4.2 Infinite Series

Definition 4.2.1 An infinite series, usually just called a series, is a
formal sum of infinity many terms.

For instance, a; + as + ... is a series formed by adding the terms of the
sequence {a,}. This series is denoted by

Zan:a1+a2+a3+a4+...

n=1
o 1 _ 1,11
Example 4.2.2 a) > " - =1+5+35+7+...
oo (=n"t 1,1 14 1
) Yor,a"=1+a+a*+a’+...
o 1 _ 1 1 1 1
d)angm—erererer...

Note that it is sometimes necessary or useful to start the sum from some
index other than 1 as is the case in ¢) and d) above.
When necessary, we can change the summation index to start at a dif-

ferent value by an appropriate substitution. For instance, if we use the
substitution n = m — 2, we can write >~ a, in the form > °_. a,,_». Both

sums give the same expansion

ian:a1+a2+a3—|—a4+-~ziam_g
m=3

n=1
We define a sequence s, called the sequence of partial sums of the series
ZZOZI a, as follows:
Sl = a’l
Sg =381 +tay=a;+a

53:52+a3:a1+a2+a3

n
Sp = 8p—1 tap=a1+ax+ag+---+a, = E ap
=1

Note that s,, is the sum of the first n terms of the series > - | a,. The sum
of the infinity series is the limit of this sequence of partial sums.
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Definition 4.2.3 The series Y, a, converges to a sum s, and we write

[
E a, = 8§,
n=1

if lim s, = s, where s, is the nth partial sum of > " a,. Otherwise, the
n—o0

series diverges.

Thus a series converges (respectively diverges) if and only if the sequence of
partial sums converges (respectively diverges).

Definition 4.2.4 A series of the form

o0
E ar" ' =a+ar+ar*+ar*+ ...
n=1

whose nth term is a, = ar" ', is called a geometric series. The number

a s the first term. The number r is called the common ratio of the series,
since it is the value of the ration of the (n + 1)st term to the nth term for

anyn > 1:
Qna1 ar™

P =r, n=1,2,3,....
n

The nth partial sum of the geometric series is calculated as follows:
Sp=a+ar+ar+ar*+-- +ar" !
rs, = ar+ar’*+ar®+---+ar™ M +ar”
Subtracting these two equations, we get
(I1—=7r)s,=a—ar"

If r =1 then the nth partial sum of the geometric series is

S, =a+a+a+---+a=na

If r # 1 then
1—pn
Sp=a+ar+ar*+---+ar" = ol =r")
1—r
If a =0, then s, = 0 for every n, and lim s, = 0. Now suppose that a # 0.
n—oo
If |r| < 1, then lim r™ =0, so
n— oo
lim s, = a4 .
n—oo — 7T
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If » > 1, then lim ™ = oo, and lim s, = o0 if @ > 0 or lim s, = —00
n—00 n—00 n—0o0

if a < 0. The same conclusion holds for » = 1 since s,, = na in this case.

If r < —1, then lim " does not exist and neither does lim s,. Hence, we
n—oo n— oo

conclude that

fconverges to 0 ifa=0
s converges to 1% if |r| <1
Z ar" ' = < diverges to co ifr>1anda>0
n=1 diverges to —oo if r > 1 and a < 0
\diverges ifr<-—landa#0

For —1 < z < 1, the function ﬁ can be represented as a sum of a geometric

series
1

11—z

:Zx”:1+x+x2+x3+...
n=0

which will be useful later.

Example 4.2.5 o) 1+ 5+ +5+--=>",(5)"" = 27 = 2. Here
2

a=1andr=3. Since |r| <1, the series converges.

b m—et &= G = N n(—E) T = s = A Heea =
and r = —<. Since | — £| < 1, the series converges.

c¢) The series 14+2Y2 424232 4... =35 (1/2)""! diverges to oo since
a=1>0andr=+v2>1

d) The series1—1+1—1+41—--- =" (=1)""! diverges since r = —1.

e) Let v = 0.323232--- = 0.32, then

32 N 32 N 32 N i 32 /1 \"! 32 1 32
:)j = — - e e — R — R — = — —_— = —.
100 ' 1002 ' 1003 100 \ 100 100 \ 1 — -L 99

n=1 100

This is an alternative way to represent repeating decimals as quotients
of integers.

Example 4.2.6 If money earns interest at a constant effective rate of 5%
per year, how much should you pay today for an annuity that will pay you

i) $1,000 at the end of each of the next 10 years, and

ii) $1,000 at the end of every year forever.
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Solution. The payment of $1,000 that is due to be received n years from

now has present value $1,000 x (1—%)5)n (since $A would grow to $A4(1.05)"

in n years.) Thus $1,000 payment at the end of each of the next n years are
worth $s,, at the present time, where

1 . 1 2+ 1 3+ N 1\"
1.05 1.05 1.05 1.05

_ Lo 1 ] 2+ (2 o
- 1.05 1.05 1.05 1.05

1,000 [1— ()"
1.05 1— L

1.05
_Looof, (1 "
©0.05 | 1.05

i) The present value of 10 future payments is

1,000 1\"

ii) The present value of future payments continuing forever is

1,000 1\" 1,000
$n1—I>Iolos $n1—1;20{ 0.05 [ (1.05> }} $0,05 $20,000

s, = 1,000

Telescoping series and Harmonic series

Example 4.2.7 Show that the series

i LR SUNNE SUNE S S
nin+1) 1x2 2x3 3x4 4x5 7

n=1
converges and find its sum.

. ) T 1
Solution. Since D = n

#1 (by partial fractions) we can write the
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partial sum s,, in the form

1 1 1 1 1 1
T Tx2 T ax3  3xa axs T n Tt 1)
:<1_1)+<1_1)+<1_1)+...+( 1 _1>+<l_ 1 )
2 2 3 31 n—1 n n o+l
ST IR S PRI S S
2 2 3 3 n n n+l1
B 1
T n+1

Therefore, lim s, = 1 and the series converges to 1; i.e,
n— oo

=~ 1
B
;n(n+1)

|

This is an example of a telescoping series, so called because the partial
sums fold up into a simple form when the terms are expanded in partial
fractions.

Example 4.2.8 Show that the harmonic series

Zl—1+1+1+1+
n 2 3 4 7

diverges to oco.

Solution. If s, is the nth partial sum of the harmonic series, then

yIRUEEE P SR
Sy = — — — —
234 n

= sum of areas of rectangles shaded in the figure below

1
> area under y = — fromr=1toxr=n+1
x

n+1 d$

:/1 ?zln(n—i-l).

Now, lim In(n+1) = oo, therefore, lim s, = oo and the harmonic series
n—oo n—oo

diverges to co. m
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v—=1/x

o1 x

Figure 4.1: A partial sum of the harmonic series

Theorem 4.2.9 If "> | a, converges, then lim a, = 0.
n—oo
Proof. If s, = a1 +as +az+ - + a,, then s, — s,1 = a,. DY a,
converges, then lim s, = s exists, and also lim s, ; = s. Hence,
n—oo

n—oo

lim a, = lim (s, —s,—1) =5s—s=0
n—oo n—oo

as desired. m

Example 4.2.10 a) > 7, oo diverges to infinity since lim o' = %
n—oo
0.

>

b) > o2 (—1)"nsin + diverges since

1 in(1
lim |(—1)"nsin —| = lim sin(l/n)
n—00 n n—r00 1/n
sin &
lim — (where z = 1/n)
=1+#0

Theorem 4.2.11 Y > a, converges if and only if Y "\ a, converges for
any integer N > 1.

Theorem 4.2.12 If {a,} is ultimately positive, then the series Y . a,
must either converge (if its partial sums are bounded above) or diverge to
infinity (if its partial sums are not bounded above).
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Theorem 4.2.13 If > > a, and > .~ b, converges to A and B, respec-
tively, then

a) 7 ca, converges to cA (where ¢ is any constant);

b) > > (an £b,) converges to A+ B;

c) ifa, <b, foralln=1,2,3,... then A< B.
Example 4.2.14 Find the sum of the series Y - %:H

Solution. The given series is the sum of two geometric series
i 1 _il N 13 1
3n £=3\3 S 1-(1/3) 2

and

e 2n+1 B 0 4 <2>7’L—1_ 4/3 .
n=1 n=1 3 1 - <2/3)

Thus, its sum is 3 +4 = by Theorem 4.2.13 b). =

4.3 Convergence Tests for positive Series

The Integral Test

Theorem 4.3.1 (The integral test) Suppose that a, = f(n), where f is
positive, continuous and non-increasing on an interval [N, 00) for some pos-

itwwe integer N. Then
Zan and / f(t)dt
n=1 N

either both converge or diverge to infinily.

Note that this theorem does not say that the sum of the series is equal to
the value of the integral.

Example 4.3.2 Show that the p-series

00 00
p 1
> =d
np
n=1

n=1

converges if p > 1 and diverges to infinity if p < 1.
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Solution. Observe that if p > 0, then f(z) = 27" is positive, continuous,
and decreasing on [1,00). By the integral test, the series converges for p > 1
and diverges for 0 < p < 1 by comparison with floo x Pdx. If p < 0, then

lim n—lp # 0, so the series cannot converge in this case. Being a positive
n—r o0

series, it must diverge to infinity. m

Comparison Test

Theorem 4.3.3 (Comparison test) Let {a,} and {b,} be sequences for
which there exists a constant K such that ultimately, 0 < a,, < Kb,.

i) If the series Y - . b, converges, then > - . a, also converges.
n=1 ) n=1

i) If the series Y~ | a, diverges to infinity, then >~ b, also diverges to
infinity.

Example 4.3.4 Which of the following series converge? Give reasons for
your answers.

=1 > 3n+1 =1
a);2”+1’ b);n3+1’ C);E

Solution. In each case, we must find a suitable comparison series that we
already know converges or diverges.

a) Since 0 < 55 < 37 for n = 1,2,3,... and the series Y~ o is
a convergent geometnc series, the series Zn | 37 also converges by

comparlson.

b) Observe that 3’;11 behaves like % for large n, so we would expect to

compare with the convergent p-series Y - n~2. We have for n > 1,
3n+1  3n . 1 3n+1 3+1_4
n4+1 nd3+1 n3+1 n?  n?

Thus the given series converges by the comparison test.

c) Forn=2,3,4,... we have 0 <Inn < n. Thus
1 1

Inn  n

since the harmonic series Y - | & = diverges to infinity, the series )
also diverges to infinity by comparlson.

n= llnn
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Theorem 4.3.5 (Limit comparison test) Suppose that {a,} and{b,} are
positive sequences and that

where L is a positive finite number or +00.

i) If L < oo and the series y .~ b, converges, then » > a, also con-
verges.

i) If L > 0 and the series Y - b, diverges to infinity, then > - a, also
diverges to infinity.

Example 4.3.6 Which of the following series converge? Give reasons for

your answers.
1 . n+5
a) E — b E -
—~1+/n “~nd—2n+3

Solution. Again, we must find a suitable comparison series.

a) The terms of the series decrease like . Observe that

1
L = lim 1+1\F—1m vn = lim ——=1
n—00 7 n—>ool—|—\/_ n—>ooT_|_1

Since the p-series > 7 f diverges to infinity (p = 1/2), so does the
series > 7, ﬁ by the limit comparison test.

b) For large n, the sequence behaves like %5, so we compare with the
convergent p-series » -, n~ 2. Now,

n+5 3 2
. 3_9 . n° 4+ on
L= lim == = lim —————— =
n—00 = n—oond —2n + 3
n
n+b F
Since L < oo, the series ) 7 "% —5 also converges by the limit

comparison test.

Example 4.3.7 Test the series y Hf;# for convergence.

68



Solution. Since

14sinn
. 2 . .
lim —%— = lim (1 4 sinn)
n—oo m n—oo

does not exist, the limit comparison test doesn’t give us information. How-
ever, since sinn < 1, we have

0< 1+sinn - 3
- n? —n?

for n = 1,2,3,.... Thus the given series converges by comparison with
Yo nQ, using the ordinary comparison test. m

Ratio and Root Tests
Theorem 4.3.8 (Ratio test) Suppose that a,, > 0 (ultimately) and that

Ap+1

p= lim
n—o00  (y,

extsts or 15 +00.
a) If 0 < p < 1, then the series Y -, a, converges.

b) If 1 < p < oo then lim a, = oo and the series Y ., a, diverges to
n—oo
infinity.

c) If p =1, this test gives no information, the series may either converge
or diverge to infinity.

Example 4.3.9 Test the following series for convergence.

99” 2. nd = nl 2. (2n)!
D o )Y o

n=1 n=1 n=2 n=2

Solution. We use the ratio test for each of these.

_ 9gn+! 99" _ 1 99 _ 99™
a) p = hm 0 G = nh_}ngo -7 = 0 < 1. Thus the series Y =
CONVETges.

b) p = lim (’;;11 2= lim 1 (”—1)5 = 5 < 1. Hence the series > " | %
n— o0

n—oo n 2n
converges.
1)! n' : (n+1)!In" . n \" . 1
= hm (nt = lim ———"~— = lim (%) = lim ——= =
) p= oo (n+1)"H! n—soo (ML) In! n—o0 (”'H) n—00 (1""%)“

oo nl
1< 1. Hence the series ) ", ™% converges.
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4 p= nh—>nc}o (?nﬁl) / n')2 - n—)oo%(f)n—i_l) = 4 > 1. Hence the series
2 nm1 (fﬁ)z diverges to infinity.

n
The root test is similar to the ratio test.

Theorem 4.3.10 (Root test) Suppose that a,, > 0 (ultimately) and that

o = lim (a,)'/"
n—oo

exists or 15 +00.
a) If 0 < o < 1, then the series Y~ | a, converges.

b) If 1 < 0 < oo then lim a, = oo and the series Y, a, diverges to

n—oo

nfinity.

c) If o = 1, this test gives no information, the series may either converge
or diverge to infinity.
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