Chapter 5

Functions of several variables

5.1 Domain and Range

Let D be a set of ordered pairs of real numbers. If to each ordered pair (z,y)
in D there correspond a unique real number f(x,y), then f is called a function
of x and y. The set D is called the domain of f, and the corresponding set
of values for f(x,y) is the range of f.

Example 5.1.1 i) V =ar?h or V(r,h) is a function of two variables.

ii) V- =1bh or V(I,b,h) = lbh is a function of three variables

Example 5.1.2 Find the domain of
v 2 4+y2—9
a) flwy) = ==

T

b) 9(z,y,2) = N -

Solution.

a) The domain consists of all point (z,y) such that z # 0 and 2% +y* > 9.
In other words, the domain consists of all points outside and on the
circle of radius 3 excluding the y-axis. See figure 5.1 below.

b) The domain consists of all point (x,y, 2) such that 22 +y? + 2% < 9. In
other words, the domain consists of all points inside a sphere of radius
3.
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Figure 5.1: Domain of f(x,y)

5.2 Limits and Continuity

Definition 5.2.1 Let f be a function of two variables defined, except possibly
at (zo,yo), on an open disc centered at (xg,yo), and let L be a real number.
Then
lim r,y) =1L
(z,y)—(z0,30) f@)
if for every € > 0 there corresponds a § > 0 such that |f(x,y) — L| < €
whenever 0 < \/(x — x¢)2 + (y — yo)? < 0.

Theorem 5.2.2 If lim  f(z,y) = L and lim  g(z,y) = Lo.
(z,y)—(z0,y0) (z.y)—(zo,30)
Then

i) lim  (f(x,y) £ g(z,y)) = L1 + Ly

(@)= (20,y0)

(#,y)—=(20,0)

iii) ( lim  kf(x,y) = kL, for any real number k.

z,y)—(20,Y0)

iv) lim {9 = é—; if Ly # 0.

()= (x0,50) I@Y)

Example 5.2.3 By definition of the limit, show that lim x=a

(z,y)—(ab)
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Solution. Let f(z,y) = x and L = a. Let ¢ > 0 be given. We need to
show that there exists a 0 > 0 such that | f(z,y) — L| = |z — a|] < € whenever
0<(x—a)?+(y—>b?<d So

[flz,y) = LI = o —a| = V/(z = a)? < V/(z — a)* + (y — b)2.

Thus if we choose d = ¢, then the limit is verified. m

Example 5.2.4 Fuvaluate

a) lim (2?4 y?).

(z,y)—(3,—4)
b (x,yl)ig%o,n 9622:50—9%
Solution.
) (ay)lir{:ls,_@(xz +y?) =3+ (—4)* =9+ 16 = 25.
b i T—zy+3 0-0(1)+3 _

(w,y1)1—>(0,1) Pytsry—yS (05011

Definition 5.2.5 A function f(x,y) is said to be continuous at the point
(0, Yo) if

i) f is defined at (zo,yo)

i) lim  f(x,y) exist, and

(@)= (20,y0)

z,y)—(x0,Y0)

Remark 5.2.6 If f(x,y) and g(z,y) are continuous at a point then their
sums, differences, products and there multiples are continuous. Their quo-
tient is continuous whenever it is defined.

Example 5.2.7 Show that

e @£ 00
It "”{o, () = (0,0)

18 continuous everywhere except at the origin.
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Solution. Note that a rational function is continuous at every point except
where the denominator is zero. By definition we have

i) f is defined at every point including (0, 0).

ii) if (z,y) — (0,0) along y = mz but (z,y) # (0,0), then along y = mz

we have
) Y ma? m
:)j g = g
Y :E2+y2 22 + m2x2 14+ m2
and m
lim T = .
(:c,yw(o,mf( ) 1 +m?2

But the this limit is not unique since it changes as m changes. Hence,
it does not exist. Therefore, f(x,y) cannot be continuous by definition.

2
y—z?’

Example 5.2.8 Discuss the continuity of

Solution. The function is continuous at every point except at y = 2. Thus
continuous at every point except at the points lying on the parabola y = z2.
]

5.3 Partial derivatives

Definition 5.3.1 If z = f(x,y), then the first partial derivatives of f with
respect to x and y are the functions f, and f, defined by

f(x+A:c,y)—f(x,y)

e As e
fylz,y) = lim, Ay

provided the limits exist.

For z = f(z,y), the partial derivatives f, and f, are also denoted by
0

—f(x,y) or z, or 6_Z’ and
x

ozx

0 0z
a—yf(x,y) or z, or %
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The first partials evaluated at the point (a, b) are denoted by

0z 0z
ay l(ap)= fo(a,b) and 3y |(@.t)= fy(a, D)

Example 5.3.2 By definition, find f, and f, for the function
flz,y) =2*+ 32y +y—1
and evaluate f.(4,-5).

Solution. By definition we have

f(.I—FAZC,y)—f(.I,y)

fal@,y) = fim, A
. (r+Ax)P+3@+An)y+y—1— (2 +3ay+y—1)
= lim
Az—0 Ax
o 22 + 2(Az)r + (Ax)* + 32y + 3(Azx)y +y— 1 —2? —3zy —y + 1
= Ao Ax
. 2x(Ax) + (Az)* + 3(Ax)y
= lim
Az—0 Az

= lim 224+ Az + 3y
Az—0

= 27 + 3y.
and
foley) = Jim, flx,y + AAy; f(x,y)

— lim 2 +3x(y+Ay)+ (y+Ay) —1— (2?2 + 3y +y — 1)
Ay—0 Ay

~ lim 2?2+ 32y +3x(Ay) +y+ Ay —1 -2 —3zy —y+ 1
Ay—0 Ay

. 3z(Ay) + Ay

- Alfilo Ay

i

=3z + 1.

At (4,-5) we have f,(4,—-5)=2(4)+3(-5)=-7 m

Example 5.3.3 Find the first partial derivatives of

f(z,y) = 3z — 2*y* + 22°y.
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Solution. To find f,(z,y), we differentiate the function with respect to x
and treat the variable y as a constant. Thus

fo(z,y) = 3 — 223> + 627y.
Similarly, treating x as a constant we have
fy(z,y) = =22y + 22°

|
We can also use partial derivatives to find the rate of change.

Example 5.3.4 The area of a parallelogram with adjacent sides a and b and
included angle 6 is given by A = absinf. When a = 10, b =20 and 6 = 7/6,
find the rate of change of

a) A with respect to a.

b) A with respect to 6.
Solution.
a) We need to find A,(a, b, 0), thus
A,(10,20,7/6) = g_j:|(1072077r/6) = bsinf|(10,20,x/6) = 20sin7/6 = 10 units
b) We need to find Ay(a, b, 0), thus

0A
Ap(10,20,7/6) = %|(10,207ﬂ'/6) = abcos 0 (10,20.r/6) = 10(20) cos 7/6 = 100v/3 units
[
Given that w = f(z,y, ), then

f(:c—i—Ax,y,z)—f(x,y,z)

fe(z,y,2z) = lim

Az—0 Ax
R T f<x7y+Ayvz>_f(xvyuz>
fy(x,y,z) - Algljlllo Ay ) and
T f(l’,y,Z‘f‘AZ)—f(Zlf,y,Z)
fz('ruyvz>_Alilll0 AZ
provided the limits exist.
In general , if w = f(z1,x2,...,x,) there are n first partial derivatives
denoted by
0
a_;:; - fzk<$1,$2,...,$n>,k = 1,2,...,%
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5.4 Higher Order Partial Derivatives
The function z = f(z,y) has the following second order partial derivatives:
1) foe = % = (% (?) (Differentiate twice with respect to x)

i) fyy = it % (ﬁ) (Differentiate twice with respect to y)
of

iii) foy = aa;aj; = a% (%f) (Differentiate first with respect to 2 and then
with respect to y).

oxdy

V) fye = it B @ (8—f> (Differentiate first with respect to y and then
with respect to )

The cases iii) and the iv) are called mixed partial derivatives.

Example 5.4.1 Find the second partial derivatives of
f(z,y) = 3ay® — 2y + 52y

and determine the value of f,(—1,2).

Solution.
) foo =2 (8L) = 2(3y% + 102y?) = 10y?
i) fpy =2 (g—g) - 8@ 6y — 2+ 1022%y) = 6 + 1022
iii) foy = a% (8—£) = 3y + 10xy?) = 6y + 20zy.

3

V) fyo = 2 (—f) 2 (6ay — 2 + 102°y) = 6y + 20zy

<

Example 5.4.2 Show that f,., = f.. and f,.. = f.e. = f... for the function
flz,y,2) =ye* + zlnz.

Solution. )
foz(ye® +xlnz) = f,(ye® +1Inz) = ot and

T 1

fralye” +xlnz) = £, (;> _

z

81



thus f,. = f... Also,

fxzz = fzz(yez + 11’12) = fz (1> - __17

z 22

fraz = fa- (g) = f (%) = ;—21, and

foa=Fur (3) = £ (;_f) -

showing that f,.. = foz: = fozr B

Theorem 5.4.3 If f(x,y) and its partial derivatives fy, fy, fuy and f,. are
defined throughout an open region containing a point (a,b) and are all con-
tinuous at (a,b), then f,,(a,b) = f,.(a,b).

5.5 Chain rule

Theorem 5.5.1 Let w = f(x,y) be a differentiable function of x and y. If
x = g(t) and y = h(t) where g and h are differentiable functions of t, then w
i1s a differentiable function of t and

dw OJwdr Owdy dx dy
7 - = + wy%.

W ordt oydr at

Example 5.5.2 Use the chain rule to find the derivative of f(x,y) = zy
with respect to t along the path x = cost and y = sint. What is the value of
the derivative at t = m/2.

Solution. By the chain rule we have

df _ofde  0fdy
dt — Oxdt  Oydt

of _ ., 0 _ . de

Now 5o =y, oy =T G =~ sint and % = cost. substituting these in the

formula above, we get

% = y(—sint) 4+ z(cost)

= sint(—sint) 4 cost(cost)
= —sin®t + cos t

= cos 2t.
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When t = 7/2,
df
£|w/2 = cos2(m/2) = cosm — 1.

Example 5.5.3 The radius of a right circular cone is increasing at a rate
of 3em/sec while its height is increasing at a rate of 5em/sec. How fast is
the volume increasing when r = 15e¢cm and h = 25¢m ¢

Solution. We need to find % where V' = %m“?h. By the chain rule, with
%zi&and%zf),wehave
awv. GV@ oV dh

& ordat T ondt
9 1
= gﬂ'”/’h(?)) + §7T7"2(5)

= 2nrh + gﬂrz

5
= (2 x 15 x 25 + 3 X (15)%)
= 1125mem? /sec.

If w= f(x,y, 2) and its partial derivatives are continuous and = = x(t),y =
y(t) and z = z(t) are differentiable functions of ¢, then w is a differentiable
function of ¢ and

dt  Oxdt Oydt Ozdt — “dt Yt dt

Theorem 5.5.4 Let f with its partial derivatives with respect to x,y and z
be continuous and let x,y and z and their partial derivatives with respect to r
and s be continuous. Then [ has continuous partial derivatives with respect
to r and s, and are given by

of _ofor_ ofoy  0foz

or  dxor  Oyodr  0z0r

o5 _ogoc  ofoy o0
ds Ox0s OyOs 0z0s

respectively.
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Example 5.5.5 Find % and % as functions of v and s if
f(z,y,2) =+ 2y + 22, ZE:f, y=r>+1Ins and z = 2r.
s

Solution. By Theorem 5.5.4, we have

of _0for 0oy 070: (1 1

or  dxor dyor 0zor ! (s) +202r) +2:(2) = s +12r, and
of _ofor  0fdy  0f0> . (=r B ooy =" 42
83_6x65+6y65+8288_1<52)+2<s> 2:(0) = 32+s

5.6 Application of Partial derivatives

Increments and Differentials

Let z = f(z,y), Az and Ay be increments of z and y respectively. Then the
increment of z is given by

Az = f(x+ Az, y + Ay) — f(z,y).

Definition 5.6.1 If z = f(x1,%2,...,2,) and Axy, Axs, ... Ax, are incre-
ments in xi,To, ..., x, respectively, then the differentials of the independent
variables x; are

dry = Axq, dry = Axy ... dx, = Az,

and the total differential of the dependent variable z is

0z 0z 0z

dz = —dxy + s—dzy + - +

8x1 ! a$2 2 Gscn

Note 5.6.2 The increment Az represents the change in the function value
if (x1,22,...,x,) changes to (1 + Axy, o + Axa, ..., x, + Axy,).

dz,

Example 5.6.3 Find the total differential dz for z = 2z siny — 3x2y?
Solution.
0z 0z

2 = e 4 dy = (2siny — 6ry?)de + (2 cosy — Ga%y)dy

For small Az and Ay, we can approximate Az using dz, i.e, Az ~ dz.

84



Example 5.6.4 Use the differential dz to approzimate the change in

2 =1/4—2?—y?

as (z,y) moves from (1,1) to (1.01,0.97). Compare this approximation with
the actual change in z.

Solution. Let (z,y) = (1,1) and (z + Az,y + Ay) = (1.01,0.97), then
dr = Az = 0.01 and dy = Ay = —0.03. Thus

Az =~ E(0.01) — E(—0.03) = W = 1/2(0.01) = 0.0141.
The actual value is
Az = f(1.01,0.97)— = /4 — (1.01)2 — (0.97)2—V4 — 12 — 12 = 0.0137.
|

Example 5.6.5 Use the differential to estimate \/(2.98)2 + (4.03)2.

Solution. Let f(z,y) = /22 + y? and (x,y) = (3,4). Then Az = —0.02
and Ay = 0.03. Now, f(3,4) = v/32+42 = 5. Thus we need to find
£(3 - 0.02,4 +0.03).

af  of
T )
= —dr + ——=d
’x2+y2 /l'2+y2 Y

3 4

= —(—0.02) + -(0.03
(-002) + - (0.03

= 0.012

Hence,
Az = f(3—-0.02,440.03) — f(3,4) = df = 0.012
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and so

V/(2.98)2 + (4.03)2 = £(2.98,4.03) ~ f(3,4) + 0.012 = 5.012.

The actual value of /(2.98)2 + (4.03)2 is 5.012115, so Af = 0.012115 =

As you know every approximation has errors involved. We analyze such
errors in the following example.

Example 5.6.6 The possible error involved in measuring each dimension of
a rectangular box is £0.1mm. The dimensions of the box are x = 50cm,
y = 20cm and z = 15em. Use dV to approximate the propagated error in the
calculated volume of the bozx.

Solution. V = zyz and

dV = a—vdx + a—Valy + a—Valz = yzdx + vzdy + xydz.
ox oy 0z

Now 0.1mm = 0.0lem and dx = dy = dz = £0.0lem. So the propagated
error is approximately

dV = (20)(15)(=£0.01) + (50)(15)(2£0.01) + (50)(20)(=£0.01)
= 300(%£0.01) + 750(=0.01) + 1000(=40.01)
= 2050(40.01)
= +20.5cm?.

The relative error is given by

AV dV 205
E=""~" = 2" 00014
R v v = 1s000 ~ W

Thus there is a relative error of approximately 0.14% m
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