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CRYSTALLOGRAPHIC POINTS, DIRECTIONS, AND
PLANES

Physical properties depend more on shape and atomic
arrangement of the unit cell than upon which atoms are
present.

When dealing with crystalline materials, it often becomes
necessary to specify a particular point within a unit cell, a
crystallographic direction, or some crystallographic plane of
atoms.

For some crystal systems—namely, hexagonal, rhombohedral,
monoclinic, and triclinic—the three axes are not mutually
perpendicular, as in the familiar Cartesian coordinate scheme.

However, our discussion will be limited to the Cubic Crystal
System and the Hexagonal Crystal System.



MILLER INDEX NOTATION

Three numbers or indices are used to designate point
locations, directions, and planes.

The basis for determining index values is the unit cell, with a
coordinate system consisting of three (x, y, and z) axes
coinciding with the unit cell edges.

Many properties also vary with crystallographic direction.
Therefore, the need to also specify various planes of atoms
and directions within the crystal = hence Miller Index
Notation.

Miller Indices - A shorthand notation to describe certain
crystallographic directions and planes in a material



LATTICE POINTS (POINT COORDINATES)
—4 £ bl : i i
+ « Position of any point in a unit
cell is given by its coordinates
| or distances on the x, y and z
axes in terms of the lattice
vectors a, b and c.

—

* Thus the point located at a/2
along the x-axis, b/3 along the
y-axis and c/2 on-the z-axis, as™
shown in the figurew

~coordinates: 1, 1, =5
223
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CRISTALLOGRAPHIC DIRECTIONS
INDICES OF CRYSTAL DIRECTIONS

Direction = defined as successive motion parallel to each of

the three axes necessary to move from the origin to anothep

point, which lies in the required line of the resultant motion.



CRISTALLOGRAPHIC DIRECTIONS

Lattice directions are In direct space and are denoted by [ ]
brackets. A negative number Is represented by a bar over the
number.

Directions of a form (also called family) - Crystallographic
directions that all have the same characteristics, although their
“sense” may be different. Denoted by <> brackets, they are
symmetrically equivalent
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CRISTALLOGRAPHIC DIRECTIONS

Directions in the Cubic System

* The directions in a crystal are given by specifying the

coordinates (u, v, w) of a point on a vector (r,,,) pPassing
through the origin, r_,,= ua + vb + wc. It is indicated as [uvw].

For example, the direction [110] lies on a vector ry,, whose

projection lengths on x and y axes are one unit (in terms of unit
vectors a and b).

Directions of a form or family like [110], [101], [011] are written
as <110> (using caret < >).

Reciprocals are not used in indices of direction.



CRISTALLOGRAPHIC DIRECTIONS

[O(;I] [011]
[101]

j ¢ » .
[106] S .\ [111]
<110> = Family <111> = Family of
of directions of o - directions OW
face diagonals \ 9Iia onals
J o/ J &



CRISTALLOGRAPHIC DIRECTIONS

) * The line which passes through Z
uvw will also pass through points ’ b/2
2u2v2w and Yau Yav Yaw. 3

* Hence [uvw], [2u2v2w] and
[V2u Y2v Yow] are the same and
written as [uvw].

* Fractions are converted in to
Integers (as shown In the figure
below) and reduced to lowest
terms.




DETERMINING MILLER INDICES OF DIRECTIONS

Nl N—
~ + To determine a direction of a line in the crystal:

o Find the coordinates of the two ends of the line and
subtract the coordinates (Head to Tail) OR draw a line
from the origin parallel to the line and find its projection
lengths on x, y and z axis in terms of the unit vectors a,
b and c.

o Convert fractions, if any, in to integers and reduce to -
lowest term.

o Enclose in square brackets [uvw]
</ et O



DETERMINING MILLER INDICES OF DIRECTIONS

4 -
1{] o1 = We start with the
Ll coordinates of lattice
1,1, 1/ points in order to define
the Miller Iindices  of
lattice directions
= Coordinates of selected
G,0,0 -y points Iin the unit cell. The
1 number refers to the
¥4 l:“ : L.
distance from the origin in_
1,0,0 1,1,0 terms of lattice o)
parameters. 12
> o/
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DETERMINING MILLER INDICES OF DIRECTIONS

Z
A

0,0, 1

Determine coordinates of two points that lie
in direction of interest, u; v; w; and u, v, w,

Calculations are simplified if the second
point corresponds with the origin of the
coordinate system

Subtract coordinates of second point from those
of first point: u’ = u;-u,, v = vy-v,, W' = w;,-
W,

Clear fractions from the differences to give
indices in lowest integer values. Write indices in
[]1 brackets. Negative integer values are
indicated with a bar over the integer, [uvw]
and [uvw] are running in opposite directions.



Direction A

1. Two pointsare1,0,0,and 0,0, O

2 OO =S (000N = 1,°0,°0

3. No fractions to clear or integers to reduce
4. [100]

Direction B

1. Two pointsare1,1,1and0,0,0
- (0,0, 0)=1,1, 1

3. No fractions to clear or integers to

reduce
4, [111]

Direction C

1. Two pointsare0,0,1and 1/2, 1,0
2. 0,0,1-(1/2,1,0)=-1/2,-1,1
ERNEN 2 -1 1) =-1,-2,2

4. [122]

14




CRISTALLOGRAPHIC PLANES

= |Lattice planes are represented by the vector that Is
normal (perpendicular to them), these are 3D vectors In
reciprocal (or dual) space (reciprocal space Is nothing
fancy - it Is just a mathematical convenience !)

= Planes of a form (also called family) —lattice planes that
all have the same characteristics, although their “sense”
may be different. Denoted by curly {} brackets, they are
symmetrically equivalent.



CRISTALLOGRAPHIC PLANES

_ Indices ©f Planes

Plane — surface defined by length of its intercepts on the three
crystal axes (the three edges of a unit cell).

Intercepts are expressed in terms of the dimensions of unit
cell, 1.e. unit cell distances along the three axes.

—
Reciprocals of these intercepts reduced to the ,smallest thre
Integers = Miller indices. \/E

N’

N’ \/ .




CRISTALLOGRAPHIC PLANES

0, Indices of Planes

Miller indices of a plane, indicated by h k |, are given by the
reciprocal of the intercepts of the plane on the three axes.

The plane, which intersects X-axis at 1 (one lattice parameter)
and Is parallel to Y and Z axes, has Miller indices:

h=11=1,k=1/0=0,|=1/0 =0.
It is written as (hkl) = (100).

For a plane with intercepts 1, 1, 1:

Reciprocals=1,1,1
Miller indices = (111).



~  CRISTALLOGRAPHIC PLANES

For a plane with intercepts 2, «, 1 (i.e. parallel to OY axis)

* Reciprocals =12, 0, 1

* Miller indices = (102) when reduced to their lowest integer
values.

/

Planes can also have negative intercepts, e.g.:

* If a plane has a negative intercept, the index will be
negative, written with a bar above the number, e.g. (110). =

» And for intercepts 1, 1, -1/2; hkl =1 1 -2. This is denoted as
(112).

N’ e N



*  CRISTALLOGRAPHIC PLANES

_/ + Miller indices of some‘ether planes in the cubic system.

P I

- -]

€ |
(100) E (110)
e ] = = = = LISy |
,f” P v
, 4
x* b + 4 — h —
ir ;i: i h k1
_ 1 1 1
— = — =(100 1 11_
[ o o (100) T T o (110)
&) ~—r



DETERMINING MILLER INDICES OF PLANES

1. Identify the coordinate intersects of the

* A P plane, if plane Is parallel to one of the

C / / axes, this intercept is taken to be infinite
/\ A 2. Take the reciprocal of the Intercept
/:/f::"’i 3. Clear fractions, but do not reduce to
// TN
Y A lowest integers
jgﬁz’i:::::::>> 4. Cite in (h k I) parentheses

7‘; :--*" f;,—---" - #:.-- —>»
2‘__,_,—--::}”’ / y=12 y 5. Negative integer values are indicated with
" a bar over the Iinteger - (h k I) IS the same

plane as (h k), just its back side
20



Plane A
l.x=1,y=1,z=1

21/ x=1,1/y=11/z=1
3. No fractions to clear

4. (111)

Plane B

1. The plane never intercepts the z axis, sox=1,y=2,andz= 2.1/ x =1,
1/y=1/2,1/z=0

3. Clear fractions: 1/x=2,1/y=1,1/z=0

4. (210)

Plane C

1. We shall move the origin, since the plane passes through 0, 0, 0. Let’s
move the origin one lattice parameter in the y-direction. Then, x=% y=-1, and

2=
2. 1/x=0,-1/y=-1,1/z=0
3. No fractions to clear.

4. (010)

That seemed a bit arbitrary, we could have moved the origin in the
negative (- ) y direction as well, then we would have gotten (010), which
is just the back side of  (010)

(A T W A
\\\\\\‘i‘u"ﬁ.\
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VARIOUS
PLANES IN THE
CUBIC LATTICE

Draw your own planes —
Very useful websitenmmm

http://www.doitpoms.ac.u
k/tiplib/miller _indices/latti
ce _draw.php
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(001) - (100) (010)
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(101) (110) (011)

(111)



> CRISTALLOGRAPHIC PLANES
_ Family of planes {hkl}

Parenthesis (hkl) around a set of indices signify a single set of
parallel planes.

Curly brackets or braces {hkl} signify planes of a form, I.e., a family
or a set of equivalent planes.

Thus for the cubic crystal, {110} includes six sets of planes: (110),
(101), (011), (110), (101) and (011).

Reversal of the signs of all indices merely denotes another parallel
plane. Thus (110) is parallel to (110) and (101) to (101).

= R Nt



b CRISTALLOGRAPHIC PLANES

Family of planes {hkl}

X4 (100)

- {100} Family bf planes |



(101)

{110} Family of'plaugé




CRISTALLOGRAPHIC PLANES

@ ® Family of planes {hkl}

(111) (111) (111) —

{111} Family of planes © { /

Note the apparent shift of the origin from blue to red circle for
the negative indices




~ RELATIONSHIP BETWEEN DIRECTION AND
p PLANES

* In the cubic system, planes and directions having the same
Indices are perpendicular to each other, I.e. If [uvw] Is
perpendicular to the (hkl) plane.

e Thenh=u,k=vand|=w.

* E.g.: {100} planes and <100> directions are perpendicular to
each other.

P

* If [uvw] direction is parallel to (hkl) plane, that is if [uvw] lies
In the plane (hkl), then hu +kv +lw = 0.

 E.g.: [110] lies in the plane (111) since 1.(-1) + 1.1 +1.0=0



DRAWING DIRECTIONS AND PLANES

Draw (a) the [121] direction and (b) the [210] plane in a
cubic unit cell.

(a) £ Z
.--"'"1 _______
1,—2 1Ee3 o
- §p —— .y Construction of a
& 0.0,0 e —»0.0.0 (a) direction and
(b) - f (b)_plane within a
< g unit cell
> (210)
Ny
> y 28

0,0,0 0,0,0



SOLUTION

a.Because we know that we will need to move In the negative y-
direction, let’s locate the origin at O, +1, 0. The “tail” of the direction will
be located at this new origin. A second point on the direction can be
determined by moving +1 in the x- direction, 2 in the negative y-
direction, and +1 in the z direction.

a.To draw in the [210] plane, first take reciprocals of the indices to
obtain the intercepts, that is:

x=1/-2=-1/2 y=1/1=1z=1/0= =

Since the x-intercept is in a negative direction, and we wish to draw the
plane within the unit cell, let's move the origin +1 in the x- direction to 1, Yy
0, 0. Then we can locate the x-intercept at 1/2 and the y- intercepPat +1.
The plane will be parallel to the z- axis. |



'DRAWING DIRECTIONS AND PLANES

[001)

—

+[010]

»
[100)




“~—" PLANES IN THE HEXAGONAL SYSTEM

* In the cubic system, all the faces of
the cube are equivalent, that is, they
have similar indices.

* A problem arises for crystals having
hexagonal symmetry Iin that some
crystallographic equivalent directions
will not have the same set of indices

« The six prism faces, for example, ’-.-:..’-:_
have indices (100), (010), (1 10),
(100), (010) and (110), which are not .
the same or equivalent.




“—" PLANES IN THE HEXAGONAL SYSTEM

\\_/\——/

o’

* This Is circumvented by utilizing a
four-axis, or Miller—Bravais,
coordinate system as shown in the
figure. The three a,, a,, a, axes are
all contained within a single plane
(called the basal plane) and are at
120° angles to one another.

« The z axis (c) Is perpendicular to
this basal plane.
=

A

o
N

AN
N

P

Axes in the
hexagonal lattice
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“— PLANES IN THE HEXAGONAL SYSTEM

\\_,/\_./

o’

 Directional Indices, which are
obtained as described earlier, will
be denoted by four Indices, as

[hkil; by convention, the first a,\

three Indices pertain to
projections along the respective
a,, a,, and a, axes In the basal
plane.

Treatment Is the same as Miller

Indices.

\/

AC

N

7

AN
N

P

AVANDA

Axes in the

hexaconal lattice
O



—" PLANES IN THE HEXAGONAL SYSTEM

\\/\\—/

-« The fourth axis (a;) is added which is opposite to the
vector sum of a, and a,

* A corresponding fourth index Is thus used along with
hKkl.

* Therefore the indices of a plane is given by (hkil),
where 1 = -(h + k)
Sometime i Is replaced with a dot and written as (h k . |)

® N—~

Nt



“—" PLANES IN THE HEXAGONAL SYSTEM

o

_/ N’ -

The indices of six faces now
become (1010), (0110),
(1100), (1010), (0110), (1100)
which are now equivalent and
belong to the {1010} family of
planes.




“—" PLANES IN THE HEXAGONAL SYSTEM

\\_/\——/

7
N’

Note:

The first three indices are
not independent but must
satisfy:

h+k+1=0

AC

N

AN

CIN

S

N

i

iz

VA4

Axes in the
hexagconal lattice

/



DETERMINING MILLER-BRAVAIS INDICES FOR PLANES IN

THE HEXAGONAL SYSTEM

= (1>

* Miller- Bravaisindices are
obtained for crystallographic
planes, directions, and points
In hexagonal unit cells by
using a four-axis
coordinate system.

* For planes (hkil), the index I
=-(h+K)
l.e. h+k =-|



MILLER- BRAVAIS INDICES FOR PLANES ARE STRAIGHTFORWARD, JUST
AS WE OBTAINED THE INTERSECTS FOR 3 AXES, WE HAVE TO OBTAIN
THEM NOW FOR 4 AXES

Plane A
l.ay =a, = a3 =0,c=1

2.1/ a1=1/a,=1/ 3= =0, 1/ c=1 |
3. No fractions to clear " >

4. (0001) LN

» 0

c/ 1\
\ B
Plane B s //
l.a;=1,a,=1,05=-1/2,c=1 \
2.1/a:=1,1/a,=1,1/a35=-2,1/c=1 - oo i3
3. No fractions to clear D >\

4.(1121)




~— DIRECTIONS IN THE HEXAGONAL SYSTEM

CONVERSION FROM THE THREE-INDEX SYSTEM TO THE
FOUR-INDEX SYSTEM,

* Like planes, directions in the hexagonal system are also written in terms of four
Indices as [uvtw].

« [|f [u'v'W’] are indices In three axes, then it can be converted to four-axis indices
[uvtw] using the following relations:

1
u ZE(ZM' - v’)
1
v =g(2v' —u')
t=—(u + v)
w=w'

E.g.: [100] = [2110] and [210] = [1010].



DETERMINING MILLER-BRAVAIS INDICES FOR PLANES AND
DIRECTIONS IN THE HEXAGONAL SYSTEM

C

\ 17

» Clo

Miller- Bravaisindices
are obtained for
crystallographic planes,
directions, and points In
hexagonal unit cells by
using a four-axis
coordinate system.

* For directions [uvtw],
we have alsot = (u+v),
l.e. u+v = -t



DETERMINING DIRECTIONS IN THE HEXAGONAL SYSTEM
IS A BIT MORE CHALLENGING. IT IS EASIER TO CALCULATE
WITH 3 INDICES AND THEN SIMPLY MAKE UP THE FORTH

Direction C |
1. Two pointsare 0, 0, 1 and 1, O, O. :
2. 0,0,1,-(1,0,0)=-1,0,1 &
3. No fractions to clear or integers to reduce. : )/A
4. 110 1 IN
[101] or[2113] I\
. E \ P
Direction D ay >
1. Two pointsare 0, 1, 0 and 1, O, O. |~
ERRGERING - (1, 0,0)=-1,1,0 D~

3. No fractions to clear or integers to reduce.

4.[110] or [ 1100] (extension to 4 indices looks easy, but
is not !)




DETERMINING DIRECTIONS AND PLANES IN THE HEXAGONAL

SYSTEM
Z Z
A A

[0001]

For the
hexagonal crystal system,
(a) the [0001], [1100], and
[1120] directions, and (b) the
(0001), (1011), and (1010)
planes.

\\_______ S

EI3 R




\//LINEAR AND PLANAR DENSITIES

—/ il Linear Density

Linear density (LD) is defined as the number of atoms per unit
length whose centers lie on the direction vector for a specific
crystallographic direction; that is.

D Number of atoms centered on direction vector

Length of Direction Vector

e

The units of linear density are reciprocal length (e.g., nm*, m?)



\//LlNEAR AND PLANAR DENSITIES

) _, Linear Density - Example
~ Determine the linear density of the [110] direction for ./. @ /.

the FCC crystal structure.
An FCC unit cell (reduced sphere) and the [110] direction therein are
shown in the figure.

« Each of the X and Z corner atoms iIs also shared with one other
adjacent unit cell along this [110] direction (i.e., one-half of each

of these atoms belongs to the unit cell being considered), while
atom Y lies entirely within the unit cell.

 Thus, there is an equivalence of two atoms along the [110]
direction vector in the unit cell. Now, the direction vector length is
equal to 4R thus the [110] linear density for FCC is:

2 atoms 1
LDy = -

4R 2R »




\\//LINEAR AND PLANAR DENSITIES

- il Planar Density

Planar density (PD) Is taken as the number of atoms per unit
area that are centered on a particular crystallographic plane.

That is;

PD — Number of atoms centered on a plane
- Area of Plane

e

The units for planar density are reciprocal area (e.g., nm2, m=2)



\/i_lNEAR AND PLANAR DENSITIES

) _, Planar Density - Example Mfg

Consider the section of a (110) plane within an FCC ® i © o
unit cell as represented in Figures (a) and (b). ..Ef)
Practice Exercise i o

Show that the planar density of the (110) plane within
the FCC unit cell =

PD... — 2 atoms 1
U9 8R2V2 4R2V2

5 J




~—LINEAR AND PLANAR DENSITIES

Planar Densitv - Example

./ B
M
|
| C
- O
|
|
,.‘--79
e,‘,;"’/ £
D’ N —
(@) (b) )

Reduced-sphere BCC unit cell with the (110) plane. (b) Atomic
packing of a BCC (110) plane. Corresponding atom positions from
(a) are indicated.



" INTERPLANAR SPACING

_/ The spacing between planes in a crystal is known as the
Interplaner spacing and is denoted as dj,;.

In the cubic system, spacing between the (hkl) planes is given
as:

1 1 1 1 1
— _h2 _k2 T lZ —_ hZ k2 lZ
dz,, a? +a2 _I_a2 az( Tk + 1)
Therefore: a
Ay = > 5 >
V2 + K2+ 1
) —




e/

S~

In the Tetragonal system,

In hexagonal system,

In Orthorhombic system,

or alternatively,

Nt

hkl

1

2
Ahki

1

2
Ahki

1

2
Ahki

INTERPLANAR SPACING

1
=~ (K2 + k) + 517

= —h? +—k? + =12

a? c?

= —h? +—k? + 12

a? c2

_ 1 92 2 142
_3a2(h + hk + k )+c2l

N

Nt
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INTERPLANAR SPACING

~ Example

For BCC iron, compute the interplanar spacing for the (220) set of
planes. The lattice parameter for Fe is 0.2866 nm.

Solution

The value of the interplanar spacing d,;; is determined using Equation
with a = 0.2866 nm, and A = 2, k = 2, and [ = 0, because we are
considering the (220) planes. Therefore,

~ rd

a

dhkf - \/h2 4+ k2 + 12 /
0.2866 nm

= \/(2)2 Q7T 0] = (0.1013 nm




SUMMARY CRYSTALS

= Atoms typically assemble into crystals some materials e.g.
glass are amorphous

= WWe can predict the density of a material, provided we know
the atomic weight, atomic radius, and crystal geometry (e.qg.,
FCC, BCC, HCP).

= Material properties generally vary with single  crystal
orientation (l.e., they are anisotropic), but properties are
frequently quite non-directional (i.e., they are Isotropic) In
polycrystals with randomly oriented grains as e.g. in steel and

other engineering materials






