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ELASTIC BUCKLING OF COLUMNS
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COLUMNS CRITICAL LOAD

• Long slender members subjected to an axial 

compressive force are called columns, and the lateral 

deflection that occurs is called buckling.

• The maximum axial load that a column can support 

when it is on the verge of buckling is called the critical 

load (Pcr )
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TENSION 

Plastic

Elastic

y



Compression

➢Tension stresses. No buckling

➢ Failure by yielding of ductile material (steel, Aluminium)
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COMPRESSION

SLENDER STRUT

FAILURE BY BUCKLING

STOCKY or SHORT STRUT

FAILURE BY YIELDING

y =squash load

Stocky column Slender column
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STABILITY

STABLE

Returns back




NEUTRAL



UNSTABLE

Stays
Runs away

3 Types of equilibrium
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DISPLACEMENT METHOD

THE SIMPLE STRUT

L

pin

pin

Pcrit

Pcrit

Conditions:

1. Perfectly straight (no initial deformation in the strut)

2. Homogenous (no residual stresses)

3. No eccentric loads  (Loads are applied exactly through 

the centroid of the section)

NO  INITIAL  IMPERFECTIONS

PERFECT STRUT FAILS BY COLLAPSING IMMEDIATELY 

AFTER REACHING THE CRITICAL LOAD

PERFECT STRUT
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NORMAL STRUT

✓Has imperfections like initial curvature or eccentricity

✓This strut tends to bow as load increased until reaching 

a run away point where failure by buckling takes place

✓Failure occurs by combined bending and direct stresses

✓Almost all columns in practice have imperfections, i.e.

they are not perfect struts
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GOVERNING DEFERENTIAL EQUATION
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Internal moment  

External Moment    ME= P.y

Equilibrium of point C:

ME=MI
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(- hogging)
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SOLUTION OF THE GOVERNING EQUATION

EI

P2

2

2

ω

0y
dx

yd

where

=

=+ 2

SOLUTION

y=A  sin  x + B cos  x

2 unknowns  A & B require 2 boundary conditions

➢At     x = 0 , y =0;    B = 0

➢At     x = L,  y =0;    0 = A sinL

L

P

A

B

x

y

C

𝐴 sin 𝜔𝐿 = 0; 𝜔​​𝐿 = 𝑛𝜋

,...3,2,1   where
2
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P


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SOLUTIONS OF GOVERNING EQUATION FOR DIFFERENT CASES
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Case 1. Simple Strut.  Both ends pinned

Basic case:

2

2
2

E L
EInP =

Le = L

=n2/L2 =P/EI

2

2

ECRIT L
EIPP ==

Smallest value of P (also known as EULER LOAD) is when n = 1, thus



IDEAL COLUMN (cont)

• Smallest value of P (also known as EULER LOAD) is when 

n = 1, thus

• column will buckle about the principal axis of the cross 

section having the least moment of inertia

• For design purposes, the above equation can also be 

written in a more useful form by expressing 

• Corresponding stress is

• Where r = √ (I/A) is called ‘radius of   gyration’ 

• (L/r) is called the ‘slenderness ratio’

2

2

L

EI
Pcr


=

( )

2

2
;

/
cr cr Y

E
where

L r


  = 

2I Ar=
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Case 2. Cantilever Strut. One end fixed and the other free

2

2

E L4
EIP =

Le=2L
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Case 3. Fixed at both ends

L

pin

Pcrit

Le=0.5L
L

2

2

E L
EI4P =

Le=0.5L
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Case 4. One end fixed the other pinned

L

pin

Pcrit

Le=0.7L
L

2

2

E L
EI042.2P =

Le=0.7L
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Theoretical Effective Lengths

2L

Le=L Le=L/n Le=2L Le=0.5L Le=0.7L

L

L/n

0.5L

0.7L

B

A
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CRITICAL  STRESS

2

2

E L
EIP =

2

2

E
E


=

 - Slenderness ratio , depends on geometrical parameters
r
eL

λ=

Le = Effective  length of the strut

r = radius of gyration,

A

I
r=

Column will buckle about the principal axis of the cross section having the least 

moment of inertia

It is a measure of the column’s flexibility, and serves to classify columns as long, 

intermediate, or short.
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Example 1 

Calculate the capacity of a 4 m steel column for 2 cases:

1.Fixed supports at both ends

2.Simply supported at both ends

Given I = 9500x104 mm4 and E = 210 kN/mm2
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Solution

1.Fixed supports at both ends

2

2

2 4

2

4
2

2 2

210 9500 10

2000

L
Le

EI
F

L

F





= = =

=

  
=

= 49224.65kN
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2. Simply Supported

2

2

2 4

2

4

210 9500 10

4000

Le L

EI
F

L

F





= =

=

  
=

=12306.16kN



EXAMPLE 2 

The A-36 steel W200 X 46 member shown below is to be used 

as a pin-connected column. Determine the largest axial load it 

can support before it either begins to buckle or the steel yields.

Given 2 6 4 6 45890 mm , 45.5 10  mm , 15.3 10  mmx yA I I= =  = 

250  200Y MPa E MPa = =



EXAMPLE 2 (cont)

• By inspection, buckling will occur about the y–y axis.

• When fully loaded, the average compressive stress in the column is

• Since this stress exceeds the yield stress,

Solutions

2N/mm 5.320
5890

10006.1887
=


==

A

Pcr
cr

( )( )( )
42 9 62

2 2

200 10 15.3 10 1/1000
1887.6 kN

4
cr

EI
P

L

  
= = =

250 1472.5 kN (Ans)
5890

P
P=  =

In actual practice, a factor of safety would be placed on this loading



ECCENTRIC LOADING OF 

COLUMNS



ECCENTRIC LOAD LOADING – THE SECANT FORMULA

• For design of a column subjected to eccentric load, 

consider the moment-curvature equation

• or
𝑑2𝑣

𝑑𝑥2
+ 𝜆2𝑣 = −𝜆2𝑒 where 𝜆2 =

𝑃

𝐸𝐼

The solution is

• Since 𝑣 = 0 at 𝑥 = 0, so 𝐶2 = 𝑒; 

• at 𝑥 = 𝐿, 𝑣 = 0

• So, 𝐶1 =
𝑒 1−cos 𝜆𝐿

sin 𝜆𝐿

𝐸𝐼
𝑑2𝑣

𝑑𝑥2
= 𝑀 = −𝑃 𝑒 + 𝑣

𝑑2𝑣

𝑑𝑥2
+

𝑃

𝐸𝐼
𝑣 =

𝑃

𝐸𝐼
𝑒

( ) ( ) exCxCv −+=  cossin 21



ECCENTRIC LOAD LOADING – THE SECANT FORMULA

1 − cos 𝜆 = 2 sin 2
𝜆𝐿

2

and

sin 𝜆 = 2 sin
𝜆𝐿

2
cos

𝜆𝐿

2









=

2
tan1

L
eC



Since

We have;

( ) ( )tan sin cos 1
2

L
v e x x


 

  
= + −  

  

Hence;



SECANT FORMULA (cont)

Due to symmetry of loading, both the maximum deflection & 

maximum stress occur at the column’s midpoint. Therefore, at 

𝑥 = 𝐿/2

Note: A nonlinear relationship occurs between the load P and 

the defection 𝑣. As a result, the principle of superposition 

does not apply here.

( )max 2
sec 2 1

x L
v e L

=
= −  



sec
𝑃𝑐𝑟
𝐸𝐼

𝐿

2
= ∞

𝑃𝑐𝑟
𝐸𝐼

𝐿

2
=
𝜋

2

𝑷𝒄𝒓 =
𝝅𝟐𝑬𝑰

𝑳𝟐

Notice that if 𝑒 approaches zero, then v𝑚𝑎𝑥 approaches zero.

However, if the terms in the brackets approach infinity as e

approaches zero, then v 𝑚𝑎𝑥 will have a nonzero value.

Mathematically, this would represent the behavior of an axially

loaded column at failure when subjected to the critical load P𝑐𝑟

Therefore, to find P𝑐𝑟 we require

SECANT FORMULA (cont)



SECANT FORMULA (cont)

Maximum moment occurs at the column’s midpoint, i.e

max

2

max 2

sec
2

Or,  1 sec
2

P Mc P Pe c L

A I A I

I
noting that r

A

P ec L P

A r r EA






  
= + = +  

 

=

   
= +        

( ) 







=+=

2
or    max

L
PeMvePM



𝑒𝑐

𝑟2
=  eccentricity ratio

This expression is referred to as the secant formula



EXAMPLE 3

The W200 x 59 A-36 steel column shown is fixed at its base 

and braced at the top so that it is fixed from displacement, yet 

free to rotate about the y–y axis. Also, it can sway to the side in 

the y–z plane. Determine the maximum eccentric load the 

column can support before it either begins to buckle or the steel 

yields. 𝜎𝑌=250MPa





EXAMPLE 3 (cont)

• For y–y axis buckling, it is subjected to an axial load P.

the effective length factor is for fixed-pinned ends is Le =KL = 0.7X4000

• so

• For x–x axis yielding, it is subjected to

an axial load P and moment M.

Solutions

( )

( )

2

6 3

1 sec
2

1.895 10 1 2.598sec 1.143 10

419368 N 419.4 kN   (Ans)

x x x
Y

x x

x x

x

KLP Pec

A r r EA

P P

P



−

  
= +   

   

  = + 
 

= =

𝑃𝑐𝑟 𝑦 =
𝜋2𝐸𝐼𝑦

𝐿𝑒 𝑦
2 =

𝜋2 200 × 103 20.4 × 106

28002
= 5136 kN

Since this value (419.4kN) is less than 5136kN, failure will occur about the x–x axis.
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