
Ordinary Differential Equations
Math 22B-003, Spring 2006

Final Exam Solutions

1. (a) Solve the following initial value problem for y(t) in t > 0:

y′ − 2

t
y = t, y(1) = 2.

(b) How does y(t) behave as t → 0+?

Solution.

• (a) This is a first-order linear ODE. The integrating factor is 1/t2:

1

t2
y′ − 2

t3
y =

1

t
,(

1

t2
y

)′

=
1

t
,

1

t2
y = ln t + c,

y = t2 ln t + ct2.

• Imposing the initial condition, we get c = 2, so the solution is

y(t) = t2 ln t + 2t2.

• (b) Since t ln t → 0 as t → 0+, y(t) → 0 as t → 0+.
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2. (a) Solve the initial value problem

y′ + (cos t)y2 = 0, y(0) = y0,

where y0 is an arbitrary constant.

(b) For what values of the initial data y0 is your solution defined for all
−∞ < t < +∞?

Solution.

• (a) The equation is separable. We have

y′ = −(cos t)y2,∫
dy

y2
= −

∫
cos t dt,

−1

y
= − sin t + c.

• Imposing the initial condition, assuming that y0 6= 0, we get

c = − 1

y0

,

• Solving for y, we get

y(t) =
1

1/y0 + sin t

if y0 6= 0.

• If y0 = 0, then the solution is y(t) = 0.

• (b) The solution is defined for all t if |y0| < 1.
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3. Consider the ordinary differential equation

y′ = (y − 3)
(
y2 − 1

)
(a) Sketch a graph of the right-hand side of this equation as a function of y,
and find all equilibrium solutions of the equation.

(b) Sketch the phase line of the equation, and determine the stability of the
equilibria you found in (a).

(c) How does the solution with y(0) = 0 behave as t → +∞? How does the
solution with y(0) = 2 behave as t → −∞?

Solution.

• (a) The equilibrium points are y = −1, 1, 3.

• (b) Trajectories move to the left with increasing t if y < −1 or 1 <
y < 3; trajectories move to the right if −1 < y < 1 or y > 3. The
equilibrium y = 1 is asymptotically stable. The equilibria y = −1, 3
are unstable.

• (c) If y(0) = 0, then y(t) → 3 as t → +∞. If y(0) = 2, then y(t) → 3
as t → −∞.
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4. (a) Find the general solution of the equation

y′′ + y′ − 2y = 0.

(b) Find the general solution of the equation

y′′ − 2y′ + y = 0.

Solution.

• (a) The characteristic equation is

r2 + r − 2 = 0,

with roots r = −2, 1.

• The general solution is

y(t) = c1e
−2t + c2e

t.

• (b) The characteristic equation is

r2 − 2r + 1 = 0,

with r = 1 as a repeated root.

• The general solution is

y(t) = c1e
t + c2te

t.
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5. Consider the nonhomogeneous ordinary differential equation

y′′ + 4y = 4t2 + 10e−t.

(a) Find a fundamental pair of solutions for the associated homogeneous
equation

(b) Find a particular solution of the nonhomogeneous equation.

(c) Write out the general solution of the nonhomogeneous equation

Solution.

• (a) The characteristic polynomial of the associated homogeneous ODE,

y′′ + 4y = 0,

is
r2 + 4 = 0,

with roots r = ±2i.

• A fundamental pair of solutions of the homogeneous equation is

y1(t) = cos(2t), y2(t) = sin(2t).

• (b) Look for a particular solution of the form

y(t) = At2 + B + Ce−t.

Then
y′′ + 4y = 4At2 + 2A + 4B + 5Ce−t.

We therefore get a solution by choosing A = 1, B = −1/2, C = 2, and

y(t) = t2 − 1

2
+ 2e−t.

• (c) The general solution is

y(t) = c1 cos(2t) + c2 sin(2t) + t2 − 1

2
+ 2e−t.
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6. Consider the ordinary differential equation (in t > 0)

ty′′ − (t + 1)y′ + y = 0.

Note that y1(t) = et is a solution of this equation.

(a) Write y(t) = v(t)et and derive a differential equation for v(t).

(b) Solve the equation for v(t) you derived in (a).

(c) Write out an expression for the general solution of the original ordinary
differential equation.

Solution.

• (a) Writing y = vet, we have

y′ = v′et + vet,

y′′ = v′′et + 2v′et + vet,

and
ty′′ − (t + 1)y′ + y = et {tv′′ + (t− 1) v′} .

• It follows that

v′′ +

(
1− 1

t

)
v′ = 0.

• (b) This equation is a first-order linear ODE for v′. The integrating
factor is et/t and

et

t
v′′ +

(
et

t
− et

t2

)
v′ = 0,(

et

t
v′

)′

= 0,

et

t
v′ = c1,

v′ = c1te
−t,

v = −c1

(
te−t + e−t

)
+ c2.

• The general solution for y is

y(t) = c1(t + 1) + c2e
t.
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7. Use Laplace transforms to solve the initial value problem

y′′ + 9y = 3, y(0) = 1, y′(0) = 0.

(You can use the table provided at the back of the exam.)

Solution.

• Let Y (s) = L[y(t)]. Laplace transforming the ODE, we get

s2Y − sy(0)− y′(0) + 9Y =
3

s
.

• Imposing the initial conditions and rearranging, we have(
s2 + 9

)
Y = s +

3

s
.

• The solution for Y is

Y (s) =
s

s2 + 9
+

3

s (s2 + 9)
.

• From the tables,

L−1

[
s

s2 + 9

]
= cos(3t).

• Using partial fractions, we get

3

s (s2 + 9)
=

1

3

(
1

s
− s

s2 + 9

)
.

• From the tables, it follows that

L−1

[
3

s (s2 + 9)

]
=

1

3
− 1

3
cos(3t).

• Adding these two inverse Laplace transforms, we get the solution

y(t) =
1

3
+

2

3
cos(3t).
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8. The Laplace transform F (s) of a function f(t), defined for t ≥ 0, is given
by

F (s) =

∫ ∞

0

f(t)e−st dt.

(a) For any positive constant c > 0, define a function fc(t) by

fc(t) =

{
1/c if 0 ≤ t ≤ c
0 if t > c

Compute the Laplace transform Fc(s) of fc(t).

(b) What is the limit of Fc(s) as c → 0+?

Solution.

• (a) We have

Fc(s) =

∫ ∞

0

fc(t)e
−st dt

=

∫ c

0

1

c
e−st dt

=
1

c

[
e−st

−s

]c

0

=
1− e−cs

cs
.

This Laplace transform is defined for all s > −∞.

• (b) By L’Hôspital’s rule, or use of the Taylor expansion ex = 1+x+ . . .,

Fc(s) → 1

as c → 0+.

• As c → 0+, the function fc approaches a δ or impulse ‘function’, and
Fc approaches the Laplace transform of the δ-function, which is equal
to 1.
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9. Find the general solution (expressed in terms of real-valued functions) of
the following 2× 2 system

~x′(t) =

(
−1 5
−2 −3

)
~x(t).

Solution.

• The characteristic polynomial is

|A− rI| =

∣∣∣∣ −1− r 5
−2− 3− r

∣∣∣∣
= r2 + 4r + 13.

The roots are
r = −2± 3i.

• Since the system is real, it is sufficient to consider one of these roots,
say r = −2 + 3i. The corresponding eigenvector is a null-vector of the
matrix

A− rI =

(
1− 3i 5
−2 −1− 3i

)
,

which gives

~ξ =

(
5

−1 + 3i

)
.

• There are other possible expression for the eigenvector which differ from
this one by a constant complex multiple; for example,

~η =

(
1 + 3i
−2

)
=

1 + 3i

5
~ξ.

These lead to equivalent, and equally correct, real forms of the solution.

• Writing the correspond complex exponential solution in real and imag-
inary parts, we get

~x(t) = e(−2+3i)t

(
5

−1 + 3i

)
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= e−2t {cos(3t) + i sin(3t)}
{(

5
−1

)
+ i

(
0
3

)}
= e−2t

{
cos(3t)

(
5
−1

)
− sin(3t)

(
0
3

)}
+ie−2t

{
sin(3t)

(
5
−1

)
+ cos(3t)

(
0
3

)}
.

• The general solution is therefore

~x(t) = c1e
−2t

{
cos(3t)

(
5
−1

)
− sin(3t)

(
0
3

)}
+c2e

−2t

{
sin(3t)

(
5
−1

)
+ cos(3t)

(
0
3

)}
= c1e

−2t

(
5 cos(3t)

− cos(3t)− 3 sin(3t)

)
+c2e

−2t

(
5 sin(3t)

− sin(3t) + 3 cos(3t)

)
.
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10. Suppose that the 2 × 2 matrix A has the following eigenvalues and
eigenvectors:

r1 = −3, ~ξ1 =

(
1
2

)
; r2 = −1, ~ξ2 =

(
2
−1

)
.

(a) Sketch the trajectories of the system ~x′(t) = A~x(t), where ~x = (x1, x2)
T ,

in the phase plane below.

(b) On the next page, sketch the graphs of x1(t) and x2(t) versus t for the
solution that satisfies the initial condition x1(0) = 3, x2(0) = 1.

Solution.

• (a) The equilibrium ~x = 0 is a stable node. All trajectories approach
the origin as t → +∞. Since 0 > r2 > r1, the trajectories approach the
origin tangentially to ~ξ2 (with the exception of those that are exactly

in the ~ξ1-direction). As t → −∞, the trajectories go off to infinity in

the direction ~ξ1 (with the exception of those that are exactly in the
~ξ2-direction).

• (b) The solution for x1(t) decreases monotonically to zero as t → +∞
from x1(0) = 3. The solution for x2(t) decreases from x2(0) = 1 and
becomes negative, then increases monotonically to 0.
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