1. ANALYTIC GEOMETRY

1.1 CONIC SECTIONS

The intersection of a plane and a double-napped cone produces four (4) different types

of conic sections (Conics). These are

=

Circle (plane perpendicular to cone axis)

N

Parabola (plane parallel to side of cone)

.

Ellipse (plane inclined at an angle)

&

Hyperbola (plane parallel to cone axis)

When the plane passes through the vertex, the resulting figure is a degenerate conic (see

handout). Algebraically, conic sections are defined by the quadratic equation
AX? + Bxy +Cy® + Dx+Ey+F =0. (1.1)

In this chapter, we will consider the parabola, ellipse and hyperbola and be able to identify
these from any given quadratic equation. Furthermore, the polar equations of these conics will
be given. The circle will not be considered as it has been discussed extensively in the first year

course.

1.1.1 PARABOLA

A parabola is the set of all points(x, y) that are equidistant from a fixed line called

the directrix and a fixed point called the focus not on the line. The midpoint
between the focus and the directrix is the vertex and the line passing through the

focus and the vertex is the axis. We call the distance p along the axis from the

focus to the vertex the directed distance.




Suppose that the vertex of a parabola is at the origin and y-axis is its axis

F(0, p)
P(x¥)
P
Vertex — X

Directrix D(x,—p) y

—-P

Then by definition

|[FP|=|PD|= /x* +(p—y)? =J0* +(y + p)?
=X+ p*-2py+y =y +2py+p°
= x> =4py (1.2)

Similarly, the equation of a parabola with vertex at the origin, focus at (0,—p) and directrix
p units above the vertex is given by

= x* =—4py. (1.3)

If the focus is at (p,0) and directrix is p units to the left of the vertex, then this parabola is
given by

= y? =4px (1.4)

And in a similar way the equation of a parabola with focus at (—p,0) and directrix p units
to the right of the vertex is given by

= y* =—4px (1.5)

A line segment that passes through the focus of a parabola and has end points on the parabola
is called focal chord. The specific focal chord perpendicular to the axis is called latus rectum.

y

focal chord F latds rectum



Example 1.1.1

1. Find the axis, vertex, focus and directrix of the parabolas

(@ y*=-8x (b)x*=-2y
2. Find the length of the latus rectum of the parabolas in question 1.

Solution

1. (@) y* =-8x=—-4(2)x
=>p=2
c.axis: x-axisory =0
vertex: (0,0)
focus: (-2,0)
Directrix: x =2

(b) x> =-2y =x° :—4(%jy

F(-2,0) X+2

L pl
2

s.axis: y-axisorx =0
vertex: (0,0)

focus: (0, -

N |-

Directrix: x :%

2. (a) When x=-2
y* =-8(-2)
= y==4.
.. Length of latus rectum is 8.

(b) When y = —%

‘oo

= x==1.

.. Length of latus rectum is 2.



112 ELLIPSE
An ellipse is the set of all points (x,y) in the plane whose distances from two

distinct fixed points called foci have a constant sum.

P(x,y)
d, d, d, +d, isconstant

Fl FZ

e The line through the foci is the ellipse’s focal axis.
e The focal axis intersects the ellipse at two points called the vertices.

e The chord joining the vertices is the major axis, and its midpoint is the centre of the
ellipse.
e The chord perpendicular to the major axis at the centre is the minor axis.

Suppose that the ellipse is centred at the origin and x- and y-axis is the major and minor
axis respectively. Also, suppose that the foci are F,(—c,0) and F,(c,0) with vertices at

(-a,0) and (a,0) meaning length of major axis is 2a.

y
P(x,y)
(-a,0) (a,0)
By definition,
| FP|+|PF, |=2a

\/(—c—x)2+y2 +\/(X—C)2+y2 =2a

X? +2cx+¢° + y* =4a° —4a\/m+(x—c)2+y2

X? +20x+C° + y? =4a’ —4a\/m+ X? —2cx+C° +y?
a\/m:a2 —CX

a’x’ —2a’cx+a’c® +a’y* =a’ —2a’cx+c*x’
(a®—c?)x*+a’y* =a’*(a’ —c?)



Since a>c, a®—c® > 0. Letting b* =a® —c?, we have that
2
+y—2:1,

where 2b is the length of minor axis.

(1.6)

Similarly, if the major axis is along the y-axis, then the equation of the ellipse is given by

2 2
é + % =1.
Example 1.1.2
Given the ellipse
% + ygz =1
Find the centre, foci and vertices and sketch it.
Solution
Clearly, the major axis is horizontal.
a’=16=a=4.
b’=9=b=3
c?=a’-b =7T=c=4/7.
..centre: (0,0)
foci: (\/70) and (ﬁo)
vertices: (-4,0), (4,0), (0,-3) and (0, 3).
y
(0.3
(4, (4,0

5

.7



1.1.3 HYPERBOLA
A hyperbola is the set of all points (x,y) for which the absolute value of the

difference between the distances from two fixed points called foci is constant.

|d, —d, | is constant

DA

e The line through the foci intersects a hyperbola at two points called the vertices.
The line segment connecting the vertices is called the transverse axis (focal axis) and

its midpoint is known as the centre of the hyperbola.

A hyperbola has two asymptotes that intersect at the centre. They are an important aid in
sketching its graph.

asymptote

asymptote
P(X,y)

vertex |
/ centre F, transverse axis

If the foci are at F,(—c,0) and F,(c,0) and the constant is 2a, then by definition any point
P(x,y) lies on the hyperbola if and only if

(IFP|~|PF,[)==2a,

Simplifying this equation, we get



X y
—+ =1.
a’> a’-¢c°
Since ¢ >a, a® —c® <0, so we write this equation as
2 2
X_z_ 2y 7 =1
a® c’-a
so that if we let b? =c® —a?, we have
2 2
Xy
——-==1. 1.8
Z 2 (1.8)

=1, (1.9)

If we draw a rectangle with horizontal line passing through b and —b and vertical line
passing through —a and a (and vice versa for vertical transverse axis), then the asymptotes
pass through the centre and the diagonals of this rectangle.

So for equation(1.8), the asymptotes are given by

EXAMPLE 1.1.3

A hyperbola is given by
4x* —y* =16.

Find the centre, foci, vertices and asymptotes and sketch it.



Solution

2 2
2 Xy

Ax° -y’ =16=>"—-21_=1

. transverse axis ia holizontal
a’=4=a=2

b2 =16=>b=4
—a’+h?=20=c=+/20.

. cenre: (0,0)

foci: (—+/20,0) and (+/20,0)

vertices: (-2,0) and (2,0)
asymptotes: y = J_rg X

l.e y=12x.

1.2 CLASSIFYING CONICS BY ECCENTRICITY

We consider the number called the conic section’s eccentricity and show how it is
related to different conics we have discussed already. The eccentricity describes the
conic section’s general proportions (in the case of ellipse and hyperbola) and is used
to determine the type of a conic section. For example, given any ellipse, we can fix a
and vary ¢ over the interval 0 <c <a. We notice that when ¢ =0, we get circles and

as ¢ increases, the ellipse flattens. If ¢ =a, the foci and vertices overlap and the
ellipse degenerates into a line segment.

Definition 1.2.1

The eccentricity e, of a parabola is e =1.

Definition 1.2.2

The eccentricity e, of an ellipse is given by the ratio




e=

¢
a 1

where 0<c<a implying that 0<e<1.

Definition 1.2.3

The eccentricity e, of a hyperbola is given by the ratio

c

e=—.

a

Since ¢ >a for a hyperbola, e >1.

In case of the ellipse, the eccentricity can be said to be the ratio of the distance of a
point P(x,y) from the foci to the distance of the same point from a fixed line called

the directrix. That leads to the “focus-directrix” equation
| PF |=e.| PD|, (1.10)

where D is a point on the directrix such that the line segment PD is perpendicular to
the directrix . This focus-directrix equation unites the parabola, ellipse and hyperbola
in the following theorem:

Theorem 1.2.1

Suppose that the distance | PF | of a point P(x,y) from the focus F is a constant

multiple of its distance from a directrix, i.e.
| PF |=e.| PD|,

where e is the constant of proportionality. Then, the path traced by P is
(a) A parabola
(b) An ellipse of eccentricity e, if e<1, and

(c) A hyperbola of eccentricity e, if e >1.

y O

o |



| PR |=€.|PD, |

| PF, |=e.| PD, |
y
D, D, giﬁi;)
a
, X
F,(—c,0) 0 | F.(c,0)
a
e
a a
X=—— X=—
e e
| PF, |=e.| PD, |
| PF, |=e.| PD, |

EXAMPLE 1.2.1

1. Identify the conic sections centred at the origin and given by the following values of
a and b:
(@ a=2,Db
(b) a=3, b

=5
1

2. A hyperbola of eccentricity e =§ has one focus at (1,—3). The corresponding

directrix is the line y = 2. Find an equation for the hyperbola.

Solution

1. (8 a=2, b=5=c*=a*+b’ (only two possibilities but not ¢ = a® —b?*)

=4+25
=29
—c=429
.'.e:3=@>1
a 2

.. The conic section is a hyperbola.

10



(b) a=3, b=1. We have two possibilities:

(i) ¢* =a’ +b?

=9+1

=10
:>C=J1_Oande:£:@>1.

a 3

(ii) ¢ =a? —b?

=9-1

=8
:>c:«/§ande:§:§<1.

.. The conic section can a hyperbola or an ellipse.

It is indeed a hyperbola since e = g

y

Cy)

y=2
X

0 X=1

F(lv_g)

c
o ez—:gzsa:ZC .................................... M

. . . . a .
e The distance from the directrix to the focus is given by ¢——, and in our case
e

it is equal to 5. Thus,
c—ﬁzs:sﬁ—a:s@j

e 2 2
=3c-2a=15..i (i)
Solving (i) and (ii) simultaneously, we get
3a—-2c=0
—2a+3c=15

11



= 6a-4c=0
—6a+9c=45

=5c=45
=c=9

2
= a:(gj(Q) =6.
.. The centre is 9 units upward from the focus and the vertex is 6 units from the centre.
... Centre: (1,6)
Vertex: (1,0)
b*=c?-a’=81-36=45
.. The equation of the hyperbola is

(y-6)° (x=-1° 1
36 45 '

A

1.3 TRANSLATION OF COORDINATES
In the previous section, we have considered conic sections centred at the origin.

Suppose we shift the centre to the right to any point say O(h,k). Then, we may

assume that the axes passing through that point form another coordinate system we
shall call the XY coordinate system.

y Y

(h,k) X

If we consider this point O to be the origin for the XY coordinate system, then any point

P(x,y) inthe original xy coordinate system will be translated to the point P(X,Y) insucha
way that

X =x-h (1.11)
Y=y-k '

12



Similar translations can be done in the other three remaining quadrants. In each case,
we obtain equations like (1.11) which relate the two coordinate systems xy and XY.

We can then discuss conic sections in the XY coordinate system as well as in the
original xy coordinate system.

Example 1.3.1
Discuss the conic sections given by

(@) 2x* -y +6y=3

(b) 4x*+y?-8x+4y—-8=0
C) X*+2y+2x=1.

(c) y

Solution

In each case, we complete the square.

(@) 2x*—y*+6y=3
= 2x*—(y*-6y)=3
2x* —[(y-3)*-9]=3
2x* —(y-3)*=-6
(y-3° x

= —=1.
6 3

Letting X =x and Y =y -3, we have

2 2
voxt
6 3

which is a hyperbola with vertical transverse axis.

a?=6=a=+6
b’=3=b=43
c?=a’+b’=9=c=3.

In the XY coordinate system,
Centre: (0,0)
Foci: (0,-3) and (0,3)
Vertices: (0,—J§) and (0, \/5)

J6

Asymptotes: Y =t i.e. Y =+2X
a.2
Directrices: Y =+— =42,
c
Using the equations X =x and Y =Yy -3, we have that

for Y =143, y=0 and y=6,

13



for Y =+6, y=3-6 and y=3++/6,
forY =142, y=5and y=1

and for the asymptotes Y = ++/2X, we have that
y—3=+2x, i.e. y=3+/2x.

Therefore, in the original xy coordinate system,

Centre: (0,3)

Foci: (0,0) and (0,6)

Vertices: (0,3—«/5) and (O,3+\/§)
Asymptotes: y =3++/2x
Directrices: y=1and y=5.

Y
y
F,(0,6)
(073 + /E\
otV o)
(0,3)

§ =3+/2x

(b) 4x*+y*—8x+4y—-8=0
A(x* =2X)+y>+4y-8=0
4(x-1)°-4+(y+2)°-4-8=0
4(x-1)°+(y+2)* =16
2 2
(x=1) +(Y+2) _1
4 16
Letting X =x—1and Y =y+2, we get

X2 Y?

4 16

14

y =3-+/2x



which is an ellipse with vertical major axis.
a’=16=>a=4
b’=4=b=2
c?=16-4=12=c=+12.
In the XY coordinate system
Centre: (0,0)
Foci: (0,—J1_2) and (OJl_Z)
Vertices: (0,—4), (0,4), (-2,0) and (2,0)
2
Directrices: Y =+ =+~ 16 =+ i
c 2B B
When X =0, x=1
When Y =0, y=-2
When X =42, x=3andx=-1
When Y =44, y=2andy:—6
+ y= +——2
SRR
Therefore, in the xy coordinate system,
Centre: (1,-2)

Foci: (1,—2—J1_2) and (1,—2+J1_2)
Vertices: (1,-6), (1,2), (-1,-2) and (3,-2)

When Y =

Directrices: y = J_ri -2.

NG
y Y
(1:2) y:%—z
F,(L—2+12)
0
(-1,-2) 1,2 (3,+2)
F(1,-2-+/12)
(11 _6)
8
y= ﬁ +2

(c) Exercise

15



1.4 ROTATION OF AXES

It was stated at the beginning of this chapter that conic sections can be described
algebraically by equation(1.1). You may have noticed that in the conic sections we
have considered so far the Bxy- term did not appear because the axes were parallel to

the coordinate axes. To eliminate this xy-term, we rotate the coordinate axes counter
clockwise about the origin through an angle «.

y
y!
(x,Y) ,
p 1 ! X
{(x Y9
0 M’
(04
0 M X

X =0M = (op)cos(f + )
y =Mp = (op)sin(0 + @)
x"=0M'=(op)cosd
y'=M'p=(op)sind
. X=(op)cos@cosa—(op)sindsina
=Xx'cosa—Yy'sina
y = (op)sin @ cos « + (op) cos #sin

=y'cosa + X'sinx

Equations for rotating coordinate axes:

X=X'cosa—Yy'sina
. , (1.12)
y=X'sina+Yy'cosa
If we solve (1.12) simultaneously for x’ and y’, we also get
X'=XCoSax+ ySina
. ) } (1.13)
y'=Xsina—-ycosa

16



Example 1.4.1

The x- and y-axes are rotated through an angle % radians about the origin. Find an equation

for the hyperbola

2xy =9
in the new coordinates.
Solution
Here « _Z so that
4
x=xcos”—y'sinZ = X—y
4 4 2
y= x’sin£+ y'cosZ _X+y
4 NG
Thus,
X!_y! X!+ y!
2xy =9=2 =9
v=0=2 )
=x7-y?=9
12 12
:>X——y— 1
9 9
y' y X'
i
4

17



The task at hand is determining the angle «. We notice that if we apply the equations (1.12)
to the quadratic equation (1.1) with B # 0, we get a new equation with B'=0, i.e.

AX?+B'XYy +C'y?+D'X+E'Yy+F =0,
where

A = Acos’ a + Bcosasina +Csin’ o
B'=Bcos2a +(C - A)sin2x

C’'= Asin’a —Bsinacosa +C cos’ a
D'=Dcosa+Esina
E'=-Dsina+Ecosa

F'=F.

cot2¢ = A

—C o tan2ea=—B_ (1.14)
A-C

Example 1.4.2

For the equation

2x% +/3xy + y? -10=0,
find the angle « and identify the conic section.
Solution

Here A=2, B=+/3, C=1

tan2a=£1:\/§
=20 =—
T
S>a=—
6
S X=XC0s——y'sin—= X\/g—l
2 2
Y=x’sin£+y’cos£:£+ y'V3
6 6 2 2

S22 ++3xy+y?—10=0

A A5 By 58] o
2 2 2 2

2 )\ 2 2 2
3, 1 , 3, 33 J3 3 , 1, 3 3,
— X =AXY A+ =Y X+ — XYy ——XY =Y+ =X+ —XYy +-Yy"-10=0
R ATt g VT T Tyt Y

12

12
:Ex’2+£y’2 =10 or —+
2 2 4

y

18



.. The conic section is an ellipse

a?=20=a=+20
b’=4=b=2
c’=20-4=c=4.

In the X'y’ coordinate system, we have
Centre: (0,0)
Foci: (0,4) and (0,-4)

Vertices: (0,2J§), (o,-zJﬁ), (2,0) and (~2,0).

. . 8
Directrices: y'=+—

N3

For (0,0), x=0 and y=0.

For (0,4), x:o;24:—2 and y:0+;ﬁ:2ﬁ
For (0,-4), x:0L24:2 and y:0—;1\/§:_2\/§

For (0,2\/5), x:0_2\/§:—\/§ and y=ﬂ=\/l—5

2

For (0,—2\/5), x:0+2\/§:«/§ and y:%:—\/ﬁ

2
For (2,0), x=+/3 and y=1
For (—2,0), x=—/3 and y=—1.

X—y~/3
2

16

Since y' = , we have that x—yﬁ:iﬁ.

In the Xy coordinate system,

Centre: (0,0)

Foci: (-2,24/3) and (2,-2+3)

Vertices: (—JS_Jl_S) (JS_—Jl_S) (J§1) and (—J§,—1)

16

iﬁ.

Directrices: x— y\/§ =

19



F,(-2,24/3) (V3,1

>N

F,(2,42V3)
(v/5,~15)

1.41 THE DISCRIMINANT TEST

Sometimes, we do not need to eliminate the Xy —term from the quadratic equation to be
able to identify the conic section. We can easily do that by applying the discriminant test.

With the understanding that occasional degenerate cases may arise, the quadratic equation
(1.1)is

(@) A Parabola if B>—4AC =0
(b) An Ellipse if B ~4AC <0 and
(c) A Hyperbola if B> —4AC > 0.

Example 1.4.3

(@) 3x*—6xy+3y*+2x-7=0

represents a parabola because

B? —4AC = (-6)* - 4(3)(3) =0.
(b) X’ +xy+y*—1=0

represents an ellipse because

B? —4AC = (1) -4(1)()) =-3<0.
(c) xy—y*-5y+1=0

Represents a hyperbola because

B? —4AC = (1) —4(-1)(0) =1>0.

1.5 PARAMETRISATION OF PLANE CURVES
The graphs you have seen so far have been represented by a single equation involving
two variables, for example

20



2

=——+X
y 72

Although this equation can tell us where the object has been, it does not tell us when
the object was at a given point (X, y). To determine the time, we introduce a third

variable t called a parameter so that the object’s coordinates are expressed as a
function of t and then write x and y as

x = f(t) =242t
y = g(t) = —16t2 + 24/2t.

Definition 1.5.1
If x and y are given as continuous functions

x = f(t)
y=g(),

over an interval of t-values, then the set of points (x, y) =( f (t), g(t)) defined by these

equations is a curve in the coordinate plane. The equations are parametric equations
for the curve. The variable t is a parameter for the curve and its domain | is the

parameter interval. If | isa closed interval, a<t<b, then the point ( f(a),g(a)) is

the initial point of the curve and ( f (b), g(b)) is the terminal point of the curve.

When we give parametric equations and a parameter interval for a curve in the plane,
we say that we have parametrised the curve. The equations and interval constitute a
parametrisation of the curve.

Example 1.5.1
Sketch the curve represented by the following equations

@ x=t, y=1-t, -1<t<3.

1 t
b) x= Ly = , t>-1.
(®) Jt+1 d t+1

(c) x=co0sd, y=sing, 0<0<2x.
(d) x=3c0sd, y=4sinf,0<0<2r.

Solution

@ x=t, y=1-t=1-x

t -1 |0 1
-1
y 2 1 0 -1 -2

Initial point: (-1,2)
Terminal point: (3,-2)

21



1 1
Jt+1 [ -y

SoX

= x* =—(y-1).

Since t >—1 and X:L, it follows that x > 0.

Ji+1
y

A

(

\

22



(c) x=cosd, y=sind

Using the identity cos® @+sin® @ =1, we have that
XX +y*=1,

which is a circle centred at the origin with radius 1.

y

1

TN

TN

S~

(d) x=3co0sd, y=4sinf :cosezg and sinez%.
. X2 y?
cos’ A +sinf=1="—+2_=1,
9 16

which is the equation of an ellipse.
y

4

/7N

w

P
~—

23



In the previous example, the parametric equations were given and all we wanted to do
was to sketch the graph. Suppose we are given the equation and we want to
parametrise it. The next example will illustrate just that.

Example 1.5.2

1. Find a set of parametric equations that represents the graph of y =1—x’ using the
dy
dx
2. Find the parametric equations for the right-hand branch of the hyperbola

slope m=—= at the point (X, y).

X —y?=1.

3. Find the parametric equations for the curve traced by a point p on the

circumference of a circle of radius "a" rolling along a horizontal straight line in a
plane. Such a curve is called a cycloid.

Solution

1. y:1—x2:>d—y:m:—2x and so x=—. Thus,
dx 2

2. For the hyperbola x* —y® =1, we think of one trigonometric identity that can help
in parametrising. Since sec’ @ —tan® @ =1, letting

Xx=secd and y=tané, —%<6’<%

gives us the required parametric equations.
3. As a parameter, we will use the angle t through which the circle turns. When
t=0, p isatthe origin. When t =z, p would have moved one-half of the

circumference of the circle, i.e. 7a and p is at (7a,2a). Suppose the base lies at
"at" units from the origin.

24



za 2ra

cosH:Q:d:acosH and sin0=3:>e=asin6’
a a

t+0:3—ﬂ:>49:3—”—t and so
2 2

cosezcos(%—tjz—sint

sinezsin(?’?”—tj:—cost

S X=at+d=at+acosd=at—asint =a(t—sint)
y=a+e=a+asind=a—acost =a(l—cost),

i.e. x=a(t-sint), y=a(l-cost), t>0.

1.5.1 STANDARD PARAMETRISATIONS

Circle: X’ +y*=a’
x=acost, y=asint, 0<t<2z.

2 2
Ellipse: %+§=1

x=acost, y=bsint, 0<t<2xr.

Cycloid generated by a circle of radius a:

x=a(t—sint), y=a(l-cost), t>0.

1.6 POLAR COORDINATES
You have already seen how graphs can be represented by a collection of points (x, y)

on the rectangular (Cartesian) coordinate system. We now want to study the
coordinate system called polar coordinate system and see how it is related to the

25



rectangular coordinate system. It is interesting to note that while a point in the plane
has only one pair of Cartesian coordinates, it has infinitely many pairs of polar
coordinates.

Definition 1.6.1
Fix an origin O (called the pole) and an initial ray from O. Then each point P can be
located by assigning to it a polar coordinate pair (r,#) in which r gives the directed

distance from O to P, and & gives the directed angle from the initial ray to OP.
As mentioned before, the point (r,#) can have infinitely many pairs. This is because

there are instances when r can be negative (hence the use of directed distance in the
definition) and so (r,&) and (-r, 7 +0) represent same point. Similarly, (r,8) and

(r,27 + 0) represent same point. In general,

(r,0)=(r,2nz +0)
or
(r,0)=(-r,(2n+) 7z +6),
T

where n is any integer. For example, the point P[Z, 6] has the following polar

coordinates:

Let us now see the relationship between polar and rectangular coordinates. We

assume that the polar axis coincide with the positive x-axis and the pole with the origin.

y

P(r,0) =P(x,y)

Yz

0 X

Then x=rcosf, y=rsing

which are the parametric equations for a circle centred at the origin with radius r >0 and so
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tang=7. Thus, the equations relating polar and Cartesian coordinates are:
X

X=rcosf, y=rsing, x> +y’>=r?, tang =Y.
X

Example 1.6.1
1. Convert the point (-1,1) and (0,2) to polar coordinates.

2. Convert the polar coordinates (2,7) and (\/g%j to rectangular coordinates.

Solution

1. For (-11), tan9:—1:>9=37”

We choose & in the second quadrant where r >0. So

z“'X2—|—y2 :—\/E
3r

.. One set of polar coordinates is (\/5 T]

For (0,2), since x-coordinate is zero, we choose 6 = % and automatically
r=v0"+2°=2
.. One set of polar coordinates is (2, %j

2. For (2,7), x=rcos@=2cosz =-2

y=rsind=2sinz=0
.. Rectangular coordinate is (-2, 0).

For (\/5%] =rcosé = \/§co

oalél
Nloo

y=rsing= \/§S|n1:£
343

.. Rectangular coordinate is [E 7)

Example 1.6.2

For each of the following polar equations, find their equivalent Cartesian equation and
identify their graphs:

(@) rcosfg=-4
(b) r* =4rcosé
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B 4
2cosf—sing’

(c) r

Solution

(a) Since x=rcosd, we have that x=—4 which is a vertical line.
(b) Since x*+y*=r?andy =rsiné, we have that
2x—y =4x, i.e. (x—2)* + y* =4, which is a circle centred at (2,0) with radius 2.
(C) r= ;
2c0s60—sind
Since x=rcosd and y=rsin#, we have that
2X—Yy =4, which is a straight line.

= 2rcos@—rsin g =4.

Example 1.6.3
Replace the Cartesian equations

(@) y*=4x (b) xX*+xy+y*=1and (c) x*+(y-2)*=4
by their equivalent polar equations.

Solution

(@) y* =4x= (rsind)* =4(rcos o)
= r?sin® @ =4rcosé
= rsin® @ =4cos @
(b) X*+xy+y° =1=x*+y’ +xy=1
= r’+r’sinfcosd
= r’(1+sin@cosb).
() X*+(y-2)=4=>x>+y*-2y+4=4

= r’>=2rsin@
=r =2sind.

1.7 POLAR EQUATIONS FOR CONICS
We wish to use polar coordinates to describe conics with a single relatively simple
coordinate equation.
Suppose one focus of a conic section is placed at the origin and the corresponding
directrix is to the right of the origin along the vertical line x =k.
y

\P(r,@)

r/"0
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Clearly, |PF|=r and |PD|=k—FB =k —x

=k —rcosé.
Then, using the ‘focus-directrix’ equation |PF| = E.|PD|, we have that
r =e(k —rcosé).

We can do the same for the other three (3) cases when the directrix is vertical to the left of the
pole, and when it is above and below the pole.

Theorem 1.7.1

Let F be a focus placed at the origin, D be a point along the directrix. Let P be a point in
the plane and e be eccentricity. Then, the polar equations of the conics are as given below
depending on the position of the directrix:

1. Horizontal directrix above the pole: r = e—k_

1+esin@

2. Horizontal directrix above the pole: r = e—k_

1-esing

: . : . ek

3. Vertical directrix to the right of the pole: r = ———
1+ecosé

: . . k
4. Vertical directrix to the left of the pole: r = e—_

1-ecosd
Example 1.7.1

Identify and sketch the graph of the polar equations

(a) r :3—2_ (b) rzil
3+5sind 3-2co0sé
Solution
32
(@) ree—o =%
3+5sinf 1+3%sind
=>e= > >1.
3
.. The conic section is a hyperbola with directrix above the pole.
k=22 32,3 3%
3 3 5 5
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(b) r=

For 6 = Or_—:>(r0) [% j—)(xy) (332 Oj

Fore_% =4=(r,0) = (

J—>(X, 9)=(0,4)

,ﬂj—)(X, y) :(—g OJ

For 0 =, r:§:>(r,0):(
3 3

— °"|N Nlé)

For 9:3?”, r=-16= (r,0) = —16,37”j—>(x, y) =(0,16)

Thus, length of vertical transverse axis is 16 —4 =12 =2a=12
=a=6
and centre is at (0,10). It therefore follows that the hyperbola has been shifted

upwards by 10 units implying that ¢ =10 and b =8. Since one directrix is y = %

we should have another directrix given by y=16— (% — 4) = % and the asymptotes

6 3
are y-10=2—x=y=10+—x.
y 8 y 4

y
y

M \
=

—~ -
o

(=]

Nt

5 %
3—-2cos¢ 1-2%cosé




:>e:g<1
3

.. The conic section is an ellipse with vertical directrix to the left of the pole.

y
QJ

15 15

X=—"— X=—

2 2

For 8=0and 6 =r, rziziaand r:L:B
3-2cos0 3-2cosxw

S.X=3cosz =-3 Xx=15c0s0=15
y=3sinz=0 y=15sin0=0

. Foci: (0,0) and (12,0)
Vertices: (—3,0) and (15,0).
Centre: (6,0)

ek:5:>k:5><g:E

Directrices: x = —% and x = ?
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