensional flow.
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Examples.(i) Flow througha capiffary tube.

(i) Flow of blood in veins and arteries.

(iii) Ground water flow.
-_ Turbulent flow. A turbulent flow is that flow in which fluid particles move in a zig zag way
| (Fig 5.6)
: Example, High velocity flowin a conduit of large size. Nearly all fluid flow problems encouniered
in engineering practice have a rurbulent character.

ne changes witl

h as velocity isa | / P - -
{ > > —> .r# Mx - "
:" P + - h‘-'ﬂ -
> —- _-_1’-.-‘1“_‘1:,—"....‘.__
- —- ) RN e I
- » T

Fig. 5.5. Laminar flow. Fig. 5.6. Turbulent flow.

Laminar and turbuient flows are characterised on the basis of Reynolds number (refer chapter 10).

——cs For Revnolds number (Re} <2000 ... flow in pipes is laminar.
_1—<<<T _ For Reynolds number (Re) > 4000 ... flow in pipes s wroulent
\e dimensional flow. For R, between 2000 and 4000 .. flow in pipes may be laminar or wrbulent.

5.3.6. Compressible and Incompressible Flows

b Compressible flow. It is that type of flow in which the density (p) of the fluid changes from
it to point (or in other words density is not constant for this flow).

Mathematically, p = constant.

'- Example, Flow of gases rhr;ﬂugh orifices, nozzles, gas turbines. etc.

" Incompressible flow. Jr is that type of flow in which density is constant for the fluid flow
ids are generally considered flowing incompressibly.

Mathematically, p = constant.

E Example. Subsonic aerodynamics.

wo dimensional flowg

L Types of Flow Lines
Whenever a fluid is in motion, its innumerable particles move along certain lines depending
K the conditions of flow, Although flow lines are of several types, yet some important from
pct point of view are given below:

E5.4.1. Path line

 path line (Fig. 5.7) is the path foliowed by a fluid particle in motion. A path line shows the
fion of particular particle as 1t moves ahead. In general, this s the curve 1n three-dimensional
k. However, if the conditions are such that
Jow is tvwo-dimensional the curve becomes
jiamensional.

p4.2. Streamline

E streamline way be defined on as an
gy fine within the flow so that the
a1 any point on it indicates the velocity

I poin:.
L otion of a streamline in a three-dimensional flow is given 2s:

.o water depth ares

oving in the direct
tional.

L b —

M |

Fig. 5.7. Path lines.

dimensional flow.

vidual particies do
. of flow is als0 Q2
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~ Streak line “ozzle

-trt—l » Ié_‘__: =

o
Smok )
moke -'"—
gfneratn_r\* “
“ Dye injected
Fig. 8.10. Streak line of smoke issuing from a nozzle. Fig. 5.11. Streak lines at¢ =1{,.

Example 5.1. /n a fluid, the velocity field is given by
V=(3x+20 i+ (2z+ 3+ (2-320)k
Deternine;
() The velocity components u, v, w ar any point in the flow field
(i) The speed at point (4, 1, 1)
L (i) The speed at time t = 25 at point {0, 0, 2).
b Also classify the velocity field as steady, or unsteady, uniform or non-uniform and one, two or
gee dimensional.
' Solution. Given: Velocity, field, V= (3x + 2y) i =~ (22 + 333/ + (2t -32) &
(i3 Velocity components:
The velocity components are:
| u=3x+2y, v=(22+3x%), w=(2r-37) (Ans.)
(i) Speed point (1,1, 1), V(y ;42
Substituting x = 1, v = 1, z=1 in the expressions for «, v and w, we have
u=3+2)=53v=2-3}=5 w={2t-13)
P2 =y +37 + w?

=574 824 (21— 3)?

=254+25+4F - 12t+9

=4 - 12t - 59

Vo oo™ y 4t - 126+ 59 (Ans)

(1,1, 1)

i) Speed at £= 25 at point (0, 0, 2):

Substituting t = 2, x = 0, ¥y =0, z = 2 in the expressions for ¥, v and w, we get
u=0v=02x2+0)=4,w=(2x2-3x2)==-1

s =gl ed+ w2 =04+ 42+ (-2)7 =20

| or V= + 20 =4.472 units (Ans.)

Velocity field, type:

¢ (i) Since Vatgiven (x, y, 2) depends on t it is unsteady flow, (Ans.)

-ﬁf] Since at given £ velocity changes in the X direction it is non-uniform flow. {Ans.)

f @i} Since Vdependsonx, y.z it is three dimensional flow. (Ans.)

Example 5.2 Velocity for a two dimensional flow field is given by

3 V=(3=2xy =425 i+(xy*~ 3]

 Find the velocitv and acceleration at a point (1,2} after 2 sec.
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Solution, Given: Velocity field: V=3 + 2xy + 42 i + (xp? + 38) j
Velocity at (1, 2). ‘V{l!?_}:
Substituting x = 1, y = 2, t = 2 in the expression of velocity field, we get
P=(3+2x1x2+4x2i+ (1 x224+3x2);
={(3+d4+16}i+(4+06);
= 23]+ 10

Viy =y 23 + 10 = 25.08 units (Ans.)
Aceeleration at point {1, 2}, A, )"

4y ey @VJ ay

we know, that, «= = U— +V—— |+ —
df . Ox oy ot
Also, V=(3+2xp — 4% + (xp2 + 38) ) . {Given)
oV | 5.
— 2 B S Y
ry My,
3
2 - = 2xi + 2xyf, and
éi—V =8t + 3§
ot

a={3+2xy + 42 2pi ~ 30 + (xp* + 30 (2xi + 2xyi) + (84 + 3))
(v u=3+2xy+4rand v=x3° ~ 31t)

Substituting the values, we get
g=(3+2x1x2+4x2)2=x2i+22+ (1 x22+3 x2)
(2x1i+2x=x1x2N+{(8=x2xi+3]j)

={(3+4+16)(4+AN+ (A +6)(2i+4)) +(16f + 3))

= 23(4i+ 4+ 10 (2i +47) + (160 + 3f)

=92/ + 9% + 20i + 40§ + 16/ + 3;

=128 i+ 135

@2 =+ 1287 + 135% = 186.03 units (Ans.)

Example 5.3. Find the velociry and acceleration at a point (1, 2, 3) after I sec. for a three-
dimensional flow given by u=yz +t, v=xz—1{, w =Xy, m'5

Solution. Given: Three-dimensional flow field,
H=yZh L vExz L w =X ms

Velocity at a point 1, 2, 3 Vn.z, ot

Velocity at a point (1, 2, 3) after 1s is calculated as follows:
Hu=yz+t=2x3+1=Tms,v=xz—1=1x3-1=2ms,
w=xy=1x2=2mbs.

Viagy = Ti+ 25+ 2k
=7+ 28 + 27 =7.55 s
Hence V1. 2.3 = 7-55 m/s (Ans.)

Acceleration, @) 53
Now, - V=(z+ i+ {(xz—8)j+xyk ms
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av gy oV év)

. | sl
Acceleration @ = e ‘L“ TV kW ‘ +

Ox oy gz | o

a=Qz+ (@ +yh)+z—0{zi —xk)+xv (i + x5+ (1= 1)
= 7(3) - 2k) + 203~ 1K) + 2 (20 = 1)+ (11— 1))

= (21 + 14k + 6i+ 2k +4i +2)) + (i — 1))

= (10 + 237 + 16k) + (1i - 1))

The convective acceleration components are; {10, 23, 16) m's?

The local acceleration components are: (1, —1} m‘s? along x and y directions.
The total acceleration of fluid particles at the points (1. 2, 3) 18

9.2, 9

Gy g = (10 + 12 = [23 = (D] + 167

— \/112 L 2% 162 =29.34 nvis?

Hence a , 3 =29.34 m/s? {Ans.)

Example 5.4, The velocity along the centreline of a nozzle of length 11z given by

LfGive |

2
V=2r(1—iw
oA

fihere | = velocity inm/fs, t = fime in seconds from commencement of flow, x = distance from inlet
ewozzle Calculate the convective acceleration, local acceleration and the total acceleration when

b=65 x = /mandl=16m

- 2
Solution. The velocity along the centreline of a nozzle, V' = 21 [ 1 — ’?_Z ! A Given)
i o
: oV ¥
Local acceleration = — = 2|1 — —
e f 2.!7,.!
At t=6sand x=1m,
o i1 ¥
—_— . — — - 2.
Yy 2 1.6J 0.945 m/s* (Ans)
o
Convective acceleration = V' —
&
s 2 4 N
forat =2;L1_ij xz;x2|1_i”_L
2 21 21
~ 4f2 (1 ¥ H.l-‘-'
py 2
At r=6sandx=1m,
- 4 % 6° Y
Convective acceleration = — - (1 =

= 29,24 m/s* {Ans)

I Total acceleration = Local acceleration + convective acceleration
= (0.945 + (— 29.24) = — 28.295 m/s’.
} Example 5.5. 4 conical pipe diverges uniformly from 100 mm to 200 m diameter over a length
H = Determine the local and convective acceleration af the mid-section assuming
(5} Rate of flowis .12 m°/s and it remains constani,
F () Rare of flow varies uniformly from 0.12 m*is 10 0.24 m’is in 5 sec., ai t = 2 sec.

-
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Solution, Gjven: Diameter at the inlet, D =0.1m.

Diameter at the outlet, D, =02m ;=
]4 ={m—

Length/= 1m 2

Diameter at any distance x metres /:(’,/
from the inlet, T - Y
D. —
_sz,D]—l-[ 2 DIJKI D,

A

I
I
1
1

; Di=0imdoe - 2w » D,=02m
:D_H[D.z;m]” _ | i
| r
=01+0.1x=01(1+x le x ] .
- Cross-sectional area, : .
Conical pipe
s I 42
A, =1:-:D§ =I{D+l(1+x)} Fig. 5.12
= 0.00785 (1 + x)°
Velocity of flow, u, (=u) = ¢ _ 2 -
A 0.00783(1 + x)°
= - . 2
Velocity gradient, tju =L % = | = - % 7
ox 0| 0.00785 (1 + x) 0.00785(1 + x)
(/) Discharge Q = 0.12 m’/s = constant (at any section):
Acceleration =2
Ct CxX

{¢} The local acceleration:

The local acceleration

= ou = (), since the flow is sieady (Ans.)
ct
() The convective acceleration:

The convective acceleration is

ou O - 20

x

& 0.00785(1+ )2 0.00785(1 + x)°

_ ~ 2¢°
©(0.007857 (1 + x1°
.. The convective acceleration at mid-seciion
— 2% (0.12)°
(0.00785)° (1 + 0.5)°
= - 615 m/s* (Ans.)

The -ve sign indicates decrease in velocity along the direction of flow {this 1s so as the cross-
sectional area is increasing)

(i{) Discharge O varies w.r.t. time:
The discharge Q varies from 0.12 m%/s to 0.24 m%s in Ss.
At ¢ =2 s, the discharge is

= U

{a.r )x =05m T

O=012+ 0.04 ; 0.12 x 2=0.168 m’/s
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(¢) The local acceleration is

_ _du 8 { 0 1 1 L 89
+12 . A 8] 0.00785 (1 + x)ll 0.00785 1+ x)° &
ul 1 (0163 - 0.12)

= - b4 L
0.00785(1 + 0.5) 2

[since discharge changes 0.12 miis 1o 0.168 nr/s in 25]

— > D= 0Im — 1.36 m/s? (Ans.)
(b} The convective acceleration at the mid-section
@) os = -20° - 2x0.168°
S [ 2 Ixa05 T 000785 (L + 1) (0.00785) (1+ 0.5)]
=_ 1206 nvs? (Ans.)
Total acceleration along the main flow is
{a]tmal . {ﬂ)h:r:al - {ﬂ)ccrrw.
= 1.36 - 120.6 = — 119,24 m/s* (Ans.)
t Example 5.6. At entry fo the pump intake the velocity is found to vary inversely as the square
Eof radial distance from inlet to suction pipe. The velocity was found to be 0.0 m/s at a radial
wistance of [.5 m. Calculate the acceleration of flow at radial distances of 0.5m, [.0mand I.5m
& 1he inlet. Consider the streamlines 1o be radial.
Solution. The distribution of velocity is given by the relation
C
V== '“(1}
2
(where » = radial distance from the intake)
Since the streamlines are radig/ normal acceleration is zero.
Acceleration a= «{il + v :Gl
3 Ct )
L But i = ( ... the flow being steady (as the veloeity is dependent only on the radial distance from intake).
‘ cr 2
E .- g =%.—
s
xY F A v = ‘CT nd G:t\,-‘ _ B
r gs Or
(since r is measured along the streamline)
v __2¢
cr r
~ 2
,ﬂr:‘n_:—-{:l=£—|(—---:L'E .—..-—EC—- ..1(2}
; - 7 | 3 5
AR SN F :
M r=13my= 0.6 m's
| pbstituting these values in eqn. (1), we get
(this is $o as the o C
| : (.6 = " or C=1.35m’s
astituting, now, C = 1.35 in eqn. {2), we have
t _ o 2x135° 3645
¢ =" 5 s
r r
364 _ _116.64 mJs? {Ans.)

= Acceleration of flowatr=05m = — .
| (0.5)
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(ii} Accelerationofflowatr=10m = — EEE = —3.645 m/s* (Ans.)

(1.0y
_ . 3.645
(711} Accelerationof flow atr = [.5m = — HS_}:' = — 0.48 m/s? (Ans.)
‘Example 8.7, Fora three-dimensional flow the velocity distribution is givenby wu=-x v=3-y
and w =3 —z, What is the equation of a streamline passing through (1,2, 2)?
Solution. Givenr u=—x, v = 3 —Vv.w=3 -3 (velocity distribution)

Equation of a streamline passing through (1, 2, 2):
The streamlines are defined by
dx _dv _ dz

I V W
Substituting for #,v and w, we get

cx ddy dz

,.!.

—y 1_.]: 3 - -

ORI ' B §77) i
Considering the expressions (7) and {if) and integrating, we get i
dx _ J‘ dz ;
- T {3-y)

=-logx=-log, (3-y)+ C
(where | = constant of integration).
Since the streamline passes throughx=1,3=2 . C, =0
' X' =G - erx=(3-y) L1
Considering the expressions () and (i), and integrating, we get
&

- Y 3-z
or —log x=-log(3-2) + o
{(where C, = constant of integration)
>ince the streamiine passes throughx = 1,z=2 - C,=0

r
. ah =3 - 2y .
o1 x={3-2) 2}
From (1) and (2}, the equation of the streamline passing through (1, 2, 2) is given as
X={3-¥)=(3-2)(Ans.)
Example 5.8, Obrain the equation to the streamliines for the velocity field given as:
V= 2x% — 6x’yf
Solution. Given: Velocity fleld, ¥ = 2x% — Bxyf
Here u=2x v =yl
The streamlines in two dimensions are defined by 1
ax _ dv b
v 'l
dy _—63‘2}'_—3} r
o E - ; B 2,1:3 - X
Separating the variables, we have
v —3dx

v X
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Integrating, we get
log,y = - 3log, x + €,

E o, log, y +3log x=C,
. OfF, yx* = C (Ans.)
The sireamlines in the first quadrant can be sketched by giving different values for the
constant € [ Yy = %1
X

Example 5.9, For the following flows find the equation of the streamline passing through (2,2).
b (i) V=3 xi-3y

) V=i 6y

b Selution, Equation of the streamline passing through (2, 2):

(i) V=3xi-3y

by =3xand v=-3y

The equation of a streamline in two-dimensional flow 15

e dy
W v
dr__dy
oL, 33:4—3_}'

Integrating both sides, we get
[ [
3x 3y

| 1 1
—log, x=- =log, y + =log, C

where, C is constant.

or, logxy=logC or xy= C
For the streamline passing through (2, 2},
C=2=2=4
: Hence, the required streamline equation is: xp = 4 {Ans.)
L () V=-)yi-6y
i y=—y andv=-0x
dx d
——5-=—*'L or 6x dx = y4dy
¥ X
JGI dx = J- > b
2 3
_ 6x _Y L
2 3
3
or, Ix? — }'? -
putting, x = 2, y = 2, we get
| 3
3 % (2) - (23) =C or C:%g_
Hence the equatiens of the required sireamline 1s;
311 B _}’3 _ 28
3 3

9x?—y* =28 (Ans.)
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Example 5.10. The velocity vector in a flow is given by

V=3xi+ 4yj - 7zk
Determine the equation passing through a point L(1, 2, 3)
Solution. The equation of a streamline is

dx _dy dz
i - V - H
Here 4 = 3x,v=4yandw=- 7z
' d_dy _de
Ix 4y 7z
Considering equations involving x and v, on inte gration

M
" EX
4

: 2
]

K. Ay
. .'-':
’ By
e
z bt
e i’

)
-k

at - =L
-

: iy

. B AN

. - 3 l---

.

. g

- A ::]-:.

2 =i

=

: T

b

-

el

-

3 Co)

n 3 !

1 "

_l 1 F -’
Elgge X = I lg}ge ¥+ ]ﬂgE CI where C] =4 constant

or, y=2C x* ()
where C, is another constant:

Strularly, by considering equations with x and z and on integration

1 ' r
Elugg = - %— log, z + log, C;, where C] = a constan

- .
or, 7=—2 i)
| =

where C, Is another constant,
Inserting the coordinates of the point 1(1, 2, 3), we get

. ¥ 2
From eqn. (¥} C = = == 2
NGO
From egn. {ii} C,=zx"P=3x(1)%=3

Hence, the streamline passing through L is given by
3
y=2x*3and z = 5 {Ans.)

- 5.5.Rate of Flow or Discharge

Rate of flow (or discharge) is defined as the quantity of liquid flowing per second through a

section of pipe or a channel. 1t is generally denoted by ©. Let us consider a liquid flowing through
a pipe.

Let, A = Area of cross-section of the pipe, and
V'= Average velocity of the liquid.
. Discharge, ( = Area x average velocity ie, O = 4.V (521

If area is in m* and velocity is in m/s, then the discharge
0 =m" xm's = m/s = cumecs
5.6, Continuity Equation

The continuity equation is based on the principle of conservation of mass. It states as follows:

“If no fluid is added or removed from ihe pipe in any lengih then the mass passing across
different sections shall be same. "

Consider two cross-sections of a pipe as shown in Fig 5.13
Let, A, = Area of the pipe at section 1-1,
V. = Velocity of the fluid at section 1-1,
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p, = Density of the fluid at secrion 1-1,
f and, 4,, Vo, p,are corresponding values at sections 2-2.
| The total quantity of fluid passing through section 1-1=p, 4, ¥,
and, the total quantity of fluid passing through section 2-2 = p,4,¥,
From the law of conservation of matter (theorem of
L continuity), we have @ }
. plfil [:1 = QEAEVE .“(5‘22) CD 7 1
-_ Eqn. (5.22) is applicable 10 the compressible as well as L&M
mcompressible fluids and s called Continuity Equation. Incase
__ of incompressible fluids. p, = P, and the continuity eqn. {3.21)
E peduces to
4,7, =47, 523 T e
A1) : 3 Example 5.11. The diameters of a pipe al the sections I-1and (D fisas
E 2.2 gre 200 mm and 300 mm respectively. If the velocity of water |
L fowing through the pipe at section -1 s 4nis, find: @
(iy Discharge through the pipe, and Fig. 5.13. Fluid flow through a pipe.
t L° (i) Velocity of water at section 2-2
...{ff} 1 golution. Diameter of the pipe at section /-1,
: D =200 mm = 0.2m
. Arca A4 = EDf =2 x02°=00314 n’
4 4
Velocity, V¥, =4 ovs
Diamerer of the pipe at section 2-2,
D, =300 mm
. Avea. A, = E—Dg - -:- « 0.3% = 0.0707 m?
(/) Discharge through the pipe, Q: @
Using the relation, T
Y

econd through &
 flowing throug

Q= AV, we have e
Q:DFDEI-‘J, x 4 =ﬂ.1156 mjll,rs {‘iﬂsn] L‘J‘M

(i) Velocity of water at section 2-2. V.
ﬁ Using the relation, — > |, = 20 mm :)_—:Dﬂ m
., L= 1
AIFI:AEFT we have 7_?'?"?;—,{;;, N L
(5.21% AV, 00314 x4 o Saatacas

V., = =
- A, 0.0707
©

=1.77 m/s (ADs.)
Fig. 5.14

k. Example 5.12. A4 pipe (/} 450 mm in diameter
puncies into twe pipes (2 and 3) of diamefers 3100 mm and 200 mm respectively as shown IH
_5.15. {f the average velociiy in 430 mm digmeter pipe is 3 m/s find.

- (i) Discharge through 430 mm diameter pipe,
(i) Velociny in 200 mm diameter pipe if the average velocity in 300 mm pipe is 2.5 m/s.

Solution. Diameter D, = 430 mm=04>m

 states as follo

185 passing acrosm

i 5 ,
- Area A = Z % 0,45 =0.159 mv
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Velocity V., =3 m/s

r ﬁ{[%
Diameter D, =300 mm = 0.3 m , Pk 2
A m *+ 1. ; :’rﬁjﬁnﬁ
. Area =—x0.32=0.0707 m? D2
S O,
Velocity V,=2.5ms V=3mis _

Diameter D3 =200 mm=02m »

Area Ay = = x 0.22=0.0314 m’ B\
4 L
(i) Discharge through pipe (1) Q,: i

Using the relation, 2o
0, =AV=0159x 3 K
= (477 m’/s (Ans.) Fig. 5.13
(if}y Velocity in pipe of diameter 200 mm i.e. V:
Let O, O, and Q, be the discharge in pipes 1, 2 and 3 respectively.
Then, according to continuity equation
0,=0,+0, ()
where 0, = 0447 m's (calculated earlier)
and 0, = 4,V,=0.0707 x 2.5 =0.1767 m’/s
c. 0.477 =0.1767 + (), [from eq. {7)]
ot 0,=0477-0.1767 = 0.3 ur’/s
But O, = A4,V
Y, = % = Soag 955 mss
L. V,=9.55 mvs (Ans.)

5.7. Continuity Equation in Cartesian Co-ordinates

Consider a fluid element (control volume) — parallelopiped with sides dx, dy and 4z as shown
Fig. 5.16.

Y
Fy
C G
/ 1
I
B f E ‘
! dz
I
L H
,*’#F EA
A A
n ax W
0 — > X

Fig. 5.16. Fluid etement in three-dimensional flow.
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Let, p = Mass density of the fluid at a particular instant;
i, v, w = Components of velocity of flow entering the three faces of the parallelopiped.
Rate of mass of tluid entering the face ABCD (i.e. fluid influx).
= p * velocity in A-direction = area of ABCD
= p udy dz {1
Rate of mass of fluid leaving the face EFGH (i e. fluid efflux).

=pudydz + i (prdydz)dx A H)

T2 The gain 1n mass per unit tune due tcs ﬂc:-v. 1 the X-direction 1s given by the difference between
2, -- | the fluid influx and fluid efflux.
iy % . Mass accumulated per unit time due to flow in X-direction.

i
= pudydz — [ DU + E(pu)dx |dydz
ox E

-

= - i (pu)cdx dy dz (D
. Sx
( Similarly, the gain in fluid mass per unit time in the parallelopiped due to flow in Y and Z-
T dueumns
d earlicsl 3 R
O
__ = — — (pv) dx dy dz (in Y-direction) L)
m eq. (I ¢
] = — —?— (pw) dx dv dz (in Z-direction) ()
O

The total (or net) gain in flud mass per unit for fluid along three co-ordinate axes

E_-'
Rate c::f change of mass of the parallelopiped (control volume)

= - [—(rau} + ——(m) + ;(pw}} de dy dz ()
Gz

s
shown i =% (p dx dy dz) i)

Equations (vi) and (w1}, we get
— i(pm) + ﬁi(pv} + _i(pwﬂ dy dy dz = < {(pdxdydz)
Oy &y Cz i Gt

Simplification and rearrangement of terms would reduce the above expression to

& (” &
< ouy + Zpw) &
&x Y a::“z Ct

This eqn. (5.24) 1s the general equation of continuity in three-dimensions and is applicable to
iy Hpe of flow and for any fluid whether compressible ar incompressible.

=90 L{5.24)

For steady flow (? = (}] incompressible fluids (p = constant) the equation reduces 10
\ 21

Ju ov dw
— + + —
&x v v

For-swe dimensional flow, eqn. (5.25) reduces to

=0 L [5.25)

cu O
+—=0 (- w=0)
dx oy
For one dimensional flow, say in X-direction, eqn (5.25) takes the form
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&y :
dx (e v=0,w=0)
Integrating with respect to x, we get
¥ = constant .-{5.26)

If the area of flow is a then the rate of flow is
¢ = a.u = constant for steady flow

which is the same eqn, (5.23) and states that if arez of flow a is constant the velocity of flow u

wiil also be constant,

5.8. Equation of Continuity in Polar Coordinates

Consider a fluid element LMST as shown in Fig. 5.17. The sides of the element has the following
dimensions.

LT =MS=dr; LM = rd6 and rdq and ST. = (r + dr)de
Let, ¥ =Component of the velocity in the radial direction, and
Vo= Component of the velocity in the tangential direction.

Further, let thickness of the element perpendicular to the plane of paper be unin. As the third

flows through the element, changes will place i its velocity as well as in the density.

/ bt o

S o

o

Element

v

/
r;/
Ty

° o
f“va

Er.-"'

Fig. 3.17. Control volume for equation of continuiry in polar coordinates.

Flow in radial direction:
Mass of fluid entering the face LM during time d7 is given by:
Fluid iuffux = Density x (velocity x area} * time
= X {vrx rdd) x dt
Mass of fluid leaving the face ST during the same time 4t is given by

Fluid E'_ﬁ?”.r — [ppr + jﬂ_ {Dpr}drj' {?‘ + (I:.F} (10 .dt
or
Mass accumulated in the element because of flow in radial direction

= Fluid inffux — fluid efflux

r -,

-—

=p x(v, xrd0) x dr— L pyv, - ,,—S" (ﬂvr}a’rj (r + dr) d0 dr
CF

= - {pvr dr di + 5{1— {pvr)dr*dﬂjdf

|

[Neglecting terms containing (dr}%]

E of conti

- ] ' .

or

Exanpli’

(i} u= :
v=q
(ff} u =1;

(i) u=1]

Solution
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£ Flow in tangential direction:
E  The mass accumulated due to flow in the tangential direction (by a sirnilar treatment as discussed

p=0,w=0) }
' ). |
{ a W 5
=| pvg dr — P"'Eu 4 — valﬂ}de ar it = - T—{fjlfa}dr dedf
| &0 | o8

-

- Total gain in fluid mass
pv, drdf8 + ; (pv, Ver rd® + -fi {pva)drdﬁ]dt
" - ;

pv, + -E—:— (pv ¥ + ; {pvy) }dr"dﬂdr
. cr GO
Also, the rate of change of fluid mass in the element LMST

(52001

()

ocity of flow & *

the following
(Density x volume) dt

T yd8 + (r +dr)do , | 7
dr [dt = — i
~ \_ o ; r[de = = (prd® dr) ds (i)

As per law of conservation of mass.
The total gain in mass = the rate of change of fluid mass in the element LMST

c (pv, )1 + _f— {pre}—‘d}*dﬂdt = —?—(prd@drdr}
% co ¢t

v, As the third

d

—| PV, + :
i or B

' : 8 | ;
b (ov. )+ —{pvy) |drdB + —(prdBdr)=10
I PY, : (Fnr}j 28 {phﬁ}-} r T A (F:” }"}

=

oI

-

For steady and compressible flow, T prd8dr = 0
ot

A5.27)

J—

i-pvr + ;(ﬂ"ﬂ_}?" + —G—(DVB] i|dr d8 =20
cr o

Further, for incompressible flow, p = constant
: c
v, + —(v,)r + —{v) = 0
or B
.(5.28)

o LI T
r r or rco
. Example 5.13. Determine which of the velocity component sets given below satisfy the equalion

ity
4 w=4 §in Xy
: v=—4 sinxy

W) u=x"ty

. "‘_:l‘ =I_-1r.|‘
) u =217+ 3y
3 A _2 ﬁ
w= — — z¢t = _2xz — 6z
F 2% ’
Palution. (/) # = A sinxy; v = — 4sin xy
Cu v
—_— = A}" casxy, — = — Ax cos XV
o oy
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M A 4 0
A & T AVCOos xv — Ay cos yy
& By ¥ > Vo
i.e. Contimity €quation is nor satisfied {Ans.)
(7)) u=x THv=Ex-—y Suk
du LV -
Cx &y
Cu cv .
T =l-1=9 ofr ¥
ox &y
t.e. Continuity equation is satisfied (Ans,) Intey
(70} w4 =2x2+ 3y = _ 2y + 3 v 3zviw= - S22 9 617
Cri oy 2 . Cw . | where G
—5;.-_—4x="5:——2,r+9}- - L?E——J-'—z-?ﬁ—'ﬁ_}' {}I'}"f-i?- |
cu v Ew . :
Hence, + - +fi =4x-—2x+9f+32—33—2r—ﬁv;-u g,
ox &y f " Fead!
{.e. Continuity equation is nos satisfied (Ans.) s <o r
Example 5.14. Calcuiaze the unknown velociry component in the following, so that the EGuUation Sol
of continuity is satisfied, |
£
(i} u=A¢ (i) u = Aln| ?Jj (&iy u=7
4
v="7 p=7 v =Ax Subdi
Solution,
({) u=Ade*; v=2
St . oy
- = AE-' —_—
ox cy
Vo= J.— Adet dy = — A’EI}‘ + fix) (Ans.} Upa
X
(i) u=— A4ln }-J;v=‘? By
Cius A 1 A ov
—.:—:-————}::—-"——-—z———_
Gx (x/Dy ] X By Ex:
v={Za =24 £05) (Ans) w=-3
| X
(7)) u=7v= Axy _
oy Cu -
—:—- — AI,' = - 'E—
X
7 Ax® Nowg.
= ‘f-— Ax dv = — ——2 -+ f{_}} I':AHS-_]
Example 5.15, / three-dimensional incompressible fluid flow; the velocitv components in x
and y-directions are:
u=x?+ 3275 v = (xy + 3z + zx)
Use continuity equation to evaluare an expression for the velocity component win the =—direction
{Banglore University)
Solution. The continuity equation for a steady, three-dimensional incompressible fluid flow is . |
., o G .. '
or &y 2
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-+
-I

w=x?+yiz, v=—{(xy + 3z +zx)

&
Q-H-=2I: — =—(x + z}

ox oy
Substituting these values in eqn. (), we get.

x—-{x+2)+ —=0

&z

oz

Integrating w 7.z we have
2
w=—xz+—+C

e C is a constant of integration which should be independent of z but may be function of ¥ and /

yie C = f{x, ¥)
2

W= =X+ % + f{x,¥) (Ans.)

Example 5.16. Given u =log, (" + 22} and w =log (x> + y*). What is the most general form of

a0 that the flow is possible for a steady three-dimensional incompressible flow?

Solution. v = log, (yj +27); w= 1':'3@{3:2 ~ %)

U CW
— =0 —= [}
ox cz
Substituting these values in contmuity equation, we get
fu v Ow
- 4+ —_— 4 —= $;
& oy oz
cv
>
P Upon integration w.rl. Z.,
: v=fx 1)

b By symmetry, one of the values of velocity component could be

v=1log (x* + 2} (Ans.)

5.17. For an incompressible fluid the velocity componenis are. u = e -Fxv=y o,
3 1

. - ;.‘ e I]]ple
-. ?
= 3x2z — 337z + =~ . Determine whether the continuity equaiion is satisfied.

3

-

b Selution. Given: u =x° -y’ ~2° X, V= Vo w =3 - 3z :3— ... velocity components
g Now, — = It - 77
4 o
. ] o 5
' componehts iR — =3y
! ;
: L 3;.?3 L
) in the z-directiond Cz
Iniversityll Bu Ov Bw
glore University - h— — (3 - 22) + 3}3 F (32 322 =0

osible fluid flow s

S o

Hence the continuity equation is satisfied. (Ans.)

W o TP o ]y e 21 ol s " e L L Y B
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Example 5.18. /n a three-dimensional incompressible flow, the velocity components in y and
2 directions are v = ax® = by? + cz% w = bx® — ¢y? + az’x. Determine the missing component of

velocity distribution such that continuity equation is satisfied.

Solution, Given: v = ax’ - by? ~ cz?, and
w=bx'— ¢y +az’x

Missing component, 4:
The continuity equation for an incompressible fluid flow is given as:
D)

fu Qv ow
+ =0

+ - -
ox oy Oz

From the given velocity components;
oW

= — 2by. — = 2azx
Cz

|2

Substituting these values in eqn. (i), we get

o .,
S = 2By + 2azx =0
X
U
— = 2by — 2azx
ax

or
Integrating w.r.t.x, we get

o

i = 2byx — 2&2%“- + C (Ans.)

{where C = f{3. z), the exact value will be knewn if the boundary conditions are known].
The constant of integration C is either a numerical constant or a function which is independent

of v. If this constant is omirted, the velocity component may be expressed as

y = 2byx — azx* {Ans.)
Example 5.19. The velocity components in x and y directions are given as u = 2xy*{3 —x’y and

y=x7 = w3, Indicate whether the given velocity distribution is:

(iY a possible field of flow.

(ify not a possible field of flow [CPSC Exam, ]
Solution. Giver: u = 2xy3/3 — x%y, v = xp* — 2yx°/3 ..Velocity components
A possible flow field (two-dimensional} must satisfv the continuity equation.

c Cy .
q“ + f‘” = (] (1)
ox oy
G 2 3 v 2
Now, — ==y = 2xy,— =21y ——X
ox 3 ’ ’ &y Y73

Substituiing these values in egn. (#), we get
2 2 2
Y - 2-@’] + [ny - §I3] = —3-{.}'3‘ - x)

( 3
Since the continuity equation is not satisfied, the given velocity components, therefore, do not

represent a possible flow field. (Ans.)
Example 5.20. /n an incompressibie flow, the veloctly vector is given by
V= (6xr + yei + (3t + vl (xy—2xyz -6z k

(i) Verify whether the continuily equation is satisfied,
(i) Determine the acceleration vecior at point L2 2 Hatt=210
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Sedntion. (i) V= (6xt + yz2) i + (3¢ + x2) + (xy — xpz - 6z} K ..(Given)
=ui + vj + wk

and Hydrau.ili-: Machwes

ity COMPpONEnts iny o
g missing compones &

iy = 6xt + yz°, EM-=l.5'nr
o
3 ylav‘zn’
= I1_‘—-|— ,T_
y Vs By

w=xy - 2xyz — 0z, %;—E= -2xy — &

éx Mievhirs =61+ 2xy - 2xy -6t =0
_ Hence the continuity equation is satisfied (Ans.)
Acceleration,a=aJj Taj* ak
du Cu Su
g, =— +U— +V—+ W-—
oot &x &y dz
= 6x + (6x1 + y22) (60 + (31 + xy?) (27} + {xy - 2wyz - 61z) {2v2)
Atpoint £(2,2,2) and at 1= 2,
a =6x%x2+(6 x2x2+2x2{6%x2)+(3 x 2+ 2 %24 (29
F2R2-2X2x2x2-6x2x2)(2x2x%2)

—12+32)(12y+ (1) @) + (- ~36)(8) = 164 units
cv oV v cV
.= — + U=+ Vo + W—

Yoo ax &y Cz
= 3= (xt + y)0R) = (3t + AN 2y) + Gy - 2xyz - 612) (O)

_. ﬁtpmntL(Z 2'} and at ¢t = 2
iI—-3+(6 X 2 X2 23{22)(21}_{_{3 2+2H22)(2x2x2)
+(2%x2-2%2x2 - 6 x 2 x2){(0)

=3 +(32) (4) + (14) (8) = 243 uniis.

o ow ow oW cw
Similarly, ¢ = -+ ¥~ +V_—+ W=~
it o ov &z

= _ 6z + (6xr + v22) (¥ — 2v2) = (3t + x%) {x - 2x2)

+ (xy — Ixyz — 612) (— 2xy — 61)

ns are known).

tion which is independ
i as

ren as u = x5 —x'yd

[UPSCE
.. Velocity compoms

equaiion.
Atpoint L (2,2, 2)and atz = 2,
a,=-0x2+ (6x2x2+2%2(2-2%x2x2+(3» 2~ 2% 23{2-2x2x2)
+(2x2-2%x2%2x2- 6%2x2){(-2x2x2-6X%X2)
=-12+(32}{—6)+(14){—6}-( 36} {(— 20) = 432 units.
Hence at L {2, 2, 2) and at = 2,
| a=a_ri+ﬂ}j+azk
) or a2 =164 i + 243} + 432k (Ans.)

Bgearple 5.21. 4 nio-dimensional incompressible flow in cylindrical polar coordinates is given by
y_=2rsin @ cos B; vy =—2r sin’e
alh:tfnnme whether these velocity components represents a phys:caii’ypmﬂbfeﬂﬂwfe;’d

ponents, therefore, de 4

en by
- 612) k i-hltmn The continuity equation, for a steady, two-dimensional incompressible flow is
& 5 .
L i T .(5.28)
r .. or rd8
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From the given velocity COTpONents,

av, J | ,
= - (2rsinBcos8)=2sin B cos &
cr ¥
vy, &8 3 _
= —2rsmn“ 8) = _
prall o ( J=-4rsin8cos 6§
[nserting these values in the above equation, we get
2rsinBceosB 5]
rsinBcos - 2sinBcosd 4rsinfcost _ 0
r '
or 251n9c059+2sinBcnsB—4sin8cnsH=O

e, L.H 8§ =0
Thus the continuity equation is satisfied and hence the flow is physically possible. (Ans.)

Example 5.22, The tangential component of velocity in a two-dimensional flow of incompressible
fluid is

_ Csin®
Yo T 2

where Cis a constant
(1) Using continuity equation, determine the expression for radial velocity v,
(11} Find the magnitude and direction of resultant velocity.

C'sind

F‘E

Solution. Given: vy = —

(£) Expression for v
The continuity equation for a two-dimensional, steady incompressible flow ig

Voo e L OV [Eqn. (5.28)] |
| r or  rob ':
& o
or a—r{ﬁ.}:j + Tge_ (pe} =0 {I}

For the given velocity component:

My 5 o

e _ :T I/-_ CSH'IBJ = — £ cos ..{ i}
% ol 2 p? ;
From eqn. (¢} and (7}, we have

ko

¥ C
—{rv.} = —cos8
6“?*{ ) e

Integrating both sides w.r.t. » we have

" C Cos 6
rv, = J—E—cnsﬂdr = — Ceo
F ¥
0
~. Radial component: v, = — C’{:{:sﬂ (Ans,}
(7]} Resultant velocity: r
Resultant velocity = «j v: o4 v

= N/‘[_E%ﬁf +(_ ti?:zn'zrxi?.‘]:t

F ¥

= E;-\/(a:ﬂsz & + sin? 3 = F‘T (Ans.)
o r
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5.9.Circulation and Vorticity Streamtlines

Let us consider a closed curve in a two-
dimensional flow field shown in Fig. 3.18; the
k. curve being cut by the stream lines. Let £ be
k.  the point of intersection of the curve with one
£ sircamline, 8 be the angle which the streamline
i muakes with the curve. The component of
£ welocity along the closed curve at the point of
B Emtersection is equal to ¥ cos 8, Circulation I
e B defined mathematically as the line integral
E of the tangential velocity about a closed path

Tangent to ds

(Ans.) Edooniour).
mpressible §. Thus,
= :f Vcost ds Fig. 5.18. Circulation in a two-dimensional flow.
where, ¥ = Velocity in the flow field at the element ds, and

& = Angle between ¥ and tangent to the path (in the positive anticlockwise direction
along the path) at that point.
E  Circulation around regular curves can be obtained by integration. Let us consider the circulation
peound an elementary box (fluid element ABCD) shown in Fig. 3.19.
Starting from 4 and proceeding anticlockwise, we have

{ Ly { >
fff=uﬁx+5v+§-}—ﬂr]ﬂ_}:—iH+$ﬂ.}*wwﬁx—-yﬂ}:
Lo Ox . &)

\"'I
— - — Ay Ay
WO &)
The vorticity (Q) is defined as the
Jewlation per unit of enclosed areq,

&y Eu

— |

€= % Thus : 1 -I-% Ay
A ar B & > C
| Q= =— - .(5.29) v o
Av. Ay ox &y ‘ ’ | — Fluid element
If g flow possesses vorticily, It s ;/
jmeion sl Rotation © (omega) is defined as By
e-balf of the vorticity, or
: Z \_ ox Oy . VT Ax
s The flow is irroiational if rotation o is zero. | 4 i »

F. For a three-dimensional flow the rotation Fig. 5.19. Irrotational flow condition.

xsible about three axes. The expressions for rotation ©,w, and o, can be obtained 1 ke

__1_{51: _E-‘u]]

mf - ! -, - |
2vox oy )
. IlII_.- I J-:.Iﬁ"..é
o = L2 _ Gy L{5.30)
X | -
2\ &y fz
17 Eu Ewh‘“l
n, =— — =
: 20z ox J
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In the vector notation, the above equation can be rewritten as

0 = %[m_rf +©,f+ 0 k]

= %{ﬂ x V') {530

The vector (A x V) is the curl of velocity vector.

Yorticity in a fluid motion is taken numerically equal 1o rwice the value of rotation

Vorticity, Q=curl ¥V=(AxF} .{5.32)
Which may be expressed as;

fJ k
g ¢ 4
Q=(VxV)| = —
&y oy Oz
L v W
=Q 0+ Qj+Qk {5333
The vorticity components are separately given by:
(" Fra ,
Q.r = zmx = (-:% _ (?LJ
L Oy o2
- =gy
| © N8z éx
2, = 2w, = [f & — E—HW
z P 2y | ..{5.34)

The motion is described as irrotational when the components of rotation or voriicity are ‘zero’
throughout certain portion of the fluid.

When torque is applied to the fluid particle it will give rise to retation; the torque is due to shear
stress. Therefore, the rotation of fluid particle will always be associated with shear stress. As the
shear stresses, in tumn, depend upon the viscosity, the rorarional flow occurs where the VISCOSItY
effects are predominant, However, in the cases where the viscosity effects are small, the flow is
sometimes assumed to be irrotational. This simplifies analysis of problems of fluid flow.

Exampie 5.23, Given that
u = —dax (x> — 3y*}
v=daqy (3x* - v
Examine whether these velocity components represent a physically possible two-dimensional
How, if so whether the flow is rotational or irrotational?

Solution, Given: u = —4ax (x* — 3y
v =4ay(3x? — v4) ..Velocity components ]
- - : : T
A two-dimensional flow will be continuous if — + — =0
&x oy
) cu 0O ¢ ,
Now, o= [—dax (P - 3] = (- daxd + 12ax0?) = — 12 ax? + 12ay
oy dx X
3. 2
and i— == [d4ay (3x° = 17)] = = [12ayx* — 4ey?] = 12ax2 — 12 a2
dy oy cy
cu Gy
- — + —={-12ax*+ 12 @) + (12ax* - 12032) = 0
| oy oy
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Hence the given velocity components represent a physically possible ftwo-dimensional flow. (Ans.)

The flow will be irrotational i,

Su GOy
{531 @
du , s : ,
Now, — = = [ dax (¥ - 319 = = (—4dax’ + 12axy’) = 24 axy
o | Y =L iy (35 -] = = [12av8* - day’] = 24
— = = |4 X -V = YT e = = J 'y
{532} | o ey Gxt )] = Sollzavxt ~day ] ayx
‘— = —, hence the flow is irrotational, (Ans.)
&y  ox
Example 5.24. Given thai u =xy, v = 2yz. Examine whether these velocity components represent
or three-dimensional incompressible flow; if three-dimensional, determine the third component.
Solution. Given: u =xy, v =2)z ..velocity components
(5 A two dimensional flow should satisfy the continuity equatton,
du  ov
& &y
ou &
Buti - (xyv) =¥
ox  Ox
Gv 0
and — = —{2yz) =1z
Oy oy
(5 S y+ 2z 20
| ¥ Hence the flow is not two-dimensional.
TIICHY 4T For the flow to be three-dimensional, it should satisfy the continuity equation,
' Su Oy Ow
= duelos =+ —=10
- o rm ITTE “ X Cj' oz
o orre ViscE o y+23+§,‘—]:ﬂ
—: ' +he fin LS
I E"H_:l
) = — = -y + 2z2)
i
or w=[=(y+22)]dz+f(x,31)

=~ [ vz + Eéj + f(x,1,1)

-yt _'f{-tr ¥ .I“}

3 . Hence the third components
ol =—yz+ 2t +f(x, ¥ 0 (Ans.)
3 Example 5.25. For a two-dimensional flow, the velocity components are © = x/(x* + yohov =y
= - 3°). Determine: (i) the acceleration componenis a, and a; (ii) the rotation of w._.

Selution, Given: a = x/(x™+ ), v = ¥/ (x* + y°) ... Velocity components

.1 The acceleration components, g_and a;

We know that,

57 St | |
Gy =u—_— +V— A1)
&x ay
gv v
¥ =HT+‘L-’— [7:)

e L R e L L b L T o BTN gk P o el ke o e nn e e
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o & x4y Ix1-x(2x) v -t
= - = = -
qu f x %V B 2 10
— e ——— Y
- = S 24 -17 — et e Iy2 = _
Gyl x o+ }"*J Cy S b S S (x? + 12
- -'*I rr" ;
¢ of ) C 2, 2 : - 2xy
— = e | = S ) Tk - (4 y) T X 2= -
Y X I"~._ X - 1 L {P]:" + '}_: )"‘
&y & ( ¥ (x* + ¥ yx 1= 3 {2y Xt -yt
& sty RS N
Substituting these values in egns. (i) and (i}, we get
X =Sy 2w
I W 2 Bt (- )
B Xy - X 2 xy° - X - _ x(x7 + ¥7) _ X
(2 + 33 (247 (2 ) (& + 2 (x> + %)
Hence a, = . (Abs.)
gnee 4, = - ns
Tyt
, . x }j 2o V. vy [y
T NS R R R T2 B SR PO RN SR DO
ST R AT R Vet
_ 2,:;:3}: N y(x: — }-‘2} _ - 2.1:3}-' + :{Ey - .}-‘3 _ - J-‘{IE + Jf’l} _ »o
(o + 32 (o + ) (xF + 1) (x2 = ) (2 4+ 32
Hence 3, = - Ans.
) (x + 3! '[ )
(/i) The rotation of w_;
We know that,
17 dv  Gu
O, = =
2 g‘_r“',l G}’ ‘,J'

Hence the flow is irrotational, (Ans.)

Example 5.206, [f the velocity field is given by uw = (16v — 8x), v = {8y — Tx) find the circulation
around the closed curve defined by x =4, y=2,x =8, v = 8§,

Solution. Given: .
u={16y—8x), v=(8 - Jx} .. Velocity field 3

Refer Fig 5.20
I—AH{:‘JD = I 'I:HdI + Fd}’}

ABCD
- J(Hfﬁ = vav) + J‘ (udx + vdy) + j{udr + vedy) + I{de + vdy)
AB BC CL DA
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Y
A
ol =8 -bl
e— =4 — I 1
' o
¥ D C - -I—
. ! |

A - B -
T

y=2
YY ,x
Fig. 5.20
i 4
j(lﬁy - 8x)dx + I{Sy - Tx)dy + I{lﬁv ~ 8x)dx +

%

.- (£) (i7) {iif)
i imtegral (1 ¥ = 2

 Bm integral (1) X

£ dm integral (ii): ¥ = 8

b integral (iv):  x =4

hstituting these values, we have

' ={16x2 x84 x x 8% 8—16%2x4+4x4%

+[4x8-2x8x8-4x22+Tx8x2]
+[16x8x4—4x41—16x838+43ﬂ33]
+[4x2P-Tx4%x2-4 %8 +7x4xg]

= [256 — 256 ~ 128 + 64] + [256 — 448 — 16 + 112]
+[512 — 64 — 1024 + 256] + [16 — 56 — 256 + 224]
= —64-96-320-72=-552

b of the curve ABCD = (8 —4) % (8 —2) =24

552
k. Circulation per unit arca = — EYR 23 (Ans))

FAECD

Wy

asnple 5.27. A fluid flow is given by

v, =[1 - f;—] cos@, v, = - [l + %]sinﬂ
re ¥ |

Show that it represents a physically possible flow
Determine whether the flow is rotational or irrotational.

Selmtion. Given: v, = (1 - _a?) cos@, vy = — (1 + iz)sinﬁ
¥ ¥

4 .
=[16yx-4x1 +|_4y —71}] [lﬁy:::-4v T |:4y*

219

@y - T0)dy
3

2

- ?x}"]a
(1v)

... Velocity componernts
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(£) 1Is the flow physically possibie?
The continuity equation for an incompressible fluid flow 1s given by

i 2 L% g (1)
| roor r o0
; Ev -i[l—i]cnsﬁ—[—amsﬁ[—ﬂ L]
Now, & T A i =
g & ay . 7 }
and Evﬂ =%[—[l+r—z]smﬂ}=[—(l +r—2J¢059J

Substituting these values in eqn. {1}, we get

l[ | ij]-:ﬂsﬁ + [- acost + (—2).%} +l{ —[l + %—]EDSB}
r o F F r

_ cos8  acosB N 2acos8 cos8 acosH
r 3 2 N 3
Since the continuity equation is satisfied, therefore, the flow is physically possible. (Ans.)
(ii) Flow-rotational or irrotational?
Let us check for rotationality.

Vorticity 1s given by

e e 1 A2)
or- r r 0
- _ . 1]
Now 5; = ;{v{;}=§[—[l +§Jsm9}=[—a5m9{—3}:{|
ov % % t a .
ro = 2] - = O=||1-—|x{-sind
IR e P

Substituting these value in eqn. (2), we get

Q= [- asinB{—Z)‘%J + l|:-{1 + ijjsinﬁ}
r ¥ o |

—%[(1 - }%J X (—sin B)}

2asin® sin@ gsmo . sinf asint _ 0
}"3 r ,il"3 F ',l"j

Hence the flow is irrotational. (Ans.)

Example 5.28. The velocity components for a fluid flow are: u=a + by—cz, v=d-bx—ez
w =+ ¢x — ey where a, b, ¢, d e and fare arbitrary constants.

() Show that it is a possible case of fluid flow.
(i1y Is the fluid flow irrotational? If not, determine the vorticity and rotation.
| [Allahabad University]
Solutien. Given: u =a+by—cz,v=d~-bx—ez, w=Ff+tcx—ey  ..Velocity components.
(i) Possible case of fliuid flow?
Continuity equation 15 given as:

oy v ow

+ + ={
& oy oz

Fluid

(if)

Hene

Exar 1
to the flo

State !
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El

Now (a + by —cz) =

-y

<
2
:

#(rf—b.t-ez)mﬂ,and ZJZ;{_}‘”-%CI—E}J):U

n of continuity is satisfied, therefore, the field is possible case of fluid

P e @R

Since the equati
flow. (Ans.)

{(ii) Is the flow field irrotational?
For the flow to be irrotational, curl ¥ = Cie {Ax }=0

=1

[ ko
& & &
Now, (Vx¥y=|I — =]
3 & v Gz
] I 1% W i
Substituting velocity components, we have
! / k
3 | 5 5, %
ible. (Al :_ {'G’ b V] = . _ —
: cx cy oz
(a+bv—cz) (d-bx—ex) {f+cx—ey

or (?xV}::{ (f +cx— Ev}——(d bx—e:};
¢y oz |
fj ﬁi{a+bm —CE)—-(?—(f+€I—E1r}i|
1 X
—{a’ bx - e.z}-—(afby—cz}
X

=i{l—ete)y+j(—c—c)y+k{-b-5b}
Since {V x J) = 0. the flow is not irrotational {Ans.)
Vorticity £}:
Vorticity Q=(Vx¥N=-2{(¢g +5&

= 2¢" + b’
Hence Q=2J/ct +» (Ans)

Rotation, w

2
_ we know, G0 = —
pi
= % [2yc” + B2 )= Je? + b7
1 Unis Hence rotation, 0 =+e> + b (Ans.)
J COTH } Example 5.29. Determine the componentis of rotation for the following velocity field pertaining

flow of an incompressible fluid. i

u=Cyz; v=Czv;w = Cxy where C = consiant.
State whether the flow is rotational or irrotational.
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Velocityfield g 5.10 Véd

Solution. Giver: u = Cyz; v =Langw= Cxy
5.4

The components of rotation are: .
1 [5“,. = m}\:%(Cx— Cx}=0

dE' riviali ._::.

(phi}.

1{‘:’“ a“]zl(c,e~c."z)=0

W, =7 = -
20 ox oy 2
Since each of the rofation cOmMpONENts is zero, the given flow field represents irrotational

flow .(Ans.)
Example 5.30. Determine the componenis of rotation about the various axes for the
fﬂffﬂwmgﬂﬂws:
(f) w=1y,v=-3x
(3} u= xy, V= ixl _ .:i 1.-1 where o’
’ 2 2" 1
322 corde d
.. i

-

(fif) =Iy32, p= -z, W =y:2'— 5

Solution. The components of rotatien about the varnous axes are:
- ( B Cu
AN oy
1 ow E’vw
DI = - T oA
2. &y o2
1 [ du E*wj
O, =71 AT S
2\ 0z X

- ; 1
1 (1:'1" G“}:E{_—3_—2}r) (JAHSQ}

W = —— =
o2l & oy
As the flow 15 nro-dimensional in x —y plane, © = ®, = 0 (Ans.)
3, 32
' ‘__LBI:‘F:__I"‘__]
(ify u Y 3 > 3

1 v ou 1

@ == = —

*o2léx dy) 2

As the flow s rwo-dimensional in th

i 2
lrr_ﬁ‘?“' % i 2
@, =-i' f - ﬁu.] == {0 -3xy z)=-—ZT XY 2 (Ans.)
L ox  OF 2
£ = = £ 2.2
mx:l EW——E}W=-1*|- :__33» -'—Zwa (Ans.)
2L &y CZ ) EI\ 2 A .

— ——  S——— —_— ———

1{du Bwdy 1. 3 1 3
= v — 0)=—xv (Ans.
Yoo\ d& dxs 2 i’ ) 2 ( )

LI
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A Kinematics
S %10 Velocity Potential and Stream Function

5.10.1. Veloeity Potential
The velocity potential is defined as a scalar function of space and time such that its negative

brivative with respect to any direction gives the fluid velocity in thar direction. It is denoted by ¢
). Thus mathematically the velocity potential is defined as:
| ...for unsteady flow,

¢=11{x5z1)
¢ =s{xy 2) ..for steady flow; such that

k. and
L(5.35)

-

'l_.t_.|=_—
=
0z |

e 1 v and w are the components of velocity in the x, y and z directions respectively.
e The negative sign signifies that ¢ decreases with an increase in the values of x, y and z. In other

it indicates that the flow is always in the direction of decreasing ¢.

 For an incompressible steady flow the continuity equation is

—-l-——;—'i'—'=0

: Cx oy

By substituting the values of «, v and win terms of ¢ from eqn. 5.35, we get
3 Seh % A -
c [_E?Jq.q_(_ﬂ +£. _€_¢]=G

éx/) &y L gy, oz\ &z
2
P o

ax
2 2 A
#4220
X et &
s equation is known as Laplace equation.
any function ¢ that satisfies the Laplace equation will correspond to some caseof fluid flow

.(5.36)

‘3 1

The rotarional components are given by [eqn. (53.30}]

1(5+w &

W, == -

S 2oy ez
M du dw)

1T T w

1{ov Cu
NCE) PV
I C,}.?

substituting the values of u, v and w in term of ¢ from eqn. {3.35), we get

1] &
2| dvéz oy
1[ 3 5
o, -1 2(-2)_ 2 (2]
2l dzy Ox oy gz )
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*'"*2{3;:[

However, if ® is a continuous function then,

2’ _ 90 3’6 _ 3%
dvdz odzdy 0Ozdx  oxoz

W =0, == () i.e. the flow is irrotational.

(1)

Thus if velocity potential (d) satisfies the Laplace equation, it represe
Often an irretational flow is known as potential flow,

incompressible, irrotational flow.
Equipotential line:

An equipotential line is one along w

- e Forequipotential line, 0 =constant.

o dp =0

But ¢ = flx, y) for steady flow
do = a—q]dx + ~a—¢d}
' X dy

But a—q}—-u and Q{D—-—v
ax oy

by o [

Fluid Mechanics and Hydraulic Machines

ao)]_L| _ 9% 2% |

— ——

RN RS

o 0’ _ 3%
W ey dyox

nts the possible steady,

hich velociny potential O is constant

diy = — udx — Udj;‘ = - { udx + vdy)

For equipotential Jine, d¢ =0
- (udx + vdy)y =0

or

or (udx + vdyy =0
dy H

or — = ——
dx v

where % = slope of equipotential line.

5.10.2. Stream Function

The stream function is defined as a function of space and time, such that is partial derivati
with respect to any direction gives the velacity component a

-(5.37);

mathématically as

...for unsteady flow, ane

.. for steady flow; such

5

(5.

0

denoted by W (psi).
In case of two-dimensional Tlow, the stream function may be defined
y=flxyt
w=f(x )
N
5‘3 L
Jy
vV =—-
dx )
" Far two-dimensional flow the continuity equation 1s
i“. + ?l =
dx Oy
Substituting the values of u and v from egn. (5.38), we get
dfowd, 3 9wl
ox| 3y | oyl ox

¢ right angles to this direction. it I8

.1: “
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3°0 j‘
dy 0x |

the possible stead¥y

ntial flow.

WeE

a1 its partial derivail
o this direction. 3

achemaiically as

“sr unsteady flow, &
- s1eady flow; such 8

A2
Py Py -0
dxcy oxdy
Hence existence of ¥ means a possible case of fluid flow,

— The flow may be rotational or irrotational.
The rotational component w_ is given by

i{év  &u
W, =10 ~ =
2 Lm: oy

Substituting the values of « and v from eqn. (5.38), we get.

{2 :l 5(_&U]_£r_J
: P Cx 5_}"&6{}’

Qr . ==

{539

This equation is known as Poisson’s equation. For an irrotational flow since @_ = 0, eqn.{5.39)
. BECOIMNES

: 2 n3
- a?+gf=0i.e.,ﬂzw=ﬂ
cx* cy

which is the Lapiace equation in .

In the polar ¢o-ordinates:

P N
— Let w(x, ) represent the streamline L (See Fig. 5.21), The w + dy represents the adjacent
eeamline M. The velocity vector V' perpendicular to the line A8 has components « and v in the

tion of X-axis and Y-axis respectively, From continuity consideration, we have

v, =

Y
A

B {x+ Ax, ¥y~ Av)

Streamlines

> X

\‘*’ . 1}+d‘{’

Fig. 5.21, Fiow between two points and its relation to stream function.
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Flow across AB = flow across A + flow across OB Ld
Vds = — vdx + udy TmrSed |
(I'ne minus sign indicates that the velocity v is acting in the downward direction).
3 J
Vds = —ui.-ir + —w—dy = dy . (3.40) me
x v i
i.e dg = dy ..(5.41)

Obviously, the stream function can also be defined as the Hux or flow rare between two
streamlines. The units of v are m'/s; discharge per unit thickness of flow.

Properties of stream function:
The properties of stream function are:
L. Onany streamline, ¥ is constant everywhere,

"W = constant, represents the family of streamlines. ]

LW = constant,1s a streamline equation. ;

2. It the flow is continuous, the flow around any path in the fluid is zero.

The rate of change of v with distance in arbitrary direction is proportional to the component
of velocity normal to that direction,

4. The algebraic sum of stream function for two incompressible flow patterns is the stream
function for the flow resulting from the superimposition of these patterns,

LI

ie. M, OV _ 9w + ) . (5.42)
ds ds gs |

Cauchy Riemann equations:

From the above discussion of velocity potential function and stream function we arrive at the
following conclusions:

* Potential funcrion (¢} exists only Jor irrotational flow.

®  Stream function (y) applies to both the rotational and irrotational fows (which are steady
and incompressible).

* Incase of irrorational flow, both the stream Junction and velocity function sarisfy Laplace
equation and as such they are interchangeable. |

For irrotational incompressible flow, the following relationship between ¢ and W holds good.

do  Jy
H = — -_ -
v=_%=-_a_u£r 043}
a_}' aIJ

These equations, in hydrodynamics, are sometimes called Cauchy Riemann equations.
3.10.3. Relation between Stream Function and Velocity Potential

One of the properties of a stream function is that the difference of its values at two points
represent the flow across any line joining the points. Thus if two lie on the same streamline, then,
there being no flow across a streamline, the difference between the stream functions y, and Y, =05
this means the streamline is given by

W = constant.

similarly ¢ = constant, represents a case for which the velocity potential is same at every point,
and hence it represents an equipotential line,
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. Let two curves ¢ = constant and y = constant intersect each other at any point. At the point of
¢ Emersection the slopes are:

rection). ) i,» o ]
" oY\ gy —u _u
. ] F d == ' - = = = -
45.40) or the curve & = constant: Slope Py {@W — =

(5.41) ] ¥

w rate berween iwo i

C -+ &
=
\ ¥
Now, product of the slopes of these curves
AU
LY 17

It shows that these two sets of curves, viz streamlines and equiporential lines intersect each
er prthogonally at all points of intersection.

Flow Nets

A grid obtained by drawing a series of streamlines and equipotential lines is known as a flow
The flow net provides a simple graphical technique for studying two-dimensional irrotational
especially in the cases where mathematical relations for stream function and velocity function
either not available or are rather difficult and cumbersome fo solve.

5.11.1. Methods of Drawing Flow Nets
The following methods are used for drawing flow nets.
1. Analytical method (or Mathematical analysis):

— Here, the equations corresponding to the curves ¢ and y are first obtained and the same
are plotted to give the flow net pattern for the flow of fluid between the given boundary

shape.
__ This method can be applied to problems with simple and ideal boundary conditions.

0.
ynal to the component]

patterns is the sircam:
terns,

(54D)]

ction we arrive at th:;}

ows {which are steady’

nction satisfy Laplace | 2. Graphical method:

— A graphical methed consists of drawing sireamlines and equipotential lines such that
they cut orthogonally and form curvilinear squares.

. This method consumes lot of time and requires lot of erasing to get the proper shape ot
a flow net. |

6 and W holds good. |

(5,43} §
'1 3. Electrical analegy method:

— This method is a practical method of drawing a flow net for a particular set of boundaries.

— Ttis based on the fact that the flow of fluids and flow of electricity through a conductor
are analogous. These two systems are similar in the respect that electric potential is
analogous to the velocity potential, the electric current is analogous io the velocity of
flow, and the homogeneous conductor is analogous to the homogeneous thud.

IR egliarions,

values at two poinRis |
ame streamnline, then,

nctions Y, and yf, = 0: ] 4, Hydraulic models:

__ Streamlines can be traced by injecting a dye in a seepage model or Heleshaw apparatus.
— Then by drawing equipotential lines the flow net 1s completed.

is same at every point, o .
Fig 5.22. shows some typical flow nets.
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Fig. 3.22. Typical {low nets,

5.11.2. Uses and Limitations of Flow Nets
Use of {low nets:
The following are the uses of flow-net analysis:

1.

SIS

4.

To determine the streamiines and equipotential lines.
To determine quantity of seepage and upward lift pressure below hydraulic structure.

To determine the velocity and pressure distribution, for given boundaries of flow (provided
the velocity distribution and pressure at any reference section are knowmn},

To determine the design of the outlets for their streamhning,

Limitations of flow nets:
The following are the limitations of tlow net.

1.

EHJ'

The flow net analysis cannot be applied in the region close to the boundary where the §

effects of viscosity are predonunant.

In case of a flow of a fluid past a solid body. while the flow net gives a fairly accurale §
picture of the flow pattern for the upstream part of the solid body, it can give little information |
‘concerning the flow conditions at the rear because of separation and eddies. '

Example 5.31. Verify whether the following funciions are valid potential functions:
() &= A{x* -3 (i) § =4 cos x
Solution. (¢) & =4 (x* -1}

5 &

-“?’ﬁ‘ = 24x; fb = =24y
oxX CV

*"1-2 ’*2

0 24 IO 4
3 .

7 =2

C4 L 70 24424y =0

£
-
5
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Hence ¢ = A4 (x2 — ?) is a valid potential function (Ans.)

(i) p=Acosx
I . s
—ﬂ}-=— Asimx E—={}

1

Six W
-2 a7
G ?.
'%‘ = - ACDSI,-:—?L: 0
CiX oy

7 ]

G- a*

?+ f=—;4c=::sx;t{]

ox &y

Hence ¢ = 4 cos x is not a valid function (Ans.)

Example 5.32. Which of the following functions represent possible irrotational flow.”?
Gy w=AXT -3 @) vEw

2% . sy U
(fif) &= [r — :Jsme (jv) @& =Urcost + TCGSB‘

Solution. For an irrotational fluid flow phenomenon ¢ as well y satisfy Laplace equation.

(D) y=A(x -y

5 C
i:}—1L1U-=2Ar; —E;:_EA}‘

Y 224-24=0

oy

Hence y = A(x* — ¥?) represents a possible irrotational flow (Ans.)
P :

{(ti) y=xy

Tw=J?I' :-lij-zx
X &y
&y cy
:D_. T'ZD
T,]:E ey
gy 'y
-+ =0

C. —
ey
Hence w =xv represents a possible irrotational flow. (Ans.)

! 2
(i) 0= r——lsin®
R
Laplace equation in radial coordinates (7 a);
L& 2% 1 2%
S T <

A Y,
i ={1 +£2 |5inﬂ
<

CF F
-1
o 2 .
T = -~ —8Ing
2 3
cr 2
& ; 2
Td) =7 - —]CDSB
&0 ' F

gl
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G-? = — [r - E151’11@ = (E — r]sinﬁ
&b r/ ¥
L H.S, of Laplace equation is

\
l x [1 + —zz-JsinE} - %sinﬂ + %[E — r}sin@

¥ ¥ ¥ rFoAF
(1 2 2 2 1
=sind| —+ e
WP ¥ v ¥
.
= Sin@| %] # {)
\F
Hence, the given function doesnot represent any possible irrotational flow. (Ans.)
(fv) ¢ = UrcosO + ECGSE}
F
~ f
G—q) =[cos - L cosO
8?' rz
&y 2
? =——cos0
ars
- | o
@ Ursin® — — sin®
B ¥
=2 !
b UrcosB - v c0sH
50° ¥

The Laplace equation, in radial coordinates (#0) is
A2 2
. 1 7
! (?b + 2 0 + . =0
ror gt ot 367
Substituting for L.H.S. terms, we get

= i( {/¢cos0 ~ %msﬁj + E cosd + i(— {/rcosB — Emse]

¥ ¥ 3 2 ¥

F r
(11211]

Ueosl| ———<+—5—~-—
rooy

=)
S e 3

The Laplace equation is satisfied and hence the given function ¢ represents a possible
irrotational flow.

Example 5.33. The velocity components in a fluid flow are given by
w=2xy,v=a +xt—y? '

(1Y Show that the flow is possible.

(11} Derive the relative stream function.

Solution. Given: u = 2xy; v = @® + x° — y? .. Velocity components
ou oV
[y —=2y; — =2y
() Pl 2
Cu v
+ =2y +(=-2y)=0
x (-2y)
The continuity equation for steady, incompressible flow is satisfied. Hence, flow is possibie.
(Ans.}

({{} The stream functton  is related to «# and v as:

u o= = 2xy

&
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o ve J2 =0+ 1) G
—-—aﬂi:—yz—f’(x}:v:cf%ff—_*;'2 S :
Cx e }
Hence  f'(x)=-(a® + ) e
Qar f(x) = =d I—?+ constant SR :

Inserting for f{x) in eqn. {7} we get
2 » X
yo=xy" —ax® — T + constant

IE

Thus the relative y = x3? — g%x — = T constant {Ans.)

Example 5.34. 4 siream function is given by:

yo=3xy + (3 + )7
Find the flow rates across the faces of the triangular prism having a thickness of 2.5 m in the Z-
direction at the time instant ¢t = 3 seconds.

Selution, Refer Fig. 3.23. Y
W= 3x%y + (3 + )2 ...Given A
The coordinates of point M are: (0,1)
W, =0+(3+3)x12=6
‘The coordinates of point L are: (1.5, 0)
Y, =3 x LS x0+{3+3)yx0=0
The coordinates of point L are: (0,0) M
.. Flow rate across face MO = 2.5 (w,, — ) T
=25 E-0) =15 m%s (Ans.)
Flow rate across face LO = 2.5 (y, — v}
—25(0-0)=0 l
& Flow rate across face LM =25 (w,, —w,) — > X
=2.5(6—G)=15m3f5{An53{ T O 15m >

Fig. 5.23
Example 5.35. A flow is described by the €
 stream funciion @ = 4xy . Locate the point at which the velocity vector has a magnitude 7 units and
: maies an angle of 150° with X-axis.
: Solution. Stream function, y = 4xy ...iven

Ans,)

1 117

:nsﬁj

a possible !

The velocity components for the given flow field are:

:ﬂm.pﬂﬂﬂﬂu = aw = f‘ (4_1:};) =4
| o Oy
v D g =y
ox ox
-
_ Vo=fut +v¢ or7 = \/[4.::)3 r(—4y) =4 + 3! (7}
7 {5 possible. . 4 :
' tanf = — or tanlS(I":'=i=—i
u 4x X
or —0.577 = —% or v=0.577x

Substituting, for ¥ 1n eqn. (7), we get.




Fluid Mechanics and Hydraulic Machines

=44 % +(0.577x) =

x = - 1-315 Ans.
4.62
Example. 536. Find a relevant stream function 10 each of the following seis of velocity

components of steady, incompressible flow:
(i} u=2cx;v=-2cy
(i) u=-cxHy;v=rclog, xy
(i) u=xtyv=x-%

Solution. () u = 2cx; v =— 2ey
L PP
cx ax
= s Aﬁ — 2¢ + (—2¢) = 0. Hence the flow is possible and | exists.
cx Oy
U= G~ 2ex
&y
g = 2cxy - flz)
W =~ 20V — f'(x] =y == 2C¥
Gx
Hence f(x) = 0 and f{x) = ¢, = a constant

y = 2exy +e, (Ans.)

u = —cx/y, v =clog xy

(i)
Gl &y
—=-clyi o= cly
&x ciy
cu OV | .
—+—=—cly+cy=10
cx Oy
Hence the flow is possible and \ exists.
%
u = TW =— X/}
C_\:}:‘

yo=—exlog, y + f(x)
ke clog, ¥y — f(x) =v=clog, xt=¢log x + clogy

- "
ot f(x)=-clogx
fix) =~ Jﬂiﬂgg rdc=—clxlog, x - X} + ¢,

where ¢, = a constant.
Hence the stream function representing this flow 1s
y =—cx log y—c(xlogx—x)+¢,
=—cxlogy —cxlogx+ox + ¢

y = ¢x log xy + ex + ¢, (Ans.)

or
(i) u=x—¥y=x—-¥

cu Y

— =1 5=-1

Cx 5%

fu v

— + iy =1+ {=1) = 0. Hence the flow is possible and W exisis.
ox '
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o
H = - = X+
.-'I}"l
»
.
o=y -+ JX)
2
) v
S S
(i
or fixy=—-x
X
and Aix)= JL xdv=- £y + ¢ . where ¢ = constant
. . },: 2
— ; —_ — ‘:.
W=x 7 5
1. 3 2
Ot gy = E{'F —x" )+ xp +c {Ans.)
Example 5.37. For the following stream functions calewlate velocity at a point (1, 2):
(Hw=3xy (i) y=3xy—»
Solution. {i} v = 3xy .. (ven)
ouo
o= — =3X
Cy
&
V== —31
Cx
At (12%: g=3x%x1=3
y=_3ix2=—_05
Vo= xl.’fji St = M'f (3) + (—6) = 45 units. (Ans.)
Gy =3 -7 ..[Given)
| Sy, L,
{= o = AT - oy
Ay
L::; :
Vo= — ﬁ—u = — 063y
Ex

At(12nu=3x{1P-3x(2)y=-9
p==fx]1x2=-12
A » = 2
V = \j”" &4 P = E."(—'}}‘ -+ {—12} =15 (1‘51.]'154}
Exampie 5.38. What is the irratational velocitv fleld associated with the potential § = 3% — 3x

W2+ 16+ 1222 Does the flow field satisfy the incompressible continuity equation’?
[UPSC Exam. CES, Fluid Mechanics]

Solution. Given: d=73xI —3x+ Iy + 16— 12 22
The velocity field is represented by

é &
TR -;i,r = qu
o &1
Ho= - —:-— (2x" - 3x + 30 41607 +12z¢) = —6x + 3
(it
and = - qay? - 3x =3yt 41607 +1220) = —6Y
cr
ou &
Also — =— (- 0x-3)=-06
ox  dx
gv
—=—{(~6y)=-6
and oy dy :

- —— —— p— —— ——  ———r, FTTL LA L] W ¢ —_
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The continuity equation for an incompressible fluid is
Eju + o =0
oxr dy

Substuturing the values, we get

-

YL 6_6=_1
- cx  dy
This shows that the given velocity field does not satisfy the continuity equation. (Ans.)

Example 5.39. The velocity potential function for a two-dimensional flow is ¢ = x( 2y — 1. At
a potnt F{4, 3) defermine:
(i} Thevelocity, and
(/1) The value of stream function.
Solution. Given: ¢ =x (2y - 1)...Velocity potential function.
(i} The velocity at a point P{4, 5).
The velocity cc:mpcnneais In ¥ and y directions are;

[Panjab University}

—

uz—ﬂ=—-§c-[x{2y—l}]=—2y+l

=
Ve E T Ty -] =-2

. Resultant velogity,

Vo= Jut +47 = J(- 2y + 1) + (= 2x)°

.. At the point P(4.5) whenx=4dand y = 3
V = J(—E x5+ 1) + (=2 x4)* =.9% + 8 =12,04 units (Ans.)

(i) The value of stream function at the point (4, 5):

For stream function,

-

dy = —dx + ﬁ}ﬂdy
y

ox
ar, Ay = — vdx + udy
or, dy =+ 2xdy + (- 2y + 1) dy

Integrating both sides, we get

—+2HIE+[ 2 v *“}+C

MR U IS

(where C = constant of integration)

For y =0 at the origin, the constant C =0

e lp=-l-.‘-t.‘2-+yz+y

At the point F(4,3)

o Wy =+ (4)* - (5 + 5§ =— 4 units (Ans.)

EE Example 3.40. For a m»wo-dimensional flow the velocity function is given by the expression,

E-::E*im* ({) Determine velocity components in x and vy directions.

% (i1} Show thar the velocity components satisfy the conditions af flow continuity and
—ﬁ% irrofationality.

“%ig;“; (1) Determine stream function and the flow rate berween the streamliines (2, 0) and {2, 2).

e (i) Show that the streamlines and potential lines intersect orthogonally at the point (2, 2).
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Solution. Given: ¢ =x* —y*  ..Velocity funcuon.
(i) Velocity components in x and y directions:
The velocity components in x and y directions are:

EEiJ 2 z 2
== — =X = P} =_

&b O 2 24
y= - == {x — ) =+ 2y (Ans.)

By &y

(i) Continuity, irrotationality = ?

. (Ans.)
o 2y — 1) At

From the velocity components, we have

%=—2,:alj-=+2

o oy
Conditions of flow continuity will be satisfied if

 University]

-

| ox oy
Substituting the values, we get -2 +2 =0

Hence the velocity components satisfy the flow continuity conditions {Ans.)
i j k
%, % C
& &y &

-2x +2y 0

Now Vxl

nits (Ans.) T 8.0 (8 -2 )
“{53)(0} ﬁz(ﬂ.})} - j{ﬁz{ %) - — (D)J

3] g
+ [:—HZJ«') - :—(—2-’»’)-‘
cx ay |
Since curl ¥ is zero hence the flow is irrotational. ...(Proved)

(7ii) Stream function and flow rate:
The differential dw for the stream function is (eq. 5.40}

dy = iﬂdx + @dy = — vdx + udy
X oy

=—(+ 2y} dx + (- 2x} dy = - 2d (xy)
Integrating, we get
=_2xy + C (Ans.)
(where C = constant of integration}
Now w{2,0)=2x2x0=0
and yi2,2)=2x2x2=8
Hence flow between the streamlines through (2, 0) and (2, 2)
=8 - 0 =8 m’/s (Ans.)
(iv) Intersection of streamlines and potential lines orthogenally at point (2, 2)=?
Slope of streamline,

[Q] =-i=’+2'}}=lat(2,2)
W = cansk. U

the expression, i

continuity and |

®and (2, 2).
be point (2, 2}.

cix — 2x

e ’




236 Fluid Mechanics and Hydraulic Machines

Slope of potential line,

(iﬂ} =5‘i=("21]=—1m(2,2}
CX /b =congt, ¥ + 2y

Ej; a};
Thus, [—) x [—] =lx{~-1}=-1
ox Wy = COnst, & b= Coant

which shows that the streamlines and the potential lines intersect arthogonally ... (Proved)
Example 5.41. 4 two-dimensional flow field is given by $ = 3xy, determine:
(fy The stream function
(i} The velocity at L(2, 6) and M (6,6} and the pressure difference between the points L and M.
(ir1) The discharge between the streamliines passing through the poinis L and M.

Solution. Given, ¢ = 3xy ...Flow field
(/) The stream function y:
We know, u = - _ﬂ = — i{?s.x:y) = -3y
Cx ox
v=—8—¢=~—ﬁi(3xy}=—3x
By ;
Also u=-€—w-=—3}’,andv=—ﬂ{=—3x
&y ax
Agaln dy = N e+ %—wdy or Oy =3xdx —(-3v)dy

o Integrating both sides, we get
= [3xdx + [(-3y)dy
L 5 5
i X ¥ 3. 2
T = 3w = 3w e = —(x —_}r‘:ﬁ-i-C
: 3k =
(where C = constant of integration.)

For w =0 at the crigin, the constant C =0

W=2(7 - ) (Ans)

(if)y Velocities at L and M:
AtL{(2,0) y=-3=0==18, v==-3x2=-6¢

vV, = Jut +y7 = \/(-18)3 + {—6]2 = 18,97 units {Ans.)
AtM{6,6), u=-3x6==18,v==-3 % 6=— 18§

Vi = J;ﬁ +? = \/(_13)1 + (—18)? = 25.45 units (Ans.)
Pressure difference between L and M:
For two-dimensional plane flow

F'L+ L _ Pum 4 M

w  2g 9w 2g

Po =Py _ 1 2 2, _ 648 — 360
= (VM - Fr )=
W 2g 2= 9.81

= 14.68 units {Ans.)
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WNES
(iii} The discharge between the streamlines, g:
A SV
Y=g )
LI . ..
Wifasy = ;(2 — 67 )= — 4§ units.
3 s 2
Vireeg =70 —67)=0
roved) 2
) g=w,, —y; =0- (— 48) = 48 units (Ans.)
. Example 5.42. {fd=3xy find x and y componenis of velocity at (1, 3) and (3, 3). Determine the
M disc/aroe passing between streamiines passing through these poinis. [Roorkee University]
and M. :

Solution, Given: ¢ = 3xu .. Velocity potential function.

The velocity components in terms of ¢ are given by

&b &b
= — e V= — -
&x &y
2 B
But -— = :—(31}’} = 3‘1 , and
ey (A
5 ¢
":_:-L.I L"-L'
u=-3yand v =-3x

Hence the velocity components at (1, 3} and (3, 3) are:

At (1,3): u=-3x3=-%9
. (Ans)

y=—3xl=-3

At (3,3): y=-—3x3=-09I
. {Ans.)

\w’:—.}?‘i;ﬁ:—-gj

Discharge between the streamlines:
The total derivative y tnay be writien as

U ey
dy = —dx + —dy

&x "
c o
— and v = — —}'—{
Ly X

= yvdx - vy
= Axdx — Jydy

3, 3,

.: lﬂtEgIﬂtiIlgj W gﬁt Y= EI‘" - .Ti;_}:ﬁ'_-.l_ '

i (where (= constant of integration}

- Bt 1

. or &

Mscharge between the streamlines passing through (1, 3) and (3, 3)
3 -
= W Wi =519 - % (9 — 9) = — 12 units (Ans.)

'_ Example 5.43. The streamlines are represented by
(@) y=r-)? (B v=R Y
E (1) Determine the velocity and its direction at (2, 2).

Etii) Skeich the sireamlines and show the divection of flow in each case.
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Solution. 11 a two-dimensionai steady flow the velocity components in terms of y are given as
= and v 2
&y &x
Case (@) y = x% — p%
(i) Velocity and its direction at (2, 2):
v =yt - (1)
i—w =~ 2y and Eﬁu—j = 2x
Cy ox
u=-2vandv=—-2x
Vo= «Ha'lul +7 = \J{ (-2}'}1 + (—2:}2 = 24x° + yz (2)
ie =2+ 7
. S -
o Velocitvat(2,2) =2 (2° + 2° = 44/2 units (Ans.)
[ts direction has a slope, Y__Y__Z 2x =1 ...(3)
ax u -2y
*, Velocity vector is inclined at 45° to x-axis (Ans.)
(i) Streamlines-sketch:
The streamlines are lines of constant v, and for constant y, eqn. (1) represents hyperbala,
which may be plotted for different values of y as shown in the table given below:
|
3 Y = i*-.ql'}‘z - 1‘|Jr_.
jt () 1 2 3
——
=1 x:iw"_}!“' — +1 ixﬁ i\@ im
e —
v = c= iyl oy £42 £3 £6 V11
I :3" A = :"\II :I.-‘E — 'Ll.lr i""-."llg :\/Z iﬁ i'\.ﬂE
o ; Fig. 5.24 shows the pattern of streamlines,

(/) Velocity and its direction at (2, 2}

e A .

R - £y oW

e Now, —=2y and ——=2x X
= Cy Cx Q

-

Hence yw=2yand v=—1Ix
The resultant velocity,

o=t + Vo= «,.."I{Zj:}z + {—2:{)3
Fig. 5.24. Pattern of streamlines for y = x* — .

=
= 2&".‘(1 + _}/’L

 Velocity at (2, 2) = 242 + 2° = 42 units (Ans.)

o

R
ol
:.. )
il
]
=
AL
;;:,
%

u
1]

ST
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{ts direction has a slope,
oy v -2x x

—_..___=_2_=1
2

given as j
& P 2y ¥

i.e velocity makes an angle 8 with the axis shown 525,
tan®=1or B =45°

(i} Streamlines-sketch:
For a streamlines y ='cnnstant, and for non-zero value of v, eqn. {4) represents concentric
circles with centre at the origin {0, 0) and radius xq _In the st (i.e. positive) quadrant. { x,
y both positive), # = 2y and v =~ 2x is negative. Therefore, streamiines have clockwise

direction as shown in Fig 5.26.

o

o
: > X

Fig. 5.25 Fig. 5.26. Pattern of streamlines y = ¥+ R

Example 5.44. If the expression for stream function is described by y = x* = 3xy°, determine
ywhether flow is rotational or irrotational. If the flow is irrorational, then indicate the covrect vaiue
§ of the velocity potential.
(a) ¢ =3 — 30
Solution. Given: w =x* —~ 3xy” ...Stream function

E A two-dimensional flowinx -y plane will be irrotational 1f the vorticity vector in the z-direction

L3 Ze10.

5y & =—3x CPSC Exam. CES, Fluid mechanics]

v Ol
e, Q. =2_-Z=0 A1)
cx oy
. 5 ¢
/ We know, U= ::?:y = — (f - 3xy )= - 6xy , and
> : S
o Gy 3
- v:——_;'—=—ﬁ—(f—3@2)--—(39:2—3}2)— 3(x% — %)
£x cx
\ -fi=—ﬁ.r,andg=+6x
“ oy cx
, Substituting these value in eqn. (1), we get
et Q) =~ 6x— (- 6x) =0

Hence the flow is irrotational. {Ans.)
For an irrotational flow Laplace equation in ¢ must be satisfied

e ———

. ——— ..

S —
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dy

(a) ¢=3"-3x?

%0 0
- 6y and ayz v
36 9%
+ —_— 1 | —
atz aﬂ 2 = 6} -+ 6_} 0
(b) ¢=-3x"

3% 3%
— e 6 1 d = U
af ¥ atl af

2 2
a?+a¢¢0
ax® By

Hence the correct value of ¢ = y* — 3x%y (Ans.)

Example 5.45. In a two-dimensional incompressible flow, the fluid velocity companents anl

givenbyu=x-4y and v = -y — dx. Show that velocity potential exists and determine its form
well as stream function. [AMIE Winter, 2(

Solution. Given: 4= x - d4vand v =~y — dy . Yelocity componens

The velocity potential will exist if flow is irrotational. Therefore, the vorticiry component g
the Z-direction must be zero.

| dv  du

Q. =— - =

he © dx oy

But, §i=—a—(—y—4.r)=—4,and
't X
du @
— T —— _4':.-..4
3 ay(x )
_aji_?-ﬂ=—4—(—r4}:{:l

dx dy

Since the vorticity is zero, the flow is irrotational: hence

the velocity potential exists, (Ans.)
Total change in velocity potential

a¢ = %iﬁ: + g—jd_}'
= —udx ~vdy = — (x — 4y)dv — (- ¥y —dx)dy
or d@ = — xdx + dydx + vdy + dxdy
Integrating, we get
2 2

¢=——-+4.ry+—:-y—+4.x}'+{3
2 2

=-é-(f—f)+szy+c

(where C = constant of integration).
For ¢ = 0 at the origin, the constant € = 0

1 -
6= (¥* — x7) + 8%y (Ans.)

- T —

- p—
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2, =8(2-2x1x%x3)+267(32-19)=-10.64 m's?

oy v
Further, @, =4 —+v—
urther y uﬁx o
y3 _rz"*
= 2x—xy'+—3— (y* — x%) + Xyt - xy - — (2xy — 2)
J

=8 (3219 +267(2x1%3-2)="7468 m/s?

Resultant acceleration, @ = ja? + a2 = \J(- 10,64 + (74.68)" = 75.43 m/s? (Ans.)
(if) Is the flow physically possibie:
L =(2-2x}+(2xy-2)=0
o oy
As the continuity equation is satisfied, hence the flow is physically possible,
Expression for stream function:

The differential dy for stream function is,
dy = gﬂdx + il-p-dy
cx Oy
=—vdx + udy
( f ys “‘al
I R dx[z AP
vTA T ] Y
SRRt LN ORI
=f—xpt 42y + o |de+ | 2x -~ X2y + 2 [y
(0 2y o Cy J y
3 3 2.2
X ¥ . A ¥
or dy = —dx + =4 +2d;;:_.d[ }
r V=3 3 Y (xy) 5
On integration, we get
4 4 22
X y Xy
= + - 2xy —
Yoo 12 77
- (#ff) Discharge between streamlines passing through (1, 3) and (2, 3):
8 4 12 12
=+ — + 2 xix3- =833 m's
Yoy T T 2
24’- 4 22 v 32
W{EJ} :'E +—2-+2H2.H3— = 208 l‘l‘ljfs

Hence discharge between the streamlines
Wi, 5~ Y, 3 = 8.33 - 2.08 = 6.25 m%/s (Ans.)
(iv) Is the flow irrotationai?

. . Lf v Su
Rotation (angular velocity), @, = Sl

I%[(f =) - (- 2?)] =0

As the rotation is zero, the flow is irrotational and the potential Junction does exist:
Velocity potential:

'mﬂ‘-_ ] ks ._ ™
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Q=m"—5u={3—-i(Cy)=-—C

Here o &y By

A = na’
["=_ C % ng* = - C na’ m*fs (Ans.)
Second method:
Refer Fig. 5.27

We kitow. r=q V.ds
(where V,1s the tangential velocity)

= Cf 1. dx =C§C.}’d.‘{

From Fig. 5.27
r=gcosBiy=at+asnb=allr sin )
dx = — ¢ sin @ d0

-

I = [ Ca(l+sin8).(- asin Bd6)
0

()

(@)

-~ Ca* | (sin® +sin’ D)d 6
0

)
L
20 n26 7"
R R Rl
2 L 2 b
Ca” |
=——;~ _(—2+27:~D)—(—2+D—D)]
2
= — C; « 21 = — Cna’ m¥s
ic. T = — Cna® m*/s (Ans.) {3
Example 5.48. The flow field of a fluid is given by V=xyi+2vzj-z + =29k
(i) Show thatitrepresenid possible three-dimensional steady incompressible CORUNUOUS flow § {c)
(i) Is this flow rorational of irrotational?
{f rotational, determing at point 4 (2, 4, 6):
(a} Angular velocity,
() Vorticity,
(¢) Shear strain, and
(d) Dilatency | :
Solution. Given: V =xyi +2yzj—(yz + z7) k .. Fluid flow fieM3
Here, y=xy,v=202w=-0z+ z4) (o)
" %Y g
E_E= y - = 2z, i:l = —{y+ 22)

ox TCy oz

0t 11 e e PR

s e ey ek b




—a

metres, describe
- Calculate:

() Velocity at B,

{ii) Convective acceler

(i1i) Flow ratep

Solution, Given: y = 4xy

(where Y/ 15 iR cm?/s and x and ¥ 1

Co-ordinates of A are: {(3,0)

Co-grdinates of B are:

=2:=2%x6=12 (Ans.)

ow
¢ = =— (¥ +2)=-(4+2% 6y=-16 (Ans.)
which y is i cmsecond and x and y are

Example 5.49. The stream function W = 4xy, in
¢ boundaries ShOwh below (Fig. 5.28).

the incompressible flow hetween th

ation at B, and
er unit width across AB.

n metre é.]
Y

x=3m,y=§-=—3-=lm
x 3

| 3
( xy =3 J’S_)
X

Hence co-ordinates of Bare: (3, 1)
(/) Velocity at B:

Eiuid Mechanics and Hydr

(UPSC, CES, Fluid Mechanie

aulic Machines |

Stream funcie

Velocity components are given by l

o = f {4x)) = 4x , and

3y =

I
%
oo Mo Ty = 4y
X X
Atpoint B: ¥ =4 x 3 =12 cm's, and

p=—4x]=—4dcms

- Velocityat B, Vp = Jut +v' = Jﬁl + (—4)? =12.63 erm/s (Ans.)

(i) Convective acceleration at B, a5

Convective acceleration, @ = ﬁ/ai + ai,

Phe Fy v cv
a syt py—,and @ =H-—+ VvV
¥ &ix oy g ax cy

g =d4xandy =—4y

But,
Gu cu oV C
ox ! cx GV

= () (4) + (- ) ) = 16 axd
a,= (4x) O} ¥ [~ 4y) (-4) = 16y

e o
Also a=jdt+a) = J@6x) + (16y)°

+. Convechve aceeleration at B (3,1) 18
ap = Jaex 3+ (16 x 1)F =163

. 1= 50.6 cny/s? (Ans.}




Hic Machine

v and y are
5.28). '

d Mechanh _
tream funct

4ns.)

Fluid Kinematics a

({i7) Flow rate per unit width across AB, g . -
g =W~ W, = Vs 1y~ Vo0 =34 X3 x1-4x3x0=12 cm’/sfem
ie. g, = 12 em¥/s/em (Ans.)

[ HIGHEIGHTS ]

Fluid kinematics 1s a branch of fluld mechanics which deals with the study of velocity and
acceleration of the particles of fluids in motion and their distribution in space without
considering any forces or energy invoived.

‘The motion of flmd particles may be described by the following methods:

(i} Langrangian method. In this method, the observer concentrates on the movement of a
single particle. The path taken by the particle and the changes in its velocity and
acceleration are studied.

(17) Lulerian method In Eulerian method, the observer concentrates on a pointin the {flnd
system. Velocity, acceleration and other characteristics of the fluid at that particular
point are studied.

The components of acceleration of the fluid particle are given by:

- - - -

[ O S Su Cu

Qe iU+ V—— + W | +——
k X Y Gz #)

o
il

.-H_'—'!-U_'—'i"'lr‘u.r'— +=-._
. Ox oy oz

f
[ éw  ow &J] . ow

»

[ & v Ev]av

d, S[d——+V_—+ W=

. OX cy ¢z | Ot
- Resultant velocity, Vo= \/HE + 1+ w
(V' =ui +vi + wk) ... IN ¥ECI0r notation,
Resultant acceleration, a = \/aﬁ + ai + a:
(@=ai- aj = a k) ... In vector notation.
5 1
Also, a=V—+—
s i
Vel : : :
- .15 called convective acceleration.
S
gV _ _
—— ... 15 called local acceleration.
)
Tvpes of flutd flow:

(1} Steady and unsteady flows

(i} Uniform and non-unuform flows

(iZi} One, two and three-dimensional flows

k. {/v} Rotattonal and irrotational flows

v {v) Laminar and turbulent flows

E (vi) Compressible and incompressible flows.
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4, Types of flow lines:

Ity () Path line. 1t is the path followed by a

(i) Stream line It1s an imaginary line within the flow s¢ that t
indicates the velocity at that point.

{q a fluid mass bounded by a group of streambines. _ ;

e which gives an instantaneous picture of the location of the SN g - 3

fluid particle in motion,
he tangent ai any point on it

(iif) Stream tube. It
(ivy Streak line. It i5 a cury

fluid particles which have passed through a given point.

. . : - : . - L H
5. The conrinuity equation based onthe principle of conservation of mass is stated as follows:
) “Tf o fluid is added or removed from the pipe in any length then the Mass passing across] - ;
e different sections shall be same”™.
oAV, = P, bs in case of compressible flulds S :
- A4V, =41, i case of incompressible Tuids S Choose the';
The continuity equation in three dimensions in cartesiai co-ordinates 1§ given as. 1. Thc miy

. by whilf?

oy v Ow . , _ ) 1

— =+ — =0 ..for steady flow of incompressible flud (p = conslanty (ar) $

cx  C¥ CZ ' (5} 4

The continuity equation in polar co-ordinates 1s given as: () be i
1 G : - @ ndi
R Sy ) - — (pe )+ —(pve} = () _ for compressible flow
= y (P "\’ ar (p f} s (P E‘} ! ' 2. Inwhid ‘

noL P g for 1 ble flod o1
+ — = = _..for incompressiple 110 |

&y ri8 P S (EJ )

where, V= Velocity component in radial direction, and ; ) e :

Vo = Velocity component in tangential direction. fﬂ’; B

6. Circulation (I'} is defined mathematically as the line inteeral of the tangential velocH 1. Norma

about a closed path (contour}. SXISIS O3

r:’:r['VCEISE},EfS {a) the 1

o Ul | () thel

where, I’ = Veloeity in the flow field, and |f }" (et

. .. o 1 that

6 = Angle between V' and the tangent to the path (1o the posit | ;.

anticlockwise direction along the path) at that point. | 3

) . &4, [nastedH

Vorticity (QU) is defined as the circulation per unit of enclosed area |L e L) = i (a) doff

E A (&) at

If a flow possesses vorticily, il is rorarional. The flow 1 irrotational if rotation {©) 15 28 (ol g

The expression for rotation are: : renf ;
1 (& Cu 1 ( Gw OV | 1 {du Ewe 5 (d} nos i

W, = = — = |: W, = —| — 772 oW, m T | o T T . Thef] 5
2\ cx oV o2 oy o) Yooo2Ndr oxy : ar ¢l GD 4
7. Velocity potential () 1s defined as a scalar function of space and time such that i1s negat @) ste j |

derivative with respect to any direction gives the fluid velocity inn that direction. L;t } .

'} rotl];
H——E F:_Edl }1':—@ Th'E'IJ.:
Bx By iz grven ting 3
Stream function (V) 15 defined as a scalar function of space and time, such that 1is pail 15 calledl;

derivative with respect to any direction gives the velocity components at right angles () sted’

the counterclockwise direction) to this direction. (cr unilfl®

o ok $ 7. Flowin{.

“= VS T E are cons

' {a} incdf:

=

T

 T——
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& S
- e M= -'h¢ = -
ALY point O oX cV
' 26 Y
1R = e T e —
&y ox

ocation of tt ]

known as a flow net,

Existence of ¥ means a possible case of flow,
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... are known as Cauchy-Reimann equations.

8. Flow net. A grid obrained by drawing a series of streamlines and equipotential lines is

ited as Tollo
passing AT

lpressib‘le fluid
Pres sible fhud

iven as:

Fhoose the Correct Answer:
1. The motion of fluid particles may be described |
by which of the following methods? i_
() Langrangian method |
(1 Eulerain method
(cy both{a) and (&)

(1 nonc of the above.

In which of the following methods, the observer
goncentrates on a peint in the fluid svstem?

d (p = consta

ompressible

{ay Langrangian method
(A1 Eulerian method

(c) Any ofthe above
(d}  ™None of ihe above,

MNormal acceleration i fluid-flow situation
exists only when

ompressible Iy

angential vehl

{a) the fiow is unsteady
(51 the Mlow is two-dimensional
(¢] the streamlines are straight and paralle]
th (in e pos
-;puim. '
e L3 = -I~ .
I Y
rotation () 151

(@} the streamiines are curved.
In a steadyv flow the velocity
K f) does not change from place to place

{h) atagiven point docs not change with time

(c] may change its direction but the magnitude
remains unchanged !

g (d) none of the above.

The flow in a pipe whose valve 1s being opened

8 or closed gradually is an example of

o "l
oy
such that 115 TN

2t girection.

F: (g) steady flow (b} unsteady flow

E (¢} rotational flaw () compressible flow,
The type of flow in which the velocity at any
 piven time does not change with respect o space

s b 15 ca
1e, such that 1S Ited

: {h1 compressible flow
amits at right 108

(e} rotational flow.

i Flow in a pipe where average flow parameters
F are comsidered for analysis 15 an example of

Fla) steady flow

F4c)  uniform flow

F 121 incompressible flow

14

i1,

12.

i3,

(b) one-dimensional flow

(¢y two-dimensional flow

(d) three-dimensional fiow.

The flow in a river during the peried of heavy
rainfali is

(a) steady, non-uniform and three-dimensional
(b} steady, uniform, two-dimensional

(¢} unsteady, uniform, three-dimensional

(d) unsteady, non-uniform and three-
dimensional.

Flow between parallel piates of infinite extent
is an example of

{a} one-dimensional flow
(£ two-dimensional flow
(¢} three-dimensional flow
(¢ compressible flow.

If the flow is irrotational as well as steady it 1s
known as

{¢) non-uniform flow

(#) one-dimensional flow
() potential flow

() none of the above.

High velocity flow in a conduit of large size 13
known as

(23 Jaminar flow
(B) turbulent flow
(6) either of the above

(d) none of the above,

If the Revnolds number is less than 2000, the
flow in a pipe 13

() turbulent flow

(¢) transition flow  (d} noneoftheabove.
The path followed by fluid particle in motion is
called a |
(2} streamnline
(oy  sireak line

{ay laminar flow

(b) path line

() none ofthe apove.




