SHEAR STRESS DISTRIBUTION

IN BEAMS and COMBINED
LOADINGS

Objectives

DN N NN

Determine shear stress in a prismatic beam
Determine the shear flow in a built-up beam
Determine the shear flow in thin-walled beam
Determine the shear centre of a cross section
Determines stresses from combined loadings



SHEAR IN A STRAIGHT BEAM

« Transverse shear stress always has its associated
longitudinal shear stress acting along longitudinal
planes of the beam.

Transverse
shear stress
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shear stress




SHEAR IN A STRAIGHT BEAM (cont)

Effects of Shear Stresses:

Boards bonded together
(b)

Boards not bonded together

(a)
Nonuniform shear-strain distribution will cause the cross

sectiontowarp  ________ ‘

(a) Before deformation

(b) After deformation



SHEAR IN A STRAIGHT BEAM (cont)

Note:
1. Warping” violates the assumptions of “plane section
remains plane” in flexure and torsion formula

2. However, “Warping” is negligible in “slender beam”
(small depth compared with its length)




SHEAR FORMULA
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SHEAR FORMULA
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SHEAR FORMULA

dM - |
NoteV = Also, the integral represents the moment of the area, A

dx  aboutthe neutral axis denoted by symbol Q.
Thus; Q:jydA':y'A'
2
V
Shear stress; 7= I—?
This equation is referred to as the shear formula

Although in the derivation we considered only the shear
stresses acting on the beam’s longitudinal plane, the formula
applies as well for finding the transverse shear stress on the

beam’s cross-section since these stresses are complementary
and numerically equal



VQ

Shear stress: 7= m

T = the shear stress in the member at the point located a distance y’ from
the neutral axis. This stress is assumed to be constant and therefore
averaged across the width t of the member

V = the shear force, determined from the method of sections and the
equations of equilibrium

| = the moment of inertia of the entire cross-sectional area calculated
about the neutral axis

t = the width of the member’s cross section, measured at the point where
T 1S to be determined

Q = y'A’, where A’ is the area of the top (or bottom) portion of the
member’s cross section, above (or below) the section plane where t is

measured, and y' is the distance from the neutral axis to the centroid of A’



SHEAR IN BEAMS

Rectanqular cross section

«  Shear —stress distribution is parabolic

—b = 0.5k —|
Width/depth
b/h ratio =0.5 N A
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b/h=0.5,7'__ isonly about 3% greater than the
shear stress calculated from the shear formula

For flat sections, e.g b/h =2,
T’ .« 1S about 40% greater than 7,



SHEAR IN BEAMS (cont)

Wide-flange beam

Shear-stress distribution is parabolic
but has a jump at the flange-to-web
junctions.

Limitations on the use of shear formula
. Not on cross sections that are short or flat

 Not at points of sudden cross sectional changes (e.g.
flange-to-web junction in wide flange beam)

 Not at a joint on an inclined boundary




A steel wide-flange beam has the dimensions shown in Fig.
a. If it is subjected to a shear of V = 80kN, plot the shear-

stress distribution acting over the beam’s cross-sectional
area




EXAMPLE 1 (cont)

Solutions
« The moment of inertia of the cross-sectional area about the neutral axis

| = [12 (0.015)0.2° )} /t—osoo o 'Of )

: |
A’ I8 T

+2[E(0.3)(0.023)+(0.3)(0.02)(0.112)}=155.6(1o6)m4 ] » it

N A

* For point B, t;. = 0.3m, and A’ is the dark | |
shaded area shown in Fig. c o

Q. = y' A=[0.11}0.3)(0.02) = 0.66(10°% ) m?

_VQ, _ 80{10° .66(10°)
BTy, 1556(10°)(03) o a




EXAMPLE 1 (cont)

Solutions .
* For point B, t; = 0.015m, and Qg = Qg',
3 | ' N
. 80(103)0_656(10 ) _oosmpa y
It - 155.6|10°° [0.015) :

(d)
* For point C, t- = 0.015m, and A’ is

the dark shaded area in Fig. d.

« Considering this area to be composed of two rectangles,

Q. =Xy’ A=(0.11)0.3)0.02)+(0.05)0.015)0.1) = 0.735(102 ) m?

. _VQ _ 80(10°)0.735)107)
Thus, 7. =7, = it. ~ 1556010 °J0.015) —25.2 MPa



EXAMPLE 1 (cont)

B', 7g = 1.13 MPa
} )
B
l \
C/.I / Tc =252 MPa
!
‘ \ 22.6 MPa
' Ne
1.13 MPa

* Note that the largest shear stress occurs in the web and is almost uniform
throughout its depth, varying from 22.6 MPa to 25.2 Mpa

* It is for this reason that for design, some codes permit the use of calculating
the average shear stress on the cross section of the web, rather than using
the shear formula; that is,

1% 80(10°)N

= — = = 26.7TMP
Tave Ay (0.015m) (0.2m) !




SHEAR FLOW IN BUILT-UP BEAM

« QOccasionally in engineering practice, members are “built
up” from several composite parts in order to achieve a
greater resistance to loads.

* An example is shown Below. If the loads cause the
members to bend, fasteners such as nails, bolts, welding
material, or glue will be needed to keep the component
parts from sliding relative to one another

« This loading, when measured as a force

per unit length of beam, is referred to as
) shear flow, g.*

« The magnitude of the shear flow is
8L obtained using a procedure similar to that
for finding the shear stress in a beam



SHEAR FLOW IN BUILT-UP BEAM

« Shear flow = shear force per unit length along longitudinal
axis of a beam.

VQ g = shear flow
-t V = internal resultant shear

| | = moment of inertia of the entire cross-sectional area

4

Q = y'A’, where A’is the cross-sectional area of the
segment that is connected to the beam at the

juncture where the shear flow is calculated, andy’
IS the distance from the neutral axis to the centroid

of A
/\d\'

M_ »
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SHEAR FLOW IN BUILT-UP BEAM (cont)

(a) (b) (c)

 The shaded segments connected to built-up beams by fasteners are
shown in Fig. above

 The shear flow here must be found at the thick black line, and is
determined by using a value of Q calculated from A’and y' indicated
in each figure.

» This value of g will be resisted by a single fastener in Fig. a, by two
fasteners in b, and by three fasteners in Fig. c.



Nails having a total shear strength of 40 N are used in a beam
that can be constructed either as in Case | or as in Case I, Fig.
below. If the nalils are spaced at 90 mm, determine the largest
vertical shear that can be supported in each case so that the
fasteners will not fail.

s =90 mm

Case 11




EXAMPLE 2 (cont)

Solutions

Since the cross section is the same in both cases, the moment of inertia
about the neutral axis is

= (30)50°)- 2{1—12 (10)40? )} — 205833mm

Case |

For this design a single row of nails holds the top or bottom flange onto
the web.

For one of these flanges,
Q=y'A=(225)30)5)=3375mm’

Vv

-0

40 _V(3375)

90 205833
V=271N (Ans)




EXAMPLE 2 (cont)

Solutions
Case ll

Here a single row of nails holds one of the side boards onto the web.
Thus,

Q=y'A=(225)10)5)=1125mm’ S mm

q= V—Q j[

40 v(1125)

90 205833 20 i N8
V =81L3N (Ans)




SHEAR FLOW IN THIN-WALLED BEAM

« Approximation: only the shear-flow component that acts
parallel to the walls of the member will be counted.

9

C

; .y
M OfB/r

> 3:M+dM
F
- V+dv S~
dF
dA" g S~F+idr
(a)
(b)

throughout flange
thickness since top
and bottom of
flange are

stress free

q assumed constant ~
throughout flange
(d) thickness (e)



SHEAR FLOW IN THIN-WALLED BEAM (cont)

* In horizontal flanges, flow varies linearly,

] :VIQ:V[dIZ]((IIJIZ)—x)t :\;tld (g_xj

* |In vertical web(s), flow varies parabolically,

VQ Vi[db_1fd?
L _|{2+2(4 yﬂ

54‘ .
|-—f.‘l—-|
# J'| #I—|_f_
A-H*d:r d t — | dy d




The thin-walled box beam in Fig. a is subjected to a shear of 10
KN. Determine the variation of the shear flow throughout the
Cross section.




EXAMPLE 3 (cont)

Solutions

- The moment of inertia is | =1—12(6)(8)3 —1—12(4)(6)3 =184 mm’

For point B, the area A=0 thus gz = 0.

Also, Q. = yA'=(35)5)1)=17.5cn?

Q=Y yA=2(2)1f4)=30cn?

For point C,

VQ. 10(75/2)
k=" "1

The shear flow at D is

=0.951kN/cm=91.5 N/mm

o = V?D = 10(354{ 2) =1.63kN/cm=163N/mm

I

(b)

10 mm

TE r—‘.(l man—|

+

N

Feg—rdl

10mm ' 40 mm

=50 mm

I
’ fi’) llllll

35 mm

-

(d)




SHEAR CENTRE

« Shear center is the point through which a force can be
applied which will cause a beam to bend and yet not twist.

« The location of the shear center is only a function of
geometry of the cross section and does not depend upon
the applied load.




SHEAR CENTRE

The reason the member twists has to do with the shear-flow distribution along
the channel’s flanges and web, Fig. b.

When this distribution is integrated over the flange and web areas, it will give
resultant forces of F; in each flange and a force of V = P in the web, Fig. c.

If the moments of these three forces are summed about point A, the unbalanced
couple or torque created by the flange forces is seen to be responsible for
twisting the member.

The actual twist is clockwise when viewed from the front of the beam, as
shown in Fig. a, because reactive internal “equilibrium” forces F; cause the
twisting.

In order to prevent this twisting and therefore cancel the unbalanced moment,
It Is necessary to apply P at a point O located an eccentric distance e from
the web, as shown in Fig. d. Point O is called the SHEAR CENTRE



SHEAR CENTRE (cont)

(c)

(d)

(GFrmax )y

(qm.u)n'

(.qmu )f

Shear-flow distribution

(b)




Determine the location of the shear center for the thin-walled
channel section having the dimensions shown in Fig. a.

o e
L




EXAMPLE 4 (cont)

Solutions

The cross-sectional area can be divided into three component
rectangles—a web and two flanges.

1 hY | th?
=2t pf 2| |21
PR {b(zﬂ 2

g at the arbitrary position X is

VQ

:

%+bj

V(h/2)b-xk  V(b—x)

Hence, the force is

F, :lj)qu:
0

vV

h|(h/6)+b]

Vb?

i(b_x)dxz 2h

[(7/6)+b]

| (t2/2](h/6)+b]  H(h/6)+D]

Shear flow distribution

(b)

(c)



EXAMPLE 4 (cont)

Solutions

¢ Summing moments about point A, Fig. c, we require

-, Vph T
Ve‘th‘zh[(h/6)+bJ N | D
. b2 .T-H-.:'It__
=3+ B Eﬁ

As stated previously, e depends only on the geometry of the cross
section.



The built-up beam is formed by welding
together the thin plates of thickness 5 mm.
Determine the location of the shear center O

200 mm

200

—|

mim

=35 mm

O

b
:

300 mm

T
100 mm

|

’lﬂﬂimm



EXAMPLE 5 Cont’d

Shear Center: Referring to Fig. a and summing moments about point A, we have

-3 I 3
w%’ (F;”)l Olm e
= , ¢ , %
A Il
@) | ()
CHE(Mg)y = ZMy; —Pe = —(F,),(0.3)
_ 0.3(F,) Eqg. (1)
TP

Section Properties: The moment of inertia of the cross section about the axis of symmetry is

I= %(0.0@5)(0.43) 4 %(0.005)(0.23) = 30(107%) m*



EXAMPLE 5 Cont’d

= (0.1 — 0.5s) m. Thus, Q as a function of s 1s

Referring to Fig.b,y" = (0.1 — 5) +

N | @

Q =y'A" = (0.1 — 0.55)(0.005s) = [0.5(107°)s — 2.5(107°)s*] m’

Shear Flow:

~ Vo P[05(107%)s — 25(10%) %)

= P(16.6667s — 83.3333s>
I 30(107°) ( ’ )

q
Resultant Shear Force:
0.1 m 0.1 m
(F,) =2 f qds = 2 / P(16.6667s — 83.333352)41’5 = 0.1111P
0 0

Substituting this result into Eq. (1),

e =0.03333 m =33.3 mm



STRESS CAUSED BY
COMBINED LOADINGS
« So far, we've determined the stress in a member

subjected to either an internal axial force, a shear
force, a bending moment, or a torsional moment.

* Most often, however, the cross-section of a member
will be subjected to several of these loadings
simultaneously, and when this occurs, then the
method of superposition should be used to
determine the resultant stress.

« The following procedure for analysis provides a
method for doing this



REVIEW OF STRESS ANALYSES

« Normal force P leads to:

- P
uniforrmormalstress GZK

e Shear force V leads to:

VQ

shear—stressdistributon, 7 = m

« Bending moment M leads to:

longitudial stressdistributon, o = —%’ (forstraightbeam)

My
AgR-y

oro= [ )J (forcurvedbeam)



REVIEW OF STRESS ANALYSES (cont)
e Torsional moment T leads to:

T
shear — stress distribution, T = Tp (for circular shaft)

(for closed thin—walled tube)

F T 24t

 Resultant stresses by superposition:

Once the normal and shear stress components for each
loading have been calculated, use the principal of
superposition to determine the resultant normal and shear

stress components.



EXAMPLE 1

A force of 15 kN is applied to the edge of the member shown
below. Neglect the weight of the member and determine the
state of stress at points B and C.

15 kN
50 mm | 50mm|




EXAMPLE 1 (cont)

Solutions

For equilibrium at the section there must be an axial force of 15 000 N

acting through the centroid and a bending moment of 750 000 N.mm
about the centroidal or principal axis.

Normal force: o= P = 15000 =3.7/75MPa

A (100)40)

Bending Moment: - SEAAR
i ‘mm

_ _ 15 kN
* The maximum stress Is (b)

_ Mc_  75000(50)

: ~11.25MPa
| -~ (40)100Y




EXAMPLE 1 (cont)

Superposition:

» The location of the line of zero stress can be determined by proportional
triangles

75 15
x (100 —x)

x = 33.3 mm

« Elements of material at B and C are subjected only to normal or uniaxial

stress.
og = —3.75+ 11.25 = 7.5 MPa (tension) (Ans)

oc = —3.75—11.25 = —15 MPa (compression) (Ans)

j C

] 3 P F C | < 77\:‘_‘ﬁ 11
2 ; \\ \[TJ{/ j M :lv/ 15 MPa
11.25 MPa “711.25 MPa - 3

(100 mm — x)
Normal Force Bending Moment Combined Loading

(c) (d) (e)




EXAMPLE 2

The member shown below has a rectangular cross section.
Determine the state of stress that the loading produces at point

1.5m
_—
IR

125 mm




EXAMPLE 2 (cont)

Solutions

« The resultant internal loadings at the section consist of a normal force, a
shear force, and a bending moment.

. Solving, N=16.45kN, V =21.93kN, M =32.89kN

16.45 kN < ~15m
4 _ o
S 16.45 kN _ﬁ‘i 'ﬁ— N
21.93 kN M

21.93 kN

(c)

91.59 kN




EXAMPLE 2 (cont)

Solutions

« The uniform normal-stress distribution acting over the cross section is
produced by the normal force.

P 16.4510°)

A~ (00B)0.m) —eMPa

« AtPointC, O, =

* In Fig. e, the shear stress is zero.

oc=132MPa Tc=0 o¢ = 63.16 MPa

W

| B e P e )

~ N

p<
N

WO

I

W
|~

AN S T T YO

-1,
W 22N
s

\

Normal Force Shear Force Bending Moment

(d) (e) (f)




EXAMPLE 2 (cont)

Solutions

 Point Cis located aty = ¢ = 0.125m from the neutral axis, so the normal
stress at C, Fig. f, is

_ _Mc_(328910°)(0.125)
1 [3(0.05)0.25) |

=63.16 MPa

oc=132MPa = o¢ = 63.16 MPa

W

| B e P e )

‘7 /
2N

\ N\
-

\__i___L__L__L__\

Normal Force Shear Force Bending Moment

(d) (e) (f)




EXAMPLE 2 (cont)

Solutions
* The shear stress is zero.

« Adding the normal stresses determined above gives a compressive
stress at C having a value of

o, = ¥ =1.32+63.16=64.5MPa

—f | [+—64.5 MPa

(2)




EXAMPLE 3

The rectangular block below of negligible weight is subjected to
a vertical force of 40 kN, which is applied to its corner.

Determine the largest normal stress acting on a section through
ABCD.

40 kN

g




EXAMPLE 3 (cont)

Solutions
For uniform normal-stress distribution the stress is

__P__ 4
A (0.8)0.4)

=125kPa

For 8 kN, the maximum stress iIs

16 kN- m‘

M, c 8(0.2)

Oy =22 r%z(OS)(O4)] 375kPa y

X

For 16 kN, the maximum stress Is

Equilibrium of the bottom
o — Myc, 16(0.4) . —375KPa segment
™0, |5(04)08)




EXAMPLE 3 (cont)

Solutions

* By inspection the normal stress at point C is the largest since each
loading creates a compressive stress there

o. =—125—-37/5—-37/5=-8/5kPa (Ans)

Normal force Bending moment Bending moment
(40kN) (8 kN-m) (16 kN-m)

(c) (d) (e)




