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FORCE VECTORS

Addition of a System of Coplanar Forces

» [n many problems it will be found desirable to resolve a force into two components
which are perpendicular to each other

» When a force is resolved into two components along the x and y axes, the components
are then called rectangular components

» The parallelogram drawn to obtain the two components is a rectangle, and Fx and
Fy are called rectangular components
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FORCE VECTORS

Addition of a System of Coplanar Forces

» [n this way it becomes easier to obtain resultants for more than two forces by getting
the components of each force along specified axes and add them algebraically instead
of using successive application of the parallelogram law

» Note that the axes will be horizontal and vertical or directed at any inclination as long
as they remain perpendicular to one another

» By parallelogram law it is required that: F'=Fx+Fy

,, F=Fx+Fy

JaL



FORCE VECTORS

Addition of a System of Coplanar Forces

» Figures below show that the sense of direction of each force component is
represented graphically by the arrowhead

» For solving problems however, we need to establish a notation for representing
the directional sense of the rectangular components {

» The two ways that we will use are:
> The Scalar Notation

> Cartesian Vector Notation F, f

JaL 05/03/2021



FORGERECTORS

Addition of a System of Coplanar Forces

» The rectangular components of force F shown

are found using the parallelogram law, so that
F =Fx+Fy.

» Because these components form a vight A
triangle, they can be determined from F,

Fx = Fcos0 and Fy = Fsin0 | 0
Tanezi—y and Fx*+ Fy? = F? F,

JaL 05/03/2021



FORGERECTORS

Addition of a System of Coplanar Forces

» Instead of using the angle 0, however, the direction of
F can also be defined using a small “slope” triangle

» Since this triangle and the larger shaded triangle are X

similar, the proportional length of the sides gives c
Fx a Fy F, b
— =- and = =- | a
F ¢ F Y

» Below shows the force notation using the scalar method .

IDON<—  173NT 240N— 100 N |
-100 N +173N  +240N -100 N

JaL 05/03/2021



FORGERECTORS

Addition of a System of Coplanar Forces

» [t is also possible to represent the x and
y components of a force in terms of
Cartesian unit vectors i and j.

» They are called unit vectors because
they have a dimensionless magnitude of
1, and so they can be used to designate

: : i Magnitude = 1
the directions of the x and y axes, iZ wgnitude

respectively ‘ : ¥

» This methods makes vector algebra very
easy and it becomes advantageous when
o, Solving problems in 3D 05/03/2021




FORGERECTORS

Addition of a System of Coplanar Forces

» Recalling the definition of the product of a scalar and a vector, we note that
the rectangular components Fx and Fy of a force ' may be obtained by
multiplying respectively the unit vectors i and j by appropriate scalars

» We write Fx=Fvi & Fy=F,j wmp F = Fx + Fy wmmypF = Fxi+ Fyj

iy ¥
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FORGERECTORS

Addition of a System of Coplanar Forces

» We note that the scalar component Fx is positive when the
vector component Fx has the same sense as the unit vector Y
i (i.e., the same sense as the positive x axis) and is
negative when Fx has the opposite sense

» A similar conclusion may be drawn regarding the sign of |
the scalar component Fy —

» F=Fxi+Fyj & F =Fxi+Fy(—j)msy F' =F'xi — F'yj

JaL 05/03/2021



FORGERECTORS

Addition of a System of Coplanar Forces

» A force of 800 N is exerted on a bolt A
as shown. Determine the horizontal and

vertical components of the force

» [n order to obtain the correct sign for
the scalar components Fx and Fy, the

value 180° - 35° = 145° should be
substituted for 0 in

Fx = FcosO and Fy = Fsin0

JaL



FORGERECTORS

Addition of a System of Coplanar Forces

» However, it will be found more practical to
determine by inspection the signs of Fx and
Fy and to use the trigonometric functions of

the angle a. = 35°.
: F.=—Fcosa = —(500 N) cos 35° = =655 N
> We write, therefore p _ g .\~ +(s00 N) sin35° = +459 N
» [/n Cartesian notation we have
F, = -(655 N)i F, = +(459 N)j
> Therefore, ¥ — —(655 N)i + (459 N)j

F=50MN

JaL



FORGERECTORS

Addition of a System of Coplanar Forces

» A man pulls with a force of 300 N on a rope attached to
a building, as shown. What are the horizontal and |
vertical components of the force exerted by the rope at
point A? |

» [t is seen from Fig. that Fx = +(300 N) cosa, Fy = -(300 N)
sino y

» Observing that AB = 10m, coso. = 8/AB = 4/5

» Sino = 6/AB = 3/5

» Fx = +(300 N)4/5 = +240N & Fy = -(300 N)3/5 = -180N
» = (240 N)i - (180 N)j

JaL
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FORGERECTORS

Addition of a System of Coplanar Forces

» We can now use either of the two methods just described to
determine the resultant of several coplanar forces

» 1o do this, each force is first resolved into its x and y
components, and then the respective components are added
using scalar algebra since they are collinear

- FJ ¥

» The resultant force is then formed by adding the resultant , |1l

components using the parallelogram law |F

F.‘-r
JalL '




FORGERECTORS

Addition of a System of Coplanar Forces

» Consider the three concurrent forces shown which have x and
y components as shown

» Using Cartesian vector notation (or scalar), each force is first
represented as a Cartesian vector, i.e

Fi=Fii+F1yj, Fr=-Fai+F2] F3=F3d-F3j
> The vector resultant is therefore

Fr=F1 +F> +F3

Fr = Fixd+F1yj-Fod+Faf +Fad-Fij = (Fr)l + (Fry)j

JaL
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ORE ERREGRORS
Addition of a System of Coplanar Forces pn

+1

» If scalar notation is used, then indicating the positive

directions of components along the x and y axes with symbolic
arrows, we have

» We can represent the components of the resultant force of any

(Fp),

T, LFﬁlr — le B Fax T F}x
y PH; T PE;

- P}ﬁ

number of coplanar forces symbolically by the algebraic sum of the
x and y components of all the forces wmmmmp R =3F, R, =3F,

» Once these components are determined, they may be sketched
along the x and y axes with their proper sense of direction, and

Fl v

the resultant force can be determined from vector addition, as *
shown in next slide

JaL
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FORGEREETIGOR S

Addition of a System of Coplanar Forces

» From this sketch, the magnitude of Fr is then found
from the Pythagorean theorem P \/(F ST
R R/x RIv

resultant force, is determined from trigonometry:

» Also, the angle O, which specifies the direction of the (Fe) Z
f

JaL 05/03/2021



FORGEREETIGOR S

Addition of a System of Coplanar Forces

Important Notes:

» The resultant of several coplanar forces can easily be determined if
an x, y coordinate system is established and the forces are resolved
along the axes

» The direction of each force is specified by the angle its line of action
makes with one of the axes, or by a slope triangle.

» The orientation of the x and y axes is arbitrary, and their positive
direction can be specified by the Cartesian unit vectors i and j.

JaL 05/03/2021



FORGEREETIGOR S

Addition of a System of Coplanar Forces

Important Notes:

» The x and y components of the resultant force are 0
simply the algebraic addition of the components of all (F),
the coplanar forces.

» The magnitude of the resultant force is determined
from the Pythagorean theorem, and when the
resultant components are sketched on the x and y

axes, and the direction 0 can be determined from B ; ;
trigonometry Fo = ViEE + (R

JaL 05/03/2021



FORGERIEETORS

Addition of a System of Coplanar Forces

» Inspect the Fig. shown and determine the = 400N F = 600N

magnitude and direction of the resultant force.

» Scalar notation method.

» First we resolve each force into its x and y
components, then we sum these components )

algebraically F. = 400N F, = 600N

S (Fr)y = SF:  (Fg), = 600 cos 30° N — 400 sin 45° N
= 2368 N —

+T(Fr)y = ZF; (Fg)y = 600 sin 30° N + 400 cos 45° N
— 582.8 N1

JaL




FORGERIEETORS

Addition of a System of Coplanar Forces

» The resultant force, shown in the Fig., has a
magnitude of

Fr = V/(236.8 N)? + (582.8 N)?
= 629 N

» From the vector addition the direction of the
resultant force is calculated as y

582.8 N
H=t‘( )=mf
M\ 238N

JaL



FORGERIEETORS

Addition of a System of Coplanar Forces

» Cartesian Vector Notation method F, = 400 N Fi = 600N

» From Fig shown, each force is first expressed as a
Cartesian vector

» Fi1={600cos30°% + 600sin30%}N .
» F2={-400sin45° + 400cos45°%}N then we know

> Fr = F1 + F2 = (600cos30°N - 400sin45°N)i + (600 "2~ "2~ =
sin30°N + 400cos45°N)j 43

> Fr=/236.8i + 582.8jiN

» The magnitude and direction of Fr are determined in the
e Same manner as before.




FORGERIEETORS

Addition of a System of Coplanar Forces

» Comparing the two methods of solution, notice that "~*"®

the use of scalar notation is more efficient and easy

Fy=0600N

since the components can be found directly, without
first having to express each force as a Cartesian
vector before adding the components

» However, you will appreciate that Cartesian vector
analysis is very beneficial for solving three-
dimensional (3D) problems

JaL




FORGERIEETORS

Addition of a System of Coplanar Forces

Question for thinking

» If the resultant force acting on the
bracket is required to be a minimum,
determine the magnitudes of F1 and
the resultant force. Set ¢ = 30°

JaL 05/03/2021



FORGERIEETORS

Addition of a System of Coplanar Forces

SOLUTION

Rectangular Components: By referring to Fig. a, the x and y components of F,, F,,
and F, can be written as

(F), = F;sin 30° = 05F, (F)), = F,cos 30° = 0.8660F,
(F), = 200N (Fy), =0 o
: | 5
(F), = 260( E) ~ 100N (Fy), = 260( %) — 240 N
Resultant Force: Summino the ts aleebraically alone the x and y axes, .
ésuiiani rorce. ummmg ¢ 10rce CDH]IJDI‘IEII 5d gﬂ raica }HDHg cxan }"IIES Fj-z AS

5 S(Fp), = SF: (Fg), = 0.5F, + 200 + 100 = 0.5F, + 300

+ T E(FR]}. = EFI': {FR)}' = 03660F1 — 240 05/03/2021



FORCE VEGEIES

Addition of a System of Coplanar Forces

SOLUTION Fj = F} — 115.69F, + 147600 Eqn 2

The magnitude of the resultant force Fp, 1s The first derivative of Eq. (2) is

Fr = V(Fp)} + (Fp)?

dFy
2 —2 = 2F, — 115.69
) : — R4F, i Eqgn 3
= V(0.5F, + 300)2 + (0.8660F, — 240)

dFy

_ \/F% — 11569F, + 147600 Eqn 1 For Fj, to be miﬂimum,d—ﬂ = 0. Thus, from Eq. (3)

2F dFR—ZF 115.69 = 0
RGp — ST R0 =

F, =57846 N =578 N
from Eq. (1),

JaL

Fp = V/(57.846) — 115.69(57.846) + 147600 = 380N



FORCE VECTORS

» We now discussed problems concerning forces that result to have
the magnitude of ZERO for the resultant

» Although it has not occurred in any of the problems considered so
far, it is quite possible for the resultant to be zero

» In such a case, the net effect of the given forces is zero, and the
particle is said to be in Equilibrium

JaL 05/03/2021




FORCE VECTORS

» A particle which is acted upon by two forces will
be in equilibrium if the two forces have the same
magnitude and the same line of action but
opposite sense

» The resultant of the two forces is then zero

100 1

l"l = 400 |b

» Another case of equilibrium of a particle is
where four forces are acting on A Fy =200 b

Wy F,=17321b

JaL 05/03/2021



FORCE VECTORS

l"l =400 |b

» [n this case the resultant of the given forces is determined
by the polygon rule

» Starting from point O with Fi1 and arranging the forces  v.=200
in tip-to-tail fashion, we find that the tip of F4 coincides
with the starting point . F,=3001h

Oy F,=17321b

» Thus the resultant R of the given system of forces is zero,
and the particle is in Equilibrium

F,=17321b

F,=4001b
I =200 |b

JaL 05/03/2021




FORCE VECTORS

» The closed polygon drawn provides a graphical
expression of the equilibrium of A

F,=3001h

» 1o express algebraically  the conditions for the 0
equilibrium of a particle, we write ~ R — SF — 0
» Resolving each force F' into rectangular components, we
.

have -
~ 2Fi+Fj=0 o (2F)i+ (QF)j=0

» We conclude that the necessary and sufficient conditions

for the equilibrium of a particle are N
2F, =0

JaL

Fo=173.21b

l"”:fi:":JHl

2F, = 0
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FORCE VECTORS

» Returning to the particle shown, we check that the
equilibrium conditions are satisfied

» We conclude that the necessary and sufficient conditions for
the equilibrium of a particle are

|'1| =400 |k

>F, = 300 Ib — (200 Ib) sin 30° — (400 Ib) sin 30°
300lb —1001b — 200 1b = 0
ZFy = —173.21b — (200 1Ib) cos 30° + (400 1b) cos 30° F, =2001b
= —17321b — 1732 1b + 3464 1b = 0

» Recall Newton’s 1" Law of Motion!!!

JaL 05/03/2021
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FORGERIRETEO RS

» In practice, a problem in engineering mechanics is derived from an actual
physical situation

» A sketch showing the physical conditions of the problem is known as a space
diagram

» A large number of problems involving actual structures, however, can be
reduced to problems concerning the equilibrium of a particle.

» This is done by choosing a significant particle and drawing a separate
diagram showing this particle and all the forces acting on it.

» Such a diagram is called a free-body diagram (FBD)

JaL 05/03/2021



FORGERIRETEO RS

» The next demonstration explains how to draw a useful
FBD

» Consider the 75-kg crate shown in the space diagram ﬁ

» This crate was lying between two buildings, and it is
now being lifted onto a truck, which will remove it

» The crate is supported by a vertical cable, which is
joined at A to two ropes which pass over pulleys
attached to the buildings at B and C

» It is desired to determine the tension in each of the
ropes AB and AC

JaL 05/03/2021




FORGERIRETEO RS

» In order to solve this problem, a free-body diagram
showing a particle in equilibrium must be drawn

» The FBD shows the forces exerted on A by the vertical
cable and the two ropes

» The force exerted by the cable is directed downward, and
its magnitude is equal to the weight W of the crate

» **Note that only tension can occur in a rope™*

JaL 05/03/2021



FORGERIRETEO RS

» Since point A is in equilibrium, the three forces acting on it
must form a closed triangle when drawn in tip-to-tail

fashion

» The values T4 and Tac of the tension in the ropes may be
found graphically if the triangle is drawn to scale, or they
may be found by trigonometry

» If we use trigonometry method, we use the law of sines and

write
\ Tq__tﬁ o 1'_.11{_1 L 736 N

sin 60~ sin 40° sin S0

JaL



FORCE VECTORS IN SPACE (3D)

» The problems considered in the first part of this chapter
involved only two dimensions, they could be formulated z
and solved in a single plane

» This section will discuss problems involving the three
dimensions (3D) of space

» The operations of vector algebra, when applied to
solving problems in 3D, are greatly simplified if the
vectors are first represented in Cartesian vector form

05/03/2021
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FORCE VECTORS IN SPACE (3D)

Right-Handed Coordinate System:

» The right-handed coordinate system will be used to develop :
the theory of vector algebra

» A rectangular coordinate system is said to be right-handed
if the thumb of the right hand points in the direction of the
positive z axis when the right-hand fingers are curled about

this axis and directed from the positive x towards the
positive y axis

JaL 05/03/2021



FORCE VECTORS IN SPACE (3D)

Rectangular Components of a Vector.

» A vector A may have one, two, or three rectangular A,
components along the x, y, z coordinate axes, depending -~ ~

on how the vector is oriented relative to the axes /\

» In general, though, when A is directed within an octant
of the x, v, z, then by two successive applications of the
parallelogram law, we may resolve the vector into
components as A = A’ + Az and then A" = Ax + Ay.

JaL




FORCE VECTORS IN SPACE (3D)

Rectangular Components of a Vector

» Combining these equations, to eliminate A’
A is represented by the vector sum of its three
rectangular components

A=Ax + Ay + Az

JaL 05/03/2021



FORCE VECTORS IN SPACE (3D)

Cartesian Unit Vectors

» In 3D the set of Cartesian unit vectors, i, j, k, is used to
designate the directions of the x, y, z axes, respectively.

» As discussed, the sense (or arrowhead) of these vectors
will be represented analytically by a plus or minus sign,
depending on whether they are directed along the positive
or negative Xx, ), or z axes

JaL
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Cartesian Vectors Representation

» Since the three components of A in Eq. A = Ax + Ay + Az
act in the positive i, j, and k directions, we can write A in

Cartesian vector form as
A =Ad + Ay + A:k

» There is a distinct advantage to writing vectors in this
manner as separating the magnitude and direction of each *
component vector will simplify the operations of vector
algebra, particularly in three dimensions

JaL
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FORCE VECTORS IN SPACE (3D)

Magnitude of Cartesian Vectors

» It is always possible to obtain the magnitude of A provided i
it is expressed in Cartesian vector form. %

» As shown from the blue right triangle, A = VA'? + Az? and 1l
from the gray right triangle, A’ = \/ Ay? + Ax? A :
» Combining these equations to eliminate A’ yields Al

A= VA2 + A2 + A7 ;Z'*‘ff{_

» Therefore the magnitude of A is equal to the positive square ~~
root of the sum of the squares of its components

JaL 05/03/2021




FORCE VECTORS IN SPACE (3D)

Direction of Cartesian Vectors

» We will define the direction of A by the coordinate
direction angles a (alpha), p  (beta), and vy
(eamma), measured between the tail of A and the

t

positive x, y, z axes provided they are located at the »
tail of A | /
» Note that regardless of where A is directed, each of /N
these angles will be between 0° and 180° WL A g

» 1o determine o, p and vy, consider the projection of -
A onto the x, y, z axes

JaL 05/03/2021



Direction of Cartesian Vectors

» Referring to the colored right triangles shown
in the figure, we have i " q
cosa = — r:u:}s,8=—'1 cc:-s*;»':f

A A
» These numbers are known as the direction
cosines of A

» Once they have been obtained, the coordinate
direction angles o, p and y can then be
determined from the inverse cosines

JaL
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FORCE VECTORS IN SPACE (3D)

Direction of Cartesian Vectors

» An easy way of obtaining these direction cosines is to
form a unit vector u4 in the direction of A

» If A is expressed in Cartesian vector form,
A = Axi + Ayj + Azk,

» then u4 will have a magnitude of one and be ~
dimensionless provided A is divided by its magnitude,
l.e.,

T T AT ad T

JaL 05/03/2021




Direction of Cartesian Vectors

> We know tha! ey A = A2 + A2 + A2
» By comparison with

A, Ay A,
cosae=-— cosff=— cosy= 1

A A
» [t is seen that the i, j, k components of u4represent the direction cosines of A,

i.e., ua = cosai + cospj + cosyk

» Since the magnitude of a vector is equal to the positive square root of the sum
of the squares of the magnitudes of its components, and u4 has a magnitude of
one, then from the above equation an important relation among the direction
cosines can be formulated as, i.e ) ) y

cos"a + cos™f + cos"y = |

JaL 05/03/2021



FORCE VECTORS IN SPACE (3D)

X J Z )
cosa =5 cosf=rn ey =7 05+ cos” B+ cos”y = |

Direction of Cartesian Vectors

» Here we can see that if only two of the coordinate angles are known, the third
angle can be found using this equation

» Finally, if the magnitude and coordinate direction angles of A are known, then
A may be expressed in Cartesian vector form as

A :J‘l'lLllJ.a1
= A cosai + AcosfB)+ A cosyk
= Ag+ A, J+AK

JaL 05/03/2021



FORCE VECTORS IN SPACE (3D)

Addition & Subtraction Cartesian Vectors

» The addition (or subtraction) of two or more vectors is z
greatly simplified if the vectors are expressed in terms of
their Cartesian components.

» For example, if A = Axi + Ayj + Azk and
B = Bxi + Byj + Bzk (A, + B))j

» then the resultant vector, R, has components which are
the scalar sums of the i, j, k components of A and B, i.e.,

» R=A+ B =(Ax + Bx)i + (Ay + By)j + (Az + Bz)k

JaL 05/03/2021
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FORCE VECTORS IN SPACE (3D)

Addition & Subtraction Cartesian Vectors
» R=A-B=(Ax - Bx)i + (dy - By)j + (4z - Bz)k

» If this is generalized and applied to a system of several
concurrent forces, then the force resultant is the vector
sum of all the forces in the system and can be written as

Fp=2F=3Fi+ 2Fj+ XFk

» Where > Fx, Y Fy, and Y Fz represent the algebraic sums
of the respective x, y, z or i, j, k components of each
force in the system

JaL

X

(A. + Bk

R

/

(Ay + Byj

(Ay + By)i
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FORCE VECTORS IN SPACE (3D)

A Cartesian vector A has i, j, k components along the x, y, z axes.
If A is known, its magnitude is defined by A = VAZ + A2 + A2,

The direction of a Cartesian vector can be defined by the three
angles a, 3, y, measured from the positive x, y, z axes to the tail of
the vector. To find these angles formulate a unit vector in the
direction of A,1.e..uy = A /A, and determine the inverse cosines of
its components. Only two of these angles are independent of one
«| another; the third angle is found from cos®a + cos? 8 + cos?y = 1.

D21




FORCE VECTORS IN SPACE (3D)

Question _

i

> Determine the magnitude and
of the resultant force acting on
the ring in Fig. below

JaL 05/03/2021



FORCE VECTORS IN SPACE (3D)

SOLUTION

» Since each force is represented in Cartesian vector form, the
resultant force is calculated as follows

» Fr=2F = Fi1+F> = {0i+60j+80k}N + {50i -100j +100k}N
» Fr={50i -40j +180k}N then the magnitude of FRr is
» Fr=.Frx? + Fry? + Frz? ={,/502 + (—40)2+1802}N =191.0N

» The coordinate direction angles o, b, y are determined from the
components of the unit vector acting in the direction of Fr '

F,. 50, 40 , 180

up, = F. = To10' ~ m 10] ﬂk = 0.26171 — 0.2094) + 09422k

F,= {508 - 100§ + 100K} N | F, = (60 + S0k|N

05/03/2021



SOLUTION

CFg 50 . 40 . 180

= = —_— —— _|_—
Ur T F T 1910' 19100 T 1010

= 0.26171 — 0.2094) + 0.9422k

cos o« = 0.2617 o = T4.8°
cos B = —0.2094 B = 102°
cos y = (0.9422 vy = 19.6°

JaL
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FORCE VECTORS IN SPACE (3D)

QUESTION for THINKING

» Express the force F shown in the Fig.
as a Cartesian vector and find the F= 100N
directional angles o, p and 7.

(|

60~ .

45°

/

JaL 05/03/2021




FORCE VECTORS IN SPACE (3D)

SOLUTION
» Which formulas are necessary for this problem? Ky = 2F = EFII T EF JT EFk

A0 s
9 V@SO&O“M
o™ N ) F=100N
A cos” a + cos” B+ cos’y = |
W N
‘(O«\\@ S'\‘(\ 0@ B -
QO%SOYC;XM A ="VAZ+ A2 + A? y
0 :
p

al SOHCAHTOA/Trigonometry



FORCE VECTORS IN SPACE (3D

Parallelogram law by resolution

of forces in the x, y &z components
A=A"+Azand A’ = Ax + Ay

SOHCAHTOA

SOLUTION

» Note that the angles of 60° and 45° defining the
direction of F are not coordinate direction angles.

» Two successive applications of the parallelogram law F=10N

are needed to resolve F' into its x, y, z components.

First F = F' +Fz, then F' = Fx + Fy. By
trigonometry, the magnitudes of the components are _
F. = 100 sin 60° N = 86.60 N

F' = 100 cos 60° N = 50 N s / |

Fr, = F'cos 45" = 50 cos 45° N = 3536 N X

JaL F, = F'sin45" = 30sin 45" N = 3536 N 05/03/2021




FORCE VECTORS IN SPACE (3D)

SOLUTION

» Realizing that Fy is in the —j direction, we have the
answer qs =—) [ = /35 36] - 35.36] + 86.60k}

F=100N

» 1o check that the answer is correct, (magnitude of
this vector is indeed 100N),we apply eqn below

F=VF 4 F+F = \/35.36° + 35,36 + 86.60° = 100N

JaL 05/03/2021



SOLUTION

» The coordinate direction angles of F can be
determined from the components of the unit

vector acting in the direction of F

_F_FE. E, . F:k _ 3536, 3536, .\ Sﬁ.ﬁﬂk
A 100 = 10077 100

= (.3536i - 0.3336j + 0.8660k
a = cos (0.3536) = 69.3°
B = cos 1(—0.3536) = 111°
y = cos 1(0.8660) = 30.0°

F=100N
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FORCE VECTORS IN SPACE (3D)

QUESTION for HOMEWORK

» Two forces act on the hook shown in Fig.

Specify the magnitude of F> and its F
coordinate direction angles so that the N
resultant force Fr acts along the positive y 120°

axis and has a magnitude of 800N

45°
Fi = 300N

JaL 05/03/2021



FORCE VECTORS IN SPACE (3D)
A — 1"111;1

= A cosai + Acosfj+ A cosyk
SOLUTION =Ad T Ay + Ak
» 1o solve this problem, the resultant force Frand its i
two components, F1 and F2, will each be expressed F,= 700N
in Cartesian vector form. >
» As shown in Fig, it is required that Fr = F1 + F2. : Fg= 800N
> Applylng Eq F, = Ficos ayi + F; cos 3;j + F, cos yk » = 108°

= 300 cos 4571 + 300 cos 60° j + 300 cos 1207 k
= {212.1i + 150j — 150k } N

F,=300N
F}'. — Fl-.'i T Fj.,j - Fltk -

» Since FR has a magnitude of 800 N and acts in the +j
ae direction, FR = (800 N)(+j) = {800j} N 05/03/2021

-1I



SOLUTION F, — F, + F,
» We require 800j = 212.1i + 150§ — 150k + Fi + B, j + Fk
800j = (212.1 + F,)i + (150 + F,)j + (—150 + )k

» To satisfy this equation the i, j, k components of FrR must be
equal to the corresponding i, j, k components of (Fi1+F2)

Hence, 0 = 212.1 + 5, PR, = —212.1 N
800 — 150 + F, F, — 650N
0O = —150 + F_ F. = 150N

> The magnltude 0fF2 lS thuS F . \'-.-"'([ 2121 I"\-}" + (650 N}I 4 {ISGN]E X
= TOON 7121

: 630
. cosa; = ——; ay = 108° cos By = — = 21.8°
W» We can use Eq. to determine a2, B2, y2. S0 A= 7w <

JaL Cosy; = =—; v, = T1.6° 05/03/2021



FORCE VECTORS IN SPACE (3D)

» You will appreciate that the position
vector is of importance in formulating a
Cartesian force vector directed between
two points in space

/u 0 /4'—2111—;/

4dm

» Later in the course you will use the

position vector to calculate moment of
force

JaL 05/03/2021



FORCE VECTORS IN SPACE (3D)

x, v, z Coordinates

» Throughout the course we will use a right-
handed coordinate system to reference the
location of points in space.

» The positive z axis to be directed upward so / o| ~2m>

4m

that it measures the height of an object or
the altitude of a point.

» The x, y axes then lie in the horizontal plane,

» Points in space are located relative to the
origin of coordinates, O, 4

JaL 05/03/2021



FORCE VECTORS IN SPACE (3D)

» A position vector r is defined as a fixed vector which

locates a point in space relative to another point z
» For gxample, if r | extends from the origin of zk\ O
coordinates, O, to point P(x, y, z) /
0 Y]

xi

» then r can be expressed in Cartesian vector form as -~
r=xi+y+zk

JaL 05/03/2021



FORCE VECTORS IN SPACE (3D)

> r=xi+yj+zk

» Note how the head-to-tail vector addition of the
three components yields vector r,

» Starting at the origin O, one “travels” x in the +i
direction, then y in the +j direction, and finally z in r
the +k direction to arrive at point P(x, y, z). 0 i y

X1

A Px.y.7)
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FORCE VECTORS IN SPACE (3D)

» In other cases, the position vector may be
directed from point A to point B in space

» This vector 1is also designated by the
symbol r

» As a matter of convention, we Will
sometimes refer to this vector with two
subscripts to indicate from and to the point
where it is directed. Thus, r can also be
designated as r.s

JaL 05/03/2021



FORCE VECTORS IN SPACE (3D)

» From Fig. shown, by the head-to-tail vector
addition, using the triangle rule, we require

r«+r =rs

» Solving for r and expressing r. and rs in
Cartesian vector form yields

r=rs-r:= (xs + ysj + zsk) - (xd + yij + z.k)
» Or

r=(rp i+ (vp —ya)) t (g — 24k

JaL 05/03/2021



FORCE VECTORS IN SPACE (3D)

» We can also form these components directly,
by starting at A and moving through a
distance of (xs - x1) along the positive x axis

(+)
» then (ys - y4) along the positive y axis (+]),
and

» finally (zs - z.) along the positive z axis (+k)
to get to B.

JaL
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FORCE VECTORS IN SPACE (3D}

QUESTION
» Determine the lengths of wires AD, BD, and c
CD. The ring at D is midway between A and
B
A D —EL-
) I 0.5 rnl
0.5 m}~ / 2m ol g

JaL 05/03/2021



FORCE VECTORS IN SPACE (3D)

SOLUTION

&

2 4+ 0 O+ 2 1.5 + 0.5
I . . = - 1.
( > > - > )m 2(1.1. 1) m
C
rap — (1 — 2)i + (1 — O)j + (1 — 1.5k
= —1i + 1j — 0.5k
r — (1 — O)yi + (1 — 2)¥»y3 +— (1 — O.59)k
B ( ) ( bl | ( ) A D B )
— 1i — 1j + 0.5k E| 0.5m
_ . _ i _ "m v ¥y
— 1i + 1j — 1k
Fap = NV(—1)2 4+ 12 4+ (—0.5)2 = 1.50m
rep = 12 + (—1)2 + 0.52 = 1.50m
Ferp = V17 + 17 + (—1) = 1.73 m

JaL 05/03/2021



QUESTION

» Express Fs and Fc in Cartesian vector
form

JaL




FORCE VECTORS IN SPACE (3D}

SOLUTION

Force Vectors: The unit vectors uz and u of F and F- must be determined
first. From Fig. a

5 (15— 05)i + [-25 — (-19)]j + (2 — O)k

“ j— j—
S V(=15 — 0.5) + [-25 — (—1.5)]P + (2 — 0)
_ 2, 1.2
3 3973
Lk (—1.5 — 0.5)i + [05 — (—1.9)]j + (3.5 — 0)k
. =-C

= \/(—1.5 — 0.5 + [05 — (—1.5)] + (3.5 — 0)°

R P PR
B R '




FORCE VECTORS IN SPACE (3D}

SOLUTION
Thus, the force vectors Fi and F- are given by 4
S B(-/5-252)m (C(-15,0.5,3.5)m
Fp = Fzgug = 600(—? — Ej + gk) = {—400i — 200j + 400k} N
4 7 . . -
Fo = Frue = 450 —i + —J + k) = {—200i + 200j + 350k} N
9 9 ™
Kos, 15 0)m

fa)
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FORCE VECTORS IN SPACE (3D)

» Often in 3D statics problems, the direction of

a force is specified by two points through
which its line of action passes.

» Such a situation is shown, where the force I is
directed along the cord AB.

» We can formulate I as a Cartesian vector by
realizing that it has the same direction and
sense as the position vector r directed from
point A to point B on the cord.

JaL
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FORCE VECTORS IN SPACE (3D)

» This common direction is specified by the unit
vector u = r/r.

> Hence, F=Fu= F(E) _ (xg — a1+ (yg —va)) + (2p — 24)k )
' \/(IH —x4)" + (vp — ya)® + (2 — za)

» Note that I has units of force and r has units of
length.

JaL 05/03/2021



FORCE VECTORS IN SPACE (3D)

A position vector locates one point 1n space relative to
another point.

The easiest way to formulate the components of a position vector 1s
to determine the distance and direction that must be traveled along
the x, y, z directions —going from the tail to the head of the vector.

A force F acting in the direction of a position vector r can be
represented 1n Cartesian form if the unit vector u of the position
vector 1s determined and it 1s multiplied by the magnitude of the
force,1.e., F= Fu= F(r/r).




QUESTION

» If the force in each cable tied to the bin is 70
b, determine the magnitude and coordinate
direction angles of the resultant force.
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FORCE VECTORS IN SPACE (3D)

SOLUTION

Force Vectors: The unit vectors ua, us, uc and
up of Fa, Fs, Fc and Fp must be determined
y, (-0i+(-2-0j+(0-6k 3. 2. 6
A=—= = -1
o VBE-02+(-2-07+(0-67 T
o (-0i+2-0j+(0-6k 3 2 6
Up=—= q:—l+—‘|——k
BoNVG-0E -0+ (0-6F T T T
I (—3—0]i+(2—[])j+(0—6)k_ 326

Cre V[ B-0pr-0fr -6 1 T T
LM (3-0i+(2-0+(0-6k 3 2. 6
" V(-0 (2-0Pr(0-6F T 17177
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SOLUTION

Thus, the force vectors Fa, Fs, Fc and Fp are
given by

FB - FE“E - ?0<%i + %j — %k) — [3Ui + 2Dj — 601{] b
3. 2. 6 . .

Ff_“ = FE'II(_“ =70 _?I + ?J — ?k) = [_301 + 20] — '6[]1(] Ib
3. 2. 6 . .

Fp = Fpup = ?0(—5: -2 51.:) = [—30i — 20j — 60K] Ib
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FORCE VECTORS IN SPACE (3D)

SOLUTION

Resultant force Fris calculated as shown
Fr =F, + Fz + F- + Fp = (30i — 20j — 60k)
+ (30i + 20j — 60k) + (—30i + 20j — 60k)
+ (=30i — 20j — 60k) = {—240k) N
The magnitude of Fris Fr = V(Fr): + (Fp); + (Fg):
= V0 + 0 + (—240)2 = 240 1b
& the coordinate direction angles of Fr are

_ “R)r _( 0 ) _UR)\'_ 0
— 1 i — 1 — . —

_ | = 90'3' _ ] — | — Qne
o = COS F COS ) ﬁ = (08 _—R _ = (08 (2 ) =




QUESTION

» Each of the four forces acting at E has a
magnitude of 28 kN. Express each force as a
Cartesian vector and determine the resultant
force.

JaL




SOLUTION

14

—6

JaL

FORCE VECTORS IN SPACE (3D}

-+ 12 P .
_ N — — —_ _|_ I
25 Mu) Fro = (—12i + 8j — 24k} kN
—6. 4 12
24k} kIN Frp = ZB(Hi — i ﬁk)
A5 124
14 14 Frp = {—12i — 8 — 24k} kN

Fr=Fgqg + Fpg + Fge + Fep

4 12 §
597 93%) = (96K kN |




