DEFLECTION OF BEAMS

v Determine the deflection and slope at specific points on beams
and shafts, using various analytical methods including:

» The integration method
»  The use of discontinuity functions
»  The method of superposition

v Determine the same, using a semi-graphical technique, called the
moment-area method.



APPLICATIONS




ELASTIC CURVE

The deflection diagram of the longitudinal axis that
passes through the centroid of each cross-sectional
area of the beam is called the elastic curve, which is
characterized by the deflection and slope along the
curve




ELASTIC CURVE (cont)

 Moment-curvature relationship:
— Sign convention:

+M(>§§<)+M i k@{) i

Positive internal moment Negative internal moment
concave upwards concave downwards
(a) (b)
P, P, P
@ 4l - l | D (a) A l ' )M
g — : ; ;
o C E — v D C

(b) ‘ x (b)

x
Moment diagram / Moment diagram

c
( ) B AE D (c) A | /T A('
c /
AA—IV'/_O_M— N 140
v E Inflection point D
A Inflection point

Elastic curve Elastic curve



ELASTIC CURVE (cont)

Consider a segment of width dx, the strain in fibre are
ds, located at a position y from the neutral axis is € =
(ds’ — ds)/ds. However, ds = dx = pd® and ds’ = (p-Y)
d6,andsoe=[(p—y)dO—pdO

P
1 E lm l /M_v
—=_= _\g%i “
Py ==

Comparing with the Hooke's Law
¢ = 0o/ E and the flexure formula

o = -Myl/l —
p| \p
s -ds'
y dx

1_
p

2=

(b)



SLOPE AND DISPLACEMENT BY INTEGRATION

 The equation of the elastic curve is defined by the
coordinates v and x. To compute the deflection v =
f(x), we must be able to represent the curvature (1/p)
In terms of v and x.

« Kinematic relationship between radius of curvature p
and location x:
1 d*v/dx?
p - [1+ (dv/dx)?]3/?

« Then using the moment curvature equation, we have

M _ 1 d¥d  d*
ElL o e (dv/dx)p [ dX




SLOPE AND DISPLACEMENT BY INTEGRATION
M d?v
El ~ dx?

« The equation can also be written in two alternative forms

 Differentiate each side with respect to x and substitute V' =

dM /dx
d d?v
dx (E’ 5) = V)

 Differentiating again, usingw = dV /dx

d? d?v
dx?

El —) = w(x)

dx?



SLOPE AND DISPLACEMENT BY INTEGRATION

«  Flexural rigidity (ET) is constant along beam, thus

4

1
E]— =
T w(x)

d3v
Elﬁ - V(X)
2

1))
EFl— =M
dxz (x)

« Solution of any of these equations requires successive
Integrations to obtain v.



SLOPE AND DISPLACEMENT BY INTEGRATION

(cont)
 Boundary Conditions: v=0
Roller
e

D S—

— The integration constants can be

determined by imposing the boundary o
conditions, or
e
v =0
— Continuity condition at specific locations Roller

* Note, if the beam is supported by a roller or pin, .

then it is required that the displacement be zero

at these points. _—

0
0
en

0
v
Xe

d

« At the fixed support, the slope and displacement -
are both zero.

d



SLOPE AND DISPLACEMENT BY INTEGRATION
(cont)

e Signh convention:
() } Yo
+V +V

Positive sign convention

(a)
v O’
o v
0 Elastic curve . Tp
+p Elastic curve +p
ds deo

\ 1o do ds

+dv T = iy, ) do
+v ~
| X T +v
5
E Fdx- ~dx +x
Positive sign convention Positive sign convention

(b) (©)



The cantilevered beam shown below is subjected to a vertical
load P at its end. Determine the equation of the elastic curve.

EI i1s constant.

—- — X

Vy 7 \
A Elastic curve

L




EXAMPLE 1 (cont)

Solutions
« Elastic Curve: shown in the Question figure

Moment Function: From the free-body diagram, with M acting in the
positive direction, we have

M =—-Px

Slope and Elastic Curve

Applying EI% = M(x) and integrating twice yields

Px
E1v=_T+C1x+C2 (3)




EXAMPLE 1 (cont)

Solutions

« Using the boundary conditions dv/dx = Oatx = Landv = Qatx

L, equations 2 and 3 become

0=—T+C1

3
O:—i+C1L+C2
6

_pU _PU

= C, and C, =

« Substituting these results, with 8 = dv/dx, we get

P
QZE(LZ —xz)

P
Elastic Curve Eqn: V= a(— x° +3L°x — 2L3) (Ans)




EXAMPLE 1 (cont)

Solutions
« Maximum slope and displacement occur at for which A(x = 0),

2
o, PL
2El

PL°

Vo= _BE (5)

(4)

If this beam (L = 5 m; Load; P = 30 kN) was designed without a factor of

safety by assuming the allowable normal stress is equal to the yield
stress is 250 MPa; then a W310 x 39 would be found to be adequate

(I = 84.4(10%mm*)

*n = 20044007
_30(5)(2000)"
"4~ " 3200]84.4(10°]]

2 2
30(5)°(1000) =0.0222rad

=—74.1mm




EXAMPLE 2

The simply supported beam shown below supports the
triangular distributed loading. Determine its maximum
deflection. El is constant.




EXAMPLE 2 (cont)

Solutions

* Due to symmetry only one x coordinate is needed for the solution,

0<x<L/2 2w>

2W,
« The equation for the distributed loading is W= T X,

\
i\
]

\
\
\
\
\

< €«—

e Hence

¥ y B\l

1
W | =

A‘« —_
=

3
h

+> Mu=0 M+

—~
=
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EXAMPLE 2 (cont)

Solutions
« Integrating twice, we have

&:
Elv= —ﬂx
60L

For boundary condition,

e v=0,x=0 and
e dv/dx=0,x=1L/2

SwyL?

192
0



EXAMPLE 2 (cont)

Solutions
e Hence
Eryo_ Wo 5 Wol 5w, L’

+—2=x" - X
60L 24 192

* For maximum deflectionatx = L/2,

4
~ WL

120El

max




DISCONTINUITY FUNCTIONS

A simplified method for finding the egn of the elastic curve
for a multiple loaded beam using a single expression,
formulated from the loading on the beam , w = w(x), or

the beam’s internal moment, M = M(x) is discussed
below.

Discontinuity functions
Macaulay functions

Such functions can be used to describe distributed
loadings, written generally as

. 10 forx<a
(x —a) _{(x—a)" forx =>a

n=0



Macau

x re
the

als

DISCONTINUITY FUNCTIONS

ay functions
presents the coordinate position of a point along

peam
the location on the beam where a “discontinuity”

occurs, or the point where a distributed loading begins

Integrating Macaulay functions, we get

(x _ a>n+1

J(x—a)"dx= + C

The

n+1

functions describe both uniform load and

triangular load.



USE OF CONTINUOUS FUNCTIONS

« Macaulay functions

Loading Loading Function Shear V = f w(x)dx Moment M = f Vdx
w = w(x)
M,
LY
' =Y w = My(x—a)? V=My(x—a)™! M = My(x—a)"®
— )y 0 0 0
]

tP
w = P(x—a)"! V = P(x—a)® M = P(x-a)'
|

mm_ﬁ“o
e w = wy(x—a)" V = wy(x—a)' M= %(x—a)z
]
slope = m
w=m(x—a)' V= %(x—a)z M = %(x—a):‘




USE OF CONTINUOUS FUNCTIONS

« Macaulay functions

. |0 forx<a
.
(x—a)" forx>a

n=a

« Integration of Macaulay functions:

n+1
j(x—a)ndx: (x-2) +C
n+1



USE OF CONTINUOUS FUNCTIONS (cont)

e  Singularity Functions:

If'
H ln,:g « Concentrated force P (+ve upwards) can be considered a
| special case of a distributed loading having an intensity of
% 1 w = P/ewhen its length e - 0

0 forx=a

. ! w=P(x-a)" =

- ‘ |
a |

P forx=a

Similarly, a couple moment M, considered positive

o, o, clockwise, is a limit as e — 0 of two distributed
' H e @ loadings

! L, [0 forx=a

L M, forx=a

.




USE OF CONTINUOUS FUNCTIONS (cont)

 Note: Integration of these two singularity functions
yields results that are different from those of Macaulay
functions. Specifically,

I(x — a>ndx =(x-a)"" ,n=-1-2



EXAMPLE

The following example shows us of how to use discontinuity
functions to describe the loading or internal moment in a
beam

6 kN/m
3 kN/m
1.5 kN-m
Y
Al as :o! B
- 3m -- 3m -




EXAMPLE

* Reactive force is 2.75-kN on roller acts upwards
« 1.5-kN/m couple moment is also positive since it acts

clockwise.
« Trapezoidal loading is negative and by superposition has

been separated into triangular and uniform loadings.

~ 3kN/m

— 2
1.5 kN'm = '3 kN/m

m




EXAMPLE

« The loading at any point x on the beam is therefore

w=275kN(x —0)'+ 15kN-m{x —3m)? - 3kN/m(x —3m)” — 1kN/m*(x — 3m)"

I I f I

w= P(x—a)™! w = My(x—a)~? W= wﬂ(-r_ﬂ)ﬂ w = J’H(I—ﬂ>1

3 kN/m
m =

= 1 kN/m?
3m jm

) m3kN/m
| 1.5kNm¢ i ¢ i i i i ¢3kN/lr3n

1‘73m =!= ?,m—f_'>

2.75 kN (b) B,




EXAMPLE

* Moment expression can also formulated in similar manner

3kN/m 1 kN/m?

M=275kN{(x —0)! + 1.5kN-m{x — 3m)°? — 5 (x —3m)? — ;
I I f I
M = P(x—a)! M = M,y(x—a)"° M = ?(I—ﬂ)z M= -2
M =275+ 15(x - 3)0 — 15(x - 3)2 =  (x - 3)°
m:31;11<m %wwm
15kN;1HHHH3kN/m

X

It—sm i 3m_f_>

2.75 kN (b) B,

(x —

3m)°



EXAMPLE

« The deflection of the beam can now be determined after this equation
IS Integrated two successive times

« Constants of integration are evaluated using the boundary conditions
of zero displacement at A and B.



EXAMPLE 3

Determine the maximum deflection of the beam shown in Fig.
below. El is constant.

120 kN-m

Em— )
|




EXAMPLE 3 (cont)

Solutions

 The beam deflects as shown below. The boundary conditions require
zero displacement at A and B.

120 kN-m

I D
|

10 m

« The loading function for the beam can be written as

W=—8(X— O>_1 +6(x —1O>_1




EXAMPLE 3 (cont)

Solutions
« Integrating, we have

V =-8(x—0) +6(x-10)"

In a similar manner,
M =-8(x—0) +6(x—10)

= (—8x+ 6<x—10>1)kN m

Integrating twice yields

2

v
— 1
Elw— —8X+6<X— 10)

dv
El— = —4x? + 3{(x — 10)* + C;
dx

4
Elv = —§x3 +{(x—103+Cix+C, (1)




EXAMPLE 3 (cont)

Solutions

From Eq. 1, the boundary conditionv = Oatx = 10mandatx =30m
gives

0=-1333+(10-10)’ +C,(10)+C,
0=-36000+(30-10)° +C,(30)+C,
= C, =1333and C, = -12000

dv

Bl =—4x" +3(x ~10)" +1333 (2)
X

Elv= —gx?’ +(x—10) +1333x~12000 (3)




EXAMPLE 3 (cont)

Solutions
« To obtain the displacement of C, setx = 0in Eq. 3.

13000

.3
7 kN - m® (Ans)

Ve = —

« The negative sign indicates that the displacement is downward

 Tolocate point D, use Eq.2 with x > 10and dv/dx = 0,

0=—x2 +3(x, —10)" +1333
X2 +60x, —1633=0
Solving for the positive root, x, =203 m




EXAMPLE 3 (cont)

Solutions
Hence, from Eq. 3,

Elv, = —g(zo.s)?’ +(20.3-10)’ +133320.3)-12000

v[):%skN-m3

« Comparing this value with v, we see thatv,,, = v,.




EXAMPLE 4

Determine the equation of the elastic curve for the cantilevered
beam shown below. El is constant.

8 kN /m Ll

LIy hokem Y

B I L —
5m -~ 4m——l

(a)

.




EXAMPLE 4 (cont)

Solutions

The boundary conditions require zero slope and displacement at A.

The support diagram reactions at A have been calculated by statics and

are shown on the free-body,

258 kN-m

8 kN/m

12kN

A

52kN S0 kN'm

5Sm

&R u",,uummm
B TITITTAC

8 kN /m
4 m

w=52(x —0)"1 —258(x — 0)~?

(b)

— 8(x —

0)~% + 50(x —

5)72 + 8(x —

5)°



EXAMPLE 4 (cont)

Solutions
* Since dV/dx =-w(x)and dM /dx =V

V =52(x-0)’ ~258(x—0) " ~8(x~0) +50(x~5) " +8(x~5)
M =-258(x—0) +52(x~0) —%(8)<x—0>2 +50(x-5) +%(8)<x—5>2
= (- 258+ 52x— 4’ +5o<x-5>°)+ 4(x~5)" kN-m

* Integrating twice, we have

2
El % = —258+52x—4x +50(x—5)" +4(x—5)’
dv

£1 &Y~ 58y 4 26x2 — 2 +50<x—5>1+ﬂ<x—5>3 +C,
dx 3 3

Elv =-129x* +%x3 —%x“ +25(x—5)° +%<x—5>4 +Cx+C,




EXAMPLE 4 (cont)

Solutions
« Sincedv/dx=0,x = 0,C; = 0;andv = 0,C, = 0. Thus

1 26

e 2_3_}4 _2}_4
V_EI( 129x° + ; X 3x +25(x —5) +3(x 5) jm (Ans)




METHOD OF SUPERPOSITION

 Necessary conditions to be satisfied:
1. The load w(x) is linearly related to the deflection

v(x),
2. The load is assumed not to change significantly the
original geometry of the beam.

 Then, itis possible to find the slope and displacement
at a point on a beam subjected to several different
loadings by algebraically adding the effects of its
various component parts.



MOMENT AREA METHOD

Theorem 1:

 The angle between the tangents at any two points on
the elastic curve equals the area under the M /EI
diagram between these two points.

d?v d (dv
El—=FEl[—|—|=M

dx? dx \ dx
. M
« Since 8 = dv/dx, so d@:(ajdx
« Therefore B
! M
G, ., =|—dx
B/A I EI



MOMENT AREA METHOD (cont)

Theorem 1 (cont):
« This equation forms the basis for the first moment-area

theorem
Al
v A - By 5
o L dx M
d ‘95 IA — —adX
A El u
t_'l_ﬁ_é ta_n—,:l

Elastic curve

(a) A *| de B

E—]V; Diagram
(©)

The angle, measured in radians, between the tangents at any two points on
the elastic curve equals the area under the M/EI diagram between these two
points.



MOMENT AREA METHOD (cont)

Theorem 2:

« The vertical deviation of the tangent at a point (A) on the
elastic curve with respect to the tangent extended from
another point (B) equals the moment of the area under the
M/EI diagram between these two points (A and B). This
moment is computed about point (A) where the vertical
deviation (tA/B) IS to be determined

m;rm”m

[
(2

RS

I

B ;
A _A_ [;A—/; Diagram
0B/A .

tan B Elastic curve tan A ©

(a)

-0



MOMENT AREA METHOD (cont)

Theorem 2 (cont):
« The vertical deviation of the tangent at A with respect to
the tangent at B Is

El .
e Then, n
B
M N
t = X | —dXx A . _|B *
A/B EI o Al

« Where x iIs the location of the centroid of the shaded
area [ (M/EI) dx between A and B



MOMENT AREA METHOD - SUMMARY

* Theorem 1 is used to determine the angle between any
two tangents on the elastic curve and Theorem 2 to
determine the vertical distance between the tangents

* Anpositive 5,4 represents a counterclockwise rotation
of the tangent at B with respect to the tangent at A

* Anpositive tg,, Indicates that B on the elastic curve
lies above the extended tangent from A.



EXAMPLE 5

Determine the slope of the beam shown in Fig. below at point B.
El Is constant.




EXAMPLE 5 (cont)

Solutions
« M/EI diagram will be drawn first (Fig. b).

A

_PL
EI

The force P causes the beam to deflect as shown in Fig. c.

By the construction, the angle between tan A and tan B is equivalent to
HB/A, where

Op = HB/A

Using moment-area theorem,

1 PL) PL?

L = ———— (Ans)

EI 2E]

« The negative sign indicates that the angle measured from the tangent at A to the
tangent at B is clockwise. This checks, since the beam slopes downwards at B.




EXAMPLE 6

Determine the displacement of points B and C of the beam
shown in Fig. below. El is constant.

A B C )Mo
) 1. L |
| 2 |
(a)
Solutions
L L
9 2 | tan B tan A

C

L
(b)

|A Ip/a = Ap
B tcja=Ac
(c)
C
tan C




EXAMPLE 6 (cont)

Solutions

« The required displacements can be related directly to the vertical
distance between the tangents at B and A and C and A.

Vg =1tga V¢ =T1cya

Applying Theorem 2,

vo=tosn = (5)[(~32) (3)] = "o cans

We must determine the moment of the area under the entire % diagram
from A to C about point C (the point on the elastic curve).

Ve = teja = (%) [( )( )l T




EXAMPLE 6 (cont)

Solutions

« Since both answers are negative, they indicate that points B
and C lie below the tangent at A.

« This checks with Fig. c.

| tan B tan A

|A s = Ap
B tc/a=Ac
(c)
Cc

tan C

Vp =1lgja 5 V¢ =1tc/a




STATISTICALLY INDETERMINATE BEAMS AND
SHAFT

 Definition:

A member of any type is classified statically
iIndeterminate if the number of unknown reactions
exceeds the available number of equilibrium
equations, e.g. a continuous beam having 4 supports




STATISTICALLY INDETERMINATE BEAMS (cont)

Strategy:

« The additional support reactions on the beam or shatft
that are not needed to keep it in stable equilibrium are
called redundants. It is first necessary to specify those
redundant from conditions of geometry known as
compatibility conditions.

 Once determined, the redundants are then applied to
the beam, and the remaining reactions are determined
from the equations of equilibrium.



EXAMPLE 1 - USE OF THE INTEGRATRION METHOD

The beam is subjected to the distributed loading shown in Fig.a.
Determine the reaction at A. El is constant.




EXAMPLE 1 (cont)

Solutions

The beam deflects as shown in Fig. a. Only one coordinate x is needed.

 The beam is indeterminate to the first degree as indicated from the free-
body diagram, Fig. b using a redundant force A,

3
M = x—%wox—

L

* Applying Moment function equation:

d?v
ax?




EXAMPLE 1 (cont)

Solutions

 The 3 unknowns 4,, C; and C, are determined from the boundary
conditions

d?v 1 x3
a El—=A,x—-w,—
=0 v = dx? y 6 9L

= L, dv/dx = 0 b B =1a 2Ly X4
' dx 27 24 0 L 1
=L v=20

c. Elv= lAyx3 !
6

120 WOT + Clx + CZ

* Applying these conditions yields,
X=0, v=0; 0=0-0+0+C,

dv 1 1
Xx=L, —=0: O=—AL2—-—w,L*+C
dx 2Ay 24 ° .

1 1
x=L, v=0: 0O==AL-——wL*'+C,L+C
6Ay 120 ° e

1
=—w.,L (Ans
0% (Ans)

« Solving, 1
C,=——w,° C,=0
120




USE OF THE METHOD OF SUPERPOSITION

Procedures:

Elastic Curve

Specify the unknown redundant forces or moments that
must be removed from the beam in order to make it
statistically determinate and stable.

Using the principle of superposition, draw the
statistically indeterminate beam and show it equal to a
sequence of corresponding statistically determinate
beams.



USE OF THE METHOD OF SUPERPOSITION
(cont)

Procedures:
Elastic Curve (cont)

« The first of these beams, the primary beam, supports
the same external loads as the statistically
Indeterminate beam, and each of the other beams
“added” to the primary beam shows the beam loaded
with a separate redundant force or moment.

« Sketch the deflection curve for each beam and indicate
symbolically the displacement or slope at the point of
each redundant force or moment.



USE OF THE METHOD OF SUPERPOSITION
(cont)

Procedures:
Compatibility Equations

« Write a compatibility equation for the displacement or
slope at each point where there is a redundant force or
moment.

- Determine all the displacements or slopes using an
appropriate method (integration, Macaulay, or Moment
Area method).



USE OF THE METHOD OF SUPERPOSITION
(cont)

Procedures:
Compatibility Equations (cont)

« Substitute the results into the compatibility equations
and solve for the unknown redundant.

« |f the numerical value for a redundant is positive, it has
the same sense of direction as originally assumed.
Similarly, a negative numerical value indicates the
redundant acts opposite to its assumed sense of
direction.



USE OF THE METHOD OF SUPERPOSITION

(cont) lp
Procedures: A .
L L ,
[ 2 | 2 |
Actual beam
Equilibrium Equations @
Il
« Once the redundant forces and/or i’
moments have been determined, / e T
the remaining unknown reactions - L %ét
can be found from the equations of Redundant By semoved
equilibrium applied to the loadings . ;
shown on the beam’s free body T
diagram. . }
| ' 1
O — _vB _I_ V’B Only redundant B, applied B
(c)
From Literature; _Sp L X i
Ffom Literature, UB_48EI Vpg= 3E] /:H |
M, L L ?
2 2 5

5 . A 11, _ 3 |
By:1_6P’ Thus Ax—O, Ay—EP, MA_16PL (d) 16



DEFLECTIONS TABLES OF STANDARD BEAMS

Simply Supported Beam Slopes and Deflections

Beam Slope Deflection Elastic Curve
—PI =+ 5
" = 372 — 4x7)
—PI2 -PI? v (
'Bmu.t = Umax = o WEL
16ET 48ET
D=x=1L/2
o = —Pab(L + b) _ —Pbx 12 B
' 6EIL ~Pba s o "= 6L v)
v = L - b —a
. iy ) Pab(L + a) v 6EIL" ) .
p— L B =x =
L ] 2 6EIL =
T i . ~M,L —MyL2
1= v = _
o B My 6EI " N243E1 . Mu"u_: S
x g = MiL 0s 6EIL
> = 35T at x = 0.5774L
=
L »
0 _ —wi? B —5wl? WX 4 2L + I3
x max = J4E] Vmax = 384ET Y= 24l ! )
EJmam Umax
| " L% = (16x% — 24L® + 9L
| w , gy =k Ul _ia  T6SEI T A r )
s 128E1 0=x=1/
X ? L}
1 W 4
L% L = _ wi _ —wlL 1 =
F?+34_| IRAET Vmax 0.006563—}___" v 38451[81_ 24Lx
+17L%x - L?)
at x = 0.4598L Li2=x <L
—TwoL? wol?
8, = L Vpar = —0.00652—
360E1 El — WX .
v = (3x — 10L%x* + 7LY)
wol? 360EIL
) ] 8, = at x = 0.5193L
| L 45E1




Cantilevered Beam Slopes and Deflections

DEFLECTIONS TABLES OF STANDARD BEAMS

Beam Slope Deflection Elastic Curve
=f#¥iE =L —Px
bmax = S £ Fus = “3ET »="ggr CL )
| 1 - v = =i [;L = .r} b=x=Lf
Wi -pPL? —5pL? S
t. X 8]'I'Il.i): = SEI Ul'I'IZIX = 43Ef PLJ
- L . L o p— 1 7=y =
i —r il V= (3x-1L) L2=x=1L
v
w
i . i I v= _W"'J(E — 4Lx + 6L2)
7 " BET " 8EI 24EI ’
=0
I L ‘x\?— max
"
;}'amn
...H-_Eﬂ")_\}[ Ft . ML ML’ My
‘ Mg e mx T Ed o= = OET © 2E1
| L |
v - —wx’ 2 3.2
w Y= SAFT [.r 2L.1+2L:]
Umax
- _ —wl? _ —TwL? 0=x=1LJ2
L L = } ) Bmax - 48ET Vmax = IR4ET —].-',’L"
3= —— f
—5—T—3 _.I o) - v 19E] (4x — L/2)
ILj2=x=L
P O L“‘F(m.‘_-‘ — 10L% + SLx® — x%)
max T 24E[] mx T 30E] 120ETL T




EXAMPLE 2

Determine the reactions at the roller support B of the beam
shown in Fig. below, then draw the shear and moment
diagrams. El is constant.

8 kN
= lom-——— 6 kN/m

L YYYYYVY ++++++++B

(a)

2

% A -
.' R
B 3 o
| m |

Actual beam




EXAMPLE 2 (cont)

Solutions

« By inspection, the beam is statically indeterminate to the first degree.

« Taking positive displacement as downward, the compatibility equation at
Bis

8 kN
— _\/ F—L5m—= 6 kN/m
(+¢) 0=Vg Vg (1) 'mmwmum

A .
I 3m l

« Displacements can be obtained from tables.

Actual beam

I
WL4 5PL® 83.25kN-m’ ope
Vg = ~L

1.5m 6 kN/m
8EI 48E1 EI RTI111T1 HHHHII

p——3m ——+B
3 Redundant B, removed

+
B
/lIvﬁg

Only redundant B, applied !




EXAMPLE 2 (cont)

Solutions
« Substituting into Eq. 1 and solving yields

8 kN

16.75 kN |
:83'25_98y AAAAAA2AA2A22227

El El @ =
B, =9.25kN

0

11.25kN-m~ 1.5 m |
V (kN)

16.75

(¢) M (kN-m)




Determine the moment at B for the beam shown in Fig. below.
El is constant. Neglect the effects of axial load.

9 kN/m

YYVYVYVY
;—2 m———2m 4»

Actual beam

B

(a) A



EXAMPLE 3 (cont)

Solutions

» Since the axial load on the beam is neglected, there will be a vertical
force and moment at A and B.

9 kN/m
2222212

Referring to the displacement and slope at B, +—2m

) Actual beam
we require :

9 kN/m

22222117

< (+) 0= HB + QIB + HIIB (1) Tg
Zm*’}‘—ZmQ s

(+»L) 0= Up + U'B Sl v''B (2) )
Redundants Mz and B, removed

-

B 408

- 4 m -B O

Only redundant B, applied

Only redundant My applied




EXAMPLE 3 (cont)

Solutions
« Use standard beam deflections to calculate slopes and displacements,

wl®  12kN-m®
9 j— pr—
®  48E| El )
7wl 42KkN-m°
Vg = _ J
384E]| El

'y = PL _SBy)

2ElI  EI
3 21.33B
v PL® _ o
3E| El
ML 4M
Hl' o p— B
= El )
. ML* 8M, .

V = =
° 2EI El




EXAMPLE 3 (cont)

Solutions

Substituting these values into Egs. 1 and 2 and cancelling out the
common factor El, we get

€ (+) 0=12+8B, +4M,
(+4)  0=42+21.33B,+8M,

« Solving these equations simultaneously gives

B, =3.375kN
My =3.75kN-m (Ans)




USE OF THE MOMENT-AREA METHOD

Procedures:

Construct separately the M/EI diagrams for each
applied force or moment, and each redundant as well.

Then use the method of superposition and apply the
two moment area theorems to obtain the proper
relationship between the tangents on the elastic curve
In order to meet the conditions of displacement and/or
slope at the supports of the beam or shatft.

Note: If the two end-moments 20kN.m are redundants,
they remain as unknown in the M/EI diagram



USE OF THE MOMENT-AREA METHOD (cont)

Procedures:
4kN/m SkN
13kN
Ti v v vy y~30kNm i
( | ) |
if‘ e |
58 KN-m | 2m——p——2m—
Il
4 kN/m
8 kN

8 kN'm
+
S30KN'm
ﬂA ) |
30 kN-m i S
+

20 kN-m 4m

Superposition of loadings

(a)

M (kN-m)
2 4
1
-10
—40
—58 I
M (kN-m)
2 4
/——I f
-8
+
M (kN-m)
2 4
=30
+
M (kN-m)
2 4
! I
-20

Superposition of moment diagrams

(b)

x (m)

x (m)

x (m)

x (m)



EXAMPLE 4

The beam is subjected to the concentrated force shown in Fig.
below. Determine the reactions at the supports. El is constant.




EXAMPLE 4 (cont)

Solutions

« The free-body diagram is shown in Fig. b.

Using the method of superposition, the separate M/EI diagrams for the
redundant reaction B, and the load P are shown in Fig. c.

The elastic curve for the beam is shown in Fig. d.




EXAMPLE 4 (cont)

Solutions
* Applying Theorem 2, we have

B [

Using this result, the reactions at A on the free-body diagram, Fig. b, are

+— > F, =0 A =0 (Ans)
+T > F, =0 ~ A, +25P-P=0= A =15P (Ans)
€+M,=0; ~M, +25P(L)=P(2L)=0= M, =0.5PL (Ans)




