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FORCE VECTORS IN SPACE (3D)

QUESTION for HOMEWORK

» Two forces act on the hook shown in Fig.

Specify the magnitude of F> and its F
coordinate direction angles so that the N
resultant force Fr acts along the positive y 120°

axis and has a magnitude of 800N

45°
Fi = 300N
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FORCE VECTORS IN SPACE (3D)
A — 1"111;1

= A cosai + Acosfj+ A cosyk
SOLUTION =Ad T Ay + Ak
» 1o solve this problem, the resultant force Frand its i
two components, F'1 and F2, will each be expressed F,= 700N
in Cartesian vector form. >
» As shown in Fig, it is required that Fr = F1 + F2. : Fg = 800N
> Applylng Eq F, = Ficos ayi + F; cos 3;j + F, cos yk » = 108°

= 300 cos 4571 + 300 cos 60° j + 300 cos 1207 k
= {212.1i + 150j — 150k } N

F,=300N
F}'. — Fl-.'i T Fj.,j - Fltk -

» Since FR has a magnitude of 800 N and acts in the +j
e direction, FR = (ON)(i)+(800N)(+j)+(0ON)(k) = [800j] N 22/03/2021
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SOLUTION F, — F, + F,
» We require 800j = 212.1i + 150§ — 150k + Fi + B, j + Fk
800j = (212.1 + F,)i + (150 + F,)j + (—150 + )k

» To satisfy this equation the i, j, k components of FrR must be
equal to the corresponding i, j, k components of (Fi1+F2)

Hence, 0 = 212.1 + 5, PR, = —212.1 N
800 — 150 + F, F, — 650N
0O = —150 + F_ F. = 150N

> The magnltude 0fF2 lS thuS F . \'-.-"'([ 2121 I"\-}" + (650 N}I 4 {ISGN]E X
= TOON 7121

: 630
. cosa; = ——; ay = 108° cos By = — = 21.8°
W» We can use Eq. to determine a2, B2, y2. S0 A= 7w <

JaL COsYr — o Y1 = T7.6° 22/03/2021



FORCE VECTORS IN SPACE (3D)

» You will appreciate that the position vector is
of importance in formulating a Cartesian force
vector directed between two points in space

» Later in the course you will use the position
vector to calculate moment of force
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FORCE VECTORS IN SPACE (3D)

[

x, v, z Coordinates

» Throughout the course we will use a right-
handed coordinate system to reference the
location of points in space.

» The positive z axis to be directed upward so
that it measures the height of an object or
the altitude of a point.

» The x, y axes then lie in the horizontal plane,

» Points in space are located relative to the | I
origin of coordinates, O,

22/03/2021
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FORCE VECTORS IN SPACE (3D)

» A position vector r is defined as a fixed vector which

locates a point in space relative to another point z
» For gxample, if r | extends from the origin of zk\ O
coordinates, O, to point P(x, y, z) /
0 Y]

xi

» then r can be expressed in Cartesian vector form as -
r=xi+y+zk

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

r=xi+yj+zk

» Note how the head-to-tail vector addition of the
three components yields vector r

» Starting at the origin O, one “travels” x in the +i
direction, then y in the +j direction, and finally z in r
the +k direction to arrive at point P(x, y, z). 0 i y

X1

A Px.y.7)

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

» In other cases, the position vector may be
directed from point A to point B in space

» This vector is also designated by the
symbol r

» As a matter of convention, we Will
sometimes refer to this vector with two
subscripts to indicate from and to the point
where it is directed. Thus, r can also be
designated as r.s

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

» From Fig. shown, by the head-to-tail vector
addition, using the triangle rule, we require

r«t+r =rs

» Solving for r and expressing r. and rs in
Cartesian vector form yields

r=rs-r:= (xs + ysj + zsk) - (xd + yij + z.k)
» Or

r= (g =i+ (g = Yy £ 2p — 2k

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

» We can also form these components directly,
by starting at A and moving through a
distance of (xs - x.) along the positive x axis

(+)
» then (ys - y4) along the positive y axis (+]),
and

» finally (zs - z.) along the positive z axis (+k)
to get to B.

JaL
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FORCE VECTORS IN SPACE (3D}

QUESTION p
» An elastic rubber band is attached to points A and B lm—;?‘;]i
as shown in Fig. 2-35a. Determine its length and its 7|4,, T,
direction measured from A toward B. ) /H/
[ H 1I;[im
2| [6k} m o

__.l'

r g
__.-"'-I oo =pm
7 [—2i}m

A
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SOLUTION

» /5T establish a position vector from A to B,

Fig. 2-35b. In accordance with Eqn, mssy v = (xg — x4)i + (vp — v4)j + (zp — 24)k

» the coordinates of the tail A(l m, 0, -3 m) are

subtracted from the coordinates of the head
B(-2m, 2m, 3 m),

> which yieldswssy ¢=[-2m-|mfi+[2m-0]j+[3m-(-Imk

= {-3i+ 2+ bk} m

JaL




FORCE VECTORS IN SPACE (3D}

r=[-2m-Imji+[2m-0]j+ [3m - (-Imjk
SOLUTION — {—.lill 1 lj i l:lh} .

» These components of r can also be determined directly by
realizing that they represent the direction and distance
one must travel along each axis in order to move from A
to B, m.

» The length of the rubber band is therefore 7m and the
cosa, cosp & cosy = 3/7 (a=115°), 2/7 (p=73.4°) & 6/7
(y=31.0°) resp..

JaL
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FORCE VECTORS IN SPACE (3D}

QUESTION
» Determine the lengths of wires AD, BD, and c
CD. The ring at D is midway between A and
B
A D —EL-
) I 0.5 rnl
0.5 m}~ / 2m ol g

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

SOLUTION

&

2 4+ 0 O+ 2 1.5 + 0.5
I . . = - 1.
( > > - > )m 2(1.1. 1) m
C
rap — (1 — 2)i + (1 — O)j + (1 — 1.5k
= —1i + 1j — 0.5k
r — (1 — O)yi + (1 — 2)¥»y3 +— (1 — O.59)k
B ( ) ( bl | ( ) A D B )
— 1i — 1j + 0.5k E| 0.5m
_ . _ i _ "m v ¥y
— 1i + 1j — 1k
Fap = NV(—1)2 4+ 12 4+ (—0.5)2 = 1.50m
rep = 12 + (—1)2 + 0.52 = 1.50m
Ferp = V17 + 17 + (—1) = 1.73 m

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

» Often in 3D statics problems, the direction of

a force is specified by two points through
which its line of action passes.

» Such a situation is shown, where the force I is
directed along the cord AB.

» We can formulate I as a Cartesian vector by
realizing that it has the same direction and
sense as the position vector r directed from
point A to point B on the cord.

JaL
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» This common direction is specified by the unit vector u
= rr

> Hence, F=Fu= F(E) _ (xg — a1+ (yg —va)) + (2p — 24)k )
' \/(IH —x4)" + (vp — ya)® + (2 — za)

» Note that I has units of force and r has units of length.

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

A position vector locates one point 1n space relative to
another point.

The easiest way to formulate the components of a position vector 1s
to determine the distance and direction that must be traveled along
the x, y, z directions —going from the tail to the head of the vector.

A force F acting in the direction of a position vector r can be
represented 1n Cartesian form if the unit vector u of the position
vector 1s determined and it 1s multiplied by the magnitude of the
force,1.e., F= Fu= F(r/r).




QUESTION

» Express Fs and Fc in Cartesian vector
form

JaL




FORCE VECTORS IN SPACE (3D}

SOLUTION

Force Vectors: The unit vectors uz and u of F and F- must be determined
first. From Fig. a

5 (15— 05)i + [-25 — (-19)]j + (2 — O)k

“ j— j—
S V(=15 — 0.5) + [-25 — (—1.5)]P + (2 — 0)
_ 2, 1.2
3 3973
Lk (—1.5 — 0.5)i + [05 — (—1.9)]j + (3.5 — 0)k
. =-C

= \/(—1.5 — 0.5 + [05 — (—1.5)] + (3.5 — 0)°

R P PR
B R '




FORCE VECTORS IN SPACE (3D}

SOLUTION
Thus, the force vectors Fi and F- are given by 4
S B(-/5-252)m (C(-15,0.5,3.5)m
Fp = Fzgug = 600(—? — Ej + gk) = {—400i — 200j + 400k} N
4 7 . . -
Fo = Frue = 450 —i + —J + k) = {—200i + 200j + 350k} N
9 9 ™
Kos, 15 0)m

fa)

JaL 22/03/2021



QUESTION

» If the force in each cable tied to the bin is 70
b, determine the magnitude and coordinate
direction angles of the resultant force.

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

SOLUTION

Force Vectors: The unit vectors ua, us, uc and
up of Fa, Fs, Fc and Fp must be determined
y, (-0i+(-2-0j+(0-6k 3. 2. 6
A=—= = -1
o VBE-02+(-2-07+(0-67 T
o (-0i+2-0j+(0-6k 3 2 6
Up=—= q:—l+—‘|——k
BoNVG-0E -0+ (0-6F T T T
I (—3—0]i+(2—[])j+(0—6)k_ 326

Cre V[ B-0pr-0fr -6 1 T T
LM (3-0i+(2-0+(0-6k 3 2. 6
" V(-0 (2-0Pr(0-6F T 17177

22/03/2021



SOLUTION

Thus, the force vectors Fa, Fs, Fc and Fp are
given by

FB - FE“E - ?0<%i + %j — %k) — [3Ui + 2Dj — 601{] b
3. 2. 6 . .

Ff_“ = FE'II(_“ =70 _?I + ?J — ?k) = [_301 + 20] — '6[]1(] Ib
3. 2. 6 . .

Fp = Fpup = ?0(—5: -2 51.:) = [—30i — 20j — 60K] Ib

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

SOLUTION

Resultant force Fris calculated as shown
Fr =F, + Fz + F- + Fp = (30i — 20j — 60k)
+ (30i + 20j — 60k) + (—30i + 20j — 60k)
+ (=30i — 20j — 60k) = {—240k) N
The magnitude of Fris Fr = V(Fr): + (Fp); + (Fg):
= V0 + 0 + (—240)2 = 240 1b
& the coordinate direction angles of Fr are

_ “R)r _( 0 ) _UR)\'_ 0
— 1 i — 1 — . —

_ | = 90'3' _ ] — | — Qne
o = COS F COS ) ﬁ = (08 _—R _ = (08 (2 ) =




QUESTION FOR HOME WORK

» Each of the four forces acting at E has a
magnitude of 28 kN. Express each force as a
Cartesian vector and determine the resultant
force.

JaL




FORCE VECTORS IN SPACE (3D)

» Occasionally in statics one has to find the angle between two lines or the
components of a force parallel and perpendicular to a line.

» In two dimensions, these problems can readily be solved by trigonometry
since the geometry is easy to visualize

» [n 3D, however, this is often difficult, and consequently vector methods should
be employed for the solution

» The dot product, which defines a particular method for “multiplying” two
vectors, can be used to solve these problems

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

» The dot product of vectors A and B, written A.B is

defined as the product of the magnitudes of A and B and
the cosine of the angle 0 between their tails A

» In equation form, A.B = Abcost where 0° < 0 <180°

» The dot product is often referred to as the scalar product
of vectors since the result is a scalar and not a vector

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

Laws of Operation
» Commutative law: A.B = B.A

» Multiplication by a scalar: a(A.B) = (a4).B = A.(aB)

» Distributive law: A.(B+D) = (A.B) + (4.D)

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

Cartesian Vector Formulation

» The Dot Product eqn must be used to find the dot product for any two
Cartesian unit vector

» For example, i.i=(1)(1) cos0°=1 and i.j=(1)(1) cos90°=0. WHY???
iei=1 jej=1 kek=1 iej=0 jek=0 kei=0
PeQ=PQ +PO, +PO.

—_—

PeP=P’+P’+P’ =P’

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

Cartesian Vector Formulation

» If we want to find the dot product of two general vectors A and B that are
expressed in Cartesian vector form, then we have

>
e
|

(Ad + A,j+ AK-(B,i + B,j + B.k)
AB. (i) + AB(i*j) + AB.(i-k

+ AB(j-i)+ AB(j ) + AB.(j Kk
+ AB(k-i) + A_B(k-j) + A_B.(k-Kk)

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

Cartesian Vector Formulation

» Carrying out the dot-product operations, the final result becomes

A‘B=AB +ApB, +AB, =====Conjirm

» Thus, to determine the dot product of two Cartesian vectors, MULTIPLY
their corresponding x, y, z components and SUM these products
algebraically

» Note that the result will be either a POSITIVE or NEGATIVE scalar. or it
w could be ZERQO —) SCA] AR 22/03/2021



FORCE VECTORS IN SPACE (3D)

Applications
» The dot product has two important applications in
mechanics. 0
1) The angle formed between two vectors or intersecting
lines P
» The angle O between the tails of vectors P and Q can be
calculated using P
PeQ=PQcos6=PQ, +P,0, +PQ.
PO . +P QO +PO.
cosd = O, + PO, +P.0.

JaL PQ 22/03/2021



FORCE VECTORS IN SPACE (3D)

Applications
» Or the angle 0 between the tails of vectors A and B can be
calculated using A
A-B
B =cos!| —— ] 0°=6=180°
cos ( 1B ) !

» Notice that if A.B = 0, 0=cos™-1(0) = 90° so that A will
be perpendicular to B.

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

Application

2) The components of a vector parallel and

perpendicular to a line. Or projection of one vector on
another

» The component of vector A parallel to or collinear

with the line aa in Fig shown is defined by Aa where
Aa = AcosO !

» If the direction of the line is specified by the unit
vector ua, then since ua« = I, we can determine the
MAGNITUDE of Aa directly from the dot product

l.e — A”:A':U'Eﬂ:ﬁ'uﬁ

JaL
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FORCE VECTORS IN SPACE (3D)

Applications

» The perpendicular component of A can also be
obtained since A

A=Aa + Ay then As=A - Aa

» There are two possible ways of obtaining A One

way would be to determine 0 from the dot product, | F >
0 = cos1(A.u4/A); then As= A sinb. A=Awstn, T”

» Alternatively, if Aa is known, then by the
Pythagorean theorem we can also Write = A = v - A

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

The dot product 1s used to determine the angle between two
vectors or the projection of a vector 1n a specified direction.

If vectors A and B are expressed in Cartesian vector form, the
dot product 1s determined by multiplying the respective x, y, z
scalar components and algebraically adding the results, 1.e.,
A-B=A,B, +A,B, + A_B..

From the definition of the dot product, the angle formed between
the tails of vectors A and Bis @ = cos (A-B/AB).

The magnitude of the projection of vector A along a line aa
whose direction 1s specified by u, 1s determined from the dot
product A, — A-u, !

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

QUESTION

» The frame shown in Fig. is subjected to
a horizontal force F = {490j} N.
Determine the magnitudes of the
components of this force parallel and
perpendicular to member AB.

B F-[0j|N
: -

JaL



FORCE VECTORS IN SPACE (3D)

» The magnitude of the projected component of F along AB is equal to the dot
product of F and the unit vector us, which defines the direction of AB. Since

uy = :__: = E_.::-_ﬁjrjjtl = %i + Ej + %l; L
then
Fig = Feos8 = F-ug = (490§) - (_ __J __k\}
= r[]]{ \J {-LHI;( )+ .[u;( )
= 420N N
» Since the result is a positive Scalar FaB has the

same sense of direction as us. Expressing F4s in

Cartesian vector form, we have F.o = Fyouy = ( 4zur~n(§ - {%J ) _h )

JaL = {12k + 360§ = 180k } N ARns. 22/03/2021



FORCE VECTORS IN SPACE (3D)

SOLUTION

» The perpendicular component, is therefore

F, =F - F,; = 490j — (120i + 3605 + 180K)
= {120 + 130§ - 180k} N

» Its magnitude can be determined either from this
vector or by using the Pythagorean theorem

F, = VF - F2p = V(490 NY — (420 NY*
= 752N

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

QUESTION

» The pipe in Fig. shown is subjected to the force of F' = 80 N. Determine the
angle 0 between F and the pipe segment BA, and the projection of I along this
segment

JaL i) 22/03/2021



SOLUTION

JaL

Angle #. First we will establish position vectors from B to A and B
to C; Fig. 2435, Then we will determine the angle @ between the tails
of these two vectors.

Fge — {—21 — 2+ 1k} m, rgs = 3 m
rse = {—3j + 1k} m. rge = V10m
Thus,
P — TeA"TRe _ (—2M0) + [—2:2{_—_1] + (1M1) — 07179
Falpy 310 b
g = 42.5° Ans

Components of F. The component of F along BA is shown in
Fig. 2—43c. We must first formulate the unit vector along 84 and force
F as Cartesian vectors.

— — M 4+ 1k 2 o)
“l':l--l — r-ll:l.-"l - I: . J :l _T. T. %k‘
Figa 3 ] ] --
—3i + 1k
F = (80 r:](r_f“ } = (80 N) J \J [—T5.89§ + 25.30Kk)N
Fac ]_[] / X
Thus,
_ 2 2 1
Fu, = F-uy, = (—75.89 + 25.3 u]:;-[——' — L5+ :k
. B o 2 :{ = L)
= u[:—_;jl + (—75.89) _E] 4+ (255 )
= S0 N Ans Fig. 23

MOTE: Since & has been calculated. then also. Fu, = Foos 8 =
(S0 MN) cos 42.5% = 5390 M.




FORCE VECTORS IN SPACE (3D)

SOLUTION 2-116
» Determine the angle between the y axis of the pole and the wire AB.

JaL 22/03/2021



FORCE VECTORS IN SPACE (3D)

S OL U T ] ON Position Vector:

rqic — {*3j}ft
rag = {(2—0)i+ (2 —3)j+ (=2 — 0)k} ft
= {2i — 1j — 2k} ft

The magnitudes of the position vectors are

ric = 3.00 ft rap = V22 + (—1)2 + (—2)% = 3.00 ft

The Angles Between Two Vectors 6: The dot product of two vectors must be
determined first.

Yac Tap = (—3j)-(2i — 1j — 2k)
= 0(2) + (=3)(—1) + 0(—=2)
=3

Then,

1 Yao "Tasg _ 3
0 = ! = 1[} = 70.5°
co° ( Fao¥aB ) cos 3.00(3.00)

JaL 22/03/2021



—6 4 12
F =28 —i— —j — —Kk
ED ('141 .]41 14 )

_ )
14 " 1ad 14"/ F, = (—12i — 8 — 24k) kN

Fr=Fgqg + Fpg + Fge + Fep

—6 4 12 x
Freo = 28(;1 + Tad ﬁk) = [—96k } kKN
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FORCE VECTORS IN SPACE (3D)

END OF PRESENTATION



