
Chapter 1

Analytic geometry (Lecture 1)

In this Lecture, we will review some of the work covered in MAT1100
about the circle. We will define a parabola, with vertex at the origin,
derive its equation and look at some examples.

1.1 The circle

Let C = (h, k) be a fixed point. We recall that the locus of points
equidistant from C is called the circle. We call C = (h, k) the center of
the circle, and the distance from C to any point on the circumference
is called the radius of the circle. This means that if P = (x, y) is
any point on the circumference of the circle, with center C = (h, k),

then r =
√

(x− h)2 + (y − k)2, so that r2 = (x − h)2 + (y − k)2 or
x2− 2hx+ y2− 2ky+h2+k2− r2 = 0 is the equation of the circle. The
equation x2− 2hx+ y2− 2ky+ h2+ k2− r2 = 0 is generally written as
x2+y2+Cx+Dy+E = 0, and is called the GENERAL EQUATION of
the circle, while r2 = (x− h)2 + (y − k)2 is known as the STANDARD
EQUATION of the circle.

Example 1.1.1. 1. Find the equation of a circle with center at (2,−3),
and passes through (5,−1).

2. Find the center of the circle whose equation is 3x2 + 3y2 + 6x −
4y − 5 = 0.
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1.2 Parabolas

Definition 1.2.1. A parabola is the set of all points in a plane equidis-
tant from a fixed line (D) called the directrix, and a fixed point (F )

called the focus in the plane.

Let’s derive the algebraic equation for a parabola. Without loss of
generality, we can assume the focus is F (0, p) on the positive y-axis
and the directrix is the line y = −p (without loss of generality just
means that any other situation could be transformed into this case).
From the definition of parabola, we must have for an arbitrary point
P (x, y) on the parabola:

‖ PF ‖ =‖ PD ‖

distance to focus = distance to directrix√
x2 + (y − p)2 =

√
(y + p)2

x2 + (y − p)2 = (y + p)2

x2 = 4yp.

This reveals the parabola’s symmetry about the y-axis. The point
where the parabola crosses its axis is the vertex. For x2 = 4yp, the
vertex lies at the origin. The positive number p is the parabola’s focal
length.

The standard form for the equation of a parabola is x2 = 4yp. If p > 0,

the parabola opens upwards, and downward if p < 0. By interchanging
x and y in x2 = 4yp, we obtain y2 = 4xp, with the parabola opening
to the right if p > 0 or opening to the left if p < 0.
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Example 1.2.2. 1. Find the focus and directrix for the parabola

x2 = −12y.

2. Find the focus and directrix for the parabola

y2 = 10x.

3. Write an equation for a parabola that opens to the left, with vertex
(0, 2) and passes through (−6,−4). Hence sketch the graph.

Note: Check the course outline for references.
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Chapter 1

Analytic geometry (Lecture 2)

1.1 Ellipses

Definition 1.1.1. An ellipse is the set of all points is the plane the
sum of whose distances from two fixed points F1 and F2 is a constant.
These two fixed points are called foci (plural of focus).

The line through the foci of an ellipse is the ellipse’s focal axis. The
point on the axis halfway between the foci is the center. The points
where the focal axis and the ellipse cross are the ellipse’s vertices.

Suppose the foci are on the x−axis, at (c, 0) and (−c, 0), so that the
origin is halfway between the foci as in the figure below. Let the sum
of the distances from the point P = (x, y) on the ellipse to the foci be
2a > 0. It follows that

||PF1|| + ||PF2|| = 2a√
(x + c)2 + y2 +

√
(x− c)2 + y2 = 2a

To simplify this equation, we move the second radical to the right-
hand side, square, isolate the remaining radical, and square again,
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obtaining (a2 − c2)x2 + y2a2 = a4 − a2c2, so that

x2

a2
+

y2

a2 − c2
= 1.

Since ||PF1|| + ||PF2|| is greater than ||F1F2|| by the triangle in-
equality, we have that 2a is greater than 2c. Consequently, a > c

and so a2 − c2 > 0. Thus every point P whose coordinates satisfy an
equation of the form

x2

a2
+

y2

a2 − c2
= 1 with 0 < c < a

also satisfies the equation

||PF1|| + ||PF2|| = 2a.

A point therefore lies on the ellipse if and only if its coordinates satisfy

x2

a2
+

y2

a2 − c2
= 1.

If b2 = a2 − c2, then
x2

a2
+

y2

b2
= 1

is the equation of an ellipse symmetric with respect to the origin and
both coordinate axes. It lies in the rectangle bounded by x = ±a and
y = ±b.

1.1.2 Major and Minor axes of an ellipse

The major axis of the ellipse

x2

a2
+

y2

b2
= 1,

where c =
√
a2 − b2, is the line segment of length 2a joining the points

(±a, 0). The minor axis of the ellipse is the line segment of length 2b
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joining the points (0,±b). The number a itself is the semimajor axis, the
number b is the semiminor axis. The number c is the center-to-focus
distance of the ellipse.

In conclusion, the standard-form equation for ellipses centered at
the origin is

1.
x2

a2
+

y2

b2
= 1, with a > b.

(a) Foci on the x-axis

(b) Center-to-focus distance: c =
√
a2 − b2

(c) Foci: (±c, 0)

(d) Vertices: (±a, 0) for the major axis.

(e) Vertices: (0,±b) for the minor axis.

2.
x2

b2
+

y2

a2
= 1, with a > b.

(a) Foci on the y-axis

(b) Center-to-focus distance: c =
√
a2 − b2

(c) Foci: (0,±c)

(d) Vertices: (0,±a) for the major axis.

(e) Vertices: (±b, 0) for the minor axis.

Example 1.1.3. 1. Find the foci, vertices and sketch each of the fol-
lowing

(a) x2

9 + y2

16 = 1

(b) 9x2 + 16y2 = 144.

2. Find the equation of the ellipse with foci (0,±2) and vertices
(0,±3).
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Note: Check the course outline for references.
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Chapter 1

Analytic geometry (Lecture 3)

1.1 Hyperbolas

Definition 1.1.1. A hyperbola is the set of all points in the plane the
difference of whose distances from two fixed points (foci) F1 and F2 is
a constant.

If we place the foci on the x-axis at (c, 0) and (−c, 0), as in the figure
below, so that the origin is halfway between the foci and the constant
difference is 2a, then from |PF1|− |PF2| = ±2a, we obtain that a point
P (x, y) lies on the hyperbola if and only if√

(x + c)2 + y2 −
√

(x− c)2 + y2 = ±2a.

To simplify this equation, we move the second radical to the right-
hand side, square, isolate the remaining radical, and square again,
obtaining

x2

a2
+

y2

a2 − c2
= 1.

Since a < c, it follows that a2−c2 is negative. If we let b =
√
c2 − a2,

then a2 − c2 = −b2 so that x2

a2
+ y2

a2−c2 = 1 becomes

x2

a2
− y2

b2
= 1.
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If the foci of the hyperbola are located on the y-axis at (0,±c), then
we can find its equation by interchanging the x and y in the above
equation. Thus, we have

y2

a2
− x2

b2
= 1,

with vertices at (0,±a) and asymptotes y = ±a
bx.

Like the ellipse, the hyperbola is symmetric with respect to the origin
and the coordinate axes. The focal axis, the foci, the center and the
vertices are defined as in an ellipse.

1.1.2 Asymptotes of hyperbolas-Graphing

The hyperbola
x2

a2
− y2

b2
= 1

has two asymptotes, the lines y = ± b
ax. They give us the guidance we

need to graph hyperbolas quickly.
The standard-form equations for hyperbolas centered at the origin

are:

1.
x2

a2
− y2

b2
= 1

(a) Foci on the x-axis

(b) Center-to-focus distance: c =
√
a2 + b2

(c) Foci: (±c, 0)

(d) Vertices: (±a, 0).

(e) Asymptotes: y = ± b
ax.

2.
y2

a2
− x2

b2
= 1
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(a) Foci on the y-axis

(b) Center-to-focus distance: c =
√
a2 + b2

(c) Foci: (0,±c)

(d) Vertices: (0,±a)

(e) Asymptotes: y = ±a
bx.

Example 1.1.3. 1. Find the foci, vertices and asymptotes of the hy-
perbola 9x2 − 16y2 = 144 and sketch the graph.

2. Find the foci, vertices and asymptotes for the hyperbola y2

4 −
x2

5 = 1.

3. Find the foci and the equations of the hyperbola with vertices
(0,±1) and asymptote y = 2x.

1.2 Translation of axes

Introduction
In the previous sections, we found equations for parabolas, ellipses,

and hyperbolas located with their axes on the coordinate axes and
centered at the origin. What happens if we move conics away from the
origin while keeping their axes parallel to the coordinate axes?

1.2.1 Translation of axes

A translation of coordinate axes occurs when the new coordinate axes
have the same direction as and are parallel to the original coordinate
axes. A point P in the plane has two sets of coordinates: (x, y) in the
original system and (x′, y′) in the translated system. If the coordinates
of the origin of the translated system are (h, k) relative to the original
system, then the old and new coordinates are related as follows
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1.

x = x′ + h

y = y′ + k

2.

x′ = x− h

y′ = y − k

It can be shown that these formula hold for (h, k) located anywhere in
the original coordinate system.

1.2.2 Standard Equations of Translated Conics

We now proceed to find standard equations of conics translated away
from the origin. We do this by first writing the standard equations
found in earlier sections in the x′y′ coordinate system with 0′ at (h, k).
We then use translation equations to find the standard forms relative
to the original xy coordinate system. The equations of translation in
all cases are

x′ = x− h

y′ = y − k

For parabolas, we have

x′2 = 4py′ (x− h)2 = 4p(y − k)

y′2 = 4px′ (y − k)2 = 4p(x− h)

10



For ellipses, we have for a > b > 0

x′2

a2
+

y′2

b2
= 1

(x− h)2

a2
+

(y − k)2

b2
= 1

x′2

b2
+

y′2

a2
= 1

(x− h)2

b2
+

(y − k)2

a2
= 1

For hyperbolas, we have

x′2

a2
− y′2

b2
= 1

(x− h)2

a2
− (y − k)2

b2
= 1

y′2

a2
+

x′2

b2
= 1

(y − k)2

a2
+

(x− h)2

b2
= 1

Note: Check the course outline for references.
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Chapter 1

Analytic geometry (Lecture 4)

1.1 Sketching Equations of the form Ax2 + Cy2 +Dx+ Ey + F = 0

It can be shown that the graph of

Ax2 + Cy2 +Dx + Ey + F = 0,

where A and C are not both zero, is a conic or a degenerate conic or
that there is no graph. If we can transform the equation above into
one of the standard equations listed above (previous section), then we
will be able to identify its graph and sketch it as before. Here, the
knowledge of completing the square will be useful tool. The following
examples will make the process clear.

Example 1.1.1. Transform each of the following equations into one of
the standard forms in the previous section. Identify the conic and graph
it.

1. y2 − 6y − 4x + 1 = 0.

2. 9x2 + 16y2 + 36x− 32y − 92 = 0

3. 9x2 − 4y2 − 36x− 24y − 35 = 0
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1.2 Rotation of axes

Here we show that the general second-equation

Ax2 +Bxy + Cy2 +Dx + Ey + F = 0

can be analyzed by rotating the axes so as to eliminate the term Bxy. A
point P has coordinates (x, y) in the first system and (X, Y ) in the new
and rotated coordinate system. We will use the following equations to
change from coordinate system to the other.

x = X cos θ − Y sin θ y = X sin θ + Y cos θ (1.1)

and

X = x cos θ + y sin θ Y = −x sin θ + y cos θ

Example 1.2.1. 1. If the axes are rotated through 60◦, find the XY -
coordinates of the point whose xy-coordinates are (2, 6).

2. If the axes are rotated through 45◦, find the xy-coordinates of the
point whose xy-coordinates are (

√
2,
√
2).

We now determine the angle θ such that the term Bxy in equation
1 disappears when the axes are rotated through the angle θ. If we
substitute (1.1) in

Ax2 +Bxy + Cy2 +Dx + Ey + F = 0,

expanding and collecting like terms we get

A′X2 +B′XY + C ′Y 2 +D′X + E ′Y + F = 0,
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where

B′ = 2(C−A) sin θ cos θ+B(cos2 θ− sin2 θ) = (C−A) sin 2θ+B cos 2θ.

To eliminate the XY term we choose θ so that B′ = 0, that is,

cot 2θ =
A− C
B

.

Example 1.2.2. 1. Show that the graph of xy = 1 is a hyperbola.

2. Identify and sketch the curve

73x2 + 72xy + 52y2 + 30x− 40y − 75 = 0.

1.2.3 The Discriminant Test

We can identify the conic section represented by the quadratic curve

Ax2 +Bxy + Cy2 +Dx + Ey + F = 0, (1.2)

by using the discriminant B2 − 4AC. Equation (1.2) is

1. a parabola if B2 − 4AC = 0,

2. an ellipse if B2 − 4AC < 0,

3. a hyperbola if B2 − 4AC > 0.

Example 1.2.4. Use the Discriminant to identify each of the following
conic sections.

1. 3x2 − 6xy + 3y2 + 2x− 7 = 0

2. x2 + xy + y2 − 1 = 0

3. xy − y2 − 5y + 1 = 0.
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0.1 Parametric equations for conics and other

curves

In this lesson, we examine the position of a particle along a conic section and
other curves. Parametric equations for the position of a particle moving in
the plane are sometimes called parametric equations for the path traced by
the particle.

We will discuss parametric equations through the following examples.

Example 0.1.1

Describe the motion of the particle whose position P (x, y) at time t is given
by

x = a cos t, y = a sin t, 0 ≤ t ≤ 2π

Solution

Since x2 + y2 = a2 cos2 t + a2 sin2 t = a2, the particle moves on a circle of
radius a centered at the origin. The particle begins at the point (a, 0) when
t = 0 and moves once counter-clockwise around the circle as t increases to
2π. See Figure 1 below.

Figure 1: The circle defined by x = a cos t, y = a sin t, 0 ≤ t ≤ 2π.
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Example 0.1.2 Describe the motion of the particle whose position P (x, y)
at time t is given by

x = t2, y = t, −∞ < t <∞

Solution

We will find the Cartesian equation by eliminating t . Since

y2 = t2 = x,

we see that the motion takes place on the parabola

y2 = x.

As t increases between −∞ and ∞, the particle comes in on the lower half
of the parabola, reaches the origin when t = 0, and moves out into the first
quadrant as t continues to increase. See Figure 2 below.

Figure 2: The parabola defined by x = t2, y = t,−∞ < t <∞

Note that there are many different parametrisations of the parabola.
Some are

y = (tan−1 t)2, x = tan−1 t, −π
2
< t <

π

2
(same direction as above)
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and
x = t2, y = −t, −∞ < t <∞ (direction reversed).

Example 0.1.3 Describe the motion of the particle whose position P (x, y)
at time t is given by

x = a cos t, y = b sin t, 0 ≤ t ≤ 2π

Solution

We find the Cartesian equation by eliminating t . Since

x2

a2
+
y2

b2
=
a2 cos2 t

a2
+
b2 sin2 t

b2
= cos2 t+ sin2 t = 1,

the motion takes place on the ellipse

x2

a2
+
y2

b2
= 1

The particle begins at (a, 0) when t = 0, and moves counter-clockwise around
the ellipse transversing it exactly once as t moves from 0 to π. See Figure 3
below.

Figure 3: The coordinates at P are x = a cos t, y = b sin t

Example 0.1.4 Describe the motion of the particle whose position P (x, y)
at time t is given by the equations

y = tan t, x = sec t, −π
2
< t <

π

2
.
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Solution

Eliminating t we have

x2 − y2 = sec2 t− tan2 t = 1

from which we see that the motion takes place somewhere on the hyperbola
x2 − y2 = 1. Since x = sec t is always positive for the parameter values
−π

2
< t < π

2
, the motion takes place on the hyperbola’s right-hand branch.

As t moves from −π
2

to π
2
, the particle comes in along the lower half of the

right-hand branch, reaching the origin at t = 0. It then moves into the first
quadrant to complete the coverage of the right-hand branch as t approaches
π
2
. See Figure 4 below.

Figure 4: The right-hand branch of the hyperbola defined by x = sec t, y =
tan t, −π

2
< t < π

2
.

Example 0.1.5 Sketch the curve traced by the point P (x, y) whose coordi-
nates satisfy the equations

y = 1− cos t, x = cos 2t, −∞ < t <∞.

Solution

We first fine the Cartesian equation by eliminating t. We have

y = 1− cos 2t = 1− (2 cos2 t− 1) = 2− 2 cos2 t = 2− 2x2
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so the particle traces some portion of the parabola y = 2 − 2x2. Since
| cos θ| ≤ 1 for any angle θ, the parametric equations describe only the portion
for which

−1 ≤ x = cos 2t ≤ 1 and 0 ≤ y = 1− cos t ≤ 2.

Thus we see that P (x, y) starts at A(1, 0) when t = 0 and moves up and
the the left as t increases, arriving at B(0, 2) when t = π

2
. It continues to

C(−1, 0) as t increases to π. See Figure 5 below.

Figure 5: As t varies from −∞ to ∞, the point P traces and retraces the
parabolic arch.

As t varies from π to 2π, the point traces the arch CBA back to A. Since
x and y are periodic, (x with period 2π and y with period π), any further
variation of t results in tracing a portion of the arch.

Example 0.1.6 A wheel of radius r rolls along a horizontal straight line
without slipping. Find the curve traced by the point P (x, y) on a spoke of the
wheel b units from its centre. Such a curve is called a trochoid. If b = a, P is
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on the circumference and the curve is called a cycloid. This is like the path
travelled by a pebble in the thread of the rolling tire.

Solution

Consider the figure below. We take the x-axis to be the line the wheel rolls

Figure 6: The trochoid x = at− b sin t, y = a− b cos t, shown for t ≤ 0.

along, with the y-axis through a low point of the trochoid. Since the circle
rolls without slipping, the distance OM is equal to the circular arc MN = at.
The xy-coordinates of C are therefore

h = at, k = a (1)

Now we introduce x′y′-axes parallel to the xy-axes and having their origin at
C. The xy- and x′y′-coordinates at P are related by the equations

x = h+ x′, y = k + y′. (2)

From the figure, we see that

x′ = b cos θ, y′ = b sin θ

or since θ = 3π
2
− t,

x′ = −b sin t, y′ = −b cos t.

Substituting these into (1) and (2) we obtain

x = at− b sin t, y = a− b cos t (3)

as parametric equations of a trochoid.
Taking b = a in (3) we obtain

x = a(t− sin t), y = a(1− cos t)

as the parametric equation of the cycloid.
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In this section we discus tangents and normals to parametric curves. We
will also look at polar coordinates for conic sections.

0.1 Tangents and Normals to parametric curves

Theorem 0.1.1 Let C be the parametric curve x = f(t), y = g(t) where
f ′(t) and g′(t) are continuous on an interval I. It f ′(t) 6= 0 on I, then C is
smooth and has at t a tangent with slope

dy

dx
=
g′(t)

f ′(t)
.

If g′(t) 6= 0 on I, then C is smooth and has at each t a normal line with slope

−dx
dy

= −f
′(t)

g′(t)
.

Thus C is smooth except possibly at points where f ′(t) and g′(t) are both 0.

Proof. If f ′(t) ≤ 0 on I, the f is either increasing or decreasing on I and so
is one-to-one and invertible. The part of C corresponding to values of t in I
has ordinary equation y = g(f−1(x)) and hence slope

dy

dx
= g′(f−1(x))

d

dx
f−1(x) =

g′(f−1(x))

f ′(f−1(x))
=
g′(t)

f ′(t)
.

We have used here the formula

d

dx
f−1(x) =

1

f ′(f−1(x))

for the derivative of the inverse function. The slope is a continuous function
of t, so the tangent to C turns continuously for t in I.

The proof for g′(t) 6= 0 is similar. In this case, the slope of the normal is
a continuous function of t, so the normal turns continuously. Therefore, so
does the tangent.

Note 0.1.2 If f and g are continuous and both vanish at t = t0, then the
curve x = f(t), y = g(t) may or may not be smooth at t0.

Definition 0.1.3 If f ′ and g′ are continuous and not both 0 at t0, then the
parametric equations{

x = f(t0) + f ′(t0)(t− t0) (−∞ < t <∞)

y = g(t0) + g′(t0)(t− t0)
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represents the tangent line to the parametric curve x = f(t), y = g(t) at the
point (f(t0), g(t0)). The normal line there has parametric equations{

x = f(t0) + g′(t0)(t− t0) (−∞ < t <∞)

y = g(t0)− f ′(t0)(t− t0)

Both lines pass through (f(t0), g(t0)) when t = t0.

Example 0.1.4 Find equations of the tangent and normal lines to the para-
metric curve x = t2 − t, y = t2 + t at the point when t = 2.

Solution

At t = 2, we have x = 2, y = 6 and dx
dt

= 2t− 1 = 3, dy
dt

= 2t+ 1 = 5. Hence,

Tangent:

{
x = 2 + 3(t− 2) = 3t− 4

y = 6 + 5(t− 2) = 5t− 4

and

Normal:

{
x = 2 + 5(t− 2) = 5t− 8

y = 6− 3(t− 2) = −3t+ 12

Concavity of a parametric equation

The concavity is determined by calculating d2y
dx2

using the chain rule:

d2y

dx2
=

d

dx

dy

dx
=

d

dx

g′(t)

f ′(t)
=

d

dt

g′(t)

f ′(t)

dt

dx
=
f ′(t)g′′(t)− g′(t)f ′′(t)

(f ′(t))2
· 1

f ′(t)

Thus, on an interval where f(t) 6= 0, the parametric curve x = f(t), y = g(t)
has concavity given by

d2y

dx2
=
f ′(t)g′′(t)− g′(t)f ′′(t)

(f ′(t))3

Derivatives provide useful information about the shape of the parametric
curve. At points where dy/dt = 0 but dx/dt 6= 0, the tangent is horizontal;
and at points where dx/dt = 0 but dy/dt 6= 0, the tangent is vertical. For
points where dy/dt = dx/dt = 0, anything can happen, it is wise to calculate
the left- and the right-hand limits of the slope dy/dx as the parameter t
approaches one of these points.
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0.2 Polar coordinates for conics

To define polar coordinates, we first fix and origin O called the pole and an
initial ray from O as shown in the figure below. Then each point P can be

Figure 1: Initial Ray

located by assigning to it a polar a polar coordinate pair (r, θ), where r gives
the directed distance from O to P and θ gives the directed angle from the
initial ray to the segment OP .

When we want to consider both rectangular and polar coordinate systems
in the same plane, we choose the positive x-axis as the initial ray and the
origin of the Cartesian system as the pole. See the diagram below.

Figure 2: Cartesian-Polar
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The two sets of coordinates are related by the equations

x = r cos θ, y = r sin θ or x2 + y2 = r2, tan θ = y/x.

Example 0.2.1 Find a Cartesian equation for the curve r cos(θ − π
3
) = 3.

Solution

We use the identity cos(A − B) = cosA cosB + sinA sinB with A = θ and
B = π

3
. Thus we have

r cos(θ − π

3
) = 3

⇔ r(cos θ cos
π

3
+ sin θ sin

π

3
) = 3

⇔ r cos θ · 1

2
+ r sin θ ·

√
3

2
= 3

⇔ 1

2
x+

√
3

2
y = 3

⇔ x+
√

3y = 6.

Example 0.2.2 Find a Cartesian equation for the curve r2 = 2ar cos θ and
identify it.

Solution

Using the Cartesian-Polar relationship we have

r2 = 2ar cos θ ⇔ x2 + y2 = 2ax⇔ (x− a)2 + y2 = a2

where the last equivalence is found by completing the square. Thus the curve
is a circle of radius a with center (a, 0).

Example 0.2.3 Find a Cartesian equation for the curve

r =
4

2 cos θ − sin θ

and hence, identify it.
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Solution

We have

r =
4

2 cos θ − sin θ

⇔ r(2 cos θ − sin θ = 4

⇔ 2r cos θ − r sin θ = 4

⇔ 2x− y = 4

⇔ y = 2x− 4.

Thus the curve is a line with slope 2 and y-intercept −4.

Polar equations for conic sections and other

curves

Example 0.2.4 suppose that the perpendicular from the origin to the line L
at the point N(p, β). find the polar equation of L.

Solution

Let P (r, θ) be a typical point on L.

Figure 3: Polar equation of a line

We have from 4ONP that

cos(θ − β) =
p

r
or r cos(θ − β) = p

5



as the required polar equation. If L was perpendicular to the x-axis, β would
be 0 and the polar equation would reduce to

r cos θ = p or x = p

.

Example 0.2.5 Find a polar equation for the circle or radius a with centre
at (b, β).

Solution

Let P (r, θ) be a representative point on the circle and apply the law of cosines
to the triangle OCP to obtain

a2 = b2 + r2 − 2br cos(θ − β)

If the circle passes through the origin, then b = a and the equation takes

Figure 4: Polar equation of a circle

the simpler form

r(r − 21 cos(θ − β)) = 0 or r = 2a cos(θ − β)

If β = 0, then the equation becomes

r = 2a cos θ.

If β = 900, so the centre of the circle lies on the y-axis, the equation reduces
to

r = 2a sin θ.

Example 0.2.6 Find a polar equation for the conic section of eccentricity e
if the focus lies at the origin and the associated directrix is the line x = −k.

6



Figure 5: Polar equation of a circle through the origin

Solution

Consider the diagram

Figure 6: Polar equation of a conic

We use the focus-directrix property

PF = e · PD (1)

By taking the origin at the focus F , we have

PF + r

7



while
PD = AB = AF + FB = k + r cos θ

Then (1) is same as
r = e(k + r cos θ) (2)

Solving (2) for r we get the polar equation

r =
ke

1− e cos θ
(3)

Here , one focus is at the origin, directrix vertical to the left of the origin,
k = distance from origin to the directrix and e = eccentricity.

From (3) we have the following:

e =
1

2
: Ellipse, r =

k

2− cos θ
(4)

e = 1 : Parabola, r =
k

1− cos θ
(5)

e = 2 : Hypabola, r =
2k

1− 2 cos θ
(6)

The denominator in (4) is never less that 1 , so r is never greater than k.
But r →∞ as θ → 0 in (5) and as θ → π

3
in (6).

Now consider the diagram

Figure 7: polar equation for an ellipse

We see that k is related to e and a by the equation

k =
a

e
− ea

8



From this we get
ke = a(1− e2),

and therefore the equation for the ellipse with semimajor axis a and eccen-
tricity e is

r =
a(1− e2)
1− e cos θ

(7)

If the directrix of a conic is x = k, the equation (1) takes the form
r = e(k − r cos θ) and solving for r we get

r =
ke

1 + e cos θ
. (8)

Notice that this is equation (3) except for the change of sign in the denomi-
nator.

Example 0.2.7 Find a polar equation for the ellipse with semimajor axis
39.44 astronomical units (AU) and eccentricity 0.25. This is approximately
the size and shape of the orbit of Pluto around the sun. One astronomical
unit is the length of the semimajor axis of the Earth’s orbit.

solution

Using equation (7) we have

r =
39.44(1− (0.25)2)

1− 0.25 cos θ
=

147.9

4− cos θ

At the point of closest approach, Pluto is

r =
147.9

4 + 1
= 29.58AU

from the sun. At its most distance point, Pluto is

r =
147.9

4− 1
= 49.3AU

from the sun.

Example 0.2.8 Find the distance from one focus of the ellipse in Example
0.2.7 to the associated directrix.

solution

We have k = a(1
e
− e) = 39.44( 1

0.25
− 0.25) = 147.9AU .

Example 0.2.9 Find an equation for the hyperbola with eccentricity 3
2

and
directrix x = 2.

9



solution

Since k = 2 is positive, we use (8) to get

r =
2(3

2
)

1 + 3
2

cos θ
or r =

6

2 + 3 cos θ
.

Example 0.2.10 Find the directrix of the parabola

r =
25

10 + 10 cos θ

solution

We first put the equation in standard form by dividing the equation by 10;
that is

r =
5
2

1 + cos θ

which implies that

r =
ke

1 + e cos θ

with k = 5
2
, e = 1 and directrix x = 5

2
.

10















































































where  is even and   

Example 3.1.13 

Use  to approximate   

Solution 

  

Thus, intervals are  

 

and so 

  

  

                                                                                                                                                        

 

3.1.8 IMPROPER INTEGRALS            

In the definition of a definite integral,  was assumed to be bounded in the interval 

 If  is not bounded in  then the integral 

   

is said to be an improper integral. In other words, integrals with infinite limits of integration 

are improper integrals. In addition, integrals of functions that become infinite at a point within 

the interval of integration are improper integrals. When the limits involved exist, we evaluate 

such integrals with the following definitions: 



1. If  is continuous on  then  

   

2. If  is continuous on  then  

   

3. If  is continuous on  then

   

4. If  is continuous on  then

   

5. If  becomes infinite at an interior point  of   then

   

The integral from  to  converges if the integrals from  to  and from  to  both 
converge. Otherwise, the integral from  to  diverges.  

6. If  is continuous on  and if  and  both converges, we say 

that  converges and  

   

If either or both of the integrals on the right hand side diverges, the integral from  to  is 
said to diverge as well. 

Example 3.1.4 

Evaluate  

(a) 32

1
dx

x
  (b)   (c)   (d)   (e)   (f)   

(g) 2

1
.

1
dx

x
  



Solution 

(a)    

(b)    

       The integral diverges. 

(c)  The function  is discontinuous at   

       

(d) The function  is discontinuous at   

    

   The integral diverges. 

(e) In the interval  the function  is discontinuous at   

  

(f) The integrand is discontinuous at 2.x  Thus, 



  

Since  and  the integral diverges. 

(g) We try to sketch the graph of   

                                     

            

            

            

            

                

                                         

The graph is symmetric at  So 

  

  

3.2 APPLICATION OF INTEGRATION 

The use of the integral as a limit of a sum enables us to solve many physical and geometrical 

problems such as determination of areas, volumes, arc length, surface area, centre of mass and 

moments of inertia. 

3.2.1 THE AREA BETWEEN TWO CURVES 

Suppose that we have two curves  and 2 2 ( )y f x  and we want to find the area  

of the region  bounded by these two curves and two vertical lines  and  We 
assume that the curve   lies above the curve  such that  for 

 Then 



 

Similarly, if  is bounded by two curves  and  and two horizontal lines 

 and  in such a way that  for  then 

   

Example 3.2.1 

Find the area bounded by the curves  and  using  

(a)  vertical strips 

(b) horizontal strips. 

Solution 

(a)                                      

                                                             

 

 

                                          

                                   

 

Solving the two equations simultaneously, we find  

 or  or   

  

(b)                                     

                                                             

 

 

                                          

                                   

 

 



  

  

 

3.2.2 VOLUMES OF SOLIDS OF REVOLUTION 

If a region in the plane is revolved about a given line, the resulting solid is a solid of 
revolution and the line is called axis of revolution. 

1. DISC METHOD 

The simplest solid of revolution is a right circular cylinder which is found by revolving a 
rectangle about an axis adjacent to one side of the rectangle. In this case, the cross sections of 
the solid(slice or disc) are perpendicular to the x-axis of revolution. Two cases arise: 

(i) The volume of the solid generated by a region under  bounded by the x-axis and 

vertical lines  and  which is revolved about the x-axis is  

   

Here the disc is with respect to  and   

(ii) The volume of the solid generated by a region under  bounded by the y-axis and 

horizontal lines  and  which is revolved about the y-axis is  

 

2. WASHER METHOD 

Suppose that we are dealing with a hollowed object and two functions have been given 
instead of one. Then we extend the disc method and take into account the difference of the 
two given functions. This is the washer method and we have two cases: 

(i) If the washer is with respect to x  then the volume of the solid generated by a region 
between  and  bounded by the vertical lines x a  and  which is 

revolved about the x-axis is  

   

where  is the outer radius and  is the inner radius.  



(ii) If the washer being considered is with respect to  then the volume of the solid 

generated by a region between  and  bounded by the horizontal lines 

 and  which is revolved about the y-axis is  

   

NOTE: The axis of revolution does not necessarily need be the x- or y-axis. 

Example 3.2.2 

1. Find the volume of the solid of revolution obtained by rotating the region under the curve 

 between  and   

(a) about the x-axis 

(b) about the y-axis. 

2. Determine the volume of the solid generated by rotating the region bounded by  

and  that lies in the first quadrant. 

(a) about the x-axis 

(b) about the y-axis. 

3. Determine the volume of the solid obtained by rotating the region bounded by  

and y x  about the line   

 

 

 

 

 

 

Solution 

1. (a)                                        

                                 

 

                                                                                      

 

 



 

 

  

(b) When  and   

   

                                                

 

 

 

                             

                                                                                   

 

  

2. (a)        

  

 

  

                                                                       

 

 

 

 or   

  

(b) 
1
3, 4

4

x
y y x x y  and  When   

 



                                         

 

 

       

  

 

 

                                                         

 

  

3.  

                                                

 

 

 

 

   

 

  

 

    

 

 

 

 

 or   

  

 



3. SHELL METHOD 

The shell method is a method of calculating the volume of a solid of revolution when 

generating a hollow cylinder-a shell. 

Then 

 

(i) The volume of the solid generated by a region bounded by the x-axis and vertical lines 

 and  which is revolved about the y-axis is 

 

where   

(ii) The volume of the solid generated by a region bounded by the y-axis and horizontal lines 

 and  which is revolved about the x-axis is 

 

NOTE: Sometimes two functions are functions are involved and the axis of revolutions is not 

always the x- or y-axis. These and other cases discussed above are summarised in the 

following graphs below: 

                               

   

                              

                     h     

                                       

   

                         

 

 

 

 

2 ( ) .
d

c
V y f y dy



                               

   

                                  

                                                                         

                                                                                                                      

                                  b                          

                                                     

                                

   

                                                                      

                                                                                                                                      

                                                                                                                      

                                                             

   

                               

                                

                                             

                                                                         

                                                                                                                      

                                                               

                                                     

 

                         

 

 



                            

                                                             

                                                                                                                        

                                                                                                                                           

                                       

     

   

                           

                                  

                                                                                                                  

                                                                                                                                           

                                                    

                                     

                                                                                                                   

  

 

                                                                                                         

                                                

                                                                                                                        

                                                                                                                                           

                                     

   

 

   



                           

                              

                                                                                                                   

                                                                                                                                               

                                                 

                                        

                                                                                                               

    

 

 

Example 3.2.3 

1. Find the Volume of the solid of revolution formed by rotating the finite region bounded by 

the graphs of  and   

(a) about the x-axis  (b) about the y-axis 

2. A region is bounded by 

 

Find the volume when this region is rotated about the line   

Solution 

1 (a)                                   

 

   

     

                     

  

                                                                                                                     

 

 



  

(b) )                                   

 

   

     

                         

               

                              

 

  

 

2.  

   

   

           

 

              

  

 cosy x   

   

  



   

 

3.2.3 LENGTH OF THE ARC 

Let  be a differentiable Function such that  is continuous. Such a Function is 

said to be smooth and its graph is said to be a smooth curve. The arc of a curve is said to be 

simple if it does not intersect itself. 

Suppose we wish to find the length of a simple arc of a smooth curve. 

      

                    

                                                       

   

                               kx                                 

 

If we partition the interval  then the length of each line segment  can be found by 

Pythagorean Theorem 

   

Thus, the length of the arc is obtained by summing up all the  and finding the limit as 

 Therefore,  

   

Theorem 3.2.1 

If ( )f x  is continuous in  then the length of the arc of the curve  between 

 and  is given by 

   

If a plane curve is given by  where  and are continuous functions, 

then 



   

If a curve is given in polar form  then   

 and  

   

 Example 3.2.4 

1. Find the length of the arc of the curve  between  and   

2. Find the arc length of the cardioid   

Solution 

1.  and   

  

2.       



  

 

3.2.4 AREA OF A SURFACE OF REVOLUTION 

If a curve is rotated about an axis it generates a surface called a surface of revolution. We want 

to find the area of such a surface. 

Theorem 3.2.2 

Suppose that  and  is continuous in the interval  Then, the area of the 

surface of revolution generated by rotating the curve  between  and  about 

the x-axis is given by  

   

If  is the curve between  and  rotated about the y-axis, then 

   

NOTE: The axis of rotation could be any line. If  and  are axes of rotation, then 

 

 and  

respectively. 

Example 3.2.5 

The arc of the curve  lying between  and  is rotated about the x-axis. Find 

the area of the surface generated. 

 



Solution 

   

 

3.2.5 CENTER OF MASS AND MOMENTS OF INERTIA 

We consider two important quantities in Physics and Mechanics and how integration can be 

used to 

objects in which the mass of each object is regarded as concentrated at a point. 

Definition 3.2.1 

Let  be a plane system of particles of masses  located at the points  

respectively. Let the line in the plane be taken as an axis and let  be the directed 

distances from the line of the points  respectively. Then, the moment of this 

system of particles about the axis  denoted by  is given by 

   

Thus, moments about x- and y-axes are given by  

 

and  

 

respectively. 

For example, for the points and  with their respective 

masses  and  we have that 

 
2( 1) 1(1) 4(2) 7(3) 28

2(1) 1( 1) 4(1) 7(2) 19.
x

y

M

M
  



If  is the line  and  is the line  then  

 

  

                                    

            

              

    

 

   

   

 

Definition 

Let  be a plane system of particles and let  be the system obtained by concentrating the 

total mass of the system at a single point  Let  and  denote the moments about 

 of the systems  and  respectively. If  for each axis  then  is 

called the centre of mass of the system   

If the moment of the system  is equal to the moment of the original system, then we must 

have  and  where  is the total mass of the system. Thus, 

Theorem 3.2.3 

If  is called the centre of mass of a system of particles of mass at 

 then 

   

and 

   



where   

From our previous example, 

 

Hence, 

   

   

Instead of a plane system of particles  suppose that we have a plane region of particles  

Then, the centre of mass will be called centroid of the region. 

                           

      

   

                                                       

 

                                                                                                                                  

                                                 

   

 

 

Definition 3.2.3 

Let  be a plane region lying in the rectangle  Let the line  

intersect this region in a line segment of length  for each  in  and let the line 

 intersect this region in a line segment of length  for each  in  Then, 

 and  the moments of  about the x- and the y-axes respectively, are given by 

   



   

and the centroid  of the region is such that 

 and  where  is the area of   

Example 3.2.6 

Find the centroid of the region bounded above by  and below by   

Solution 

      

 

   

   

                                                   

 

  

This is clear from the fact that the region is symmetric with respect to the y-axis. 

   

 

 



Definition 3.2.4 

For a moment of a particle  the second moment  is referred to as the moment of inertia. 

Thus, the moment of inertia (I) of the region  about the x-axis and the y-axis is given by  

 

and  

 

respectively. 

Example 3.2.7 

Find the moment of inertia for the region bounded by the parabola  and the line 

  

Solution 
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