Chapter 3

Integration

In first year, you were introduced to some integration techniques. Here we
review some and introduce new ones. We first give the table of some elemen-

tary integrals.

L1[flde=x+C
3. fxzdx=%3+0
5. fﬁdngx%—kC

7. [atde = a4+ C (r # 1)

r+1

9. f cosardr = ésin ar + C

11. [sec? axdr = %tanax +C

13. f sec axr tan axdx = % secax + C

5. [ o

17. [edy = Lew 4 C

19. [ coshazdxr = ésinh ar + C

———dz =sin"" £+ C (a > 0)

6. f\%dw =2z +C
8. [2dr =In|z|+C
10. [sinazdr = —%cosaz + C
12. [escaxdr = —2 cotax + C
14. [ cscax cot axdr = —= cotax 4+ C
16. [ imdr = stan™' 2 + C (a > 0)

1 bax+cr

alnb

18. [b*dr =

20. [ sinhazdz = écosh ar + C
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The linearity formula

/ (Af(x) + Bg(x))dz = A / f(x)dz + B / o(x)dz

makes it possible to integrate sums and constant multiples of functions.

3.1 Substitution

The method of substitution is the most important technique of integration.
It is the integral version of the chain rule:

d !/ /
7 o(@)) = F9(x))d'(z)
and in integral form we get

/ '(9(@))g (@)dz = f(g(x)) + C.

To obtain this, let u = g(z), then & = ¢/(x), or in differential form, du =

¢'(z)dz. Thus "
[ Flatang@is = [ Fludu=fw)+ € = fgl) + €.

Example 3.1.1 Evaluate the indefinite integrals a) [
¢) [e"/1+ erd.

dz b) f sin(ilnx)dx

A
2241

Solution

a) Let u = 2%+ 1, then du = 2xdz so that xdz = %du. Substituting this
in the given integral we have

x 1 [du 1 1
/x2+1x 5 2n|u|+C 2n|x+ |+ C

b) Let uw = 3Inx, then du = %drn so that % = %du. Substituting this in
the given integral we have

in(31 1 1 1
/Sln( nI)dw — —/sinudu = ——cosu—+C = ——COS(?)IILT) + C.
x 3 3 3
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c) Let v =1+ ¢€*, then dv = e*dx. Substituting this in the given integral
we have

2 2
/eI\/lJre:’*’dx:/\/Zdv:/v%dv:§U£—|—C’=5(1+6x)3+0.

Sometimes appropriate substitutions are not obvious. So there is need to
manipulate the integrand algebraically to put it into a better form for sub-
stitution as we do in the next example.

Example 3.1.2 Evaluate [ —m——dx.

Solution

We first complete the square of the denominator in the integrand
v +4r+5= (2" +4x+2%) -224+5
= (2> +4r+4)—4+5
=(z+2)°+1
Now we can do the substitution; let ¢ = x + 2, then dt = dz and so

/ 1 / dz
——dr = | ——
r?2+4x +5 (x+2)2+1
B / dt
) 2+l
=tan 't +C
=tan !(z +2) + C.
We now consider integrals of the form

/ sin™ x cos" xdx.

If either m or n is odd, positive integer, the integrand can be done easily by
substitution. If say n = 2k + 1 where k is an integer, then we can use the
identity sin®z + cos?z = 1 to rewrite the integrand as follows

/ sin™ z cos?* ! zdx = / sin™ z cos® x cos xdx
_ m 2 k
= [ sin™ z(cos” )" cos xdx

= /Sinm (1 — sin® z)* cos xdx

which can be integrated using the substitution u = sin x. Similarly, u = cosx
can be used if m is odd.

Example 3.1.3 Evaluate a) [ sin®z cos® zdz, b) [ cos®(ax)dz.
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Solution

a) Setting I = [ sin’® z cos® zdz, we have
I= /sin2 7 cos® 7 sin xdr = /(1 — cos® z) cos®  sin zdz.
Now, let © = cosz, then du = — sin xdx. Thus
I = —/(1 —u*)ubdu
= /(ulo —u®)du

RE R
=— - —=+4C

11 9 +

1 1
= ﬁcosum—§cos9m+0

b) Setting J = [ cos®(ax)dz, we have

J = /6034((117)003((137)(127 = /(1 — sin®(ax))? cos(ar)dz.

Let w = sin(ax), then du = acos(ax)dz. Thus

J = 1/(1 —u?)*du

a

Lr
:—/(1—2u2+u4)du
a.
1, 2, 1,
—a(u U —|—5u)+C’
1 2 1.,
= E(sm(aaj) — gsin (ax) + - sin (ax)) + C.

If both m and n are even, we can use the double angle formulas:
2 1 .2 1
cos” x = 5(1 + cos2x) and sin“x = 5(1 — cos 2z).

Example 3.1.4 Fuvaluate [ sin® zdz.
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Solution

We apply the double angle formula twice.

/sin4 rdr = /sin2 x)*dx

2
1 —CObQT > dx
(1 —Cos2$

(1 — 2cos 2x + cos® 27)dx

\\\/\

1
ldr — - / cos 2zdx + — 1 / cos” 2xdz (apply the formula again)

1 1
— sin2x+zl/<§(1+cos4x)> dx

L r
sin23:+g / (1 + cosdx)dx

1
sin 2z + — 3 +3—281n4x—|—C’

1 1
= gm— Zsin2x+§sin4x+0.

1
4
1
4
1
1°

Wi &8 &8 IR H>|H hBIr—\

Similarly, integrals of the form
/ sec™ r tan” zdx and / csc™ x cot™ xdx

for both m and n even positive numbers can be respectively evaluated by
using the identities

sec’r =1+tan’x and csc’x = 1+ cot? x.

If either m or n is odd, the integrals cannot be handled by substitution.

3.2 Integration by parts

Suppose that U(z) and V(z) are two differentiable functions. According to
the product rule,
d av dU
: T)) = ) — + Vi(z)—.
rr Vi) dx



Integrating both sides, we get

/%(U(z)V(m))dm - /U(x)%dm/wx)%dx

which implies that

/U(m)?j—‘;dx =U(z)V(x) — /V(fv)%dr

/UdV:UV—/VdU.

This is the formula for carrying out integration by parts. We now use the
formula to solve the following examples:

or simply

Example 3.2.1 Evaluate a) [ ze*dz, b) [Inz, ¢) [ 2 sinazdr and d) x tan™" xdx

Solution

a) Let U =z and dV = e*dx, then dU = dx and

V:/dV:/exdize’:—l—K.
/UdV:UV—/VdU

=x(e‘”+K)—/(e‘”+K)dx
=g+ Kox—e" —Kax+C

=qge® —ex + C.

Thus

Notice that the constant of integration K cancels out at the end. So
we usually leave it out as we shall do from now on.

b) Let U = Inxz and dV = dx, then dU = idw and V = x. By the
integration by parts formula we have

1
/lnﬂc:UV—/VdU:xlnx—/xgdxlenx—x—f—C’.
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c) We do integration by parts twice: Let U = 2? and dV = sin zdx, then
dU = 2xdx and V = —cosx. Thus

/332 sinzdr = —z? cosx + 2/33008 xdx.

We again apply the formula on the second term on the right hand side.
Let U = x and dV = cosx, then dU = dx and V = sinx. So

/m2 sinzdr = —2” cosz + 2(rsinz — /sin xdr)

= —2?cosz + 2xsinx + 2cosz + C
= (2 -2 cosz + 2wsinx + C.

d) Let U = tan™'x and dV = xdz, then dU = 1?;2 and V = 322 So

1 1 2
/xtan_ldm:§x2tan_lx—§/1i$2dz

1, ., 1 1

1 1 1
= 51:2 tan"'z — 5:6 + §tan_1 x+C

1 1
= §(L2 +1)tan "t o — 3% +C.

The following are useful rules for choosing U and dV:

i) If the integrand involves a polynomial multiplied by an exponential, a sine
or a cosine, or some other readily integrable function, try U equals the
polynomial and dV equals the rest.

ii) If the integrand involves a logarithm, an inverse trigonometric function or
some other function which is not readily integrable but whose derivative
is readily calculated, try that function for U and let dV equals the rest.

3.3 Reduction Formula

Consider the problem of finding [ z*e~*dx. We can of course use integration
by parts, but it is repetitive and tedious. We can use the following approach:

For n > 0, let
I, = /x"e_ldaj.
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We want to find I;. First we integrate I,, by parts to get the general formula:
Let U = 2™ and dV = e7%, then dU = na"'dz and V = —e~®. Thus

I, = —ze " + n/az”‘le_zdm =—z" '+ nl, ;.

The formula
I, =—x"e ' +nl,

is called a reduction formula because it gives the value of the integral I,, in
terms of I, 1, an integral corresponding to a reduced value of the exponent
n.

We now evaluate [ z*e "dz by finding I, using the reduction formula.

Starting with
Iy = /xoe_xdx = /e“" =—c'+C

we apply the reduction formula four times to get
L=—ze"+h=—-ze"—e"+C=—-€e"(z+1)+C

IL=—2%"+2 = —2*¢ "+ 2 (z+1)+0) = —e (2 +22+2) + Cy
Iy = —2%¢™® + 31, = —e *(2® + 32° + 62+ 6) + Cs

Iy = —2%e™ + 413 = —e % (2* 4 42® + 1227 4 247 4 24) + C4

Example 3.3.1 Obtain and use a reduction formula to evaluate

us

In=/zcos"xd:r (n=0,1,2,3,...)
0

Solution

Observe first that [, = fog dr =12
let n > 2:

us jus
2 2
I, = / cos" xdx = / cos" 2 cos xdx
0 0

We apply integration by parts: Let U = cos" 'z and dV = coswzdz, then
dU = —(n — 1) cos" 2 zsinxdr and V = sinz. Thus

- . ™
and I} = [? cosxzdz = sinz | = 1. Now,

jus

us 2
I, = cos" tasinz|; + (n—1) / cos" 2 x sin® wda
0

%
=0—-0+4(n— 1)/ cos" 2 x(1 — cos? x)dx
0

:(n—l)/oz

=n—-I,o—(n—1)I,.

Ju

2
cos" 2 dr — (n — 1) / cos” xdx

0
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Solving for I,,, we obtain nl, = (n — 1)I,,_5 or

n—1
I, = I
n

which is the required reduction formula. This formula is valid for n > 2,
which was need to ensure that cos" () = 0.
If n > 2 is an even integer, we have

—1 —1 -3
Inzn [n—2=n n In—4
n n n—2
- n—1 n-3 n->5 5 3 1 I
T n n—-2 n—4"6 4 2
_n—l n—3 n—>5 5 3 1 =
n n—-2 n—-4""6 4 2 2
For instance,
L3, 317 s
4 2 4 2 2 16
If n > 3 is an odd integer, we have
n—1 n—3 n-—>5 6 4 2
L= n n—-2 n—4" ?5511
_n—l n—3 n—2>5 6 4 2
o n—2 n—4 75 3
For example
6 4 2 6 4 2 48
Ii=—.—.2. I=—--.2. — =2
7 5 7 5 3 105

3.4 Inverse trigonometric substitution

The substitution we have seen so far is where we replace an expression in
the integrand with a single variable. In this section, we consider the reverse
approach. We replace a variable of integration with a function of a new
variable. Such substitutions, called inverse substitutions may appear on the
surface to make the integral more complicated. However, as we will see, such
substitutions can actually simplify and transform the integral into one that
can be evaluated by inspection or to which other techniques can readily be
applied.
We now outline some very useful inverse substitutions:

1. Integrals involving v/a? — 22 (where a > 0) can frequently be reduced
to a simpler form by means of the substitution

. 4T
r = asinf or equivalently § = sin™' =
a
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Va2

2. For integrals involving va? + 22 or xg—iaz,

x = atanf or equivalently # = tan™

(where a > 0) substitute

1?

3. For integrals involving v/x? — a?,a > 0, use the substitution
17
a

x = asecf or equivalently 6 = sec™

12— g2

These substitutions are valid for =5 <60 < 7.

4. For integrals involving v/ax + b use the substitution ax + b = u? and
integrals involving v/ax + b use the substitution ax + b = u".

3 xT.
2

(5—a?)

Example 3.4.1 Evaluate [
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Solution

Observe that the integral is in the form described in 1. with a = v/5. Let
= +/5sinf. Then dz = /5 cos #df and

(5—2%)7 = ( —(\/_Sln9))
— (5 — 5sin®6)?
= (5(1 — sin0))2
= (5cos 6)

= 52 cos® 6.

3
2

olw

Thus

3 3
—1?)2 52 cos®

= %/SGCQ 0do

=—tanf +C

/ 1 d /5 cos 0d0
(5

x
\VH — x?

Example 3.4.2 Euvaluate fﬁdm.

+ C. (Refer to the triangle in 1.)

Gl = O] =

Solution

The integral is in the form described in 2. with a = 2. Let x = 2tan6, then
dr = 2sec? fdf and

Va4 22 =4+ 4tan? 6 = (/4(1 + tan? 0) = Vdsec? = 2sec .

Thus
/ 1 / 2 sec? 0db
4+ xQ 2sect

= / sec 0d0

=In|secf +tanf| + C

\/4 2
=In ; T4 g + C (Refer to the triangle in 2.)

=In|vVi+a224+2|-In24+C
=In|vV4+ 22+ 2|+
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where C; = C — In 2.

Example 3.4.3 Evaluate I = [ \/lle%az, where a > 0.

Solution

For the moment, assume that x > a. If x = asec6, then dx = asectan6db

and V22 — a?2 = VaZsec? 0 — a2 = y/a2(sec2 — 1) = atanf. Thus
I_/asec@tan@d@

atanf

= / sec 6df

= In|secd + tand| + C

2 2
Y AT S + C (Refer to the triangle in 3.)
a a
N a—
1 rT+Vrt—a L
a

=ln|z+va?2—a?| —Ina+C
=In|r+ Va2 —a? +C,

where C; = C — Ina.
If x <a,let u=—x so that u > a and du = —dz. Thus we have

[ / du
J Vu?—a?
= —lIn|u+ vVu? —a?| + Cy. (From the x > a case above)

=—In|—z++(—2)2—-a?+C;

1 ! +C
=In

| 1 T+ V2 —a? ‘e
= In .

—x+Vat—a? r+Vr?—a? '
)
1 x+\/:(:2 a e
—a

=ln|r+ Va2 —a?2|—In|—a*|+
=In|z+ Va2 —a?|+ Cy

where Cy = C7 — 21na.
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Thus in either case, we have seen that

dx
—— =z + Va2 -a?[+C.
/\/:EQ—az | |

Example 3.4.4 Fvaluate fﬁdw

Solution

We use the substitution in 4. Let 2z = u?, then 2dz = 2udu or dz = udu.
Thus

1 u

/1+\/ﬁd$:/1+udu
[ 1+u—1
_/ 14+u
=/(1—L)du(Letv=l+u,dv=du)

1+u

dv

v

=u—In|+C

=u—In|l+u+C

=2z —In(1+v22) + C.

= U —
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