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Mechanics of materials deals with the determination of the internal forces
(stresses) and the deformation of solids such as metals, wood, concrete, plastics

and composites. In mechanics of materials there are three main considerations in
the solution of problems:
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1. Equilibrium
2. Force-deformation relations
3. Compatibility

Equilibrium refers to the equilibrium of forces. The laws of statics must hold
for the body and all parts of the body. Force-deformation relations refer to the
relation of the applied forces to the deformation of the body. If certain forces are
applied, then certain deformations will result. Compatibility refers to the compat-
ibility of deformation. Upon loading, the parts of a body or structure must not
come apart. These three principles will be emphasized throughout.

AXIALLY LOADED MEMBERS

If a force P is applied to a member as shown in Fig. 9.1(a), then a short distance
away from the point of application the force becomes uniformly distributed over
the area as shown in Fig. 9.1(b). The force per unit area is called the axis or
normal stress and is given the symbol o. Thus,

o= Z (9.1)

The original length between two points A and B is L as shown in Fig. 9.1(c).
Upon application of the load P, the length L grows by an amount AL. The final
length is L + AL as shown in Fig. 9.1(d). A quantity measuring the intensity of
deformation and being independent of the original length L is the strain &, defined

as
= % = i 9.2)
where AL is denoted as 6.
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Figure 9.1 Axial member under force P
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Figure 9.2 Stress-strain curve for a typical
material

The relationship between stress and strain is determined experimentally. A
typical plot of stress versus strain is shown in Fig. 9.2. On initial loading, the plot
is a straight line until the material reaches yield at a stress of Y. If the stress remains
less than yield then subsequent loading and reloading continues along that same
straight line. If the material is allowed to go beyond yield, then during an increase
in the load the curve goes from A to D. If unloading occurs at some point B, for
example, then the material unloads along the line BC which has approximately
the same slope as the original straight line from O to A. Reloading would occur
along the line CB and then proceed along the line BD. It can be seen that if the
material is allowed to go into the plastic region (A to D) it will have a permanent
strain offset on unloading.

Modulus of Elasticity

The region of greatest concern is that below the yield point. The slope of the line
between 0 and A is called the modulus of elasticity and is given the symbol E, so

o=ELe 9.3)

This is Hooke’s Law for axial loading; a more general form will be considered
in a later section. The modulus of elasticity is a function of the material alone
and not a function of the shape or size of the axial member.

The relation of the applied force in a member to its axial deformation can be
found by inserting the definitions of the axial stress [Eq. (9.1)] and the axial strain
[Eqg. (9.2)] into Hooke’s Law [Eq. (9.3)], which gives

P 0
T =E~ 9.4
A ET 94)
or
PL
== 9.5
o AE 9.5)

In the examples that follow, wherever it is appropriate, the three steps of (1)
Equilibrium, (2) Force-Deformation, and (3) Compatibility will be explicitly
stated.
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Example 9.1

The steel rod shown in Exhibit 1 is fixed to a wall at its left end. It has two applied
forces. The 3 kN force is applied at the Point B and the 1 kN force is applied at
the Point C. The area of the rod between A and B is A,z = 1000 mm’, and the
area of the rod between B and C is Agz- = 500 mm’. Take E = 210 GPa. Find (a)
the stress in each section of the rod and (b) the horizontal displacement at the
points B and C.

A B 3 C 1kN

!—» —>
l«——200 mm—-|<—200 mm‘—{

Exhibit 1

Ly

Solution—Equilibrium

Draw free-body diagrams for each section of the rod (Exhibit 2). From a sum-
mation of forces on the member BC, Fy- = 1 kN. Summing forces in the hori-
zontal direction on the center free-body diagram, Fy, =3 + 1 = 4 kN. Summing
forces on the left free-body diagram gives F,z = F, = 4 kN. The stresses then
are

0,; =4 kN/1000 mm” = 4 MPa
04 =1 kN/500 mm* =2 MPa

A B 3KkN 5 c
a3<—+ |—->FB,,<-—D]T-:>FBC<-—1 F—> 1 kN

Exhibit 2

Solution—Force-Deformation

BC

- (PL) - @K@ mM) _ o381
AE ),; (1000 mm?)(210 GPa)
5. .= [PLj _ AKN)QROOmm) 501905 mm
BC

AE )z (500 mm?)(210 GPa)

Solution—Compatibility
Draw the body before loading and after loading (Exhibit 3).

N Before loading

\&\ i |

& I

N 55"' |'_ 60_'| I"_
N | |

& After loading

Exhibit 3
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It is then obvious that

8,=58,,=0.00381 mm
8. =8, +6,. =0.00381+0.001905 = 0.00571 mm

In this first example the problem was statically determinate, and the three
steps of Equilibrium, Force-Deformation, and Compatibility were independent
steps. The steps are not independent when the problem is statically indeterminate,
as the next example will show.

Consider the same steel rod as in Example 9.1 except that now the right end is
fixed to a wall as well as the left (Exhibit 4). It is assumed that the rod is built
into the walls before the load is applied. Find (a) the stress in each section of the
rod, and (b) the horizontal displacement at the point B.

>

B 3kN C

> 200 mm >

A

n
=]
<)
3
3

/7117177,

T

m
X
=)
g
=
»

Solution—Equilibrium

Draw free-body diagrams for each section of the rod (Exhibit 5). Summing forces
in the horizontal direction on the center free-body diagram

—F,,+F,.+3=0

It can be seen that the forces cannot be determined by statics alone so that the
other steps must be completed before the stresses in the rods can be determined.

c

B 3KN 5
|—>6154—'EF>FBC<—-| — Fac

Exhibit 5

Solution—Force-Deformation

PL F,,L
85 = ( ) A
AB

AE )y ALE

PL\ F,L
Spc=|"7| = —

AE )pc Ay

The equilibrium, force-deformation, and compatibility equations can now be
solved as follows (see Exhibit 6). The force-deformation relations are put into the
compatibility equations:

F,L  F,L
24,,E A, E

4@



%{% i% FundEng_Index.book Page 278 Wednesday, November 28, 2007 4:42 PM

A

278

Chapter 9 Strength of Materials

Example 9.3

N Before loading N
N |

N

N -'l l'— % N
N | \
& Atfter loading &
Exhibit 6

Then, F,; = —2F .. Insert this relationship into the equilibrium equation
—F,+F, +3=0=2F, +F,.+3; F,.=—1kNandF,, =2 kN
The stresses are

0, =2 kN/1000 mm* =2 MPa (tension)
0, =—1kN/500 mm? = -2 MPa (compression)

The displacement at B is

8,=86,, = F,LIAE) = (2 kN)200 mm)[(1000 mm?)210 GPa)| = 0.001905 mm

Poisson’s Ratio

The axial member shown in Fig. 9.1 also has a strain in the lateral direction. If
the rod is in tension, then stretching takes place in the longitudinal direction
while contraction takes place in the lateral direction. The ratio of the magnitude
of the lateral strain to the magnitude of the longitudinal strain is called Poisson’s
ratio v.

Lateral strain

- - : 9.6)
Longitudinal strain

Poisson’s ratio is a dimensionless material property that never exceeds 0.5.
Typical values for steel, aluminum, and copper are 0.30, 0.33, and 0.34, respectively.

A circular aluminum rod 10 mm in diameter is loaded with an axial force of
2 kN. What is the decrease in diameter of the rod? Take E = 70 GN/m’ and
v = 0.33.

Solution

The stress is 0 = P/A =2 kN/(7r5* mm?) = 0.0255 GN/m? = 25.5 MN/m”

The longitudinal strain is €, = 0/E =(25.5 MN/m?)/(70 GN/m) = 0.000364
The lateral strain is €, =—v €, =—0.33(0.000364) = -0.000120

The decrease in diameter is then —D g,  =—(10 mm)(-0.000120) = 0.00120 mm

lat —
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Thermal Deformations

When a material is heated, expansion forces are created. If it is free to expand,
the thermal strain is

g =0(t—t,) 9.7)

where « is the linear coefficient of thermal expansion, ¢ is the final temperature
and ¢, is the initial temperature. Since strain is dimensionless, the units of ¢ are
°F " or °C”' (sometimes the units are given as in/in/°F or m/m/°C which amounts
to the same thing). The total strain &, is equal to the strain from the applied loads
plus the thermal strain. For problems where the load is purely axial, this becomes

£ = %Jr at—t,) (9.8)

The deformation 6 is found by multiplying the strain by the length L

PL
6=—+oal(t- 9.9
AE+ (t—1,) 9.9

]

fe————100 mm——

Exhibit 7

A steel bolt is put through an aluminum tube as shown in Exhibit 7. The nut is
made just tight. The temperature of the entire assembly is then raised by 60°C.
Because aluminum expands more than steel, the bolt will be put in tension and
the tube in compression. Find the force in the bolt and the tube. For the steel bolt,
take E = 210 GPa, or= 12 x 10° °C™" and A = 32 mm”. For the aluminum tube,
take E = 69 GPa, =23 x 10° °C™" and A = 64 mm”.

Solution—Equilibrium

Draw free-body diagrams (Exhibit 8). From equilibrium of the bolt
it can be seen that P, = P;.

Pr —>1 —Fr

Exhibit 8

Solution—Force-Deformation

Note that both members have the same length and the same force, P.

PL
0p= +o,L(t—1t,)
BB
PL
O, =— +o, L(t—t,)
AT T

The minus sign in the second expression occurs because the tube is in compression.
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Example 9.5

Solution—Compatibility
The tube and bolt must both expand the same amount, therefore,
6,=0;

5. =6 = P> (100 mm)
BT 32mm2><210Ga

_ Px (100 mm)
64 mm? x 69 GPa

Solving for P gives P = 1.759 kN.

+12x107° lc x 100 mm x 60 °C

+23%x107° 1c x 100 mm x 60 °C

Variable Load

In certain cases the load in the member will not be constant but will be a continuous
function of the length. These cases occur when there is a distributed load on the
member. Such distributed loads most commonly occur when the member is sub-
jected to gravitation, acceleration or magnetic fields. In such cases, Eq. (9.5) holds
only over an infinitesimally small length L = dx. Eq. (9.5) then becomes

a5 =29 4 9.10)
AE
or equivalently
5= _[ LIS (9.11)

/A

Exihibit 9

An aluminum rod is hanging from one end. The rod is 1 m long and has a square
cross-section 20 mm by 20 mm. Find the total extension of the rod resulting from
its own weight. Take £ = 70 GPa and the unit weight y= 27 kN/m’.

Solution—Equilibrium
Draw a free-body diagram (Exhibit 9). The weight of the section shown in Exhibit 9 is
W=yV=yAx=P

which clearly yields P as a function of x, and Eq. (9.11) gives

27“‘5) (Im)?
m
o AE B

; (
5= yAxd_yJ‘xdx_yL_
2E 2(70?)

=0.1929 um

THIN-WALLED CYLINDER

Consider the thin-walled circular cylinder subjected to a uniform internal pressure
q as shown in Fig. 9.3. A section of length a, is cut out of the vessel in (a). The
cut-out portion is shown in (b). The pressure g can be considered as acting across

%

4@



%{% i% FundEng_Index.book Page 281 Wednesday, November 28, 2007 4:42 PM

A

Example 9.6

Thin-Walled Cylinder 281

el el

VSl ?_fqﬂﬂ/a\ ,

ooy ||

(a) (b)

/ +_HTH-ﬂqH_HA\M
\@HHHHHH%

() (d)

Figure 9.3

the diameter as shown. The tangential stress o, is assumed constant through the
thickness. Summing forces in the vertical direction gives

qDa—-20,ta=0 9.12)
o, = % (9.13)

where D is the inner diameter of the cylinder and ¢ is the wall thickness. The axial
stress 0, is also assumed to be uniform over the wall thickness. The axial stress
can be found by making a cut through the cylinder as shown in (c). Consider the
horizontal equilibrium for the free-body diagram shown in (d). The pressure g
acts over the area 77’ and the stress o, acts over the area Dt which gives

2
o,nDt=qr (?] 9.14)
SO
c,= 4D 9.15)
4t

Consider a cylindrical pressure vessel with a wall thickness of 25 mm, an internal
pressure of 1.4 MPa, and an outer diameter of 1.2 m. Find the axial and tangential
stresses.

Solution
g=1.4MPa; D=1200-50=1150 mm; =25 mm

o _@_1.4 MPa x 1150 mm

; = =32.2 MPa
2t 2 X 25 mm

o _Q_IA MPa x 1150 mm

= =16.1 MPa
¢ 4 4 x 25 mm

*
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\

GENERAL STATE OF STRESS

Stress is defined as force per unit area acting on a certain area. Consider a body
that is cut so that its area has an outward normal in the x direction as shown in
Fig. 9.4. The force AF that is acting over the area AA, can be split into its
components AF,, AF,, and AF,. The stress components acting on this face are then
defined as

o, = lim E (9.16)

> 9.17)

it (9.18)

Figure 9.4 Stress on a face

The stress component ¢ is the normal stress. It acts normal to the x face in the x
direction. The stress component T is a shear stress. It acts parallel to the x face
in the y direction. The stress component 7 1s also a shear stress and acts parallel
to the x face in the z direction. For shear stress the first subscript indicates the
face on which it acts, and the second subscript indicates the direction in which it
acts. For normal stress, the single subscript indicates both face and direction. In
the general state of stress, there are normal and shear stresses on all faces of an
element as shown in Fig. 9.5.

T
’1)\»

XZ X
\\

e

z

Figure 9.5 Stress ata point (shown in positive
directions)
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From equilibrium of moments around axes parallel to x, y, and z and passing
through the center of the element in Fig. 9.5, it can be shown that the following
relations hold

T,=T,; T,=T T, =T 9.19)

7y? x Xz

Thus, at any point in a body the state of stress is given by six components:
0,,0,0,7,.,7T, and 7 .- The usual sign convention is to take the components
shown in Fig. 9.5 as positive. One way of saying this is that normal stresses are
positive in tension. Shear stresses are positive on a positive face in the positive
direction. A positive face is defined as a face with a positive outward normal.

PLANE STRESS

In elementary mechanics of materials, we usually deal with a state of plane stress
in which only the stresses in the x-y plane are non-zero. The stress components
0,7, and T, are taken as zero.

xz?

Mohr’s Circle—Stress

In plane stress, the three components ¢ ,0,, and T, define the state of stress at a
point, but the components on any other face have different values. To find the com-
ponents on an arbitrary face, consider equilibrium of the wedges shown in Fig. 9.6.

Summation of forces in the x" and y' directions for the wedge shown in Fig. 9.6(a)
gives

) F.=0=0,04-0 AA(os 0)’ ~5,AA(sin )’ =27, AA sin fcos 6 (9.20)

D F,=0=7,A4+(0,~0,)AA sin fcos 0~ T, AA [(cos )’ ~ (sin 6)’]

9.21)
Canceling AA from each of these expressions and using the double angle relations
gives
o,+o, 0 -0, .
o,= 5 L4+ 5 > cos 20 + 7., sin 26 9.22)
o, —-0 |
Ty = —T'sm 20+7,  cos20 9.23)
14
AAcos 8
Txy
GX
GX
Y i y’
7 [n AAsin 0
\ 4
AAcos 6 S X’
0 0
! x ! x
(a) (b)

Figure 9.6 Stress on an arbitrary face
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y
o, A
—»7,
—X
T, —
Xy
y
. g
2 H Ty T (b)
0'2 — : _'_ txy
1 X
| |
: x
c > l
O, >
c >

(a) (© (d)

Figure 9.7 Mohr’s circle for the stress at a point

Similarly, summation of forces in the y” direction for the wedge shown in Fig. 9.6(b)
gives

o, +0, © -0, ,
o, = L 5 *cos 20— 7 sin 26 (9.24)

Equations (9.22), (9.23), and (9.24) are the parametric equations of Mohr’s
circle; Fig. 9.7(a) shows the general Mohr’s circle; Fig. 9.7(b) shows the stress
on the element in an x-y orientation; Fig. 9.7(c) shows the stress in the same
element in an x’-y” orientation; and Fig. 9.7(d) shows the stress on the element in
the 1-2 orientation. Notice that there is always an orientation (for example, a 1-2
orientation) for which the shear stress is zero. The normal stresses ¢, and o, on
these 1-2 faces are the principal stresses, and the 1 and 2 axes are the principal
axes of stress. In three-dimensional problems the same is true. There are always
three mutually perpendicular faces on which there is no shear stress. Hence, there
are always three principal stresses.

To draw Mohr’s circle knowing o, 0, and T,

y’

1. Draw vertical lines corresponding to o, and o, as shown in Fig. 9.8(a)
according to the signs of o, and o (to the right of the origin if positive and
to the left if negative).

2. Put a point on the o vertical line a distance 7, below the horizontal
axis if T, is positive (above if 7 is negative) as in Fig. 9.8(a). Name this
point x.

3. Put a point on the o, vertical line a distance 7, in the opposite direction as
on the o, vertical line also as shown in Fig. 9.8(a). Name this point y.

4. Connect the two points x and y, and draw the circle with diameter xy as shown
in Fig. 9.8(b).

%
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(a) (b)

Figure 9.8 Constructing Mohr’s circle

Upon constructing Mohr’s circle you can now rotate the xy diameter through
an angle of 26 to a new position x’y’, which can determine the stress on any face
at that point in the body as shown in Fig. 9.7. Note that rotations of 26 on Mohr’s
circle correspond to 6 in the physical plane; also note that the direction of rotation
is the same as in the physical plane (that is, if you go clockwise on Mohr’s circle,
the rotation is also clockwise in the physical plane). The construction can also be
used to find the principal stresses and the orientation of the principal axes.

Problems involving stress transformations can be solved with Egs. (9.22),
(9.23), and (9.24), from construction of Mohr’s circle, or from some combination.
As an example of a combination, it can be seen that the center of Mohr’s circle
can be represented as

o +0,
C=—"—- 9.25)
2
The radius of the circle is
[ 2
R= [ 7% 4 2 (9.26)
= \“‘ 5 o .
The principal stresses then are
0,=C+R; 0,=C—-R 9.27)

2

Example 9.7

Giveno, =-3MPa; 6, =5MPa; 7 =3 MPa. Find the principle stresses and
their orientation.

Solution

Mohr’s circle is constructed as shown in Exhibit 10. The angle 26 was chosen as
the angle between the y axis and the 1 axis clockwise from y to 1 as shown in

%

>
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the circle. The angle 6 in the physical plane is between the y axis and the 1 axis
also clockwise from y to 1. The values of o;, 0,, and 26 can all be scaled from
the circle. The values can also be calculated as follows:

2 2
o -0 3_
R= |22 47 22 (35) +32 =5 MPa
2 o 2

O +0. _
c=2"% 35 vpa
2 2

6,=C+R=6MPa
0,=C—R=—4 MPa
20=tan"'(3/5)=30.96°  6=15.48°

-3 - tt——5 —

y Y 4

7 y 5
/ 5MPa 6 MPa
29\' 3MPa 4MPa

3
2 \
4 v 1 ? s % *_— X X
3 / 3 MPa
' X 3MPa €— 4MPa 2
__/ Y smpa
6 MPa
Exhibit 10
STRAIN
Axial strain was previously defined as
AL
£=— 9.28
3 (9.28)

In the general case, there are three components of axial strain, € , £, and € . Shear

strain is defined as the decrease in angle of two originally perpendicular line
y ) segments passing through the point at which strain is defined. In Fig. 9.9, AB is
vertical and BC is horizontal. They represent line segments that are drawn before
loading. After loading, points A, B, and C move to A", B’, and C’, respectively.
The angle between A’B’ and the vertical is o, and the angle between B’ and C’
and the horizontal is . The original right angle has been decreased by a+ 3,
and the shear strain is

¥ Yo=0+p (9.29)
Figure 9.9 Definition of ;

shear strain

In the general case, there are three components of shear strain, ¥ .7, and .

vz’

e 4@
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Plane Strain

In two dimensions, strain undergoes a similar rotation transformation as stress.
The transformation equations are

e +e, €. -¢ Yo .
e, = L+ * cos 20+ sin 20 (9.30)
* 2 2 2
» £ —¢
Ty o 878 sin 20+& cos 26 (9.31)
2 2 2
£ +e € —¢,
e, =—2*-—" JTcos 29—&sin 20 (9.32)
J 2 2 2

These equations are the same as Eq. (9.22), (9.23), and (9.24) for stress, except
that the o _has been replaced with € , o, with €, and T, with ny/z- Therefore,
Mohr’s circle for strain is treated the same way as that tor stress, except for the
factor of two on the shear strain.

Given thate =600 W; €, =-200; vy, =-800 W, find the principal strains and
their orientation. The symbol W signifies 10°°.

Solution

From the Mohr’s circle shown in Exhibit 11, it is seen that 20 = 45°; so, 6 =22.5°
clockwise from x to 1. The principal strains are € =766 1 and &, =366 L.
The principal strains can also be found by computation in the same way as

principal stresses,
e —¢€ ) 2 176004200 (—800)
R= || x5 - ( ) +( j ~565.7
2 W2 2
_e.+&, 600-200

+
VR
o[

C =200
2 2 "
g=C+R=76601
& =C—-R=-366
y/2
y

200 — —600
vd X_T 2
/ 400
2 26 y c

)
400

X
_L" 22.5°
—

Y
366 (€766 p—>

(@) (b)
Exhibit 11

%




%{% i% FundEng_Index.book Page 288 Wednesday, November 28, 2007 4:42 PM

A

288 Chapter 9 Strength of Materials

HOOKE’S LAW

The relationship between stress and strain is expressed by Hooke’s Law. For an
isotropic material it is

1
£ = E(ax —vo, - Vo) (9.33)
1
£ = E(Gy -Vv0o,—Vv0,) (9.34)
£ = l(0Z -Vv0o, —Vv0O)) (9.35)
E )
-1 9.36
Vo =Gt (9.36)
-1 9.37
Yy —Efyz 9.37)
1
=—71 9.38

Further, there is a relationship between E, G, and v which is

_E
T 2(1+v)

(9.39)

Thus, for an isotropic material there are only two independent elastic con-
stants. An isotropic material is one that has the same material properties in all
directions. Notable exceptions to isotropy are wood- and fiber-reinforced com-
posites.

Example 9.9

A steel plate in a state of plane stress is known to have the following strains:
€, =650, £ =250, and y =400 u.If E=210 GPa and v = 0.3, what are the
stress components, and what is the strain £ ?

Solution
In a state of plane stress, the stresses 0, =0, 7,, =0 and 7,, = 0. From Hooke’s law,
1
£ = E(O'X -vo,—0)
y

1
£ =E(0'y—v0'X -0

Inverting these relations gives

E 210 GPa
O, =——(e +ve)=——"7--[650 n+0.3(250 )] =167.3 M
Ty ETVE) T g 3 [O0RF0IR0W] pe
E 210 GPa
O-y = ﬁ(gy + Vgx) = W[ZSO u+ 03(650 H)] =102.7 Mpa

From Hooke’s law, the strain 7, is

T E _ EY, (210 GPa) (400 p)

Vo = s

G=— " . 1 = =32.3 MPa
G 2(1+v) 21 +v) 2(1+0.3)

e 4@
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The strain in the z direction is

1 -V
£, :E(O—vox —vo,)= E(Gx +0)
-0.3

=——(167.3 MPa+102.7 MPa) = -386 1
210 GPa

TORSION

Torsion refers to the twisting of long members. Torsion can occur with members
of any cross-sectional shape, but the most common is the circular shaft. Another
fairly common shaft configuration, which has a simple solution, is the hollow,
thin-walled shaft.

Circular Shafts

Fig. 9.10(a) shows a circular shaft before loading; the r-6-z cylindrical coordinate
system is also shown. In addition to the outline of the shaft, two longitudinal lines,
two circumferential lines, and two diametral lines are shown scribed on the shaft.
These lines are drawn to show the deformed shape loading. Fig. 9.10(b) shows
the shaft after loading with a torque 7. The double arrow notation on 7 indicates
a moment about the z axis in a right-handed direction. The effect of the torsion
is that each cross-section remains plane and simply rotates with respect to other
cross-sections. The angle ¢ is the twist of the shaft at any position z. The rotation
¢(2) is in the 6 direction.

The distance b shown in Fig. 9.10(b) can be expressed as b = ¢r or as b = yz.
The shear strain for this special case can be expressed as

Vo =T (9.40)

ISERSS

For the general case where ¢ is not a linear function of z the shear strain can be
expressed as

Yo = 9 (9.41)

(a) Before loading (b) After loading
Figure 9.10 Torsion in a circular shaft
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Example 9.10

The application of Hooke’s Law gives

d
T, =GV, = Gr—(p 9.42)
' dz
The torque at the distance z along the shaft is found by summing the contributions
of the shear stress at each point in the cross-section by means of an integration

T=J. T,r dA:G@J' rda=Gr% (9.43)
A" dz Ja dz
where J is the polar moment of inertia of the circular cross-section. For a solid
shaft with an outer radius of r, the polar moment of inertia is
4
nr
J=— 9.44
) 944
For a hollow circular shaft with outer radius r, and inner radius r;,, the polar
moment of inertia is

7=2(r-r) (9.45)

Note that the J that appears in Eq. (9.43) is the polar moment of inertia only for
the special case of circular shafts (either solid or hollow). For any other cross-
section shape, Eq. (9.43) is valid only if J is redefined as a torsional constant not
equal to the polar moment of inertia. Eq. (9.42) can be combined with Eq. (9.43)
to give

_Tr

T(Pz = 7

The maximum shear stress occurs at the outer radius of the shaft and at the location
along the shaft where the torque is maximum.

(9.46)

T r
T, . =-me (9.47)
o J

The angle of twist of the shaft can be found by integrating Eq. (9.43)

Lr
= =—4 9.48
¢ o GJ ¢ ( )

For a uniform circular shaft with a constant torque along its length, this equation
becomes

p="— (9.49)

The hollow circular steel shaft shown in Exhibit 12 has an inner diameter of
25 mm, an outer diameter of 50 mm, and a length of 600 mm. It is fixed at the
left end and subjected to a torque of 1400 N em as shown in Exhibit 12. Find
the maximum shear stress in the shaft and the angle of twist at the right end. Take
G = 84 GPa.

%
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-

1000 Nem

Exhibit 12
Solution
J= %(rj —rt)= %[(25 mm)* — (12.5 mm)*] = 575 x 10*mm*
T r  (1400N e m)(25 mm)
Temn = T S7sx 100 mmt oo MPa

_TL _ (1400N e m)(600 mm)

=—= 3 1~ =0.01738 rad
GJ (84 GPa)(575x10°mm”)

¢

Hollow, Thin-Walled Shafts

In hollow, thin-walled shafts, the assumption is made that the shear stress 7, is
constant throughout the wall thickness ¢. The shear flow ¢ is defined as the product
of z,, and . From a summation of forces in the z direction, it can be shown that
q is constant—even with varying thickness. The torque is found by summing the
contributions of the shear flow. Fig. 9.11 shows the cross-section of the thin-walled
tube of nonconstant thickness. The z coordinate is perpendicular to the plane of
the paper. The shear flow ¢ is taken in a counter-clockwise sense. The torque
produced by g over the element ds is

dT=qrds

Figure 9.11 Cross-section of thin-walled tube

The total torque is, therefore,

T= éqr ds = q§ rds (9.50)
The area dA is the area of the triangle of base ds and height r,

rds

dA = % (base)(height) = 9.51)
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Example 9.11

so that
E‘;r ds=2A, (9.52)

where A,, is the area enclosed by the wall (including the hole). It is best to use
the centerline of the wall to define the boundary of the area, hence A,, is the mean
area. The expression for the torque is

T=24,q (9.53)

and from the definition of ¢ the shear stress can be expressed as

T

T =— 9.54
©O2A 1 ( )

BEAMS

A torque of 10 kN em is applied to a thin-walled rectangular steel shaft whose
cross-section is shown in Exhibit 13. The shaft has wall thicknesses of 5 mm and
10 mm. Find the maximum shear stress in the shaft.

5mm

1

—»] |— 10 mm *

—»{ |<«—10mm
200 mm
5mm

t

e—— 300 mMmm———»|

Exhibit 13

Solution
A,, = (200 — 5)(300 — 10) = 56,550 mm’
The maximum shear stress will occur in the thinnest section, so f = 5 mm.

T 10 kN em :17.68MN

T = =
Y24t 2(56,550 mm®)(5 mm) m’

Shear and Moment Diagrams

Shear and moment diagrams are plots of the shear forces and bending moments,
respectively, along the length of a beam. The purpose of these plots is to clearly
show maximums of the shear force and bending moment, which are important in
the design of beams. The most common sign convention for the shear force and
bending moment in beams is shown in Fig. 9.12. One method of determining the
shear and moment diagrams is by the following steps:

1. Determine the reactions from equilibrium of the entire beam.

2. Cut the beam at an arbitrary point.

%

4@
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Positive bending moment Positive shear

Figure 9.12 Sign convention for bending
moment and shear

3. Show the unknown shear and moment on the cut using the positive sign
convention shown in Fig. 9.12.

4. Sum forces in the vertical direction to determine the unknown shear.

5. Sum moments about the cut to determine the unknown moment.

Example 9.12

For the beam shown in Exhibit 14, plot the shear and moment diagram.

3kN

{
|
I

2m

|
%/
Exhibit 14

Solution

First, solve for the unknown reactions using the free-body diagram of the beam
shown in Exhibit 15(a). To find the reactions, sum moments about the left end,

2kN #’"‘_’V

Vli 2kN
0

(@

I 1kN

4 kNem
M
0 /\

(e)

Exhibit 15

e 4@
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which gives
6R, —(3)2)=0 or R,=6/6=1kN
Sum forces in the vertical direction to get
Ri+R,=3=R/+1 or R, =2kN

Cut the beam between the left end and the load as shown in Exhibit 15(b). Show
the unknown moment and shear on the cut using the positive sign convention
shown in Fig. 9.12. Sum the vertical forces to get

V =2 kN (independent of x)
Sum moments about the cut to get
M=Rx=2x

Repeat the procedure by making a cut between the right end of the beam and the
3-kN load, as shown in Exhibit 15(c). Again, sum vertical forces and sum moments
about the cut to get

V =1 kN (independent of ), and M = 1&

The plots of these expressions for shear and moment give the shear and moment
diagrams shown in Exhibit 15(d) and 15(e).

It should be noted that the shear diagram in this example has a jump at the
point of the load and that the jump is equal to the load. This is always the case.
Similarly, a moment diagram will have a jump equal to an applied concentrated
moment. In this example, there was no concentrated moment applied, so the
moment was everywhere continuous.

Another useful way of determining the shear and moment diagram is by using
differential relationships. These relationships are found by considering an element
of length Ax of the beam. The forces on that element are shown in Fig. 9.13.
Summation of forces in the y direction gives

qAx+V—V—d—VAx=O (9.55)
dx
which gives
av
—= 9.56
o4 (9.56)
y q
A AAAA
v
M M+ dM/dx Ax
C} l) x
V+dV/dx Ax
o
Figure 9.13

e 4@
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Summing moments and neglecting higher order terms gives

—M+M+d—MAx—VAx=O (9.57)
dx
which gives
am =V (9.58)
dx

Integral forms of these relationships are expressed as

vz—vlzqudx (9.59)

1

M,-M, = j "V (9.60)
X

Example 9.13

The simply supported uniform beam shown in Exhibit 16 carries a uniform load
of w,. Plot the shear and moment diagrams for this beam.

4%

REIEIRERRINRRITINRN!

/4 i ”
l< L
[ 7
Exhibit 16

Solution

As before, the reactions can be found first from the free-body diagram of the beam
shown in Exhibit 17(a). It can be seen that, from symmetry, R, = R,. Summing
vertical forces then gives

w, L

R=R =R,="2~

IRFTTRRNRRRIRY
A ?R

(@)

vV
\, __WOL/2

(b)

w,L2/2
W

(€

Exhibit 17

e 4@
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The load g = —w,, so Eq. (9.59) reads

w,L

V=VO—J.0w0dx: — WX
Noting that the moment at x = 0 is zero, Eq. (9.60) gives

2
w,Lx WX
2

¥ L
M=MO—J (Wo—wox)dx=0+ =W0x(L—x)
o\ 2 2

It can be seen that the shear diagram is a straight line, and the moment varies
parabolically with x. Shear and moment diagrams are shown in Exhibit 17(b) and
Exhibit 17(c). It can be seen that the maximum bending moment occurs at the center
of the beam where the shear stress is zero. The maximum bending moment always
has a relative maximum at the place where the shear is zero because the shear is
the derivative of the moment, and relative maxima occur when the derivative is zero.

Often it is helpful to use a combination of methods to find the shear and
moment diagrams. For instance, if there is no load between two points, then the
shear diagram is constant, and the moment diagram is a straight line. If there is a
uniform load, then the shear diagram is a straight line, and the moment diagram is
parabolic. The following example illustrates this method.

Example 9.14

Draw the shear and moment diagrams for the beam shown in Exhibit 18(a).

Solution

Draw the free-body diagram of the beam as shown in Exhibit 18(b). From a sum-
mation of the moments about the right end,

10R =(4)(7)+(3)(2)=34; soR =3.4kN

From a summation of forces in the vertical direction,

R,=7-34=3.6kN

4 kN 3kN

A {B *C :

| D
Jay
777 ' l ﬁ; 3.4kN
4 7 A‘l A2
|473 m 5m 2 m—l I
~06&N ‘———l -3.6 kN
(@

<

©

4 kN 3kN 10.2 kN-m

'y A
R, R

(b) (d)

Exhibit 18
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The shear in the left portion is 3.4 kN, the shear in the right portion is —3.6 kN
and the shear in the center portion is 3.4 — 4 = —0.6 kN. This is sufficient
information to draw the shear diagram shown in Exhibit 18(c). The moment at A
is zero, so the moment at B is the shaded area A, and the moment at C is A, — A,.

M,=A =(34kN)(3m)=102kNem
M, =A -A, =(34kN)3m)—(0.6kN)(5m)=7.2kNem

The moments at A and D are zero, and the moment diagram consists of straight
lines between the points A, B, C, and D. There is, therefore, enough information
to plot the moment diagram shown in Exhibit 18(d).

Stresses in Beams

The basic assumption in elementary beam theory is that the beam cross-section
remains plane and perpendicular to the neutral axis as shown in Fig. 9.14 when
the beam is loaded. This assumption is strictly true only for the case of pure
bending (constant bending moment and no shear) but gives good results even
when shear is taking place. Figure 9.14 shows a beam element before as well as
after loading. It can be seen that there is a line of length ds that does not change
length upon deformation. This line is called the neutral axis. The distance y is
measured from this neutral axis. The strain in the x direction is AL/L. The change
in length AL = —yd¢ and the length is ds, so

e =y oV 9.61)
ds p
y
X
before
—— AX —>
Figure 9.14

where p is the radius of curvature of the beam and «xis the curvature of the beam.
Assuming that o, and o, are zero, Hooke’s Law yields

o =-Exy (9.62)

The axial force and bending moment can be found by summing the effects
of the normal stress o,

P= I o dA= —EKJ. ydA (9.63)
A A

M= —J. yo dA= EK‘J- y*dA = Elx (9.64)
A A

where [ is the moment of inertia of the beam cross-section. If the axial force is
zero (as is the usual case) then the integral of y dA is zero. That means that y is

.
e 4@
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Example 9.15

measured from the centroidal axis of the cross-section. Since y is also measured
from the neutral axis, the neutral axis coincides with the centroidal axis. From
Eq. (9.62) and (9.64), the bending stress o, can be expressed as
My
o =— (9.65)
1
The maximum bending stress occurs where the magnitude of the bending
moment is a maximum and at the maximum distance from the neutral axis. For
symmetrical beam sections the value of y,,,, =+C where C is the distance to the
extreme fiber so the maximum stress is

o :iM—C:i% (9.66)

X

where S is the section modulus (S = 1/C).

A 100 mm x 150 mm wooden cantilever beam is 2 m long. It is loaded at its tip
with a 4-kN load. Find the maximum bending stress in the beam shown in Exhibit 19.
The maximum bending moment occurs at the wall and is M, ,, = 8 kN em.

y 4KN y
N J 1
N x z 150 mm
§‘ 2m —]I _L

Exhibit 19
Solution

3 3
—%:M=28.1x106mm4

12 12
o, =M ENemTSmm) _ ) 5y p,
X max I 28.1x10° mm

Shear Stress

To find the shear stress, consider the element of length A x shown in Fig. 9.15(a).
A cut is made in the beam at y = y,. At that point the beam has a thickness b. The
shaded cross-sectional area above that cut is called A,. The bending stresses acting
on that element are shown in Fig. 9.15(b). The stresses are slightly larger at the
right side than at the left side so that a force per unit length ¢ is needed for
equilibrium. Summation of forces in the x direction for the free-body diagram
shown in Fig. 9.15(b) gives

do do

—-F=qgAx= I odA— (O‘ +Ax) dA=—-| —AxdA (9.67)
4 A

A dx x

From the expression for the bending stress (o = —My/I) it follows that

do _ _(dM)y __yY (9.68)
dx dx )1 1

%
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o§ 7a+ do /dx Ax

X

| |
S

=

@)

Figure 9.15 Shear stress in beams

Substituting Eq. (9.68) into Eq. (9.67) gives

q= v ydA= V—IQ (9.69)

A

If the shear stress 7 is assumed to be uniform over the thickness b then 7= ¢/b
and the expression for shear stress is

T= vo (9.70)

Ib
where V is the shear in the beam, Q is the moment of area above (or below) the
point in the beam at which the shear stress is sought, / is the moment of inertia
of the entire beam cross-section, and b is the thickness of the beam cross-section
at the point where the shear stress is sought. The definition of Q from Eq. (9.69) is

O=| ydA=Ay 9.71)

4

Example 9.16

The cross-section of the beam shown in Exhibit 20 has an applied shear of 10 kN.
Find (a) the shear stress at a point 20 mm below the top of the beam and (b) the

20 maximum shear stress from the shear force.
30— 30—

Solution

The section is divided into two parts by the dashed line shown in Exhibit 21(a).

60 mm The centroids of each of the two sections are also shown in Exhibit 21(a). The
centroid of the entire cross-section is found as follows
20 mm N
1 Zy"A” 60)(20)(30 +20) + (80)(20)(10
y =" =( )(20)(30+20) + (80)(20)( )=27.14mm(frombottom)
Exhibit 20 Z A (60)(20) +(80)(20)

n=1

e 4@
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L -] ‘ T L]
_L ° 27.14
1 -
@ (b) (© (d)
Exhibit 21

Exhibit 21(b) shows the location of the centroid.

The moment of inertia of the cross-section is found by summing the moments
of inertia of the two sections taken about the centroid of the entire section. The
moment of inertia of each part is found about its own centroid; then the parallel
axis theorem is used to transfer it to the centroid of the entire section.

N
1=)1,+A3,
n=1

_ (20)(60)°
12

+(20)(60)(50—27.14)* +

3
% —(20)(80)(27.14 —10)*

=1.510x10° mm*

For the point 20 mm below the top of the beam, the area A” and the distance
y are shown in Exhibit 21(c). The distance y is from the neutral axis to the centroid
of A”. The value of Q is then

0= J ydA = A’y = (20)(20)(70 — 27.14) = 17,140 mm’
P

3
YO (ONATI0mmY) _ 4 o568 KN _ 5 ggnipa
Ib  (1.510x10° mm™)(20mm) mm

The maximum Q will be at the centroid of the cross-section. Since the thick-
ness is the same everywhere, the maximum shear stress will appear at the centroid.
The maximum moment of area Q,,,, iS

Q:_[ ydA = A"y, = 20)(80—27.14) BT 271D _ 56 600 mm?
.
3
_YO_ (OKNG6.600mmT) ) 1875 KN _ 15 75\py
IB  (1.510%x10° mm™)(20mm) mm

Deflection of Beams

The beam deflection in the y direction will be denoted as y, while most modern
texts use v for the deflection in the y direction. The FE Supplied-Reference
Handbook uses the older notation. The main assumption in the deflection of beams
is that the slope of the beam is small. The slope of the beam is dy/dx. Since the
slope is small, the slope is equal to the angle of rotation in radians.

@ = rotation in radians 9.72)

dx

e 4@
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Because the slope is small it also follows that

2
K= ;1) ~ % (9.73)
From Eq. (9.62) this gives
2
fo _ % (9.74)

This equation, together with two boundary conditions, can be used to find the
beam deflection. Integrating twice with respect to x gives

;ly = J.% dx+C, 9.75)
by
y= J:[% dx+Cx+C, (9.76)

where the constants C,; and C, are determined from the two boundary conditions.
Appropriate boundary conditions are on the displacement y or on the slope dy/dx.
In the common problems of uniform beams, the beam stiffness E/ is a constant
and can be removed from beneath the integral sign.

Example 9.17

The uniform cantilever beam shown in Exhibit 22(a) has a constant, uniform,
downward load w, along its length. Find the deflection and slope of this beam.

y

Wo

ERERERERENE

24
x

(@

woX

PiVY 4 DM

X—bv

()
Exhibit 22

Solution

The moment is found by drawing the free-body diagram shown in Exhibit 23(b).
The uniform load is replaced with the statically equivalent load w,x at the position
x/2. Moments are then summed about the cut giving

x2

_Woj

M =
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Integrating twice with respect to x,

2 3
@=J.de+c1=i_[ e, = DY o
ax JEI EI 2 6 EI

1

y(L)= =" " +C,L+C,
d 1w,
Dpy=0=-—"0" ¢
d 6 EI

Therefore,
_lWoLS. _ 1W0L4
"6 EI’ 2 8 EI

Inserting C, and C, into the previous expressions gives

W 4 3 4
=————(x"—4xL +3L
Y= uEr ¢ )
ﬂzﬂ([}_)ﬁ)
dx OEI

Fourth-Order Beam Equation

The second-order beam Eq. (9.74) can be combined with the differential relation-
ships between the shear, moment, and distributed load. Differentiate Eq. (9.74)
with respect to x, and use Eq. (9.58).

2
g dy| M _y, (9.77)
dx dx dx

Differentiate again with respect to x and use Eq. (9.56).

d’ d’ dv

For a uniform beam (that is, constant £/ ) the fourth-order beam equation becomes

d4
EIEZ =q (9.79)

This equation can be integrated four times with respect to x. Four boundary
conditions are required to solve for the four constants of integration. The boundary

e 4@
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< X
1]

c o
U‘

Q

<

g

i

o

//M//
x

(a) Free (b) Fixed

4

(c) Simple support (d) Guided
Figure 9.16 Boundary conditions for beams

conditions are on the displacement, slope, moment, and/or shear. Fig. 9.16 shows
the appropriate boundary conditions on the end of a beam, even with a distributed
loading. If there is a concentrated force or moment applied at the end of a beam,
that force or moment enters the boundary condition. For instance, an upward load
of P at the left end for the free or guided beam would give V(0) = P instead of

V(0) = 0.

Example 9.18 _ , : _ . .
Consider the uniformly loaded uniform beam shown in Exhibit 24. The beam is
clamped at both ends. The uniform load w is acting downward. Find an expression
for the displacement as a function of x.

y
Wo
MREERRRERRRNE
N N
: L i
Exhibit 24
Solution
The differential equation is
4
EI in] = q = —w,(constant)
Integrate four times with respect to x.
3
V= Elj); = —wox+C,
X
2 2
M=E1"Y =y, X et
dx 2
3 2
Elﬂz—wox—+c1x—+c2x+cg
dx 6 2 ;
x* x’ x?
EIy:—W0£+Clz+C2?+C3X+C4

e 4@



%{% i% FundEng_Index.book Page 304 Wednesday, November 28, 2007 4:42 PM

A

304 Chapter 9 Strength of Materials

The four constants of integration can be found from four boundary conditions.
The boundary conditions are

d d
YOy =0; 20=0; yr)=0, Z(@)=0
dx dx

These lead to the following:
Ely(0)=0=C,
dy
EI—(0)=0=C
dx( ) 3
r r r

Ey(L)=0=-w, _—+C,—+C,
e 004" 1 g 2

dy r r
Solving the last two equations for C, and C, gives
C = %WOL; C, = —éWOLQ

Inserting these values into the equation for y gives

2
y=—10t (1;8 —le+1L2)
ElI \24 12 24
Some solutions for uniform beams with various loads and boundary conditions
are shown in Table 9.1.

Table 9.1 Deflection and slope formulas for beams

Beam Deflection, v Slope, v’
1 y p ForO0<x< a ForO<x<a
Py dy _
N T @(3" %) dx 2EI( %)
X
\\\\ Fora<x < L Fora < x £ L
§ a I b—= P dy _ Pa?
Nn L y= 67(3x a) v 2E1"
2.y
FREEE! a
= X2 —4Lx+612 @ _WoX (2 qo1x 41212
\ . 0 24EI( ) i em ™ )
ND |
\ L |
3.y P ForO0<x<a ForO0<x<a
Pbx 2 2 2 dy Pb 2 2
. = 22— - & 2-b*-3
T zz oL ) 6Ll )
X Fora<x<L Fora<x<L
72 Pa(L—x) 2 2 dy
B =B oy —a* - & +a>—6Lx+3
~—a b—— V= a0 dx 6LEI “ )
- L
4.y
0
REREE X EERYIEIE D Mo 6t ax)
= — +x
> y 24E,( x7) dx  24EI
IA/ L {

e 4@
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Table 9.1 Deflection and slope formulas for beams (Continued)

Beam Deflection, v Slope, v’

X Mx

d M,
y= Y 0

- (7 -x%) —=- (L =3x%)
6EIL dx  6EIL

“&'2«5

Superposition

In addition to the use of second-order and fourth-order differential equations, a
very powerful technique for determining deflections is the use of superposition.
Because all of the governing differential equations are linear, solutions can be
directly superposed. Use can be made of tables of known solutions, such as those
in Table 9.1, to form solutions to many other problems. Some examples of super-
position follow.

Example 9.19

Find the maximum displacement for the simply supported uniform beam loaded
by two equal loads placed at equal distances from the ends as shown in Exhibit 25.

<—
«—™

Exhibit 25

Solution

The solution can be found by superposition of the two problems shown in
Exhibit 26. From the symmetry of this problem, it can be seen that the maximum
deflection will be at the center of the span. The solution for the beam shown in
Exhibit 26(a) is found as Case 3 in Table 9.1. In Exhibit 26(a) the center of the
span is to the left of the load F so that the formula from the table for 0 < x<a is
chosen. In the formula, x = L/2, ¢ = b, and P = —F so that

L
Fc(f) 2
y (L)zpbx(l}_bz_xz):_z L2_c2_(L) =i(3L2—4c2)
“\2 6LEI 6LEI 2 48E1

The central deflection of the beam in Exhibit 26(b) will be the same, so the maxi-
mum downward deflection, A, will be

L Fc
0=-2y |- |= 317 —-4c?
y“(Z) 24EI( )

e 4@
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(b)
Exhibit 26

Example 9.20

Find an expression for the deflection of the uniformly loaded, supported, cantilever
beam shown in Exhibit 27.

SEENERTREY

(4

|
| L

V4,27

. A

Exhibit 27

Solution

Superpose Case 4 and 5 as shown in Exhibit 28 so that the moment M, is of the
right magnitude and direction to suppress the rotation at the right end. The rotation

g
%; L o
(@

y
MO
)
(b)

e 4@
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Combined Stress

for each case from Table 9.1 is

L3
(dyj =— Yo (poer+4r)="0
dx )4 _ 24E1 24EI
M ML
(dyj = (L =30 =0
dx)s| _ 6FEIL 3El
Setting the rotation at the end equal to zero gives
(@) A8 ot
dx 4y dx 5|2y 24EI 3EI
w, [*
Mo ——_ 0=
8

Substituting this expression into the formulas in the table and adding gives

L2
(L3—2Lx2+x3)+L‘;3 é(Lz—x2)=—

_ WX
VYo ASE]

COMBINED STRESS

In many cases, members can be loaded in a combination of bending, torsion, and
axial loading. In these cases, the solution of each portion is exactly as before; the
effects of each are simply added. This concept is best illustrated by an example.

Example 9.21

307

ot (2 31x? 4247

*

In Exhibit 29, there is a thin-walled, aluminum tube AB, which is attached to a
wall at A. The tube has a rectangular cross-section member BC attached to it. A

vertical load is placed on the member BC as shown. The aluminum tube has an
outer diameter of 50 mm and a wall thickness of 3.25 mm. Take P =900 N, a =

450 mm, and b =400 mm. Find the state of stress at the top of the tube at the point

D. Draw Mohr’s circle for this point, and find the three principal stresses.

Exhibit 29

%
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Exhibit 30

Chapter 9 Strength of Materials

Solution

Cut the tube at the Point D. Draw the free-body diagram as in Exhibit 30(a). From
that free-body diagram, a summation of moments at the cut about the z axis gives

T = Pa = (900 N)(450 mm) = 405 N em

(b)

A summation of moments at the cut about an axis parallel with the x axis gives
M, = Pb = (900 N)(400 mm) = 360 N em
A summation of vertical forces gives
V=P

Exhibit 30(b) shows the force and moments acting on the cross-section. The
bending and shearing stresses caused by these loads are

M,y

o,= 7 (fromM,)
Ty, = ? (from T))
Z
149
T, =—— fromV
=7, ( )

XX

The shearing stress attributed to V will be zero at the top of the beam and can
be neglected. The moments of inertia are

,_mln=r) _mest-2175Y)
4

=131x10° mm*

N

4
I :M:ZIM:262x103mm4

At the top of the tube r = 25 mm and y = 25 mm, so the stresses are

- My _ (GONem)@Smm) _ o 7 \pp,
| 131x10° mm

XX

Tr _ (405N e m)3(25rr41m) —38.6 MPa
I 262 x10” mm

ez:

%

4@
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Exhibit 31

COLUMNS

Columns

The Mohr’s circle plot for this is shown in Exhibit 31.

f _ 2 | a2
R=\(GZ 26") +7, =\(68'720j +38.6> =51.7MPa

c=%% _687 34 4mPa
2 2

o, =C+ R=86.1MPa

1

0,=C—-R=-17.3MPa

2

Because this is a state of plane stress, the third principal stress is

0-3:()

309

Buckling can occur in slender columns when they carry a high axial load.
Fig. 9.17(a) shows a simply supported slender member with an axial load. The
beam is shown in the horizontal position rather than in the vertical position for
convenience. It is assumed that the member will deflect from its normally straight
configuration as shown. The free-body diagram of the beam is shown in Fig. 9.17(b).
Figure 9.17(c) shows the free-body diagram of a section of the beam. Summation

of moments on the beam section in Fig. 9.17(c) yields

M+ Py=0

Figure 9.17 Buckling of simply supported
column

Since M is equal to EI times the curvature, the equation for this beam
expressed as

2
ZXZ +Ay=0
where
r=r
EI

(9.80)

can be

(9.81)

(9.82)

*

4@
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The solution satisfying the boundary conditions that the displacement is zero
at either end is

v=sin (Ax), where A=nn/Ln=1,2,3... (9.83)

The lowest value for the load P is the buckling load, so n = 1 and the critical
buckling load, or Euler buckling load, is

2
EI
P_ﬂ'

«= 9.84)

For other than simply supported boundary conditions, the shape of the deflected
curve will always be some portion of a sine curve. The simplest shape consistent
with the boundary conditions will be the deflected shape. Fig. 9.18 shows a sine
curve and the beam lengths that can be selected from the sine curve. The critical
buckling load can be redefined as

P - n’El _w’El _ ©’E
o« I2 (kL)* (kLIr)?

e

(9.85)

where the radius of gyration r is defined as \/1/7 The ratio L/r is called the
slenderness ratio.
From Fig. 9.18, it can be seen that the values for L, and k are as follows:

For simple supports: L=1L,; L, =L; k=1

For a cantilever: L=0.5L,; L, =2L; k=2

For both ends clamped: L=2L,; L,=0.5L; k=0.5
For supported-clamped: L=143L,; L,=0.7L; k=0.7

sin zx/L,

P:/—\
7

Figure 9.18 Buckling of columns with various
boundary conditions

L=143L

7707

e 4@
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In dealing with buckling problems, keep in mind that the member must be
slender before buckling is the mode of failure. If the beam is not slender, it will
fail by yielding or crushing before buckling can take place.

Example 9.22

A steel pipe is to be used to support a weight of 130 kN as shown in Exhibit 32.
The pipe has the following specifications: OD = 100 mm, /D = 90 mm, A = 1500
mm’, and 7 = 1.7 x 10° mm". Take E = 210 GPa and the yield stress ¥ = 250 MPa.

Find the maximum length of the pipe.

Solution

First, check to make sure that the pipe won’t yield under the applied weight. The
stress is

| w | G:£=LkNZ=86.7MPa<Y
A 1500 mm

This stress is well below the yield, so buckling will be the governing mode of
failure. This is a cantilever column, so the constant k& is 2. The critical load is

~

_ mEl
cr (2L)2
T Solving for L gives
e 'EI _ [(210GPa)(1.7x10° mm*
L=n By (GIOGPOLTXITMM) ) 6
V4p 4(130kN)

The maximum length is 2.6 m.

SELECTED SYMBOLS AND ABBREVIATIONS

Symbol or
Abbreviation Description

o stress
£ strain
v Poisson’s ratio

kip kilopound

E modulus of elasticity
1) deformation

w weight

P load

Pp pressure
1 moment of inertia
T shear stress
T torque

A area

M moment
14 shear

L length

F force

e 4@
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PROBLEMS
9.1
9.2
9.3
Wk -
9.4
L
9.5
1 _ Y
F
Exhibit 9.5
9.6
NN 3
N | §
N\
I‘ 300 mm ~J|
Exhibit 9.6

The stepped circular aluminum shaft in Exhibit 9.1 has two different diam-
eters: 20 mm and 30 mm. Loads of 20 kN and 12 kN are applied at the
end of the shaft and at the step. The maximum stress is most nearly

a. 23.4 MPa c. 28.3 MPa
b. 26.2 MPa d. 30.1 MPa
20 mm OD 30 mmOD
N L ¢
N E —| — 20kN
N |
-\ f
e—— 300 mm‘\—— 250 mmﬁ—‘
Exhibit 9.1

For the same shaft as in Problem 9.1 take E = 69 GPa. The end deflection
is most nearly

a. 0.18 mm c. 0.35 mm

b. 0.21 mm d. 0.72 mm

The shaft in Exhibit 9.3 is the same aluminum stepped shaft considered in
Problems 9.1 and 9.2, except now the right-hand end is also built into a
wall. Assume that the member was built in before the load was applied.
The maximum stress is most nearly

a. 12.2 MPa c. 13.1 MPa
b. 12.7 MPa d. 15.2 MPa
20 mm OD 30 mm OD
N | | §
N ~<—] §
N | R
- 300 mm | 250 mm —
Exhibit 9.3

For the same shaft as in Problem 9.3 the deflection of the step is most nearly
a. 0.038 mm c. 0.064 mm
b. 0.042 mm d. 0.086 mm

The uniform rod shown in Exhibit 9.5 has a force F at its end which is
equal to the total weight of the rod. The rod has a unit weight 7. The total
deflection of the rod is most nearly

a. 1.00 yL’/E c. 1.50 yL’/E

b. 1.25 yL’/E d. 1.75 yL’IE

At room temperature, 22°C, a 300-mm stainless steel rod (Exhibit 9.6) has
a gap of 0.15 mm between its end and a rigid wall. The modulus of elasticity
E =210 GPa. The coefficient of thermal expansion ¢t =17 X 10°°/°C. The
area of the rod is 650 mm’. When the temperature is raised to 100 °C, the
stress in the rod is most nearly

a. 175 MPa (tension) c. —17.5 MPa (compression)

b. 0 MPa d. —175 MPa (compression)

%
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9.7

9.8

9.9

9.10

9.11

9.12

Problems 313

A steel cylindrical pressure vessel is subjected to a pressure of 21 MPa. Its
outer diameter is 4.6 m, and its wall thickness is 200 mm. The maximum
principal stress in this vessel is most nearly

a. 183 MPa c. 362 MPa

b. 221 MPa d. 432 MPa

A pressure vessel shown in Exhibit 9.8 is known to have an internal pressure
of 1.4 MPa. The outer diameter of the vessel is 300 mm. The vessel is
made of steel; v=0.3 and £ =210 GPa. A strain gage in the circumferential
direction on the vessel indicates that, under the given pressure, the strain
is 200 x 10™°. The wall thickness of the pressure vessel is most nearly

a. 3.2 mm c. 6.4 mm

b. 4.3 mm d. 7.8 mm

[ - - SOOTmm

N |

Exhibit 9.8

/s

An aluminum pressure vessel has an internal pressure of 0.7 MPa. The
vessel has an outer diameter of 200 mm and a wall thickness of 3 mm.
Poisson’s ratio is 0.33 and the modulus of elasticity is 69 GPa for this
material. A strain gage is attached to the outside of the vessel at 45° to the
longitudinal axis as shown in Exhibit 9.9. The strain on the gage would
read most nearly

a. 40x10° c. 80x10°

b. 60x10° d. 160 x 10

/ 2 20(! mm
l

k' K

Exhibit 9.9

If 0, = -3 MPa, 0, =5 MPa, and 7,, = -3 MPa, the maximum principal
stress is most nearly

a. 4 MPa c. 6 MPa

b. 5 MPa d. 7 MPa

Given that o, = 5 MPa, 0, = —1 MPa, and the maximum principal stress is
7 MPa, the shear stress 7,, is most nearly

a. 1 MPa c. 3 MPa

b. 2 MPa d. 4 MPa

Given g, =800 W, &, =200 W, and ¥, =400 W, the maximum principal strain
is most nearly

a. 840 c. 900

b. 860 d. 960 u

%
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9.13

9.14

9.15

9.16

9.17

9.18

(dn
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A steel plate in a state of plane stress has the same strains as in Problem
9.12: £, =800 W, & =200y, and ¥,, = 400 W. Poisson’s ratio v = 0.3 and
the modulus of elasticity £ = 210 GPa. The maximum principal stress in
the plane is most nearly

a. 109 MPa c. 173 MPa

b. 132 MPa d. 208 MPa

A stepped steel shaft shown in Exhibit 9.14 has torques of 10 kN e m
applied at the end and at the step. The maximum shear stress in the shaft
is most nearly

a. 760 MPa c. 870 MPa
b. 810 MPa d. 930 MPa
50 mm Q.D. 38 mm O.D.
\ 10 kNem
§ 10 kNem
N
NI !
|<—- 250 mm 250 mm
Exhibit 9.14

The shear modulus for steel is 83 MPa. For the same shaft as in Problem
9.14, the rotation at the end of the shaft is most nearly

a. 0.014° c. 14°

b. 0.14° d. 14°

The same stepped shaft as in Problems 9.14 and 9.15 is now built into a
wall at its right end before the load is applied (Exhibit 9.16). The maximum
stress in the shaft is most nearly

a. 130 MPa c. 230 MPa
b. 200 MPa d. 300 MPa
50 mm OD 38 mm OD
N 10 kNem N
\ N
N > \
N—F R
[«———250 mm 250 mm: >
Exhibit 9.16

For the same shaft as in Problem 9.16, the rotation of the step is most nearly
a. 0.2° c. 1.8°
b. 1.1° d. 2.1°

A strain gage shown in Exhibit 9.18 is placed on a circular steel shaft which
is being twisted with a torque 7. The gage is inclined 45° to the axis. If the
strain reads €5 = 245 y, the torque is most nearly

a. 1000 Nem c. 1570 Nem

b. 1230 Nem d. 2635 Nem
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B 9.19 A shaft whose cross section is in the shape of a semicircle is shown in
Exhibit 9.19 and has a constant wall thickness of 3 mm. The shaft carries
a torque of 300 N e m. Neglecting any stress concentrations at the corners,

50 mm the maximum shear stress in the shaft is most nearly
a. 32 MPa c. 59 MPa
b. 48 MPa d. 66 MPa
Exhibit 919 9.20 The maximum magnitude of shear in the beam shown in Exhibit 9.20 is

most nearly

a. 40 kN c. 60 kN

b. 50 kN d. 75 kN

30 kNem

PPV IPTOTTVIONy vy Oveeessnssesey,
777

}~ 36m }4 1.2 m—s]

Exhibit 9.20

9.21 For the same beam as in Problem 9.20, the magnitude of the largest bending
moment is most nearly
a. 21.0kNem c. 384kNem
b. 263 kNem d. 42.1 kNem

9.22 The shear diagram shown in Exhibit 9.22 is for a beam that has zero
moments at either end. The maximum concentrated force on the beam is
most nearly
a. 60 kN upward c. 0
b. 30 kN upward d. 30 kN downward

30 kN 30kN

A B \c D E
30kN \

30 kN

~<~— 1m —>t< 1m im — 0.5mf«—

Exhibit 9.22

9.23 For the same beam as in Problem 9.22 the largest magnitude of the bending
moment is most nearly
a. 0 c. 12kNem
b. 8 kNem d. 15kNem

9.24 The 4-m long, simply su3pported beam shown in Exhibit 9.24 has a section
modulus Z = 1408 x 10° mm”. The allowable stress in the beam is not to
exceed 100 MPa. The maximum load, w (including its own weight), that
the beam can carry is most nearly:

a. 50kNem c. 60 kNem
b. 40 kN em d. 70 kNem

%
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S NN ST NEY

% 7
- " :
Exhibit 9.24

9.25 The standard wide flange beam shown in Exhibit 9.25 has a moment of
inertia about the z axis of 7 = 365 x 10°mm". The maximum bending stress
is most nearly

a. 4.5 MPa c. 6.5 MPa
b. 5.0 MPa d. 8 MPa
y y
9kN L ]
¢ 13mm —| je—
. X z 363 mm
. 2 21.7 mm.
# am i -y
| [ ] A
}
257 mm
Exhibit 9.25

9.26 For the same beam as in Problem 9.25, the maximum shear stress 7,, in
the web is most nearly
a. 1 MPa c. 2.0 MPa
b. 1.5 MPa d. 2.5 MPa

9.27 The deflection at the end of the beam shown in Exhibit 9.27 is most nearly
a. 0.330 FL'/EI (downward) c. 0.410 FLY/EI (downward)
b. 0.380 FL/EI (downward) d. 0.440 FL'/EI (downward)

F F
¥ Y

- L2 ‘I - L2 >
Exhibit 9.27

9.28 A uniformly loaded beam (Exhibit 9.28) has a concentrated load wL at its
center that has the same magnitude as the total distributed load w. The
maximum deflection of this beam is most nearly
a. 0.029wLYEI (downward) ~ c. 0.043wL"/EI (downward)

b. 0.034wL'/El (downward) ~ d. 0.056 wL'/EI (downward)

FERRNETRNRENTN)
I‘/ L ‘{/

%
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9.29

9.30

9.31

9.32

9.33

Problems 317

The reaction at the center support of the uniformly loaded beam shown in
Exhibit 9.29 is most nearly

a. 0.525wL c. 0.575wL

b. 0.550wL d. 0.625wL

SEESETTNNNEY!

L2 { L2

Exhibit 9.29

A solid circular rod has a diameter of 25 mm (Exhibit 9.30). It is fixed into
a wall at A and bent 90° at B. The maximum bending stress in the section
BC is most nearly

a. 21.7 MPa c. 32.6 MPa
b. 29.3 MPa d. 45.7 MPa
A 300’"/77
200 N 2009 N

) |‘/260 ‘“‘“/vi

Exhibit 9.30

For the same member as in Problem 9.30 the maximum bending stress in
the section AB is most nearly

a. 21 MPa c. 31 MPa

b. 25 MPa d. 39 MPa

For the same member as in Problem 9.30 the maximum shear stress due
to torsion in the section AB is most nearly

a. 15.2 MPa c. 17.4 MPa

b. 16.3 MPa d. 18.5 MPa

For the same member as in Problem 9.30, the maximum stress due to the
axial force in the section AB is most nearly

a. 4 MPa c. 6 MPa

b. 5 MPa d. 8 MPa
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9.34 For the same member as in Problem 9.30, the maximum principal stress
in the section AB is most nearly
a. 17 MPa c. 39 MPa
b. 27 MPa d. 44 MPa

9.35 A truss is supported so that it can’t move out of the plane (Exhibit 9.35).
All members are steel and have a square cross section 25 mm by 25 mm.
The modulus of elasticity for steel is 210 GPa. The maximum load P that
can be supported without any buckling is most nearly

a. 14 kN c. 34 kN
b. 25 kN d. 51 kN
P
T B
1.5m

Ry =
|<;.9 m >|A 27m =J| ’

Exhibit 9.35

9.36 A beam is pinned at both ends (Exhibit 9.36). In the x-y plane it can rotate
about the pins, but in the x-z plane the pins constrain the end rotation. In
order to have buckling equally likely in each plane, the ratio b/a is most

nearly
a. 0.5 c. 15
b. 1.0 d. 2.0

/,
—

/1147474
>[

Exhibit 9.36
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SOLUTIONS
9.1 c. Draw free-body diagrams. Equilibrium of the center free-body diagram
gives
F,=20-12=8 kN
@ 12 kN @
F, <— — F <> <«—{  }>2
20 kN
Exhibit 9.1a

The areas are
A, =" = 2(10 mm)’ = 314 mm’
A, = = 2(15 mm)’ = 707 mm’
The stresses are
o, = P_ _BkN 5 =25.5MPa
A 314mm
o, Pl N i,
A 707mm
9.2 b. The force-deformation equations give
_RL, _ (8kN)(300mm)
" AE, (314 mm’)(69GPa)
_PL,  (20kN)(250mm)
> AE,  (707mm’)(69GPa)

=0.1107mm

=0.1025mm

Compatibility of deformation gives

8.,=08+6,=0.1107+0.1025=0.213mm

9.3 c¢. Draw the free-body diagrams. From the center free-body diagram, sum-
mation of forces yields

F2:12kN+F1
0 12kN ®
F, <— — F <L }—>FR<{  }+>f

Exhibit 9.3a

Force-deformation relations are

_PL _ (FKN)300mm)

' AE,  (314mm?)(69GPa)
_PBL,  (FkN)(200mm)

27 AE, (707mm?)(69GPa)

=0.01384F,

=0.00410F,

Compatibility gives
6end = 0 = 61 + 52 = 0.01384 F] + 0.00410 F2

%
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F=yAL
Exhibit 9.5a
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Substitution of the equilibrium relation, F, = 12 + F, into the above
equation gives

0 =0.01384 F, + 0.00410 (12 + F,)
F,=-2.74 kN, F, = 9.26 kN

The stresses are

= P_ L‘“d\j) =-8.73MPa; o, = P_ m =13.10MPa
A (314mm”) A (707mm~)

9.4 a. Thesame three-step process as in Problem 9.3 must be carried out. Since
this process has already been completed, the results can be used. The
deflection can be expressed as

0=10,=-0,=0.01384 F, =0.01384 (-2.74) = —0.0380 mm

9.5 c¢. Draw afree-body diagram. Summation of forces in the vertical direction

gives
P=yAL+Ax
5:JLde:jL7A(L+x)dx:7 L2+£2 :ﬁ
o AE o AE E 2 2F

9.6 d. A force will develop in the rod if it attempts to grow more than 0.15
mm. Assuming that it does grow that amount, the displacement is

6= £+aL(I—t0) =0.15mm

AE
- POO0mm) (17 x107 1)(300 mm)(100°C — 22 °C)
(650 mm)(210GPa) °C
0.15 mm = 0.00220 P +0.3978

P=-112.7kN

o=P - THZTN_ 155 sMpa
A 650mm

9.7 b. In a cylindrical pressure vessel the three principal stresses are
o,=qD2t; o,=qD/4t;, o, =0
The maximum is G,, which gives

o = gD _ (21MPa)(4600 mm — 400 mm)
o2t 2(200 mm)

=221MPa

9.8 b. The stresses in the pressure vessel are, as in the last problem,

Gt=%; O'a=%; o, =0

The wall thickness is usually thin enough so that it can be assumed that

D, =D,
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qD/2t

3qD/8t

e
N

Exhibit 9.9a

L/

Solutions 321
The tangential strain can be found from Hooke’s law:

St - l(ot _vo'e —VO'r) = 1(qD—VqD—V0) = 0425Q
E E\ 2t 4t Et

The thickness is then

1= 0425 PP . 4p5 (1LAMP)300 mm)ﬁ = 425mm
Ee (210 GPa)(200 X 107°)

t

9.9 d. Draw Mohr’s circle for the stress. At 45° in the physical plane (90° on
Mohr’s circle) the two normal stresses are 3¢D/8t. Hooke’s law gives

&5 = %(645 —V0O_45—v0,) -1 (3qD —Vg)qd—vO)

E\ 8 8t
_(-v)(3gD
T E (&)
_ (1-0.33) 3(0.7MPa)(200 mm — 6 mm)
" (69GPa) 8(3mm)

=164.8x107°

9.10 c. Draw Mohr’s circle. The maximum principal stress is 6 MPa. As an
alternative,

_ 2 2
75T

_0.,+0, 345 _

2 2
0,=R+C=6MPa

1

T~

\ I
oF

Exhibit 9.10a

9.11 d. Draw Mohr’s circle. The center of the circle is

O +0 -
2 2

The radius is then R = 7 — 2 = 5. The shear stress can be found from
the Mohr’s circle or from the expression

2
O —0O
— x "y 2.
R—\/( > J +Txy, Txy

I
~,
|
N\
Q
=
|
9
5

%
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AN
NI VE

b
Exhibit 9.11a

In either case the shear stress 7,, = 4 MPa.

yi2 9.12 b. Draw Mohr’s circle. g can be scaled from the circle or computed as
follows,

800 >
2 2 2 2
E —& —
re (B8 (7o :J(soo 200) +(400) 3610
2 2 2 2
2/\>\1 8 e, e, _so0+2m

C= =500

/ 200 2 2
£&=C+R=500pn+361u=861u

&E=C—-R=500n—-361u=139pn

Exhibit 9.12a . .
£ is the maximum.

9.13 d. Problems of this type can be done by using Hooke’s law first and then
Mohr’s circle or by using Mohr’s circle first and then applying Hooke’s
law. Since Mohr’s circle was already drawn for this problem in the
previous solution, the second approach will be followed. The principal
strains were found to be the following: & =861 W; & = 139 . Hooke’s
law in plane stress is

1 1
g =E(O'1—v02); g, =E(O'2—v0'1)
Inverting these relationships gives

E
o, = (g, +ve,); 0, =——-5(g +ve)

1-v? 1-v?
The maximum principal stress is 0, which is
o, = (¢, +ve,)) = 210GPa 1661 %107 +0.3(139 % 107)] = 208 MPa

1-v? 1-0.3°

9.14 d. Draw free-body diagrams. The torque in shaft 1 is 7}, = 10 + 10 = 20
kN e m. The torque in shaft 2 is 7, = 10 kN e m.

_ T, _ (20kN e m)(25mm)

= + =815MPa
J| 0.57(25mm)
.= Tr, _ (I0KkN e m)(19mm) — 928 MPa
A 0.57(19mm)*

The largest stress is 928 MPa.
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10 kNem
® —> @
re T e[l <« ] tokm
10 kNem
Exhibit 9.14a

9.15 d. From the force-deformation relations,

g = nh_ (QOKNem)@0mm) _ ge; 4 5 630
GJ,  (83GPa)0.5x(25mm)

g, = 2fo _ (10KNem)@0mm) _ 47704 g 430
GJ,  (83GPa)0.5x(19mm)

From compatibility,

0= ¢, + ¢ =5.63°+ 8.43° = 14.06°

9.16 d. Draw the free-body diagrams. Equilibrium of the center free body gives

10 kNem
® — ®
T, <— - T, «—D]—» T, «-| |—>> T,
Exhibit 9.16a
Tl = T2 + 10

The force-deformation relations are

g = i (O+T)D0mm) 9105, 4911077,
GJ,  (83GPa)0.57(25mm)

g, =B HEOMM) g 00y
J,  (83GPa) 0.57(19mm)

2
Compatibility requires that
G+ ¢, =0=49.1x10" + (491 x 10° + 147 x 10T,

Solving for the torques gives

5.305

T2 =
2207
T =T,+10=-250+10="7.50kN em

=-2.50kNem

The stresses then are

T :
7= }J _a 581;N *M)ESMMm) _ 306 \py
. Sm(25mm)
T, (2.
T,= }rz =! 2§1§N°m)(191nm) ~ 232MPa
) S7(19mm)
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9.17 d. The same three-step process as in Problem 9.16 must be carried out.
Since this process has already been completed, the results can be used.
The rotation can be expressed as

_ L, _ (7.50kN ¢ m)(250mm)

_Ah —0.0368 rad =2.11°
GJ,  (83GPa)0.57(25mm)’ e

¢=¢1=_¢2

9.18 a. For a torsion problem, the shear strain is
_fe _Tr
G GJ
Other shear strains in the » — ¢ orientation are zero. Mohr’s circle for
this state of strain is shown in Exhibit 9.18(a). From Mohr’s circle,

Ve

e =te_te _ Tr
B2 2G 2GJ
_ 2GJe,,  2(83GPa)[0.57(25mm)*](245x107%)

r 25mm

T =998Nem

yl2

ANYS
N

—E4s

Exhibit 9.18a

9.19 d. In thin-walled shafts the shear stress is

T
T, =
DAt

The area A is the cross-sectional area of the shaft including the hole so,

A 7(25mm —3mm)’
2 2

;T 300N em
24t 2(760mm?)(3mm)

=760 mm?

=65.7 MPa

9.20 c¢. Draw the free-body diagram of the beam, replacing the distributed load
with its statically equivalent loads. Summation of moments about the
left end gives

0=-3.6 R, + (108)(1.8) + (36)(4.2)
R, =96 kN
Summation of forces in the vertical direction gives
R, =144 — 96 = 48 kN
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Solutions 325

108 kN 36 kN
i '
\ v
' |
2 18m I 18m “o.sml-—
R‘ RZ
Exhibit 9.20a
v
48 KN 36 kN
,\ )
60 kN
Exhibit 9.20b

This is enough information to plot the shear diagram (Exhibit 9.20b).
The largest magnitude of shear is 60 kN.

9.21 c¢. The maximum bending moment occurs where the shear is zero. From
the shear diagram, the distance to the zero from the left end can be found
by similar triangles.

48 _ 108 . (48)(3.6) _

= ; 1.6m
x 3.6 108
The areas of the shear diagrams are the changes in moment
(Exhibit 9.21a).
a = BRNLOm) e
A, = (36kN)2(1.2m) —216kNem

Exhibit 9.21a

M
38.4 kNem

-21.6 kNem
Exhibit 9.21b
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The moment diagram is shown in Exhibit 9.21b. The maximum bending
moment is 38.4 kN em.

9.22 a. There is a jump at B and D of 60 kN upward and a downward jump of
30kN at E. These jumps correspond to concentrated forces.

9.23 d. The areas of the shear diagrams (Exhibit 9.23) are the changes in
moment. Since the moments are zero on either end,

= 4, ORI sy
M= A 44, = <30k1\;>(1m>+<30k1\;)(1m> o
M, = A, =(30kN)(-0.5m)= —15 kN em
v
30 kN 30 kN
A BNC o| % |e
& \
30 kN 30 kN
«— 1m —< 1m im — 05m [<—

Exhibit 9.23

The largest magnitude of the bending moment is therefore 15 kN em.
9.24 d. Itis obvious that each support will carry half of the load, so the reactions

are wL/2. The shear diagram is shown in Exhibit 9.24a. The maximum
bending moment is

2
MzAlzl(wL)(L):wL
202 N2 8

wL/2

——

The maximum bending stress is

Exhibit 9.24a

2
o =M_WL _i60MPa
m =7 T8z
3 3
. (1001\2%1) 82 _ (1OOMPa)(8()A(tl4())28>< 10°mm’) oo
m
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9.25 a. Draw the free-body diagram and the shear and moment diagrams as
shown in Exhibit 9.25a. The maximum bending stress is

9kN

¥

45N 4.5kN

Y | 4.5kN

-4.5kN |
M

Exhibit 9.25a

363 mm

M_c (9kNom)(
o = max® _

- = o )=4.48 MPa
I (365x10° mm*)

9.26 a. From the previous problem, the maximum shear in the beam is 4.5 kN.
The maximum shearing stress will take place at the centroid
(Exhibit 9.26), so a cut must be made there in order to calculate Q. The
moment of the area Q is, therefore,

0=Ay +A)y,
0= (257mm)(21.7mm)(363mm - 21'72mmj+---+(363mm —21.7mm)
363 mm —21.7mm
x (13mm)| —2
2
Q=1.117x10°mm’
A1
C— —1 T
A —
2 = Y1
Ya
cut
1
Exhibit 9.26

The maximum shear stress is then

VO _ (4.5kN)(1.117 x10° mm*)
b (365x10°mm*)(13mm)

=1.060 MPa

%



(dn
\Jrl FundEng_Index.book Page 328 Wednesday, November 28, 2007 4:42 PM

328 Chapter 9 Strength of Materials

9.27 d. From Table 9.1, Beam Type 1 (Exhibit 9.27a), fora < x < L

y P
N i
N Pa’
N X y=-—-03x-a)
Yoo 6EI
N _ t - For the load at the half-way point, a = L/2, x = L, and P = —F. For the
Exhibit 9.27a load at the end, a = L, x = L, and P = —F. Therefore,
L 2
-} :
y=—2) 3L—(Lj L 4375Q
6EI 2 6EI
9.28 b. The maximum deflection for this beam will take place at the center of
y P the beam. This problem can be solved with the superposition of the
T % following cases from Table 9.1 (Exhibits 9.28a and b).
/77 | 4_‘ For0 < x < q,
a »>1—>
= o Pbx s,
Exhibit 9.28a y= 6LEI( —b"=x7)
y W For this problem, P = —wL, a = b = L/2, and x = L/2.
0
RERRERERS .
=— —2Lx" +
, 7 T .
——
Exhibit 9.28b For this problem, x = L/2. The total deflection is, therefore,
y= PPX 2 2y R opa? )
6LEI 24EI
L\(L L
(—WIJ(fX—) 2 2 w{—) 2 3
y:# 2 _(L) _(L) __\2) 3 _21{1‘) +(L)
6LEI 2 2 24EI 2 2
4 4
y=—00339 "L = 13WE
EI 384EI

9.29 d. This problem can be solved from superposition of the same two cases
as used in Problem 9.28. For the concentrated load solution, b = L/2 and
P is left as an unknown. In both, x = L/2. The center support means the
beam does not deflect in the center. Therefore,

e ORG I == OR O

oo pC 5wl
Y= T U8 El T 384EI
PzéwL

8
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9.30 c.

9.31 d.

9.32 b.

9.33 a.

Solutions 329

Draw the free-body diagram (Exhibit 9.30a). From a summation of
moments about the cut at B, the maximum bending moment in BC is
the moment M =200 N x 250 mm or 50 kN e m. The maximum bending
stress is

_ Mc _ (SOkNomm)(IZ.SI?m) —30.6 MPa
1 0.257(12.5mm)

v

200N
B

C "/250 o

Exhibit 9.30a

Draw the free-body diagram (Exhibit 9.31). The maximum stresses in
section AB will occur at A. Summation of forces in the vertical direction
gives V, = 200 N. Summation of forces along the direction of the rod
AB gives P = 2000 N. Summation of moments along the rod AB gives
T, =200 N x 250 mm or 50 kN emm. Summation of moments at the
cut perpendicular to the rod AB gives M, = 200 N x 300 mm = 600
kN emm. The maximum bending stress is

5= Mc _ (60KN e mm)(12.5mm)

=39.1 MP
i 0.257(12.5mm)’* a

Va

T
A \ P $\3
~ 00/;7”’

ey

Exhibit 9.31

From the free-body diagram in Problem 9.31, the maximum torque is
50 kN emm. The maximum shear stress is, therefore,

T, % _ (S0kNemm)(12.5mm)

T — “max'0

—16.30 MP
max =y 0.572(12.5mm)" 4

From the free-body diagram in Problem 9.31, the maximum axial force
1s 2000 N. The maximum stress due to this force is, therefore,

P 2000N

=—=——"———>=407MPa
A m(12.5mm)’

%
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FAB
Exhibit 9.35a

9.34 d.

9.35 a.

The stresses were found in the previous three problems. There is an
axial stress due to both bending and axial loads. This stress is

0 =39.1 MPa + 4.07 MPa = 43.2 MPa

The shear stress is 16.3 MPa. These are the only non-zero stresses. The
maximum principal stress can be calculated as follows,

2 2
c. -0 -
R= [T 42 o (43'2 Oj +16.3° =22.0 MPa
2 "y 2

O +0
c="1 y:43§+0=21.6MPa

0,=C+R=22.0+21.6=43.6 MPa

Draw the free-body diagram of the joint B (Exhibit 9.35a). Summation
of forces in the vertical direction gives

pPF 1.5 L F 1.5

1524092 P\ 277 4157

Summation of forces in the horizontal direction gives

09 2.7
1524090 27t 4157

Solving for F,; and Fy gives
F,,=0.875P; F,.=0.515P

The member AC is in tension and does not need to be considered. The
moment of inertia for both members is

LW _ (25mm)(25 mm)?
12 12

I=

=32,600mm*

The critical buckling load for member AB is

_ m’El _ 7*(210GPa)(32,600*)

P =F,, = =22.0kN
o A (1.5m)* +(0.9m)>
The load P for buckling to occur in AB is
P= 22KN 25.2kN
0.875
The critical buckling load for member BC is
2 2 4
P =F, = /4 fl _n (210GP2;)(32,600r;1m ) — 707 kN
L [(2.7m)" +(1.5m)"]
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Solutions 331

The load P for buckling to occur in BC is

_7.07kN
0515

=13.7kN

9.36 d. To buckle in the x-y plane the critical buckling load is

ﬂ;zE ﬁ
_mEl _ 12
Pcr - L2 - L2

To buckle in the x-z plane the critical buckling load is

g
_4m’El _ 4 E( 12 )
Pcr - L2 - L2

Equating these two representations of P, gives

ab’ = 4ba3; b = 4a2; é =2
a
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