Extrema of Functions of two variables.

Consider the continuous function f of two variables defined on a closed
bounded region R. The values f(a,b) and f(c,d) such that

fla,b) < f(x,y) < f(c,d)

for all (z,y) in R are called the minimum and the maximum of f in the
region R.

Theorem 5.6.7 Let f be a continuous function of two variables x and y
defined on a closed bounded region R in the xy-plane.

i) There is at least one point in R where [ takes a minimum value.
ii) There is at least one point in R where f takes a mazimum value.

A maximum is also called an absolute maximum, and the minimum the
absolute minimum.

Definition 5.6.8 Let f be a function defined on a region R containing (xq, yo)-

i) The function f has a relative minimum at (xo, yo) if f(x,y) > f(xo,Y0)
for all (z,y) in an open disc containing (o, Yo)-

ii) The function f has a relative mazimum at (zo,vo) if f(z,y) < f(xo, yo)
for all (z,y) in an open disc containing (o, Yo)-

To locate the relative extrema of f, we find the points at which the gradient
of f is equal to zero or is undefined. Such points are called critical points of

£l

Definition 5.6.9 Let f be defined on an open region R containing (o, yo)-
The point (xo,Yo) 1s a critical point of f if one of the following is true

i) fo(x0,90) =0 and f,(x0,y0) = 0,
i) fo(xo,y0) or fy(xo,yo) does not exist.
Example 5.6.10 Find the absolute mazimum and minimum values of
flz,y) =2+ 22+ 2y — 2% — 3
on the triangular plate in the first quadrant bounded by the lines x = 0,y =0

andy =9 —z.
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Figure 5.2: Triangular plate

Solution. The absolute maximum and minimum can occur at the critical
points, end points or boundary points.

Critical points : f, =2 — 2z, f, =2 —2y and f, = 0 and f, = 0 implies
2—2x = 0so that z = 1, and 2 — 2y = so that y = 1. Thus the critical
point is (1,1) and f(1,1)=24+2+2—-1—-1=4.

End points : The end points are (0,0), (9,0) and (0,9). So we have

£(0,0) =2, f(9,0) =2+18 — 81 = —61 and £(0,9) = —61

Boundary points :
i) Along y = 0 we have f(z,0) = 2+ 2z — 2%, f'(z) = 2 — 2z and
2 — 2z =0 implies z = 1. So f(1,0) = 3.

ii) Along x = 0 we have f(0,y) = 2+ 2y — v?, f'(y) = 2 — 2y and
2 —2y =0 implies y = 1. So f(0,1) = 3.

iii) Along y =9 — x we have
flz,y) = f(x,9—2) = 2420+2(9—2)—2>— (9—2)? = —61+18x—22°.

So
0=f'"(z,9—2) =18 —4x

so that © = % = %. Now, when x =

Thus

9
29

fen=1(33) =3

22 2

9

we have y = 9 — 5 = 2.
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So the values of f at the extreme points are 4,2, —61, 3, and —4—21. Hence the
absolute maximum is 4 and the absolute minimum is —61. m

Example 5.6.11 Determine the relative extrema of
f(z,y) = 22* + y* + 8x — 6y + 20.

Solution. The critical points: f,(z,y) = 4z + 8 and f,(x,y) = 2y — 6.
Solving for x and y, we get x = —2 and y = 3. Thus the critical point is
(—2,3).

To determine if this critical point gives a minimum or a maximum value,
we complete the square of f(x,y):

202 4 3% + 8x — 6y + 20 = 22 + 8z + y* — 6y + 20
= 2(2® + 42) + (y* — 6y) + 20
=22 +dx+4—4)+ (y* — 6y +9—9) +20
=2(x+2)* -8+ (y—3)*—9+20
=2 +2)*+(y—3)*+3

Now, f(—=2,3) =2(=2+2)*+ (3 —3)? + 3 = 3. So we see that

fl,y) =23 = f(=2,3)

for all (z,y), hence by definition, f has a relative minimum at (—2,3). =

Definition 5.6.12 A differentiable function has a saddle point at a critical
point (a,b) if every open disc centred at (a,b) there are domain points (x,y)
where f(x,y) > f(a,b) and domain points (x,y) such that f(z,y) < f(a,b).
The corresponding point (a,b, f(a,b)) on the surface z = f(x,y) is called a
saddle point of the surface.

Example 5.6.13 Find the extrema of f(x,y) = y* — x*

Solution. For the critical points, we have 0 = f,(x,y) = —2x so that z = 0,
and f,(z,y) = 2y so that y = 0. Thus (0,0) is the only critical point of f
and f(0,0) = 0.

However, f(0,y?) = y* > 0, and f(z,0) = —2? < 0. Thus we can find
points in the xy-plane where f(z,y) > 0= f(0,0) and where f(z,y) <0 =
£(0,0). Hence, (0,0,0) is a saddle point. m
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Second partial derivative test for extrema

Let f be a function of two variables that has continuous second partial deriva-
tives on an open region. Consider the quantity

_ fmc(x>y) f:cy(xay) _ o T 2
o) = ot (00 T8y ) ) = ()

If (a,b) is in R and f,(a,b) =0 = f,(a,b) then
i) f(a,b) is a relative minimum of f if g(a,b) > 0 and f,.(a,b) > 0,
ii) f(a,b) is a relative maximum of f if g(a,b) > 0 and f,.(a,b) <0,
iii) f(a,b) is a saddle point of f if g(a,b) < 0.

Note that f,, can be replaced with f,, in i) and ii) since g(a,b) > 0 implies
that f,, and f,, have the same sign. Further, if g(a,b) = 0, the test gives no
information.

Example 5.6.14 Find the relative extrema of f(z,y) = —a® +4xy—2y* +1.

Solution. Critical points:
0= folz,y) = —32% + 4y

0= fylz,y) =4z -4y
From the second equation we have x = y and substituting this in the first
equation we get
0= 32"+ 42 = 2(—3x + 4)
so that 2 = 0 or # = 3. Thus the critical points are (0,0) and (4/3,4/3).

Now
fze = =62, f, =—4and f,, =4

0 4
g-det(4 _4>——16<0

Hence (0,0, 1) is a saddle point.
At (4/3,4/3), we have

At (0,0), we have

-8 4
g—det(4 _4>_32—16—16>0

and f..(4/3,4/3) = —8 < 0. Hence f has a relative maximum at (4/3,4/3).
u
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Lagrange Multipliers

Sometimes there is need to find the maximum and minimum values of func-
tions whose domains are confined to lie within some particular subset of the
plane. For example, suppose that one wants ro find the rectangle of maxi-
mum area that can be inscribed in the ellipse given by

1'2 y2
ZtE=1

This can easily be done by the method of Lagrange multipliers.

Theorem 5.6.15 Let f and g have continuous first partial derivatives such
that f has an extremum at a point (xg,ys) on a smooth constraint curve
g(x,y) = c. If Vg(xo,y0) #, then there is a real number A such that

V [ (@0, y0) = AV g(xo-yo)-
Here V = f,i + f,j and is called the gradient equation of f.
Definition 5.6.16 The scalar X is called a Lagrange multiplier.
To find the minimum or maximum of f, use the following steps:

i) solve the equation V f(z,y) = AVg(x,y) and g(z,y) = ¢ simultaneously
by solving the following system of equations

fo(2,y) = Aga(, y)
fy(@,y) = Agy(z,y)
g(x,y) =c

ii) Evaluate f at each solution point obtained in i). The largest value
is the maximum of f subject to the constraint g(z,y) = ¢, and the
smallest value is a minimum of f subject to the constraint g(z,y) = c.

Example 5.6.17 Find the greatest and smallest values that the function
f(z,y) = zy takes on the ellipse

1'2 y2
LAY
3 T2

Solution. Let g(z,y) = %2 + % — 1 =0, we need to find ((z,y) and A such
that

Vf=AVg and g(z,y) = 0.
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Now

Vf=vyi+xjand Vyg(z,y) = %z’—l—yj

so yi +xj = A(§i+yj) implies y = %x and x = A\y. Solving these equations
simultaneously we get

A
y=70w) =4y = Ny =y4-N)=0.

From this we get y = 0 and A = £2.

case 1: If y = 0, then z = y = 0. But (0,0) is not on the ellipse. Hence
y#0

case 2: If y # 0, then A = £2 and z = +2y. Substituting this in g(z,y) =0

gives
492 2 2
(E29)° v
8 2
= 4y +4y* =8
=y ==+l

Thus the extreme values occur at four points (=2, 1), (2,1), (2,—1) and
(=2, —1) where zy = 2 is the maximum and xy = —2 is the minimum.

Example 5.6.18 Find the minimum value of f(z,y,2) = 22* + y* + 32*
subject to the constraint 2x — 3y — 4z = 49.

Solution. Note that f(z,y, z) has no maximum. Let g(x,y, z) = 22 — 3y —
4z = 49. Then

Vf(x,y,z) =4xi+2yj + 6zk and AVg(z,y, z) = 2\i — 3\j — 4\k.

Now Vf = AVg implies 4x = 2\, 2y = —3X\ and 6z = —4\ from which we
get x = %A, Yy = _73)\ and _?2)\. Substituting these in g(x,y, z) we get

o-1(3)-+(2)+(2)

9 8
S W W |

*3 +3
CBAH2TA 16N 49\
N 6 6
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Solving for A we get A = 6 and so x = 3, y = —9 and z = —4. Therefore,
the minimum value of f is f(3,—9,—4) = 2(3)* 4+ (—=9)* + 3(—4)* = 147. =
When there are two constraints on the variables of f(z,y, z), say g(x,y, z) = ¢
and h(z,y,z) = d, we introduce a second Lagrange multiplier p and solve
the equation

Vf=AVg+uVh

Example 5.6.19 Let T'(z,y, 2) = 2042z +2y+ 22 represent the temperature
at each point on the sphere ¥ +y?+ 2% = 11. Find the extreme temperatures
on the curve formed by the intersection of the plane x + y + z = 3 and the
sphere.

Solution. Let g(z,y,2) =2 +y*+ 22 =11 and h(z,y,2) =2 +y+2 = 3.
Then

VT (z,y,2) =2i+2j+ 22k
AVy(z,y, z) = 2 xi 4+ 2\yj + 2Azk
pVh(z,y, z) = 2pi + pj + pk

From these we get the system of equations

2=2)\r+
2=2 \y+p
2z =2 2+
11 =22 4+ ¢y* + 22
L 3=z+y+=z

We need to solve this system simultaneously. Subtracting the second equa-
tion from the first we get

Az —y)=0
so that A = 0 or y = x. We now have two cases to consider.

Case 1: If A=0, then from the first equation, we get p = 2. Substituting
these in the third equation, we get 22 = 042 so that z = 1. Substituting
z =1 in the fifth equation we get t +y+1 =3 so that y =2 = 2. We
now substitute y = 2 — x and z = 1 in the fourth equation to get

N=2*+Q2-2)"l=0*+4—da+2°+1=22"— 4o +5.

Thus we
2% —4r—6=0o0rz>—2x—3=0
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Solving for x we get
0=2>-22—-3=(z+1)(z—3)

so that x = —1 or x = 3. Substituting in y = 2 — 2z we get the following
critical points A = (—1,3,1) and B = (3,—1,1).

Case 2: If x = y, then from the fifth equation we get
r+r+z=30rz=3— 2.
Sub substituting this in the fourth equation, we get
H=a2*+2"+B-22)*=22"4+9— 122 + 42> = 62° — 122 — 9

From this we get 62% — 122 — 2 = 0 or 322 — 6z — 1 = 0. Solving for x
we have

6% /(62 —43)(-])
2(3)

 6+/36+ 12

6
BCESYZE
6
_ 6+4V3
6
_ 3+2V3

3

X

Substituting this in z = 3 — 2z we get

2_3_2<3:|:2\/§> 9-6+4V3 3+4V3

3 3 3

So the critical points are

3+42v3 3+2V3 3—4/3 3-2vV3 3-2V3 3+43
C = , , and D = , ; .

3 3 3 3 3 3

At the critical points, we have

T(A)=T(3,-1,1)=20+6 —2+1=25=T(3,—1,1) = T(B),
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34+42v3 3+2V3 3—43
T<C>:T< 3 ' 3 3 )

:20+2<3+32\/§> +2<3+32\/§> . <3—;¢§>2

_o
3

_ o (3-2v3 3-2V3 3443
n 3 ' 3 7 3
=T(D).

Thus T = 25 is the minimum temperature and ¢ = 91/3 is the maxi-
mum temperature.
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