4.4 Power, Taylor and Maclaurin Series

Definition 4.4.1 A series of the form

Zan(x—c)” =ap+ai(r —c)+ay(zx—c) +az(z—c)’+...
n=0

15 called a power series in powers of r = c or a power series about c.
The constants ag, ay,as, ... are called the coefficients of the power series.

The point ¢ is the center of convergence

Theorem 4.4.2 For any power series Y -, an(z — ¢)™ one of the following
alternatives must hold:

i) the series may converge only at x = c,
ii) the series may converges at every real number x, or

ii1) there may exist a positive real number R such that the series converges
at every x satisfying |x — c| > R. In this case the series may or may
not converge at either of the two end points t = c— R and v = c+ R.

In each of these cases the convergence is absolute (i.e Y~ |a,(x — c)"|
converges) except possibly at the end point x = ¢ — R and x = ¢+ R in case
iii).

Definition 4.4.3 Suppose that L = lim |*22| exists or is oo. Then the

n—o0
power series y .o a,(x — )" has radius of convergence R = 1/L. If

L =0 then R =00 and if L = 0o then R =0

Theorem 4.4.4 Let Y °  a,x” and Y -, b,a™ be two series with radii of
convergence R, and R, respectively and let ¢ be a constant. Then

i) Yoo o(cay)x™ has radius of convergence R,, and

oo o0
Z(can)x” =c Z anx"
n=0 n=0

wherever the series on the right converges.

i) Yo o(an 4 by)z"™ has radius of convergence R > min{R,, Ry} and

f:(an +by)z" = f: a, " = i b,x"
n=0 n=0 n=0

wherever both series on the right converges.
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Theorem 4.4.5 If the series Y - a,x" converges to the sum f(z) on an
interval (—R, R), where R > 0, that is,

f(z) :ZanfﬁnZao+a1x+a2x2+a3x3+... (-R<x<R)
n=0
then f is differentiable on (—R, R), and

f(x) = Znanx"_l =a; + 2a97 +3a32* + ..., (-R<x < R).
n=1

Also, f is integrable over any closed sub-interval of (—R, R), and if |z| < R,
then

v — ay , | G
tdt:§ = — 4+ =2+ ...
/Of() n:0n+1x aox+2x+3x+
Theorem 4.4.6 Suppose the series

Ean(x—c)”:a0+a1(x—c)+a2(x—c)2+a3(x—c)3+...

n=0

converges to f(x) forc— R < x < ¢+ R where R > 0. Then
f¥(e)

k7 b

Definition 4.4.7 If f(z) has derivatives of all orders at x = ¢, then the
series

ap = =0,1,2,3,.. ..

S "(c (3)
DR TR T R T A C TR

1s called the Taylor series of f about c. If c =0, the series is called the
Maclaurin series.

Definition 4.4.8 A function f is analytic at c if f has a Taylor series at
¢ and that series converges to f(x) in an open interval containing c. If f is
analytic at each point of the open interval, then we say it is analytic on that
interval.

Example 4.4.9 Find the Taylor series for e* about x = c¢. Where does the
series converge to e*? Where is e* analytic? What is the Maclaurin series
for e*.
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Solution. Since all the derivatives of f(z) = e® are e®, we have that f(™(c) =
e for every n > 0. Thus the Taylor series for e about = ¢ is

o0 C . . ec ec
me—c =¢ +€(I_C>+§($—0)2+5(:c—0)3+...

n=0

®

The radius of convergence R is given by

e‘/(n+1)!
e /n!

. n!
= lim = lim

1 .
n—>oo(n+1)! n—>oon—|—1_

— = lim

R nooo

Thus R = oo and the series converges for all x.
Suppose the sum is g(z):

g(x):ec+ec(93—c)+;(x—c) +§'(93—c)3+ i,
then
g(x)=0+¢ —|—§2(:c—c)—|—3'3(:c—c) +.
¢ c ¢ e 3
=e‘+e(v—c)+ 2'(x—c) 3'(:(:—(:) +...
= g(x)
Also, g(c) =e“+04+0+--- = e Since ¢'(z) = g(x), we have g(x) = Ce”.

Substituting x = ¢ we get e = Ce® so that C' = 1. Thus the Taylor series
for e” in powers of (z — ¢) converges to e* for every real number z; i.e,

c

9]

> e . . ec e
me—c =e +e(x—c)+2l(x—c) 3'(

n=0

r—c)P+...

for all z. In particular, e” is analytic on the whole real line R.
Setting ¢ = 0, we obtain the Maclaurin series for e*:

ezzzx_’;_1+x+z_?+§_?+
forall z. m
Here are some Maclaurin series:
i) sine =", é;_?&ﬁ”“ =z — f;—? + iﬁ,—? — 9;—7 +..., (for all z)
ii) cosxzzzoo((zi)),x 1—2—?4—2—?—%—?—1—..., (for all x)
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i) ;==Y " =1+z+a>+234+..., (-l<z<1)

iv) 1n(1+x):2;@20$x":x—%2+%3—%4—..., -1l<z<1

V) tan_lxzzzozo%x?”“:x—%s—l—%—x—;—l—..., —-1<z<1

Some Maclaurin series obtained from known series:

Y

) er=yr0 B =1 gy 2y foralla

.. . _ 0o 2n+1 3 5 7
ii) sinhz = <= :anom:x+%+%+%+”- for all =

111) COSthﬁ':ex—B@_x:Zfzo%zl‘l‘%‘{’%‘{’%?‘l’-” for all x

iv) —(1_196)2 =Y nzm YV =14+20+322 +423+..., (-l<z<1)
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