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1
Set Theory

1.1. Introduction

Sets are very cardinal to the comprehensive and logical study of mathematics. They are the
building blocks of the whole structure of mathematics. We study the common numbers, space,
area, volume e.t.c. using sets. It is therefore, important that we start our study of mathematics
by looking at the theory of sets.

Definition 1.1.1. A set is any well-defined collection, list or class of objects. The objects in a
set are called elements or members of the set.

1.1.1 Notations and Symbols

Having defined what a set is, we now look at the notations adopted in our discussion of set
theory. The following are the symbols and notations used in the discussion of set theory in this
publication

sets are denoted by uppercase (capital) letters. e.g A, B, X, Y e.t.c
elements are denoted by lowercase(small) letters. e.g a, b, ¢, z, etc

the symbols C and C denote set inclusion. For example, if A and B are twos sets such
that all elements in A are found in B, we say set A is included in set B. Mathematically,
we write

ACB

This is read as ‘set A is a subset of set B’. Note that A C B is used when A is a proper
subset of set B, otherwise, A C B can be used.

the symbols € and ¢ denote element inclusion and element exclusion, respectively. For

example, if Y is a set given as
Y =11,2,3,4},

then we write 2 € Y which is read as ‘2 is an element of set Y’ or simply ‘2 is in set Y.
If an element is not in set Y, for example 7, we write 7 ¢ Y which is read as ‘7 is not an
element of set Y’ or simply, ‘7 is not in set Y.’

the symbols () and {} denote an empty set, which is a set without any elements.



e if the number of elements in a set, say A, can be counted and is finite, we write n(A) to
denote the total number of elements in set A. For example, if

A={1,3,5} and X = {a,e,i,o,u}

then n(A) = 3 and n(X) = 5. We say the cardinalities of sets A and X are 3 and 5,
respectively. The cardinality of a set is the total number of elements in that set.

e the set containing all elements under discussion at any given time is called the Universal
set. Quite often we will denote the universal set by the uppercase letter F, but any other
uppercase letter can also be used.

1.1.2 Set Representation

Sets can be represented in a number of different ways. Some of the common representations
are listing and set builder notations. This section discusses some of the important ways of
representing the various types of sets

1. Listing:

This approach simply lists all the elements of a set provided its elements are known
explicitly. Listing is used to represent sets that are countable, whether finite or infinite.

Example 1.1.1. X = {2,4,6, 8} is alist of members of set X. Similarly, Y = {0,1,2,3,---}
is a list of the members of set Y. Set X is finitely countable while set Y is infinitely count-
able.

Note that listing uses the curly brackets “{” and “}”. The elements are then listed in
between the two brackets while being separated by a comma. Listing is an effective and
simple approach of describing a set. However, its main limitation is that it can only be
applied to sets that are countable. In mathematics and science in general, we encounter
a lot of sets that are not countable yet very useful. Since listing can not be used for such
sets, other methods must be used describe such sets.

2. Set-Builder Notation:

A more general approach in describing a set is the use of set-builder notation. Like listing,
it also uses the curly brackets “{” and “}” but adds more fluidity to the approach. It is
applied to both countable and non-countable sets. The examples below demonstrate the
use of the set-builder notation.

Example 1.1.2. If sets A = {4,5,6,7,---}, X = {1,2,3,4,5} and W = {a,e,i,0,u},
use the set builder notation to describe sets A, X and W.

Soln:

(a) A={z| >3,z €N}
(by X ={z|1<z<5z€eZ}
(¢) W ={z| x is a vowel }



The expression A = {z| z > 3,z € N} is read as “A is a set of elements z such that z is
greater than 3, and x is a natural number"

Similarly, X = {z] 1 <2 < 5,2 € Z} is read as “X is a set of elements = such that 1 is
less or equal to x yet x is less or equal to 5, and x belongs to the set of integers.

W = {z| z is a vowel } reads “W is a set of elements z such that x is a vowel.

The symbols N and Z denote sets of natural numbers and integers respectively. The letter
x was used arbitrarily, any letter such as ¢, y e.t.c could have been used. Also, note that
set-builder notation is not necessarily unique for some cases. We will see how set-builder
notation can be used to describe uncountable sets.

3. Diagrammatic Representation:

We can also use diagrams to represent sets. One of the most important diagrams used
is the Venn Diagram which was introduced by the British Mathematician, John Venn
(1834-1923). It can be used to represent sets as well as showing the results of respective
set operations such as union, intersection e,t.c. However, like the listing approach, it is
also limited and can not be used for certain cases, as we shall see. The diagrams below
show examples of venn Diagrams.

N N2

4. Number line Representation: Another method used to describe sets is the use of a
number line. Like the set-builder notation, this approach can be used to describe both
the countable and uncountable sets. We will consider this approach when we look at
intervals in R

1.2. Sets of Numbers

At this point, we discuss the various types of sets of numbers. Numbers fall into different
classes or groups depending on the properties they posses. We will discus two basic classes of
numbers, the real numbers and the complex numbers.

1.2.1 Real Numbers

The concept of a real number is very important to the understanding of sets and mathematics
in general. We understand that natural numbers are just positive whole numbers while integers
are simply positive and negative whole numbers with zero inclusive. Now let us consider the
following numbers:



1

0.5 2 —_
I ﬂ-’ \/_’ 10007

e, 0.0000000001, —1273.0001543
What type of numbers are they? We can clearly see that these numbers are neither part of the
integers nor natural numbers. These are not whole numbers, yet they are real numbers. Infact,
the type of numbers we normally use such as integers, natural numbers and non-integers (e.g
those listed above), are all real numbers. Positive or negative, large or small, whole numbers or
decimal numbers, these are all Real Numbers. Thus, a real number is a value that represents a
quantity along a line. The following is a very basic definition of a real number. We will denote
the set of real numbers by the symbol R

Definition 1.2.1. A real number is a number which can be represented by a point on a real
number line that runs from negative infinite (—oo) to positive infinite (00). The collection of
all real numbers denoted R, is called the set of real numbers.

Thus, from the definition above, we write

R = (—o00,00)

Note 1.2.1. Whole numbers, Natural numbers, integers, rational and irrational numbers are
all real numbers. As matter of fact, any number YOU can think of at this moment, is nothing
but a real number.

Real numbers can further be divided into several categories. The following are the different
types of real numbers.

1. Natural Numbers: These are real numbers that have no decimal and are bigger than
zero. The counting numbers from 1 to infinite are called natural numbers. We use N to
denote the set of natural numbers. Thus,

N ={1,2,3,4,5,6,7,8,9,10,11, - - }

2. Whole Numbers: These are positive real numbers that have no decimals, and also zero.
Natural numbers are also whole numbers. The counting numbers from zero to infinite are
called whole numbers. We use W to denote the set of whole numbers, i.e

W =1{0,1,2,3,4,5,6,7,8,9,10,11,12,-- - }
Note that we can write

N={z|xz>12¢c W} since NC W

3. Integers: A collection of positive and negative whole numbers with zero inclusive, is
called the set of integers and is denoted by Z. Thus,

Z:{ 7_47_37_27_17071a2>37475a"'}

4



. Prime Numbers: A prime number is a natural number that has only two factors, namely
1 and itself. In other words, a number that is divisible by 1 and itself. Lets denote the
primes by P, then

P={23,57,11,13,17,19,23,--- }

. Even Numbers: An even number is an integer which is “evenly divisible" by two. This
means that if the integer is divided by 2, it yields no remainder. Zero is an even number
because zero divided by two equals zero. Even numbers can be either positive or negative.
The collection of all even numbers constitute the set of even numbers.

. Odd Numbers: An odd number is an integer which is not a multiple of two. If it is
divided by two the result is a fraction. One is the first odd positive number. The next
four bigger odd numbers are three, five, seven, and nine. So some sequential odd numbers
are:

{1,3,5,7,9,11,13,15,17,19,21,23,25...}

. Rational Numbers: These are real numbers that can be written down as fractions of
integers. Mathematically, they can be written in the form ¢, where a and b are integers
with b # 0 . Note that all Integers are also rational numbers. We will denote the set
of all rational numbers by Q. We can not display the set of rational numbers since it is

infinitely uncountable. The following are some examples of rational numbers:

_ 3 13
0.5 17.312 2.951 0.3 —1 0 2 _
’ ’ ’ ’ ’ ’ 7 15

Example 1.2.1. Show that every integer is a rational number

Soln:

Let Z be the set of all integers. Also, let z be any integer chosen from Z. Then z can be
written as

Z:I

Since both z and 1 are integers, z is rational. Since z was chosen arbitrary, every integer
must be rational.

Example 1.2.2. Show that 0.3 is a rational number by writing it in the form 7 where a
and b are integers with b #£ 0

Soln:
We let B
x=0.3
Then multiplying both sides of this equation by 10 gives us
10x = 3.3

10z — 2 =3.3—-10.3

9z =3
_1
T3

Therefore, we conclude that 0.3 = % Since both 1 and 3 are integers, 0.3 is a rational
number.



Example 1.2.3. Express —3.532 in the form 7 where a and b are integers with b # 0

Soln:

Let y = —3.532.

Then multiplying both sides of this equation by 10 gives us: 10y = —35.32 (i)
Further multiplication of y = —3.532 by 1000 gives us: 1000y = —3532.32 (i)

subtracting the two equations, we have:

1000y — 10y = — 3532.32 — (—35.32)

990y — — 3497
3497
Y= 7 990

Therefore, —3.532 = =321, Since 3497 and 990 are integers, —3.532 is rational.

8. Irrational Numbers: An irrational number is a real number whose decimal part does
not repeat nor terminate. These are real numbers that can not be written as a fraction of
integers. Irrational numbers can not be written in the form ¢, where a and b are integers

with b # 0. If a real number is not rational, then it must be irrational. We denote the set

of irrational numbers by Q'. Like the rational numbers, irrational numbers are infinitely

uncountable. The following are some examples of irrational numbers:

2
\/57 \/§7 \/§+47 T, €, \/g_ ]-7 -3 - \/57 _g

Theorem 1.2.2. If k € Z and k? is divisible by 2, then k is also divisible by 2.

Example 1.2.4. Prove that v/2 is irrational.

Proof: We prove this by contradiction. Suppose that v/2 is rational. Then by definition of a
rational number, we can write V2 as:

a
\/525, where a,b€Z with b+#0
and we assume that the fraction { is in its lowest form, ie, there are no common factors of a
and b. Then,

\/52%:>2b2:a2 *

This simply means that a? is divisible by 2. Since a is an integer, by the theorem above, we
conclude that a is also divisible by 2. Hence, we can write a = 2m for some m € Z. From x,

we have
20* = > = (2m)®> = 4m*>  so that b* = 2m?

This means that b? is divisible by 2. By the theorem above, b is also divisible by 2 since b € Z.

Since both a and b are now divisible by 2, this contradicts the statement that ¢ is in its lowest

form. Hence, v/2 can not be written in the form 7 with a,b € Z such that ¢ is in its lowest

form. Therefore v/2 must be irrational.



Example 1.2.5. Prove that 5 + V2 is irrational.

Proof: Prove by contradiction. Suppose that 5 + /2 is rational. Then we can write 5 + /2
as a ratio of two integers:

5—1—\/522 where p,q€Z with ¢q#0
q

and assume that the fraction § is in its lowest form. Making v/2 the subject of the formula, we
have

\@:p—5q .
q

From *, we can see that L.H.S is irrational while R.H.S is rational. This is not possible. Thus
our assumption must be wrong. We conclude therefore, that 5+ v/2 is irrational.

Surds and Rationalisation

Note that some of the examples of irrational numbers are \/5, V3 and /7. The square root
symbol /=7 s called the radical sign. We use it to indicate a positive square root of a
number. For example, v/16 indicates the positive square root of 16 which is 4. The symbol W
is used to indicate the n'® root of a number. For example, the 5" root of 32 is 2, hence, we
write v/32 = 2. The numbers of the form W are called radicals or surds. For any two positive
integers a and b, the following hold;

o Vi = avh eg i) VB= D@ = v3V3 i) VB = I65) = VI6VE = 4v5
o VI=YE  eg i) JH=vE_t i), 2o

o avb=Va% eg 4/3=42x3=,/(16)(3) = V48

e Va2=a  eg /7 =7 Similarly, we have \/(53)2 = 53

Example 1.2.6. Simplify: i) /45 i) v/450 iii) v/50 + v2 — 218 + /8

Sol:
i) VA5 = \/(9)(5) = VOV5 = 3V5

it) 250 = /(9)(25)(2) = VOVZ5V2 = (3)(5)V2 = 15V/2

iii) we simplify and add up the surds

V50 + V2 = 2V18 + V8 =/(25)(2) + V2 — 20/(9)(2) + V(4)(2)
=V25V2 + V2 — 2V/9V2 + V42
=5v2 + V2 - 2(3)V2 + 22
=5V2 + V2 - 6V2 +2V2
=(5+1—6+2)V2
=2v/2




Certain radicals can be made simple by transforming the denominator into a rational num-
ber. This process is called rationalization of the denominator. The method makes use of the
difference of two squares,

a® —b* = (a—b)(a+0)

The following examples help demonstrate the approach

Example 1.2.7. For each of the following, rationalize the denominator and simplify.

i) x/Li if) 1+1\/§ iii) \% +v8 iv) ;tg
Sol:
i) We have \%:\%xl:\%x%:g

iii) We have L—i—\/§:72-|- (4)(2):ﬁ+2\/§:\/§+4\/§:u

V2 2 2 2
, 14VE _ 14VE g 14T | 34VE _ (VBB _ @+3)+4VE
iv) We have 372 =32 x 1 =32 X 52 = o = T

Note 1.2.2. It is important to take note of the following

e Any real number is either rational or irrational.

e Any number with a terminating or recurring decimal part is rational

e Any number with a non terminating yet not recurring decimal part is irrational
e QUQ'=R

e QNQ =10

e NCWCZCQCR

Intervals in R

We now discuss the important concept of intervals of real numbers. These are basically subsets
of R. Let a,b € R such that a < b. Then, there is an infinite number of real numbers that lie
between the two real numbers a and b. The set of all real numbers between a and b constitute
an interval in R from point a to point b. The following are the types of intervals from a to b:

e [; = (a,b) is the set of all real numbers between a and b, excluding a and b. In set builder

notation form, we have
(a,b) ={z] a <z < b,z € R}

Here, the interval I; = (a,b) consists of all real numbers between a and b but not
including a nor b.



e I, = (a,b] is the set of all real numbers between a and b including b, but excluding a. In
set builder notation form, we have

(a,b) ={z] a <z <b,x € R}

Here, the interval Iy = (a, b] consists of all real numbers between a and b with b inclusive,
yet a excluded

e I3 =[a,b) is the set of all real numbers between a and b including a, but excluding b. In
set builder notation form, we have

la,b) ={z| a <z < bz eR}

Here, the interval I3 = [a, b) consists of all real numbers between a and b with a inclusive,
yet b excluded

e [, = [a,b] is the set of all real numbers between a and b, including both a and b. In set
builder notation form, we have

[a,b) ={z| a <z < bz eR}

Here, the interval I, = [a,b] consists of all real numbers between a and b, with both
a and b included in the set.

1.2.2 Set Operations

We are familiar with operations of addition, subtraction, multiplication and division. These are
number operations since they are performed on numbers. Sets behave like numbers. They have
their own operations which include union, intersection, complementation and product. This
section discuses some of the set operations as well as the laws that govern them.

1. Intersection:

The intersection of two sets, say A and B, is denoted by A N B and is defined as the set
that contains elements common to both A and B. In symbols, we can write

ANB={z|z € Aand z € B}

Pictorially, we have



Example 1.2.8. If A ={1,2,3}, B=1{3,4,5} and C = {4,5,6}, then we can see that:

ANB = {3}, AnC={}, and BNC={4,5}

Example 1.2.9. If A= (1,3), B=[3,5] and C = (0, 4], find the follwing:
) ANB i) ANC and i) BNC

Soln:

i) ANB=(1,3)N]3,5]
= {}
—9

ii) ANC =(1,3)n(0,4]
=(1,3)

iii) BnC =3,5Nn(0,4]
= [374]

. Union:

The union of two sets, say A and B, is denoted by AU B and is defined as the set that
contains elements found either in A or in B. In symbols, we can write

AUB={z|z € Aor z € B}

Pictorially, we have

A

Example 1.2.10. If X ={1,2,3}, Y = {3,4,5} and Z = {4,5,6}, then, clearly:

XUY ={1,2,3,4,5}, XUZ=1{1,2,3,4,56}, and Y UZ=1{3,4,56}

10



Example 1.2.11. If A= (1,3), B =[3,5] and C = (0,4], find the follwing:
i) AUB i) AUC and iii) BUC

Soln:
i) AUB=(1,3)U]3,5]
= (175]
ii) AUC = (1,3)U(0,4]
= (0,4]
iii) BUC =[3,5]U(0,4]
= (0,5

Example 1.2.12. If A= (0,1), B=[0,1] and C = [1,00), find the following:
i) AUB i) AUC and iii) BUC

Soln:
i) AUB=(0,1)Ul0,1]
= [07 1]
=B Since A C B. Similarly ANB = A
ii) AUC = (0,1)U][1,00)
= (07 OO)
iii) BUC=[0,1]U][1,00)
= [0700)

3. Complementation:

Let E be the universal set and A C E. The set of all the elements in the universal set
E but not in set A is called the complement of A in E. It is denoted by A’ or A¢. In
symbols, we write

A'={z|x¢ Abut z € E}
Pictorally

We sometimes treat the complement as subtraction, i.e

A=E—-—A=EnA

11



Example 1.2.13. Let £ = {1,2,3,4,5,6,7,8,9,10} be the universal set. Further, let
A=1{1,2,3,4,5}, B=1{2,4,6,8,10} and C = [5, 6]

Soln:
First we notice that A C F and B C E. However C is not a subset of F.
Then, A’ ={6,7,8,9,10} and B =1{1,3,5,7,9}. However, No C’

Example 1.2.14. Let R = (—o00,00) be the universal set. Further, suppose that X =
[1,4], Y =[-3,2), A = (—2,00) and B = [—00, 0] are subsets of R = (—o0, 00). Find the
complements of X, Y, A and B and display the results on the real number line.

Soln:
) X'=R-X i) V=R-Y
= (—00,00) — [1,4] = (—00,00) = [-3,2)
i) A/=R— A iv) B=R-B
= (_007 OO) - (_2700) = (—OO, OO) - [_0070]
= (_007 _2] = (Oa OO)
Example 1.2.15. Let £ = [—10,10] be the universal set. Further, let X = [-2,8), Y =

(—=10,3) and Z = (—1,10] be subsets of E. Find the following sets and display the results
on the number line, where possible.

a) X - Y b)Y — X &)X —(Y—2) ) XUu((Ynz) e) X'UZ

Sol:
a) X —Y denotes the elements in X but not in Y. i.e, X — Y = X NY’. Hence,

X -—Y =[-2,8)—(-10,3) = [3,8)

b) Y — X denotes the elements in Y but not in X. i.e, Y — X =Y N X'. Hence,

Y — X =(-10,3) — [~2,8) = (=10, —2)

12



) XU NZ) =[-28 U((~10,3)N(~1,10]) = [-2,8) U (~1,3) = [-2,8)

e) X'UZ =[-10,—-2)U[8,10] U (=1,10] = [~10, —2) U (—1, 10]

Laws On Set Operations

The following are the laws obeyed by sets. We call The Boolean Laws. Suppose that X, Y
and Z are subsets of the universal set E. Then the following hold:

e Idempotence:
a) XUX =X b) XNX =X

e Associativity:
a) (XUY)uZ=XU(lYUZ) b) (XNY)NZ=XnNn(YNZ)

e Commutativity:

a) XUy=YUX b) XNY=YnNnX

e Distributivity:
a) XU(YnZ)=(XUuY)n(Xuz) b) XN(YUZ)=(XNY)u(XnNnZ)

e De Morgan’s:
a) (XUuY)=Y'nX b) (XNY)=Y UuX’

e Properties of the Complement:
a) XUX=F b) X'NX =10 c) (X)) =X

e Properties of the universal set:
a) XUE=F b) XNE=X c) =10

e Properties of the empty set:
a) XUlb=X b) XNh=0 ¢c) ' =F

We will use these laws to simplify some complex set expressions
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Example 1.2.16. Let E = [0, 1] be the universal set. If X = (0.5,1) and Y = (0.8, 1] Verify
the De Morgan’s Law shown below

(XNnYy)=X"uUY’

Soln: We can see that X' =[0,0.5] U {1} and Y = [0,0.8]. Therefore,

Thus (X NY) = [0,0.8] U {1}

RHS =X"UY’
=((0.5,1) N (0.8,1])
=(0.8,1)
=[0,0.8) U {1}

Thus X’ UY’ = [0,0.8] U {1}
Therefore, (X NY) = X' UY’, proving the De Morgan’s Law.

Example 1.2.17. Let E denote the universal set. Further, let X and Y be two sets in FE.
simplify as far as possible the expression

(XAY)YUX -Y))

Sol: we use the laws on set operation

(XNY)YUX-=Y)]

(XNY)u(XnY)]
(XNY)u(XnY)]
(XNnY)n(XxXnYy’y
(XNY)Nn(X'UY)
(XNY)NXU[(XNY)NY]
=puU(XNY)

=XNY

Example 1.2.18. Prove the DeMorgan’s Law: (AU B) = A'N B’

Sol: Suppose that v € (AU B). Then, x € AU B. This is only possible if x € A and
x € B. This means that x € A" and x € B’. Hence, x € A’ N B’. Therefore, we conclude that
(AUB) Cc AAnB

Conversely, suppose © € A’ B’. Then x € A" and x € B’. This means that x € A" and
x € B'. Hence, x € (AU B) implying that z € (AU B)’. Therefor, AN B" C (AU B)

14



1.2.3 Complex Numbers

So far, we have discussed the real numbers and some of their properties. We now turn our
attention to another type of numbers called complex numbers. The collection of all complex
numbers is called the set of complex numbers and is usually denoted as C. To better understand
the concept of a complex number, let us consider the following radicals;

VI = VT = VBV
V=B = /B = VAV
VI = V(D) = Viy=T = 2y=1
VT = BT = VBV
It is convenient to introduce the symbol;
i=v-1
This is called the imaginary unit. The above surds can now be written as shown below;
V=2=y/@)(-1) =V2vV-T=iv2
VB = BT = VBV T =iv3
V== @)1 = Viy-T=2/~1=2i
V=h=V0) (1) = VEv-T =iV
Thus, we can write \/—25 = 5i, /—16 = 41, v/—100 = 10i and so on.....

Properties of the imaginary unit ¢

e ?=ixi=+/—1x+y—1=—1. Hence, >=—-1
o P=ixi=+—1x+v-1x+y—-1=—-1xi= —i. Hence, = —i
o '=7>x4>=(-1)x(—1)=1. Hence, i*=1

Generally, i*" = (—1)"

Generally, 2" = (—=1)" ¢

Definition 1.2.3. Let z be a complex number. The standard form or cartesian form of a
complex number z is giwven as
z=x+ytorz=x+1y

where x,y € R. The real number x is called the real part of z while the real number y is called
the imaginary part of z

From this definition, we see that every complex number z is written in terms of its real and
imaginary parts. The imaginary part is the part that is multiplied by the imaginary unit i.
Hence, if z = x + iy, then

x = Re(z) which is read as “x is the real part of z"

y = I'm(z) which is read as “y is the imaginary part of z"

15



Example 1.2.19. For each of the following complex numbers, determine the real part and the
imaginary part.

i) 342 i) 7 — 4i iii) 1 — i iv) 4i v) -2 vi) -10i

Sol: Exercise

Definition 1.2.4. A complex number z = x + yi is said to be pure real if Im(z) =0, i.e y = 0.

Definition 1.2.5. A complex number z = x + yi is said to be pure imaginary if Re(z) =0, i.e
x = 0.

Example 1.2.20. The number 4 = 4 + 0i. Hence 4 is pure real. Similarly, the number

2__2 ..
—2 = —2 + 0d is pure real.

On the other hand, the number —3¢ = 0 — 3¢ is pure imaginary. similarly, 0.023: = 0 + 0.023:
is pure imaginary.

Definition 1.2.6. The collection of all complex numbers constitute the set of complex numbers
denoted by C. Therefore
C= {x+y2’| r,y €ER, i= \/—1}

Note 1.2.3. The following follow from the definitions above.

e Any real number a € R can be written as a = a + 0i. Hence all real numbers are also
complex numbers

e Therefore the set of real numbers is a subset of the set of complex numbers

e NCWcCZcCcQcRcC

Definition 1.2.7. Two complex numbers are equal if and only if their real parts are equal and
their imaginary parts are also equal.

From the definition, if z; = 1 +y1¢ and 2o = x5+ Yot are two complex numbers, z; = 2, implies
that T = T2 and Y1 = Yo

Example 1.2.21. Find the values of z and y given that 2z + 4i = 6 + i(z + y)

Sol: Using the definition for equality of complex numbers, we equate the real parts and the

imaginary parts. Thus,
2r=6and4d=x+y

Solving these two simultaneously gives v = 3 and y = 1

16



Addition and Subtraction of Complex Numbers

To add two complex numbers, add the real part of one complex number to the real part of the
other complex number and add the imaginary of one complex number to the imaginary of the
other complex number. Similarly, to subtract two complex numbers, subtract the real parts
and subtract the imaginary parts.

Let z; = 21 + 17 and 2o = x5 + Yot be two complex numbers. Then
a) 21+ 20 = (1 + 110) + (22 + y21) = (w1 + 22) + (y1 + y2)i and
b) 21— k2 = (I1 + yﬂ) - (IQ + yzi) = (5E1 - $2) + (y1 - yz)i

Example 1.2.22. Given that z; = —2 + 3i and 2, = 44, find 1) 21 + 29 i) 20 — 21

Sol: Note that zo = 47 can be written as zo = 0 + 4i. Thus,
) z14+20=(-243i)+(0+4i) =(—2+0)+ (3+4)i=—-2+Ti
i) 20 —21=(0+4i) — (—243)=(0—-(-2)+4—-3)i=2+1i=2+1

Example 1.2.23. If z =3 —1li and w = —144, find i) z 4w i) z—w

Sol:
Dztw=3-11)+ (—1+i) =3+ (=1)) + (=11 + 1)i =2 — 10i
i) z—w=(3—11d) — (—14+14) = (3= (=1)) + (=11 — 1)i = 4 — 12

Multiplication of Complex Numbers

To multiply complex numbers, we multiply as we usually do in algebra, but remembering that

i? = —1 Let 21 = 21 + 1@ and 2y = x5 + 20 be two complex numbers. Then

2129 =(x1 + Y1) (T2 + Yot)
=21T9 + T1Y2i + Y1172 + Y1Yai®
=T1%y + T1Y2l + Y1122 — Y12

=(2122 — Y112) + (212 + D211 )i

Hence, if 2y = 1 + y17 and 29 = x5 + y91 are two complex numbers, then
2120 = (122 — Y1ye) + (T1y2 + T2y )i

This is the multiplication of two complex numbers.

Example 1.2.24. Let z; = 3 + 2¢ and 29 = 4 + 5i. Determine 22

Sol: using 2129 = (x129 — y1y2) + (T1y2 + 2241 )i, we have

2120 = (1709 — Y1y2) + (1y2 + 2y1)i = [(3)(4) — (2)(5)] + [(3)(5) + (4)(2)]i = 2 + 23i
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Example 1.2.25. Evaluate the following:

i) (2 +iv2)(141) i) (2 4 iv/2)? i) (1 —1)(4) iv) (3 —1)(1+ 2i)

Sol:
D 2+ivV2)(1+149) =2+2i+ivV2+ V2 =2 V2 + (2+ V2)i
i) (24+iv2)? =4+ 4ivV2+22 =4 -2+ 4iv/2 =2 +i4\/2
i) (1—i)(i)=i—i2=i—(=1)=1—i
iv) (3 —i)(142i) =3+ 6i —i—2i>=5+5i

We have discussed the addition, subtraction and multiplication of complex numbers. Division
however is not as straight forward. We require a preliminary discussion. Thus, before we discuss
division, we need to discuss the concept of a conjugate.

Conjugate of a Complex number

Definition 1.2.8. Let z = x + yi be a complex number. Then the conjugate of z denoted by Z
18 defined as

Z=x—Yi

Example 1.2.26. Find the conjugate of the following complex numbers;

i) 3+ 4i i) 1—3i iii) 7i iv) 5 v) 14 vi) =5 —iv/2

Sol:
i) If 2 =3+ 44, then z =3 — 4i i) If z=1—3i, then Z=1+3i
i) If z=0+47i, then Z2=0—7i = —Ti iv) If z=540i,then z=5-0i =5
v)If 2 = 1+i, thenz = 1—1 vi) If 2 = —5—iv/2, then Z = —5+4iv/2

Note from iv) that the conjugate of a pure real number is just itself.

Properties of the Conjugate

Let z = z + yi be a complex number and Z = x — yi be its conjugate. Then the following
properties hold:

o 2z =12+
e |z| = y/2? + y2. This is called the modulus or absolute value of z.

Hence, it is easy to see that 2z = |z|?

2 4+ Z = 2Re(z). In this case, z +Z = 2z

e 2 —z=2Im(z). In this case, z —Z = 2y

If z; and 25 are two complex numbers, then zZ725 = Z7 %3

18



e If z; and 2y are two complex numbers, then z; + 20 = 27 + Z3

e If 2; and 25 are two complex numbers, then z; — 20 =27 — 25

o If 2; and 2, are two complex numbers, then <§—;> =

SR

Example 1.2.27. Find the modulus for each of the following complex numbers.

i) z=1—6i i)z =241 iii) z = —4

Sol: Recall that the modulus of a complex number is given by |z| = /22 + y?

i) If z=1— 64, then |z| = /(1 —6)2 = /37

ii)Ifz:\/T§+%,then|z] U % =,/3+1=1

iii) If 2 = —4 + 04, then |2| = /(—4)2 + 02 = V4 =2
Example 1.2.28. Let z = x + yi. Given that 2z + 212 = 12 + 16¢, find 2.

Sol: Exercise

Division of Complex Numbers

Let 21 = z14y9 and 29 = x5+y2 be two complex numbers. To divide any two complex numbers,

say z1 and zp, we write 2+ and the multiply both the numerator and the denominator by the

conjugate of z5. Then we simplify the expression. i.e
21 Az 2%

Zo  29Z3  |ze)?

Example 1.2.29. Evaluate the following and express the result in standard form:

2\ 2—44 s 2 1 : 1 1—23
D) i i) 55 i) 77 V) G V) a3e

Sol: Multiply by the conjugate of the denominator
)

2—4i  (2—4i)(4— 30))

443 (4+3i)(4 — 3i)
8 — 61— 160 + 12¢*
a 42 4 32
8—12-22%
25
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ii)

iii)

1
T 0—2i
1(0 + 2i)
(0 — 24)(0 + 24)
2
442
20

MI@'H;

iv)

1 1

(2440 (1414) 2420414 + i
1
2—1+3i

1
1430
1(1 — 34)

(14 30)(1 — 34)

1-3i
149
1-3i

iv) Exercise
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1.3. Binary Operations

We conclude our discussion of set theory by looking at the binary operations on a set.

Definition 1.3.1. Let X denote a set. A binary operation on set X, denoted by *, is an
operation which assigns to each pair of elements a,b € X, a unique element a xb € X.

Note 1.3.1. Two points are worth remembering when considering whether an operation * is
binary or not

e the operation * must act on every pair a,b € X to produce an output a * b.

e the output a *x b must be unique and an element of X.

Example 1.3.1. Let N denote the set of all natural numbers. Show that * = + is a binary
operation on N.

Sol: Let a,b € N. Then a*xb=a+ b € N. Also, for any two natural numbers, we know that
a + b is unique and is also a natural number. Hence, x = + is a binary operation on N.

Example 1.3.2. Let N denote the set of all natural numbers. Show that * = X is a binary
operation on N.

Sol: Let a,b € N. Then axb=a x b & N. Also, for any two natural numbers, a x b is unique.
Hence, * = X is indeed a binary operation on N.

The two examples above, show that the operations of addition and multiplication are each a
binary operation on the set of natural numbers. We can say that the set of natural numbers is
closed under addition or multiplication.

Example 1.3.3. Let N denote the set of all natural numbers. Show that * = — is NOT a
binary operation on N.

Sol: Let a,b € N. Then axb = a — b is not in N if a < b. Hence, * = — is not a binary

operation on N. To see this, suppose a =2 and b=7. Then axb=2%x7=2—7 = =5, and
we can clearly see that —5 is not in N

Example 1.3.4. Let Z denote the set of all integers, show that *« = =+ is NOT a binary
operation on 7Z

Sol: Exercise
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1.3.1 Characteristics of Binary Operations

Let X be a set. Further, let a,b,c € X and % be a binary operation on set X

1. Closure: if a xb € X for any pair a,b € X, then set X is said to be closed under the
binary operation x

2. Commutative: if a x b = b * a for every pair a,b € X, then the binary operation x* is
said to be commutative.

3. Associativity: if (a x¢) x ¢ = a * (b x ¢) for any elements a,b,¢ € X, then the binary
operation * is said to be associative.

4. Identity: If there is an element [ € X such that [ xa = ax I = a for any element a € X,
then I is called the identity element with respect to x

5. Inverse: if for every element a € X, there exists another element a=! € X such that
axa'=a'xa=1,then a!is called an inverse of a with respect to *

Example 1.3.5. Let X = {z| x > 0, z € R}. For any pair a,b € X, define an operation * by
axb=2a+Db.

i) determine whether x is a binary operation on X.
ii) determine whether x is commutative
iii) evaluate 2 % 3 and 2 % 10

iv) determine the value (a *b) % ¢ and a * (b* c)

Sol: Let a,b,c € X. Thena>0,b>0and ¢ >0
i) For any elements a,b € X, a*b=2a+ b > 0. Hence, 2a + b € X and is unique.

Therefore, * is a binary operation on X

ii) a*xb=2a+ b while b*a =2b+ a. We can see that 2a + b # 2b + a implying that

a * b # b*a. Hence, * is not commutative.
iii) 2%x3=2(2)+3="T. and 2x10=2(3)+10="2

iv) (axb)xc=(2a+b)*xc=22a+0b)+c=4a+2b+c while
ax(bxc)=2a+ (bxc)=2a+ (2b+ ¢) = 2a + 2b+ c. Thus

(axb)*c# ax(bxc). Therefore, x is not associative

Example 1.3.6. Let * be a binary operation defined by a * b = (b — a)® + 2ab, where a,b € Z.

i) determine whether * is commutative on Z
ii) evaluate —10 % (3 % 10) and (—10* 3) x 10

iii) Is * associative on Z7

Sol: Exercise
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Exercise 1

. Let E={-5,-4,-3,-2,-1,0,1,2,3,4,5} be the universal set. If A ={-2,—1,0,1,2},
B ={2,4,6} and C = {—5, —4} are subsets of U;

a) Find: i)CnNnA-B) i)(U—-AnNB-C) ii)A-(C-B)
b) Verify that: i) AN(BNC)=(ANB)NC and ii) AU(BNC)=(AUB)N(AUC)

¢) Verify the De Morgan’s laws: i) (AN B) = A'UB’ (i) (AuB) =ANDB

. Given that X and Y are subsets of the universal set F/, show that:
D (XNY)uXnY)=X (i) XUY=XU((X'NY)

. Let X and Y denote two sets. If X C Y simplify each of the following as far as possible
and where necessary, show the results in a Venn diagram.

DXNY i) XUy i) X' Ny’ V)X Ny’ VX' UY

. Let E denote the universal set. If XY, Z are subsets of E such that X,Y, Z all intersect,
simplify and shade the parts described by the following sets in separate Venn diagrams:

) [(X'UZ)UY") i) (Y — X')— X' iii) [X'U(Y — X)] iv) YU(XNY)

. Let X = [-10,10] be the universal set. Let A = (—2,6], B=[-4,7], C = [—1,8] and
D = (3,5]. Find each of the following sets and display it on the real number line.

) A i) X — A iii) (AU Q) iv) (B—A)UC v) X — (C'— D)

. Let R = (—00,00) be the universal set. Further, let A = (—8,6], B =[4,00), C = [0,1),
D =]1,00), E = (—00,1) and F = [5,00) be subsets of the universal set R.

a) Find each of the following and represent the results on the real number line:

i) AUB i) (ANB). i)' iv)BND  v)CNE'  vi)BUF  vii) DNE
b) Verify De morgan’s laws: i) (ANB)' =A'UB" and ii) (AUB) =A'NpK
¢) Verify that: 1) AN(BNC)=(ANB)NC and ii) AU(BNC)=(AUB)N(AUC)
. Let R = (—o00,00) be the universal set. If A = (=5,8), X = (0,1), B = [7,00) and
Y =[0,1], find:
)X i)Y §i)B—A iv)A-B v)YNX viR—X vi)R-Y vii) X -R

. Express the following numbers in the form § where a and b are integers, with b # 0.
i)0.1 i) 12.13 iii) 3.375 iv) —3.532 v) 0.714285 v) —0.7 vi) 21.32113

. Prove that the following are irrational numbers

)v2 i) V31 i) V3 iv) —1—v2 V) 6+v2  vi) =3 vi)v2-2
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10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

a) Simplify the following leaving your answer in surd form where necessary
) VABVE i) \/2:%7V2r vi)(VB—VT)(VB+VT) i) iv)VI2+ VIAT — V27

b) Rationalize the denominator of each of the following:

S 2v8-v2 s a S\ 2VTHVE iy =29 1 N hV/EVath ey 64247
i) 7 ii) 7 iii) N a iv) prny < V) DD vi) N vii) P

c¢) Rationalize the numerator of each of the following:

. _ Sy T— s N T2 V2+1)(V3—-1 -\ hv/zTVT+h -
) B (i) S (i) DI () VEED (y) WEEUVED () BEVETE (i) 62T

Express v/108 in the form kv/3 where k is an integer.

a) Let Z be the set of integers with a,b € Z. State which of the following is a binary
operation on Z.

i) axb =10 (ii) axb=a+b (iii) axb = (a+b)(a—0b) (iv) axb= (ab)* (v)axb=a+2b
b) which operations in (a) are commutative? ~ Which ones are associative?

Let % be a binary operation on R = (—o00, 00) defined as a xb = a + b — ab for a,b, c € R.
1) Is * commutative? (ii) Calculate 4% (0.5%6) and (4%0.5)*6 (iii) Calculate 10 (—10)

Let Z denote the set of all integers. Define an operation x on Z by a*b=a+b— ab
a) show that  is a binary operation on 7Z
b) determine whether * is associative on Z

c) evaluate —3 %2 %5

Let N be the set of all natural numbers. Define an operation * on N by axb = (a—b)*+2ab
a) show that  is a binary operation on N

b) determine whether * is associative on N

¢) determine whether * is commutative on N

(4—24)(1—24)

(102 in the form x + yi where z,y € R

Express z =

(4422i
(1-2i)3

Express z = in the form x 4 yi where z,y € R

Let * be a binary operation on R = (—o00, 00) defined as axb = a+ b — ab for a,b, c € R.

i) Is * commutative? ii) Calculate 4% (0.5%6) and (4% 0.5) %6 (iii) Is * associative?
Let * be a binary operation defined by a * b = (a — b)? + 2ab where a,b € Z

(a) Determine whether x is commutative on Z
(b) Compute 0% (1x2) and (0 1) %2
(c) Determine whether * is associative on Z

Let * be a binary operation defined by a * b = 2% — 1 where a,b € R

(a) Determine whether x is commutative on R
(b) Compute 0 (% % 3) and (0 2) * 3

(c¢) Determine whether * is associative on R

24



2

Relations and Functions

2.1. Introduction

We now study special type of sets called relations. The concept of a relation as a set, helps us
comprehend the very important topic of functions in mathematics. We start with some basic,
yet cardinal definitions.

2.1.1 Product Set

Definition 2.1.1. Let X and Y be two non-empty sets. The cartesian product of the two sets,
X and Y, is denoted as X XY and defined as

XxY=A{(z,y)|lre X andy €Y}

Here, (z,y) denotes an ordered pair, and z is called the first coordinate and y is the second
coordinate of the pair (z,y). The cartesian product of X and Y is also referred to as the
product set. As defined above, it is the collection of all ordered pairs (x,y) where the first
entry x is from set X and the second entry y, is from set Y. The following examples help us
to understand the cartesian product much better.

Example 2.1.1. Let X = {1,2,3} and Y = {3,4}. Find the cartesian product from set X to
set Y.

Soln: Let X x Y denote the cartesian product from X to Y. Then we have

X xY ={(1,3),(1,4),(2,3), (2,4),(3,3), (3,4)}

Note 2.1.1. In general, X XY # Y x X. From our example , we see that ¥ x X =
{(3,1),(3,2),(3,3),(4,1),(4,2), (4,3)} which confirms that X xY # Y x X.

Always remember that X x Y is a SET of ordered pairs.
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Example 2.1.2. Let A = [1,4] and B = [3,4] be two sets in R. Find the cartesian product
from set A to set B.

Soln: Let A x B denote the cartesian product from set A to set B. Then we have
AxB=A{(z,y)l <o <43<y<4}

Example 2.1.3. Let X = (—o00,00) and Y = [0,1] be two sets in R. Find the cartesian
product from set X to set Y.

Soln: Let X x Y denote the cartesian product from set X to set Y. Then we have

X xY ={(z,y)] —oo <z <00,0<y<1}

Pictorial Representation of Product Set

We can use a pictorial representation to clearly show the cartesian product of two sets. The
example above can be represented as shown below

[
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Note 2.1.2. If X x Y is the cartesian product of X and Y and if (a,b) is in X x Y,

e thenae X andbeY.

e (a,b) simply means a is mapped to b

e if r is a relation from set X to set Y, then r is a subset of X x Y

e if (a,b) is one of the elements in r, we write (a,b) € r

e also (a,b) € r can be written as r(a) = b, which means “r maps z to y".

e r(a) = b is simply read as “r maps x to y".

2.2. Relations

The concept of the Cartesian Product of two sets is very important to the understanding of
relationships that may exist between any two or more sets. This in turn helps us understand
the concept of a function. We start our discussion of relations with the following definition of
a relation.

Definition 2.2.1. Let X and Y be two non-empty sets. A relation denoted r, from X to Y is
a subset of the set X x Y.

From this definition, we see that any subset of the cartesian product X x Y, qualifies to be a
relation from X to Y. Since any set is a subset of itself, X x Y is also a relation from X to Y.

Example 2.2.1. Let A ={1,2,3} and B = {3,4}. Further, let

= {(173)7<174>7<374)}7 TZ:{(173>7<373>7(274)}7 rs = {<174)} and 7’4:{(4, 3)?(274)7<373)}
Then we can see that ry is a subset of the cartesian product A x B. Therefore, we say that rq,

is a relation from A to B.

Similarly, 7o and r3 are relations from A to B since each of them is a subset of A x B. However,
notice that r4 is not a subset of A x B. Hence, 74 is not a relation from A to B. Pictorially, we
can represent the above relations as:
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Example 2.2.2. Let A = [1,3] and B = [3,4] be two intervals in R. Further, define
r={(z,y)] 1<x<3, 3<y<4, y=2x}

Then we see that r is a relation from set A to set B, since r is a subset of A x B

A

Example 2.2.3. Let X = (—00,00) and Y = (—00,00). The we see that
X xY ={(z,y)] r € Rand y € R}
Further, define: r; = {(z,y)|y =2+ 1, z,y € R}, ry ={(z,y)| y = 2% x,y€ R}

rs={(x,y)ly=vr—1, xz,yeR} and 7ry={(z,9)|v* =2 zyecR}

Since 1, 1y, r3 and 7y are all subsets of X x Y, they form relations from X to Y. See
the diagrams below and identify each relation
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Example 2.2.4. Let X = (—00,00) and Y = [0,00). Then the cartesian product is given as:
XxY ={(z,y)] r€R, y>0andyecR}

Further, define: r; = {(z,y)| y = vz, z,y € R}, ro ={(x,y)|y =]z —2|, x,y€ R}
r3s={(x,y)|ly=—Vz+1, zyeR} and r={(z,y)|y=2% 1<y<5s, z,yeR}

Since 71, and ro are subsets of X x Y, they form relations from X to Y. However, note that
r3 and r4 are not subsets of X x Y. Hence, they are not relations from X to Y.

= pN
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Definition 2.2.2. Let X and Y be two non-empty sets. The domain of a relation v from X to

Y denoted D,, is defined as

D, ={z e X| (z,y) €r for somey €Y}

Definition 2.2.3. Let X and Y be two non-empty sets. The range of a relation r from X to

Y denoted R,, is defined as

R, ={yeY| (z,y) €r for somex € X}

Example 2.2.5. Let A ={1,2,3} and B = {3,4}. Further, let
= {(17 3)7 (1’ 4)7 (374)}7 r2 = {<1’ 3)7 (37 3)7 (2, 4)}

a) Find the domain of:
(1) 1 (11) T2 (111) T3
b)Find the range of:

(i) 1 (ii) 7o (iii) 73

Soln: Exercise

2.2.1 Characteristics of Relations

and r3 = {(1,4)}

1. We have looked at a number of relations. We now discuss some of the important charac-

teristics of these relations.

(a) One to One (1-1): A relation r from set A to set B is said to be one to one if
r(z1) = r(zs) implies that x; = x5 for any points 1, x5 € A.

This definition implies that a relation is one to one if no element is mapped to more

than one element. See the diagrams below;

Yy
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Example 2.2.6. Let X = [1,4] and Y = [0, 6] be two intervals in R. Further, let
r={(zylreX ye¥, y=2"tandg={(z,y)| 1 <z <4, 0<y<6, y=2}

be two relations from X to Y. Show that r is one-one and that g is not one-one.

Soln: The sketch below shows that f is indeed one-one and ¢ is not one-one. Note
that a relation is one-one if either a vertical or horizontal line cuts the graph of the
relation at exactly one point.

Y Y

(b) One to Many A relation r from set A to set B is said to be one to many if a single
value z € A may be mapped to more than one image in B. See the diagrams below

Example 2.2.7. Let X = (—00,00) and Y = (—o00,00) be two intervals. Further,
let

r={(z,y)| —oo <z <4, yeV, x=yl} and g = {(z,y)|z € R, —00 <y < o0, y’+z’ =1}

be two relations from X to Y. By means of a sketch, show that both r and g are
one to many relations from set X to set Y.

Soln: For a relation from set X to set Y to be one to many, a vertical line must cut
the graph of the relation at more than one point. See the graph below
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(¢c) Many to Omne: A relation r from set A to set B is said to be many to one if at
least two elements from set A can be mapped to a single element in set B.

Example 2.2.8. Let X = (—00,00) and Y = (—00,00) be two intervals. Further,
let

r={(zr,y)|r e X, —oco<y<oo, y=cosz}and g={(x,y)|zeX, yeY, y=2a"}
be two relations from X to Y. Show that r is many-one and that g is not many-one.

Soln: The sketch below shows that r is indeed many-one and ¢ is not many-one.
Note that a relation is many-one if a horizontal line cuts the graph of the relation
at more than one point.

Y Y

(d) onto:A relation r from set A to set B is said to be onto if the entire A is mapped
to the entire B.
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We can also define relations within a set. In other words, we can define relations from one
element of a set to another element of the same set. Such a relation is simply a binary operation
defined on the same set.

Definition 2.2.4. Let r be a binary relation on o set X. r s called a reflexive relation on X
if for all x € X, (xz,x) €r

Definition 2.2.5. Let r be a binary relation on a set X. r is called a symmetric relation on
X if for all x,y € X, (x,y) € r implies that (y,x) €T

Definition 2.2.6. Let r be a binary relation on a set X. r is called a transitive relation on X
if for all x,y,z € X, (z,y) € r and (x,y) € r implies that (x,z) € r

Example 2.2.9. Let X = {1,2,3} be a set of the first three natural numbers.

Then, a relation r; = {(1,1),(1,2),(2,2),(3,3),(3,2)} is reflexive on set X since all pairs of
the form (x,z) € ry. That is, (1,1) € 1, (2,2) € r; and (3,3) € ry.

The relation o = {(1,1), (1,2), (2,1), (1,3),(3,1)} is symmetric on X since (z,y) € ry implies
that (y,z) € ro. It is a two way path.

The relation r3 = {(1,1),(1,2),(2,1),(2,2),(2,3),(1,3)} is transitive on X since (x,y) € 3
and (y, z) € r3 implies that (z,z2) € rs.

Example 2.2.10. Determine whether the following relations are reflexive, transitive or sym-
metric on Y = {1,2,3,4}

i) r=1{(1,2),(2,1),(3,1). (4, 2)}
i) r={(1,1),(2,1),(3,1),(4,2), (2,2),(3,4), (3,3), (4,4)}
i) r = {(1,2),(2,3), (1,3),(2,1)}

{(1,1),(2,2),(3,4), (4,3),(3,3), (4, 4)}

Y Y

iv) r

Sol: Exercise

2.3. Functions

Before proceeding to this section, make sure you understand set theory, product set (Cartesian
product) as well as relations. Functions are simply relations between two sets, that satisfy
certain conditions. Since relations are just sets and functions are indeed relations, we can see
that functions are just special type of sets. Let us give some definitions

Definition 2.3.1. Let X and Y be two non-empty sets. A relation f, from X to'Y is called a
function if for every element x € X, there erists a unique element y € Y such that (z,y) € f

i.e f(r)=y.
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Note 2.3.1. If f is a function from set X to set Y, then the following hold:

e f is a relation from set X to set YV

e (z,y) € f means that f maps the input value z € X to a unique output value y € Y.
This is written as f(x) = y which we read as “f maps z to y".

o if (x,y1) € f and (z,y2) € f, then y; = yo. This means that an element x from the
domain, can not be mapped to more than one element in the range.

e Every element in the domain of f must be mapped to a unique element in the range set

of f

Example 2.3.1. Let A = {1,2,3,4} and B = {7,9,11}. Define the relations fi, fo, fs, f1, f5
and fs as shown below. Determine which of these relations are functions

i) A ={017),27),37),47)}

i) fo ={(1,7),(2,11),(3,11),(4,11),(2,9),(3,9),(3,7), (4,9)}
) f3={(1,7),(1,9), (1,11)}

iv) fa=A{(1,11),(2,9),(3,7)}

iv) fs = {(1,11),(2,9), (3,11),(4,9)}

iv) fo ={(1,7),(2,9),(3,11),(4,7)}

Represent each relation using an arrow diagram

iii

Sol: Exercise

2.3.1 General Characteristics of Functions

The following are the general characteristics of functions:

1. One to One (Injective): A function f : X — Y is one to one (1-1) if for any two
elements x1, 29 € X, f(21) = f(x2) implies 1 = z5. A one to one function is also called
an injective function. The graph of a one to one function cuts any horizontal line at
exactly one point.

Example 2.3.2. Show that the function f(z) =2z — 7 is a one to one function.
Soln: Let 1,29 € Dy such that f(x1) = f(z2). We need to show that z; = z5. Thus,

flx) = flz2)
2.’131 -7 = 21’2 -7
21’1 = 25(32

r1T = X2

Hence, f is a 1-1 function since f(z1) = f(x3) implies that x; = 5.
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Example 2.3.3. Show that the function f(z) = 3z? — 4 is not a one to one function.
Soln: Let x1,x5 € Dy such that f(z1) = f(z2). We need to show that z1 # x5. Thus,

fx) = f(x2)
3(r1)? —4 = 3(zp)*—4

2 _ 2
3r] = 315
2 _ 2
Ty = Iy
2 _ .2 _
i —x; = 0

(xl — JIQ)(ZIJl + 132) =0

This shows that either z1 = x5 or that 1 = —x5. Hence, f is not a 1-1 function since
f(z1) = f(x2) does not necessarily imply that xz; = x9. The graph of a 1-1 function does
not cut any horizontal line more than once.

. Many to One: A function f: X — Y is said to be many to one if at least two elements
from set X can be mapped to a single element in set Y. The graph of a many to one
function may cut a horizontal line at more than one point.

. Surjective (ONTO): A function f : X — Y is said to be surjective if the range of f
is the entire Y. A surjective function is also called an onto function.

. INTO: A function f: X — Y is said to be an into function if the range of f is a proper
subset of Y.

. Bijective (1-1 and ONTO): A function f : X — Y is said to be bijective if it is
both one to one and onto. Thus, bijective means that a function is both injective and
surjective.

. Even: A function f : X — Y is said to be an even function if f(—z) = f(x) for all
elements z € X.

Example 2.3.4. Show that the function f(z) = 3z% + 11 is an even function. Sketch its
graph and comment.

Soln: Let x € Dy be an arbitrary element. Then

f(=z) =3(-x)* + 11
=3(-1)*(z)* + 11
=3(1)(x)* + 11

35



The graph of an even function is symmetric about the y-axis.

7. Odd: A function f : X — Y is said to be an odd function if f(—z) = —f(x) for all
elements x € X.

Example 2.3.5. Show that the function f(r) = 723 + 2z is an odd function. Sketch its
graph and comment.

Soln: Let x € Dy be an arbitrary element. Then

f(=2) =7(~2)’ +2(~x)
=7(=1)*(x)° +2(-1)z
=7(-1)(=1)(-1)(2)° — 22
=72 -2
— (72* + 22)
=— f(z)

The graph of an odd function is symmetric about the origin. As an exercise, sketch the
graph of this function.

2.3.2 The Domain and Range of a Function

Recall that a function is a relation from one set to another set. Also recall that every relation
has a domain which is the set of all first entries of an ordered pair, and a range which is the
set of all second entries of an ordered pair. Let us discuss further the domain and range of a
function.

Definition 2.3.2. Let f : X — Y be a function. The domain of f, denoted Dy, is defined as

Dy ={z| f(z) =y, for some unique y € Y}

Definition 2.3.3. Let f: X — Y be a function. The range of f, denoted Ry, is defined as

Ry ={y| y = f(x), for somez e X}
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NOTE:

e In certain situations, the function and the domain are given but the range is not given.
We will have to work out the range.

e If the function is given and the domain and range are not, we need to find the domain
and the range from R, by eliminating those real values that make the function undefined.
In other words, if the domain is not given, first assume that the whole of R is the domain.
secondly, from R, remove values which can not apply to the given function.

e The range is usually not given. We may work out the range by:

1. making x the subject of the formula and excluding values of y that can not apply to
the function.
2. sketching the graph of the function

3. inspection

Example 2.3.6. Given that f is a function defined as f(z) = 3z — 1 for any « € Dy and that
Dy ={-2,-1,0,1,2}, find the range of f.

Soln:
f(=2) =3(-2) -1
=—6-—1
=—7
f(=1) =3(-1) -1
=—-3-1
=—4
£(0) =3(0) — 1
=1
1) =3(1) —1
=2
f(2)=3(2) -1
=5

Hence, f maps: —2 to =7, —1to —4,0to —1, 1to2and 2to 5
Therefore, Dy = {—7,—4,—1,2,5}
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Example 2.3.7. Find the domain and the range for each of the following functions:

(i) f(z) =k wherekeR (i) g(x) =—5 (i) h(z) =220 -5 (i) r(z) =32z -1

Soln:
(i) For f(z) = k, we have
Dy = {z| x € R} since the function f is defined for all real numbers.

Ry = {k| k € R}
(ii) For g(z) = —5, we have
D, = {z| x € R} since the function g is defined for all z € R.
R, = {—5} by inspection
(iii) For h(z) = 2z — 5 we have
Dy, = {z| z € R} since the function h is defined for all z € R.

R;, : We can make x the subject;

Yy =2r—5

20 =y + 5

oY E?
2

Therefore, R, = {y| y € R}  since L2 is defined for all y € R

(iv) For r(z) = 2z — 1, we have

D, = {z| x € R} since the function r is defined for all real numbers.

Ry, : We can make z the subject;

3
——x—1
Yy 5I
3
o= 1
5x Y+
oY + 5
.’L":
3

Therefore, R, = {y| y € R}  since 24 is defined for all y € R

Example 2.3.8. Find the domain and the range for each of the following functions:

(i) flz)=1 (i) glx) =25 (i) h(z) = 5“";21 (iv) r(z) = =2 (v) s(z) = ]

Soln:
(i) For f(z) =1, we have
Dy = {xz| z # 0,2 € R} since the function f is defined for all real numbers except 0.
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Ry, : We can make z the subject;

1
y==
x

ry =1
1

T =—
Y

Therefore, Ry = {y| y # 0, y € R}  since i is defined for all y € R provided y # 0

3

(ii) For g(z) = -5, denominator must not be zero as division by zero is undefined. Thus

r+1#0
x#—1

Dy = {z|  # =1,z € R} since 7 is defined for all real numbers except —1.

R, : We make z the subject;

Therefore, R, = {y| y # 0, y € R} since 3’_Ty is defined for all y € R provided y # 0

(iii) For h(x) = ;;31, denominator must not be zero as division by zero is undefined. Thus
5r+ 140
br #—1
1

Dy, = {z] x # —1,2 € R} since 593;21 is defined for all real numbers except —%.

R. We make x the subject;

T —2

y:5$+1
y(br+1)=x—2
dry +y =xv — 2

T — dry =y + 2
(1l —by) =y +2
y+2

xrx =
1—by
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Therefore, Ry = {y| y # 3, y € R} since % is defined for all y € R provided y # 1

(iv) For r(x) = 12, denominator must not be zero as division by zero is undefined. Thus

r+1#0
x#—1

D, = {z| x # —1,z € R} since 1=2% is defined for all real numbers except —1.

z+1
R, : We make x the subject;

1 —2z
y_x—i—l
ylr+1) =1-2x
xy+2r=1—-y
x(y+2)=1—y
-y
r=—">
y+2

Therefore, R, = {y| y # —2, y € R} since ;Tg is defined for all y € R provided y # —2

(v) For s(x) = ', denominator can not be zero for any real number z. We see that,

224+1>0

1

for all real values x € R. whether x is negative, positive or zero, T

makes sense. Hence,

D, ={z| z € R}
:(_007 OO)
since xQIH is defined for all real numbers.

R, : We make x the subject;

1
YTt
y(a? +1) =1
iy +y =1
2y =1—y
1—
==Y
)
1 —
r=+,—Y

Three cases arise here

e y#0
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e 1 —y >0 implying that y <1

o y >0

Therefore, Ry = {y| 0 <y <1, y € R} since =+ % is defined for all y € (0, 1].

Example 2.3.9. Find the domain and the range for each of the following functions:

() fo)=vaFl (i) gl) =v=o—1 (i) ha) = VI F7 (v) r(a) = =2

Soln:

(i) For f(z) =+x +1, we need z + 1 > 0 as the square root of a negative number is not
real. Hence;

z+1>0
r>—1

Dy ={z| x> —1,2 € R} since f(z) is defined for all real numbers in the interval [-1, c0).

Ry : The range for this function can be determined as follows;

y=vzr+1

Therefore, Ry = {y| y >0y € R} =[0,00) since y? — 1 is defined for all y € [0, 00)

ii) For g(x) = v/—x — 1, we need —z —1 > 0 as the square root of negative numbers is not
real. Hence;

—x—12>0
rx+1<0
r<-—1

D, = {z| + < -1,z € R} = (—o0, —1] since g(z) is defined for all real numbers in the
interval (—oo, —1].

R, : The range for this function can be determined as follows;

y=v—-z—1

y2:—x—1

r=—1y"—1
Therefore, R, = {y| y > 0y € R} =[0,00) since —y* —1 is defined for all y € [0, c0)
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iii) For h(z) = v/2x + 7 we need 2z + 7 > 0 as the square root of negative numbers is not
real. Hence;

20+ 7 >0
204+ > — 7

>_
T=

Dy, = {z] x > 5, € R} since h(z) is defined for all real numbers in the interval [5f, c0).

Similarly, we see that, R, = {y| y > 0y € R} = [0, 00)

iv) For r(z) = \/%2’ we need x — 3 > 0 for the numerator, and 4 — x > 0 for the denominator.

Hence we have
>3 and T <4

Therefore, D, = {z| 3 <z <4, x € R} =1[3,4) since r(z) is defined only for all x € [3,4).

Similarly, we see that, R, = {y| y > 0y € R} = [0, 00)

1—2x ifx<-—1;

Example 2.3.10. Let g(x) = { 29 ifre 1

a) Find: i) g(—3) ii) g(—1) iii) g(1) b) Find the values of a for which g(a) = 14.

Sol: a) This function has a partitioned domain at x = —1

i) Since —3 < —1, we use g(z) = 1 — 2z so that we have g(—3) =1—-2(-3) =7
ii) Similarly, g(—1) =1—-3(—-1) =4

iii) Since 1 > —1, we use g(z) = 2? — 2 so that g(1) = (1)*> = 2= —1

b) From g(z) = 1 — 2z, we have 1 —2a = 14 = a = —%. From g(z) = 2? — 2, we have
a’?—2 =14 = 2° = 16 = x = +4. we discard —4 since —4 < —1 and say z = 4. Hence, the
required values of a are —% and x = 4.

2.3.3 Composite Functions

Definition 2.3.4. Let f and g be functions. The composition of f with g, denoted by fog is
given by (fog)(x) = flg(x)]. Similarly, the composition of g with f denoted by gof is given as

(gof)(x) = glf(z)]

Note that in general, (fog)(x) # (gof)(x).
Example 2.3.11. Given that f(z) = = and g(z) = = + 3, find:

(i) (fog)(x) (i) (gof)(x)
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Soln:

14322 1)
2 —1
_6:10—2
C2r—1

Example 2.3.12. Given that f(z) = /2 —z and g(x) = %H, find:

(i) the domain of (gof)(x) (ii) (gof)(=3) (ii)) (gof)(2)  (iv) (9of)(0)

Soln:
(i) We first find the composition (gof)(x) as we did above.

(gof)(x) =glf ()]

VZa11
2

vV2—xz+1
2

T2+l

For the domain, we need 2 — z > 0 implying that 2 < 2. Hence domain, Dy, = (—00, 2]

(ii) Simply substitute = for —3.
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(iii) Similarly,

2

(gof)(=2) :m
2
V0t 1
(iv) Similarly,

2

(gof)(k) :m
2

T2 —k+1

2.3.4 Inverse Functions

Definition 2.3.5. Let f : X — Y be a bijective function from set X to set Y. An inverse
function of f denoted f~' is another function that maps elements from'Y to X.

Note that both f and f~! must be bijective. The graphs of the two functions f and f~! are
symmetric about the line y = x

Example 2.3.13. Find the inverse of each of the following functions:

() flo)=a+1 (i) ge) =5y (i) he)=v-I-2

Soln:

(i) To find the inverse of a function, it is customary to make z the subject of the
formula

y=[(z)
y=r+1
r=y—1

Therefore, f~1(x) = z — 1 is the inverse function of f(x) =z +1
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(ii) Similarly,

y =g(v)

Yoo 1
2z — 1)y =1
2vy =14y
1+y
T =—"
2y

Therefore, g~*(x) = &2 is the inverse function of g(z) = 75

(iii) Similarly

Therefore, h™'(z) = z — 1 is the inverse function of h(z) =z + 1

Example 2.3.14. Given the function f(z) = 3;12 and g(z) = 2z — 3, find (go f)~!(z) and
state its domain.

Sol:

(g0 f)(x) =glf ()]
=2[f(x)] =3

=2 4 3
T3z +2

8-3(3x+2)

3r + 2
_2—91:
31+ 2

make z the subject to get (go f)!

2—-9z

4 T +2

y(3r +2)=2—-9z

3ry + 9r =2 — 2y

z(3y —9) =2 — 2y
x :?Sy _25 Hence, (go f) !(x) = gaz _23

For the domain, we need 3z — 9 # 0 = = # 3. Hence, Dyopy1 = {x| #3, z € R}
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3

Linear Functions

3.1. Introduction

We have looked at functions in general. We now turn our attention to a specific type of functions
called the linear functions. These are some of the most basic functions, yet very useful. They
are used extensively in applied science to show the relationship between two quantities that are
linearly related.

Definition 3.1.1. A linear function in the variable x with real constants m and c, is a function
of the form
flz) =mz+c

Example 3.1.1. The following are some examples of linear functions;

i) fx) =247 i) g(z) ==z iii) h(z) =2 — bz iv) k(z) = 22 —1

3.2. Graphs of Linear Functions

The term linear functions implies that the graph of any Linear function is a straight line.
Quite often, the domain and the range will comprise of all real numbers unless some specific
restrictions are imposed on the function. If f(z) = maz + ¢ is a linear function, the graph
of this function, denoted y = mx + c is a straight line whose gradient or slope is m and the
Y —intercept is ¢. We will examine various techniques for sketching the graphs of these linear
functions.

Example 3.2.1. Sketch the graph of f(z) = z. Hence, state the domain and the range of this
function.

Sol: The graph of this function passes through all points such that y = x. Hence,
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From the graph, we can see that

Dy ={z| x € R} =(—00,00) and Ry={y| ye€ R} = (—00,00)

Example 3.2.2. Sketch the graph of f(x) = —x. Hence, state the domain and the range for
this function.

Sol: Exercise

Example 3.2.3. Given the function f(z) = 2x + 1, sketch the graph. Hence or otherwise,
state the domain and the range for this function.

Sol: The graph of this function is given by y = 22 + 1. Further, to sketch the graph of any
linear function, we just need two points through which the graph passes.

when z = 0, then y = 2(0) + 1 = 1. Hence, the graph passes through the point (0, 1)
when y =0, then 0 =2x+ 1= 2o = —%. Hence, the graph passes through the point (—%, 0)

From the graph, we can see that

Dy ={z| x € R} =(-00,00) and Ry={y| ye€ R} = (—00,00)
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Example 3.2.4. Sketch the graph of f(z) = 7 — 3z. Hence, state the domain and the range
for this function.

Sol: Exercise

Example 3.2.5. Given the function f(z) = —2, sketch the graph. Hence or otherwise, state
the domain and the range for this function.

Sol: Note that this is just a straight line through (x, —2) for all values of = and is parallel to
the X —axis.

o

we can see that
Dy ={z| x € R} = (—00,00) and Ry = {—2}

Note 3.2.1. The following points apply to lines that are either parallel to the X —axis or
parallel to the Y —axis.

e The graph of a line y = k, where k € R is parallel to the X —axis. It represents the graph
of a many to one function, f(z) = k. It has a gradient of zero.

e The graph of a line x = k, where k € R is parallel to the Y —axis. Tt is NOT a graph of
a function. The gradient is undefined.

Example 3.2.6. Sketch the graphs of the following relations, on the same axes.

Hy=1 i) y=—5 iii) z = -2 iv) x =1 v) 2z — by =11

Sol: Exercise
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3.2.1 Gradient of a Straight Line

The gradient of straight line is a measure of the steepness of that line relative to the X —axis.

Definition 3.2.1. The gradient m, of a straight line L, that passes through two points (x1,y)
and (zq,ys2) is given as
Y2 — Y1
m =
To — X1

Example 3.2.7. Find the gradient of a straight line through the points (=5, 3) and (4,7)

Sol: Let (v1,y1) = (=5,3) and (22,32) = (4,7). Then m = 2=4 = % =3

Example 3.2.8. Find the gradient of the line through the points:
i) (—2,-3) and (3,5) i) (—2,5) and (4,—2) iii) (2,—3) and (2,11) iv)(=3,—1) and (7,—1)

Sol: Exercise

Note 3.2.2. We take note of the following:

e Parallel lines have equal gradients. Conversely, if two lines have equal gradients, then
they are parallel

e If m; and msy are the gradients of two parallel lines, then m;ms = —1
e Lines parallel to the X —axis have gradients equal to zero

e Lines parallel to the Y —axis have undefined gradients.

3.2.2 [Equation of a Straight Line

We can determine the equation of a straight line using the concept of the gradient. The equation
of a strait line can be determined depending on the presented information:

a) Given one point p(x1,y;) on the line and its gradient m: Choosing an arbitrary point
(z,y) on the line, we can show that the equation is given by

Yy — 1 =m(x — 1)

b) Given two points A(xy,y;) and B(xs,y>) on the line: Choosing an arbitrary point (x,y)
on this line and using the concept of a straight line, we can show that the equation of the line
is given by

Yy—th T—I

Y2 — W1 Ty — X1
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Example 3.2.9. Determine the equation of the line through the point (1, —1) with gradient
%. Sketch the graph of this line.

Sol: Let (z1,y1) = (1,—1) and m = 3. Then using y — y1 = m(z — x1), we have
y — (1) = 3(z — 1) = 3y + 3 = & — 1 which simplifies to 3y =z — 4

To sketch the graph we need to know the intercepts. Thus;

Verify that the graph passes through the point (0, —%) and (4,0)

/

Example 3.2.10. Determine the equation of the line through (2, —3) and (—1,4). Hence or
otherwise, sketch the graph of this line.

Sol: Let (z1,y1) = (2,-3) and (22,2) = (—1,4). Then, using == = == we have
Z:E:g; =2 — y—f’ = 2=2 which simplifies to 3y + 7z = 5. The sketch is shown below.

From the graphs above we can see that the domain of a linear function is R and the range is
the same, R
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3.3. Equations and Inequalities

We now look at some basic equations and inequalities involving linear terms.

Example 3.3.1. Solve the equation —2x +7 =2 — 11

Sol: Collect like terms. -2z 4+7=2—11 = —3r = —18 = x = 6. Hence,
SS = {6}

Example 3.3.2. Solve the inequality —xz —3 > 2x + 7

Sol: Collect like terms. — 2 —3> 22+ 7T— -3z > 10 =z < —%. Hence, the solution set

is given by;
10 10
_= < _—— — J— _—
SS {x| x < 3 } ( 00, 3]

Example 3.3.3. Solve the following pair of simultaneous equations
2¢ + 3y = —1 (1)
z(r—y) =2 )

Sol: Use substitution.

1—2x

From (i), we have y = —2=%. Substituting this into equation (i), we have

x(x — =52) = 2 so that z(%5) = 2, which simplifies to a quadratic equation 52% +z —6 = 0.

52 + 2 —6=0= (52 +6)(x —1) = 0. This gives 2 = =2 and 2 = 1

. —1-2(-¢
When z = —2, from (i), we get y = % =L
When z = 1, from (i), we get —1—72(1) =-1
Hence, x = —g when y = 1—75 and x =1 wheny=—1

Example 3.3.4. Find the coordinates of the points where the line x + 2y = 7 meets the curve
22 —dr+yt=1
Sol: We solve the two equations simultaneously.
r+2y="7 (i)
2’ —dr+yt =1 (ii)
From (i), we have x = 7 — 2y. Substituting for z in (ii), we have
(7T —2y)? —4(7 — 2y) + > = 1 so that 49 — 28y + 4y*> — 28 + 8y + 4> — 1 = 0.
This reduces to a quadratic y*> — 4y +4 = 0 = (x — 2)? = 0. This gives z = 2
From (i), = =7-2(2) =3.
Therefore, the line and the curve meet at the point (2, 3)
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Example 3.3.5. Solve the following system of linear equations

r+2y—3z=12 (i)
3r—y—2z=1 (ii)
21 + 5y + 4z = 18 (iii)

Sol: For now, we will use substitution.
From (i), we have x = 12 + 3z — 2y substituting this for z in (ii) and (iii), we have
3(12+4 3z — 2y) — y — 2z = 1 which simplifies to z —y = —5. Similarly,

2(12 4+ 3z — 2y) + 5y + 4z = 18 which simplifies to 10z + y = —6. We now solve the following
simultaneously.
z—y=-5h (iv)

10z +y = —6 (v)
From (iv), we have z = y — 5 and substituting this into (v) gives 10(y — 5) + y = —6 so that
we have 11y =44 — y = 4.
Now we can use (iv), i.e z —4 = —5 = z = —1. Further, using (i), we have
r=12+4+32—-2y=2=12+3(-1)—-2(4) =1
Therefore, x = 1, y = 4 and z = —1. The solution set,

SS ={(1,4,—1)}

Example 3.3.6. Solve the following system of linear equations

21z + 35y — 7z = —125 (i)
Tx + 7Ty + 72z = -8 (ii)
21 — 2 + 7z = 21 (iii)

Example 3.3.7. Solve the following system of linear equations

20 =3y +2=-10 (i)
3x+ Ty —22=38 (ii)
6z + 5y —4z = —1 (iii)

Example 3.3.8. Solve the following system of linear equations

20+ by —4z =2 (i)
3r+Ty—82=0 (ii)
122 — 13y + 220 = 4 (ii)

Sol: Exercise
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4

Quadratic Functions

4.1. Introduction

We now study one of the most important functions in mathematics, the quadratic function.
It is a polynomial of degree two. This function is used to model a wide variety of random
phenomenon. Its applications ranges from the fields of economics, social sciences and natural
sciences.

Definition 4.1.1. A quadratic function in x variable, with real constants a, b and c, is a
function of the form
f(z) =az®+bx+c

Note:

e when ¢ = 0, then we have f(z) = ax? + bz, which is still a quadratic function.
e when ¢ =0 and b = 0 then we have f(z) = az?, which is also still a quadratic function.

e when a = 0 the its no longer a quadratic function.

Definition 4.1.2. An equation of the form ax® + bx + ¢ = 0 is called a quadratic equation in
terms of the random variable x.

We should distinguish the quadratic function f(z) = az? + bz and the quadratic equation
ax? +bx + c = 0. Before we study the quadratic function further, we need to explore some nice
features of the quadratic equation.

4.2. Roots of a Quadratic Equation

The values of x which satisfy the quadratic equation ax? 4+ bx + ¢ = 0 are called roots of the
quadratic equation. The roots are also referred to as the solutions or zeros of the quadratic
equation. Roots maybe real numbers or indeed complex numbers. The concept of roots is
vital to the understanding of the quadratic function. To determine the roots of the quadratic
equation, we need to solve the equation az? + bz + ¢ = 0. Thus, it is very important that we
develop that necessary skill of solving quadratic equations
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Methods of Solving Quadratic Equations

We will consider three methods of solving the quadratic equation. Note that when we are
solving the quadratic equation ax? + bz + ¢ = 0, we are simply finding its roots.

1. Factorisation:

This is arguably the simplest method when the roots are rational. The following steps
are involved:

i) obtain the product: P = ac
ii) obtain the sum: S =0
iii) find two factors whose product P = ac and whose sum is S = b.

iv) substitute b from the quadratic equation with the two numbers, then factorise.

Example 4.2.1. Use the factorization method to solve the following quadratic equations:

(i) 22°47z—15=0 (ii) —=b2?—3z+2=0 (iii) 2*—2—2=0 (iv) hz*—62—2=0

Soln:
(i) For 222 +7Tx —15=0, we have a =2, b =7, c = —15.
P: ac=(2)(—15) = —-30
S:b="T.
factors: +10 and —3

We now factorise as follows:

22% + Tx — 15 =0

22% + 10z — 3z — 15 =0
2x(x +5) — 3x(x +5) =0
(2z —3)(x +5) =0

So either (2z — 3) = 0 or (z 4+ 5) = 0 implying that either z = 2 or 2 = —5

(ii) For —5x? —3x+2 =0, we have a = —5, b= —3, ¢ = 2.
P: ac=-10
S: b=-3.

factors: —5 and 2

—52% — 3z +2 =0

—52% — 5z + 21 + 2 =0

—bx(r+1)+2(x+1)=0

(—=bx +2)(x 4+ 1) =0

So either (=5x +2) =0or (z+ 1) = 0.

Therefore, x = % orx=—1
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(ili) For 2> —x—2=0,wehavea=1,b=—1, c = —2.

P: ac= -2
S: b=-1.
factors: 1 and —2

w2 —x—2=0

v+ —22—2=0

r(x+1)—2(x+1)=0

(x —2)(z+1) =0

So either (x —2) =0 or (z + 1) = 0 implying that either x =2 or x = —1

Hence the roots are t =2 and z = —1

(iv) For 522 —6x—2 = 0, the factorization can not work (Verify). This is because the
roots are not rational numbers. In parts (i)-(iii) of our example we see that all obtained
roots were rational.

. Completing the Square:

This is a more general approach of solving quadratic equations. It can be used whether
the roots are real or complex.The following steps are involved:

i) write the terms with the unknown variable on one side.
ii) divide through by the coefficient of
iii) add the square of half the coefficient of x

iv) factorise the side with the variables and then solve

Example 4.2.2. Given az? + bx + ¢ = 0, complete the square.

Soln:

ax® + bx + ¢ =0

Example 4.2.3. Given 222 4+ 7z + 5 = 0, complete the square.
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Soln:

202 + 7o +5 =0

x2+gx+§—0
x2+zx:_§
2 2
x2+—x+(z)2=—§+<z>2
2 4 2 ' \4
N? 9
() -

Example 4.2.4. By completing the square, solve the quadratic equation 522 —6x—2 = 0.

Soln:
522 — 6x — 2 =0
5x% — 61 =2
6 2
2__ _-
T 7575
x2—6:c—|— 3 2—2—1— 2 2
5 5/ 5 5
3\? 19
rT—=-| ==—
5 25
3 19
N i
75 25
3 19
=24 4/=
T75 25
Hence, T = 3+5‘/E or T = 3}/@

Example 4.2.5. Given 9 — 22 — 522 = 0, complete the square. Hence, find the roots of
the quadratic equation.

Soln:Exercise

. Quadratic Formula

This formula is just a consequence of the method of completing the square. If f(z) =
ax? + bx + ¢, by completing the square, we get:
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ax’® +bxr + ¢ =0

x2+9x+220
a a
x2+§x:—g
a a
x2+—x+<£)2=—f+(£)2
2a a 2a
b 2_b2—4ac
<x+%) ~ 4a?
b b2 — 4ac
x+%::|: 4a?
b b? — dac
YT 4a?
b b? — dac
x——% 2a
x_—bi\/m
2a

Hence for any quadratic f(z) = ax? + bx + ¢, the quadratic formula

—b+Vb? — 4dac

2a

Tr =

can be used to determine the roots

Example 4.2.6. Solve the equation 322 — 72 — 11 =0

Soln: a =3, b= —7 and ¢ = —11. Using the formula, we have;

—b + /% — dac
2a
7) £/ (—=7)2 —4(3)(—11)
2(3)
74 /49 +132
EE)
C7+4/181

T =

Hence, z =

4.2.1 Nature of Roots and The Discriminant

We now turn to our attention to the nature of the roots of a quadratic equation.
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Definition 4.2.1. The discriminant D of a quadratic equation ax® + bx + c = 0 is given by
D = b* — 4ac

The concept of a discriminant is very important to the understanding of the nature of roots.
There are basically three types of roots, depending on the discriminant.

1. If the discriminant is positive, i.e b —4ac > 0, then the quadratic equation az?+bxr+c =0
has two distinct real roots.

2. If the discriminant is zero, i.e b*> — 4ac = 0, then the quadratic equation az? +bx +c¢ =0
has two equal real roots. Having two equal roots is the same as having only one root.

3. If the discriminant is negative, i.e b> —4ac < 0, then the quadratic equation ax*+bx+c = 0
has no real roots. It has complex roots

Example 4.2.7. Determine the nature of the roots of the equation 42? — 72 +3 = 0

Sol: a=4,b=—7and c=3
Then b* — 4ac = (—7)> —4(4)(3) =1 > 0.

Since b — 4ac > 0, the equation 422 — 7z + 3 = 0 has two distinct real roots.

Example 4.2.8. Determine the nature of the roots of the equation 2> + 6z +9 =0

Sol: a=1,b=6and c=9
Then b? — dac = (6)? — 4(1)(9) = 0.

Since b? — 4ac = 0, the equation 2%z + 9 = 0 has two equal real roots.(one root)

Example 4.2.9. Determine the nature of the roots of the equation 522 —x +9 = 0

Sol: a=5,b=—1and c=9
Then b* — 4ac = (—1)? — 4(5)(9) = —179 < 0.

Since b? — 4ac < 0, the equation 5z* — z + 9 = 0 has no real roots. (it has complex roots)

Example 4.2.10. For what values of k does the equation 422 + kx + 9 = 0 have equal roots?

Sol: a =4, b=k and ¢ = 9. For equal roots, we need b> — 4ac = 0

Hence,
b? — 4ac =0
(k)* — 4(4)(9) =0
kE? — 144 =0

(k+12)(k — 12) =0

Hence, k=-12 and k=12
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4.2.2 Sum and Product of the Roots

Let o and 3 be the roots of the quadratic az? + bz + ¢ = 0. We will examine the relationship
that exists between the roots and the coefficients. Since a and [ are roots of the quadratic
ax? + bx + ¢ = 0, we can assume that

_ —=b+ Vb —dac —b —Vb? — 4dac

d =
2a an b 2a

«

Now, for az? + bx + ¢ = 0, we can divide through by a to get;
?+ x4 £=0 (i)

Also, since Since o and 3 are roots of the quadratic az? + bx + ¢ = 0, we can write

(z—a)(z—p) =0 -(ii)
equating (i) and (ii), we get

x2+2x+§:(:v—a)(w—ﬂ)

b
$2+ax+§:x2—(a+ﬁ)x+aﬁ

Comparing the terms, we get
b
a+pf=——
a

and

c
aff = —
a

which denote the sum and the product of the roots of the quadratic equation respectively.

Example 4.2.11. Find the sum and the product of the roots of 222 — 3z 4+ 1 =0

Sol: a=2,b=—-3 and c= 1.
Let a and 3 be the roots of 222 — 3z +1 = 0.
Thenoz—l—ﬁz—g:—%:%
and aff = £ = %
Some Important Identities:
o o’ — = (a—pB)(a’+aB+ )
o &+ 3 =(a+p)(a®—aB+ (%)

o o — 2 =(a—p)a+p)

Example 4.2.12. If the roots of the quadratic 322 —5x + 1 = 0 are a and §3, find the value of
i) a? 4 (2 i) o+ 3 i) o® + (°
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Sol: a=3,b=—5and c= 1.
We have oH—ﬁ:—[—IZ:—ﬂ:% and aff =
Therefore, (i)

| =

+

| =

I
™
+
o

Q
Q
=

X
—lw

O W | Ot wim|wlo

(iif)

Example 4.2.13. The roots of 22 — 2z +3 = 0 are o and 3. Find the equation whose roots
are « +2 and [+ 2

Sol: Exercise

Example 4.2.14. Find the value of k if the roots of 322 + 5z — k = 0 differ by 2.

Sol: Exercise
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4.3. Graphs of Quadratic Functions

Let f(z) = 2% + bz + ¢ be any quadratic function. The graph y = x? + bx + ¢ of any quadratic
function is a parabola. If @ > 0, the parabola opens upwards (cup-shaped). If a < 0, the
parabola opens downwards (cap-shaped). To sketch the graph of a quadratic function, the
following must be determined:

e orientation: To determine the orientation of the parabola, the constant a is used. If
a > 0, the parabola opens upwards (cup-shaped). If a < 0, the parabola opens downwards
(cap-shaped).

e y-intercept: To determine the Y —intercept, we let x = 0 and evaluate the corresponding
y value. It is easy to see that the graph cuts the Y —axis at the point (0, ¢).

e turning point: The turning point occurs when x = —%, i.e at the point (—%, 4“‘;;’)2)

e x-intercept: To determine the X —intercept, we let y = 0 and evaluate the corresponding
x value(s). This simply means we solve the equation 22 + bz + ¢ = 0 to obtain the roots.
The graph cuts the X —axis at the points a and 3, where o and 3 are just the usual roots
we have discussed.

e Sketch: Once the above quantities are determined, we are ready to sketch the graph
y=a®+bx +c.

Example 4.3.1. Sketch the graph of f(z) =22? — Tz +5

Sol: a =2, b= —7and c=5.
i) Since a > 0, the orientation of the graph is cup-shaped, i.e it opens upwards.

ii) f(0) =2(0)> —7(0) + 5 = 5. Hence, the graph cuts the y—axis at (0, 5).

iii) The turning point occurs at (—%, 4C‘Z;b2> — <_%7 4(2)(i)(;)(77)2> = (?Z’ _%)

iv) 202 —Tx+5=0= (- 1) 2z —5)=0=z=1andz = 2. Hencea=1and =2
are the roots. This means that the graph cuts the r—axis at (1,0) and (g, O) We have what
we need to sketch the graph of the quadratic function f(z) = 22% — 7Tz + 5. See below

Y
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4.3.1 Discriminant and The Graph of a Quadratic Function

Let us examine the relationship between the discriminant and the graph of f(z) = 22 + bz + c.
Using the discriminant b*> — 4ac and the value of a, the graph of a quadratic falls into three
categories, shown below.
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4.3.2 Maximum and Minimum Values of a Quadratic Function

Let f(z) = 2% + bz + ¢ be a quadratic function. If a < 0, the quadratic has a maximum point.
If @ > 0 the quadratic has a minimum point. We need to determine the coordinates of the
Minimum /Maximum points. To do this, recall the concept of completing the square:

Completing the square for a quadratic function f(x) = 22+ bx+c yields the following important
result

f(z) =ax® +br +c

=a|lx"+—-)+c

a

b\? (b))
:a<x+%> —<%) +c

Minimum Value

The graph below shows the minimum point of a quadratic curve.

\/

This occurs when a > 0. Further, from the results of completing the square, we see that;

e the value z = —% attains the minimum value for the quadratic function
e the minimum value for the quadratic function is f (—%) = 4“2—;1’2

. o .
e hence, the minimum point is | —-2, dac=b
’ 2a’ 4a

4ac—b? )

e the range of f(z) is [*%->,
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Maximum Value

The graph below shows the maximum point of a quadratic curve.

AN

This occurs when a < 0. Further, form the results of completing the square, we see that;

e the value z = —% attains the maximum value for the quadratic function
e the maximum value for the quadratic function is f (—%) = %

. . . —p2
e hence, the maximum point is (——; , dac=b” >
a 4a

e the range of f(x) is (—oo, 4aigb2]

Example 4.3.2. Complete the square of the quadratic function f(z) = 222 — 10z + 22. Hence,
find the maximum/minimum value of f(z) and the value of x at which it occurs, and sketch
the graph.

Sol: a =2, b= —10 and ¢ = 22. Since we have a > 0, we have a minimum.

f(z) =22° — 102 + 22

=2 (2° = 5) + 22
5\ 2 5\ 2
— —_2) —of -2 29
(=-3) 2(3) +
5\? 19
:2 —_— — —_—
(x 2) 3

From this, the minimum value occurs at r = 3

The minimum value of the function is f (g) =1



Hence, the minimum point is (g, %)
Also, the range is Ry = [£, 00)
To sketch the graph, note that f(0) = 22. Hence the graph cuts the Y —axis at the point (0, 22).

To find the roots, we set y = o and solve;

2
1
2(96—%) +—9:0

S

YT3) T
5 19
Y el
Y75 A
5 19
24, /=2
S 4
5+ /=19

X
2

Hence, f(z) = 22% — 10z + 22 has no real roots. Therefore, it does not cut the X —axis. The
sketch is shown below.

T

Example 4.3.3. Given the quadratic function f(z) =2 — 6x — 2%
i) complete the square of f(x).
ii) Hence, find the maximum value of the function f(z), and the value of z at which it occurs.

iii) sketch the graph y = 2 — 6z — 2% and state the range.

Example 4.3.4. Given the quadratic function f(z) = 2% + Tz + 6;
i) complete the square of f(x).
ii) Hence, find the minimum value of the function f(z), and the value of x at which it occurs.

iii) sketch the graph y = f(x) and state the range.

Sol: Exercise
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4.4. Quadratic Inequalities

We have looked at ways of solving the quadratic equations. We conclude our discussion of
quadratic functions by looking at the quadratic inequalities. To solve a quadratic inequality
such as az? + bx + ¢ < 0, we use any of the two methods:

1. Factorise completely, then use the table of signs to determine the solution set.
OR

2. Sketch the graph of the quadratic and determine the solution set from the graph.

Example 4.4.1. Find the solution set to the inequality x? + 5x +8 > 2

Sol: We factorise the expression to obtain critical values

r? +5x +8 >2

224+ 5x4+6>0

22+ 2r + 32+ 6 >0
z(x +2)+3(x+2) >0
(z+2)(x+3) >0

Critical values: 24+2=0=2=-2 and z2+3=0=—2=-3

Critical values are x = —2 and ©z = —3
—wo<r< 3| 3d<r< 2| 2<r<x0
T+ 3 — + +
x+2 — — +
(x+3)(x+2) + — +

From the table, the solution set denoted SS is given by

SS={z] —3<x<—-2o0rz>-2x€R} OR SS =[-3,-2|U[-2,00)

Example 4.4.2. Solve the inequality 222 + 72 — 15 < 0

Sol: We factorise the expression to obtain critical values

222 + Tx — 15 <0

222 + 10z — 3z — 15 <0
2z(x +5) — 3z(z +5) <0
(2x — 3)(z+5) <0

Critical values are © = % and z = -5
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—co<r<-b5|-bh<r<i|i<r<oo
20 — 3 — — +
x+5 - + +
(2z — 3)(z +5) + - +

The solution set is given by

SS = {x| —5<x<g,x€R}

3
ss- (-52)

Example 4.4.3. Find the solution set to the inequality 22 +x +2 < 0
Sol: Since b* — dac =1 —4(1)(2) = —7, the quadratic has no real roots. Hence it does not cut

the X —axis. Further, note that this quadratic is above the xr—axis, it is never negative for all
values of x. Therefore,2? + x + 2 < 0 has no solutions.

SS =10

Example 4.4.4. Find the solution set to the inequality 22 +1 < 0

Example 4.4.5. Find the solution set to the inequality 2> — 1 < 0
Sol: Exercise

Example 4.4.6. Sketch the graph of f(x) = x* — 4. Hence, use the graph to find the solution
set to the inequality 22 —4 > 0

Sol: The sketch is shown below

Shaded interval is the solution set. ie SS = (—o0, —2] U [2, 00)
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5

Polynomial Functions

5.1. Introduction

So far, we have looked at functions of the form f(z) = ax+b, the linear functions and functions
of the form f(z) = ax® + bx + ¢, the quadratic functions. Linear functions are polynomials of
degree 1 while quadratics are polynomials of degree 2. We now study polynomials of higher
degree.

Definition 5.1.1. A polynomial of degree n, is a function of the form
f(2) = anz™ + ap_12"t + - 4 arx + ag
where a,,a,_1, -+ ,aq are constants and x is the variable. n is usually an integer.
Note that the highest power of z determines the degree of the polynomial. This is usually
denoted by n.
Example 5.1.1. The following are examples of polynomials and their respective degrees:
f(x) =2® — 52* +  — T is a polynomial of degree 3
g(x) = 2% — 5a* + 23 — Ta? — 42 + 1 is a polynomial of degree 5

(x)
h(x) = 2" 4+ 1 is a polynomial of degree 7
(z)

>

x) = 23° — 22 + 5 is a polynomial of degree 30

5.2. Division of Polynomials

Let f(z) be a polynomial of degree n. Then the polynomial f(x) can be decomposed into
polynomials of lower degrees as follows:

OR

Where d(z), g(x) and r(x) are polynomials of lower degree than f(x). From the expression
above, d(x) is a polynomial called the divisor, ¢(z) is called the quotient and r(x) is called the
remainder.
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Any polynomial f(x) can be expressed in the form

f(z) = d(z)q(x) + r(z)

where ¢(z) is the quotient, d(x) is the divisor and r(x) is the remainder. We will look at 2
methods used in dividing polynomials.

Long Division

This method can be used to divide a polynomial by a linear factor. The example below demon-
strates the use of long division.

Example 5.2.1. Determine whether x — 1 is a factor of the polynomial f(z) = 2®+ 322 +3z+1

Sol: We use long division to determine the remainder.

2?4 47
r—1) a3 +322+3zx+1
2 —
42 + 31 + 1
42° — 4z 40
Tx +1
Tw—1
8
Hence, the quotient g(r) = 2° + 42 + 7 and the remainder 7(z) = 8

Since the remainder is not 0, we conclude that x — 1 is not a factor of f(x) = 23+ 322 + 3z + 1.
Note: In this example,

e r — 1 is the divisor, d(z)
e z° + 4z + 7 is the quotient, ¢(z)

e 8is the remainder, r(x)

Example 5.2.2. Determine whether z — 1 is a factor of the polynomial g(x) = 2® — 22—z +1

Sol: We use long division to determine the remainder.

r? -1
r—1x?—a2?2—z+1
z? — 2
—v+1
—r+1
0

Hence, the quotient ¢(z) = 2* — 1 and the remainder r(z) = 0
We see that the remainder is 0. Hence, we conclude that x—1 is a factor of g(z) = 23 —2? —z+1.
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Synthetic Division

This method, like long division is used to divide polynomials. arguably, it simplifies the process
involved in long division. The example below demonstrates the use of synthetic division.

Example 5.2.3. Determine the quotient and the remainder when f(z) = 23 + 322 + 3z + 1 is
divided by =z — 1.

Sol: We use synthetic division to determine the remainder. We let xt —1 =0 = 2 = 1. Then
we have

1 3 3 1 all coeficints of f(x)
0 1 4 7
11 4 7 8 =r(x) remainder

Hence, quotient is ¢(z) = x? 4+ 4z + 7 and remainder is r(x) = 8.

Example 5.2.4. Determine the quotient and the remainder when f(z) = 223 — 32% + 2z is
divided by 2z + 1.

Sol: Let 2r+1=0= 2 = —%. Using synthetic division, we have
2 -3 2
0 -1 2 —2
1
—=]2 —4 4 -2 =r(x)
2
Hence, quotient is q(z) = 22? — 4x + 4 and remainder is r(x) = —2.

Example 5.2.5. Use synthetic division to determine whether x + 2 is a factor of 42* + 2% — 1

Sol: Let x +2 =0=— 2z = —2. Using synthetic division, we have

4 0 1 0 -1
0 -8 16 — 34 68
—2/4 -8 17 —34 67 =r(x)

Hence, quotient is g(z) = 422 — 82% + 17z — 34 and remainder is r(x) = 67.

5.2.1 The Remainder Theorem

Let us look at an important theorem used in the evaluation of remainders when dividing
polynomials by linear terms. This is known as the remainder theorem.
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Theorem 5.2.1. Let f(z) be a polynomial of degree n > 2. If f(x) is divided by a linear term

px + q, the remainder is f —% .

Example 5.2.6. Find the remainder when f(z) = 2® — 22 4+ 3z — 2 is divided by z + 2

Sol: let x +2 =0 so that x = —2.
Then, f(~2) = (—2)° — (~2)? + 3(~2) — 2 = —20.

The remainder is —20

Example 5.2.7. Find the remainder when f(x) = 23 — 22 + 3z — 2 is divided by 2z — 1

Sol: let 2z — 1 =0 so that x = %
Then, f(3) = (3)° - ()" +3() —2 = —¢

The remainder is —g

Example 5.2.8. Let f(z) = 23 +ra? +tx — 3 be a polynomial. When f(z) is divided by z — 1
and z + 1, the remainders are 1 and —9 respectively. Find the values of r and .

Sol:
Dividing by x —1 gives remainder=f(1) = (1)3+r(1)?+¢(1)—3 = r+¢—2. Hence, r+t—2 =1

Dividing by = + 1 gives remainder=f(—1) = (=1)3 + r(—1)? + ¢(=1) — 3 = r — t — 4. Hence,
r—t—4=-9

Solving r +t —2 =1 and r — t — 4 = —9 simultaneously for r and ¢ gives, r = —1 and t =4

5.2.2 Factor Theorem

We now turn our attention to another important theorem, the factor theorem. This theorem
basically adds on to the remainder theorem and aids us in the determination of factors of
polynomials. This is important in factorization of polynomials.

=0,

N—

Theorem 5.2.2. Let f(z) be a polynomial of degree n and px+q be a linear term. If f (—}%
4 0.

then px + q is a factor of f(z). Conversely, if px + q is a factor of f(x), then f (—p)

Example 5.2.9. Show that x — 1 is a factor of f(z) = 2® — 62> — 2 + 6

Sol: let z —1 =0 so that x = 1.
Then, f(1) = (1)> —6(1)> — (1) + 6 = 0.

Since the remainder is 0, z — 1 is a factor of f(z) =23 — 622 — 2 +6
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Example 5.2.10. The expression f(z) = 223 + ux? + vx — 2 is exactly divisible by x — 2 and
2x + 1. Find the values of v and v.

Sol:

Dividing f(z) by @ — 2 gives remainder=f(2) = 2(2)® + u(2)* + v(2) — 2 = 16 + 4u + 2v — 2
Since x — 2 is a factor, 16 + 4u + 2v — 2 = 0 so that 2u +v = —7

Similarly,

Dividing f(x) by 2x + 1 gives remainder= f (—%) =2 (—%)3 +u (—%)2 + v (—%) -2

This gives —i—l—%—%—QzOsotha‘c u—2v=29

Solving 2u 4+ v = —7 and u — 2v = 9 simultaneously gives u = —1 and v = —5.

5.3. Roots of Polynomials

To determine the roots of a polynomial equation a,z" + a,_ 12" ' + -+~ + a1x + ag = 0, we
first need to factorise and then equate each of the factors to zero. However, factorization is not
straight forward as it involves a trial and error approach. To simplify our search, we may use
the following approach:

Suppose we have a polynomial f(z) = a 2" +a, 12" '+ - +a1x+ag, and we wish to determine
the roots of the equation f(x) =0 ie a,2" + ap 12" '+ -+ + ayx + ag = 0. Then;

e obtain the factors of the constant term ag
e obtain factors of a,, (the coefficient of the highest power of z)

e divide factors of ag by factors of a,. This gives possible rational roots.

e use the factor and remainder theorems, or synthetic division to obtain the actual roots

of f(x)

Example 5.3.1. Solve the equation 22% + 322 — 32z —2 =0

Sol: Here, ag = —2 and a,, = 2

coefficients of —2: £1, +2

coefficients of 2: £1, +2

Possible factors: +1, £2, j:%

To find the actual factors, we use the Remainder and Factor Theorems.

f(1) =2(1)3 +3(1)> — 3(1) — 2 = 0. Hence = — 1 is a factor. Letting x —1 = 0, gives x = 1,
which is one of the roots. To find the remaining roots, we divide 22% + 322 — 3z — 2 by the
found linear factor x — 1. You can use long division or synthetic division.
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We use synthetic division:

2 3 -3 -2
0 2 5 2
12 5 2 0 =r(z)

This gives quotient ¢(z) = 22* 4+ 5z + 2 and remainder as r(z) = 0.
Hence, 223 4+ 322 — 3z — 2= (z — 1)(22> + 5z + 2) = (z — )2z + 1)(z + 2)

Since 22% + 322 — 3r — 2 =0, we have (z — 1)(2z + 1)(z +2) =0so that z =1 or x = —
T = —2

1
201‘

Therefore, the solution set is {1, —3, —2}

Example 5.3.2. Given that f(x) = 2® — 322 + 2 + 2, solve f(z) =0

Sol: Here, ag =2 and a, =1

coefficients of 2: £1, +2

coefficients of 1: £1

Possible factors: +1, £2

To find the actual factors, we use the Remainder and Factor Theorems.
f()y=(1)*=31)2+(1)+2=1-3+1+2=1%#0. Hence x — 1 is not a factor.
f(=1)=(=1)3=3(-1)*+(-1)+2=—-1-3—1+2+#0. Hence x + 1 is not a factor.
f(2)=(22—-3(2)*+(2)+2=8—-12+2+ 2= 0. Hence x — 2 is a factor.

We can now apply the synthetic division:

1 -3 1 2
0 2 -2 -2
2|1 -1 -1 0 =r(x)

This gives quotient ¢(z) = z?

— z — 1 and remainder as r(z) = 0 so that
23 =32 +x+2=(x—2)(x* —x—1). Verify that 22 — x — 1 can not be factorised any further.
Since 2° — 322 + x + 2 =0, we have (z — 2)(z*> — 2 — 1) = 0 so that z = 2

Therefore, the solution set is {2}

5.4. Graphs of Polynomial Functions

We have looked at ways of sketching the graphs of linear and quadratic functions. We extend
our discussion to the sketching of graphs of polynomials of higher degrees.
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Example 5.4.1. Sketch the graph of the polynomial function f(z) = (x — 1)(x 4+ 2)(x — 4)

Sol: The y—intercept is determined by letting z = 0. Thus f(0) = (0 —1)(0+2)(0 —4) = 8
To determine the z—intercepts, we let f(z) = 0 and solve the polynomial equation. Thus, we
have

(x—1)(x+2)(x —4) =0
sothat (r—1)=0, (z+2)=0 or (z—4)=0

Hence, =1, z=-2 and zx=4

[N/,

Example 5.4.2. Sketch the graph of the function f(z) = 223 + 32% — 3x — 2

Sol: The y—intercept is determined by letting z = 0. Thus f(0) = 2(0)3+3(0)>—3(0)—2 = —2
To determine the x—intercepts, we let f(x) = 0 and solve the polynomial equation. Thus, we
have

2%+ 322 -3 —-2=0

(x —1)(z+2)(z + %) =0

1

sothat (z—1)=0, (z+2)=0 or (x+§):0
1
Hence, x=1, z=-2 and x:—§

NV

The technique in sketching the graphs of polynomial function involves determining the intercept.
Further technique of determining the turning points will be discussed after covering calculus.
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5.5. Polynomial Inequalities

We have looked at polynomial equations of the form f(z) = 0, whose results are just the roots
of the polynomial or values of z for which the equation holds. We now look at the polynomial
inequalities whose solutions are infinite sets of real numbers.

Example 5.5.1. Solve the inequality (z +3)(z + 1)(z —2) >0

Sol: First, obtain the critical values: (x+3)(x+1)(x —2) =0so that z = -3, = —1 and
x = 2 are the critical points. Constructing the table of signs, we have;

factors —o<r< =3 3<r<-1]|-1<z<2|2<2r<0
r+3 = + + +
x+1 — — + +
T —2 — — — +
(x+3)(x+1)(x —2) — + — +

From the table,
SS={z] —-3<z<-lor z>2, z€R} = [—3,—1] U [2, 00)

Example 5.5.2. Solve the inequality (z 4+ 5)(z + 1)(z —5) <0

Sol: First, obtain the critical values: (z+5)(z+1)(z—5) =0so that z = -5, == -1 and
x = 5 are the critical points. Constructing the table of signs, we have;

factors —0o<r<—=H|H<r<—-1|-l<zx<H|b<zr<o
T +5 — + + +
r+1 — — + +
=95 — — — +
(x+5)(z+1)(x —5) - + - +

From the table,
SS={x] rt<-bor —1<x<b, zeR} = (—o0, —5) U (—1,5)

Example 5.5.3. Solve the polynomial inequality 223 + 322 — 32 —2 <0

Sol: We first determine the critical values by factorisation:
20° 4+ 32 =3 —2 <

(z— 122 +52+2) < 0

(x—1)2z+1)(z+2) <0

Therefore, the critical values are: = =1, x = —% and x = —2. We now construct the table
of signs as shown below:
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factors —oco << —2 —2<x<—% —%<x<1 1<z <o
r—1 — — —_ +
20 +1 — — + +
T+ 2 — + + +
(x—1)2x+ 1)(z+2) — + - +
From the table,
SS={x] < —-2or —%ﬁxﬁl,xéﬂ%} = (—oo,—Q]U[—%,l]

Example 5.5.4. Solve the inequality 62 — 522 > Tz — 4

Sol: Factorise to obtain the critical values:

62° —52® > Tz —4
62° —b52* —Tx+4 > 0
Bx—4)2z—1)(z+1) > 0
Critical values are: x = %, T = %, and r = —1. We now construct the table of
signs as shown below:
factors —o<r<—1 —1<x<% %<x<§ §<x<oo
3r—4 — — — +
2x — 1 — - + +
r+1 — + +
(Bx —4)2z — 1)(z+ 1) — + — +
From the table,
SS = {z| —lﬁxgéor ng,meR} = [—1,%]U[§,oo)
Example 5.5.5. Solve the inequality 2(2 — z)(3 + ) < 0
Sol: Critical values are: =0, =2 and x=-3
factors —o<r< 3| 3<z<0|0<r<2|2<r<0
x — — + +
2—x + + + -
3+x — + + +
z(2—1x)(3+ ) + - + —
From the table,
SS={x] —=3<z<0or z>2, xecR} = (—3,0) U (2,00)
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5.6. Partial Fractions

In order to resolve an algebraic rational fraction into its partial fractions, we must factorise the
denominator completely. The numerator must be at least one degree less than the denominator,
otherwise, we divide. Consider the addition of two fractions below;

2 1 2(r —2) 4+ (x+ 1))
i+l -2 (@+D)@-2
C2r—4+ar+1
(24 1D)(z—2)
B 3xr—3
(241D (z—2)
We say, the partial fraction decomposition of % gives the two fractions %H and ﬁ

Partial fraction decomposition involves the reverse process of the above process, ie it involves
“breaking down" a seemingly complex algebraic fraction into its simpler partial fractions. There
are basically three types of partial fraction and the form of partial fraction used is summarized
in the table below. The following are the three types we will consider:

1. The first type involves a rational function whose denominator can be factorised completely
into linear terms.

2. The second type involves a rational function whose denominator can factorised, but some
terms are repeating.

3. The third involves a rational function whose denominator contains an irreducible quadratic
function, ie a quadratic that can not be factorised into linear terms

Type Denominator containing Expression Form of Partial Fraction
; f(z) A B C
1 Linear Factors TS 44 B4 <&
: f(x) A B c D
2 Repeating Factors Ta) )7 @ta) + @) + w10 + R
3 Quadratic Factors ij;(—% Mg‘i—tﬁrc + %

11-3z

Example 5.6.1. Resolve the fraction 5%

into its partial fractions

Sol: Factorise the denominator completely and use the type 1 decomposition:

This gives 2% + 22 — 3=(2 + 3)(x — 1) s0 that ;15755 = 525, Therefore,

11 — 3z A B
@+3)@—1) z+3 z-1
Az — 1)+ B(xz + 3)
(x+3)(x—1)
Equating the numerators, we have: 11 — 3z =A(x — 1) + B(x + 3) (i)
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Our task is to determine the values of A and B using (i). When z =1, 11 —-3(1) = A(1—-1) +
B(1 + 3) which gives B = 2

When z = —3, we have 11 — 3(—3) = A(—=3 — 1) + B(—3 + 3) which gives us A = =5

11 — 3z 2 5
Theref — _
ereore,x2+2x_3 r—1 x+3

Example 5.6.2. Decompose ( 20° 935 _ ¢ partial fractions.

z+1)(z—2)(z+3)

Sol: The denominator is already factorised completely.
Let - 222=92—35 _ A sz O A2+ BE)(a+3)+Ce—1)(@+2)

@+ D)(@z—2)(=+3) ~  (@+1) " z—2 T z+3 (x+1)(z—2)(z+3)

Equating the numerators, we have:
20 —9r —35=A(x — 2)(z+3) + Bz + 1)(x + 3) + C(z + 1)(z — 2)
When z = 2, we have
2(2)* —9(2) =35 =A(2-2)2+3)+ B2+ 1)(2+3)+C(2+1)(2-2)
—45 =158
B=-3

When z = —3, we have

2(=3)* = 9(=3) =35 =A(-3 - 2)(-3+3) + B(=3+ 1)(=3+3) + C(=3+1)(-3 - 2)
10 =5C
C =2

When x = —1, we have

2(—1)* = 9(—1) =35 =A(—1-2)(-143) + B(-1+1)(-1+3) + C(-1+ 1)(-1—2)
—24 = —6C
C =4

So that
11—3z 4 3., 2
22+2x—-3 (z+1) 2-2 z+3

5¢2—2x—19

Example 5.6.3. Resolve 13) (e=1)%

into partial fractions

Sol: This involves a denominator with a repeating factor. Thus,

(z+3)(z—1)2 - z+3 (z—1)2 - (z+3)(z—1)2
Hence, by algebraic addition,

let 522 —25—19 i+%+ C _ A(z—1)24B(z+3)(z—1)+C(z+3)

522 =20 —19=A(x —1)* + Bz + 3)(x — 1) + C(z + 3)
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When z = 1, we have

5(1)* =2(1) —19=A(1 - 1>+ B(1+3)(1 —1) + C(1 + 3)
—16 =4C
C=-4

When z = -3

5(=3) —2(=3) =19 =A(-3 - 1>+ B(=3+3)(-3 - 1) + C(-3 + 3)

32 =16A
A=2
When 2z =0
50)* —2(0) =19 =A(0 —1)* + B(0+ 3)(0 — 1) + C(0 + 3)
—19=A - 3B +3C
3B =19+ A+ 3C
3B =19 + (2) + 3(—4)
3B =9
B =3
Hence,
5a? —2r—19 2 .3 4
(z+3)(z—-12  z+3 x-1 (v—1)?

Example 5.6.4. Decompose the rational function (1‘22:2% into partial fractions.

Sol: We have an irreducible quadratic in the denominator.

Let T2 t50t13 . AwetB 4 O _ (Az+B)(z+1)+C(z?+2)

(z2+2)(z+1) - 2242 z+1 (z2+42)(z+1)
This gives us:

TP +5x+13 = (Az+B)(z+1)+C(a* +2)

When z = —1, we have

7(-1)* +5(=1) + 13 =(A(-1) + B)(=1+ 1) + C((-1)* + 2)
15 =3C
C =5

When z = 0, we have

7(0)* +5(0) + 13 =(A(0) + B)(0 + 1) + C((0)* + 2)
13=B+2C
B =13-2C
B =13 —2(5)
B =3
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When z = 1, we have
7(1)? +5(1) + 13 =(A(1) + B)(1+ 1) + C((1)* + 2)

25 =2(A+3) +5(3)
24 =25—-6—15

2A =4
A =2
Hence, decomposition is given by
Tr*+5x+13 2243 L5
(22 +2)(x+1) 2242 z+1

3+6x+4x2—223

(22 13) into partial fractions

Example 5.6.5. Resolve

Sol: The denominator contains a repeating term and an irreducible quadratic.

Let 3+6x+4x% 223 A +£ + Cz+D _ Ax(x2+3)+B(2%+3)+22(Cxz+D)
22

z2(22+3) - T z2+3 2 (22+3)

3+ 62 + 42° — 22° =Azx(2* + 3) + B(2* + 3) + 2°(Cz + D)
=Az® + 3Ax + Bx* + 3B + C2® + Da?
=(A+ C)2* + (B + D)2* + 3Az + 3B

Hence, 3+ 6x+42°>—22° = (A+C)2®+ (B+ D)2*+3Ax + 3B

Using the equality of polynomials and equating the like terms, we have:
(A+ )P =-222 = A+C=-2
(B+D)x? =42> = B+D=4
3Ar =6 — 3A=6

3B=3 = 3B=3

From (iv) we get B = 1, and from (ii), D=4—-B=4—-1=3
From (iii) we get A = 2, and from (i),C=—-2—-A=-2-2=—4
Therefore, we get
3+ 6z +42® —22° 2+1+3—4a:
x2(2? + 3) - x 22 2243
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6

Rational Functions

6.1. Introduction

Recall that a rational number is a number that can be written in the form ¢, where a,b € Z.

b?
In this section, we will now consider rational functions.

Definition 6.1.1. A rational function f(x), is a function of the form

fla) = 42

 q(x)

where p(x) and q(x) are functions of x with q(x) # 0 for all values of x € Dy

Example 6.1.1. Examples of rational functions are: f(z) = ;—fg fojc;?

and g(x) =

We will be concerned with the sketching of the graphs, finding domains and ranges of these
functions. We will also look at the equations and inequalities involving rational functions.

6.2. Graphs of Rational Functions

To sketch the graph of a rational function, we need to determine the domain, the range,
intercepts and asymptotes if they exists. We have already discussed methods of determining
the domain and range of a rational function. The X —intercept is the value of x where the graph
cuts the X —axis. It can be found by letting y = 0 in the equation y = f(z). The Y —intercept
is the value of y where the graph cuts the Y —axis. It can be found by letting x = 0 in the
equation y = f(x).

An asymptote of a graph is a line graph such that the graph does not touch nor cut it. We have
vertical, horizontal and slant asymptotes. Vertical asymptotes are determined by values of x
for which the function is not defined, while horizontal asymptotes are determined by values of
y for which the function is not defined.

Example 6.2.1. Sketch the graph of f(z) =1

Sol: For this function, verify that Dy = {z| x # 0, z € R} and Ry = {y| y # 0, y € R}
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From the domain, since x # 0, we conclude that the line x = 0 is a vertical asymptote.
From the range, since y # 0, we conclude that the line y = 0 is a horizontal asymptote

We have no intercepts. The sketch is shown below

Example 6.2.2. Given f(z) = 25,
i) find the domain of f
ii) find the range of f
iii) sketch the graph of f

iv) Write down the equation of the asymptotes

Sol: This is an example of a rational function
i) Domain: we need v +1# 0 =z # —1. Hence, Dy = {z| v # —1, z € R}
ii) Range: we make x the subject of the formula. Thus, y = ﬁ — T = 2;—9

Hence, Ry ={y| y #0, y € R}

iii) Sketch: verify that the Y —intercept is y = 2 and the X —intercept does not exists

From the domain, the vertical asymptote is z = —1.

From the range, the horizontal asymptote is y = 0 The graph is shown below:

N
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iv) vertical asymptote: © = —1 and horizontal asymptote: y =0

Example 6.2.3. Given the function f(z) = 23
i) find the domain of f
ii) find the range of f
iii) sketch the graph of f

Sol: This is a rational function
i) Domain: we need 5z —4 # 0 =z # 2. Hence, Dy = {z| v # 3, = € R}

2243 344y
5o—4 — L= 5,

ii) Range: we make x the subject of the formula. Thus, y =

Hence, Ry = {y| y # 2, y € R}

iii) Sketch: verify that the Y —intercept is y = —% and the X —intercept is —2

2
4

From the domain, the vertical asymptote is x = .

From the range, the horizontal asymptote is y = % The graph is shown below:

Example 6.2.4. Given the function f(x) =
i) find the domain of f(x)
ii) find the range of f(z)
iii) sketch the graph of f(z)

1
z24+52—6

Sol: This is also a rational function
i) Domain: we need z2 4+ 5z — 6 # 0. The solution set is the required domain.
2 + 5x — 6 #0
2? — 1z + 61 — 6 #£0
z(r — 1)+ 6(x — 1) #0
(x —1)(z+6) #0
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We have x # 1 and x # —6. Therefore,
Dy ={z| z# 1 and v # —6, = € R}
ii) Range: Let y = 35— so that y(2® 4+ 52 — 6) = 1 = ya® + 5yz — 6y — 1 =0
Note that this is a quadratic with a =y, b = by and ¢ = —6y — 1.
we need b? — 4ac > 0

(5y)* — 4(y)(—6y — 1) >0
25y% + 24y% + 4y >0

49y* + 4y >0
y(49y + 4) >0
Critical values: we have y = 0 and y = —4%
—00<Yy<—75 | —15<y<0|0<y<o
y - = T
49y + 4 — + +
y(49y +4) + - T

From the table, Ry = (—o00, —15) U (0, 00)

iii) Sketch: verify that the Y —intercept is y = —% and the X —intercepts do not exist.

From the domain, the vertical asymptote is x = 1 and z = —6.
From the range, the horizontal asymptote is y = 0 and y = —%. Graph shown below:
Y
2 1
x

Example 6.2.5. Given the function f(z) = -39

x2—x—27
i) find the domain

ii) find the range
iii) sketch the graph

Sol: Exercise
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6.3. Equations and Inequalities

To solve the equations involving rational function, the basic thing is to cross multiply. The
following examples demonstrate the approach.

Example 6.3.1. Solve the equation &L =1

2x—5

Sol: We cross multiply;

r+1

20 —5

20 —H =x+1

20 —x =b+1

x =6
Hence, SS = {6} is the solution set.
: 20—7 __

Example 6.3.2. Solve the equation <= =0

ifﬁ:; = 0, then the numerator is zero. Hence, 22 —7=0= 2 = L

2

Sol: If

1

Example 6.3.3. Solve the equation ——— = 1

Sol: We can cross multiply

1 1

2+ 97+7 w
2+ 9 + 7 =x
2?4+ 92+ 7—2=0
2 4+ 8z + 7 =0

(x+1)(x+7) =0
Hence,r+1=0= 2= —1and 4+ 7 =0= 2z = —7. Thus, we have SS = {—1, -7}

To solve the rational inequality, do NOT CROSS MULTTPLY. The following examples demon-
strate the technique to be used.

Example 6.3.4. Solve the inequality % <3

Sol: We do not cross multiply.
2x 4+ 3
r—4
2 + 3
TS 340
x_
20 +3—3(z —4)
r—4
20 = 3r +3+12
r—4
—r+15
r—4

<3

<0

<0

<0
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At this point, we get the critical points:

from the numerator, —x + 15 =0 = x = 15 is a critical point

from the denominator, x —4 = 0 = x = 4 is a critical point

—o<r<4|ld<r<lh|16<r <00
—r + 15 + + —
r—4 — + +
—x+15
=y - T -
From the table,
SS = (—00,4) U (15, 00)

Example 6.3.5. Find the solution set to the inequality 7%= <

Sol: We need to find the critical values;
z—1
— <0
2 4+6x+5
z—1 <0
24+z+5r+5 "~
z—1
<
r(x+1)+5x+1) ~
x—1 <
(x+1)(x+5) ~

At this point, we get the critical points:
from the numerator, xt — 1 =0 = x = 1 is a critical point

from the denominator, (x +1)(z +5) =0 = 2z = —1 and = —5 are critical points

factors | —co<r < -5 | Sb<r<—-1|—-l<z<l|l<zr<o
x—1 — - — +
x+1 — —~ - -
r+5 - + + +
r—1

@5 - + - +

From the table,
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Radical Functions

7.1. Introduction

In this section, we discuss another type of functions called radical functions.

Definition 7.1.1. A radical function in x variable, is a function of the form

fx) = kv/q(x) + h

where q(x) is some function of x. k and h are constants

We will examine some standard radical functions through examples. Here, we will restrict our
discussion to cases where ¢(x) is either linear or quadratic.

Radicals of the form kvax+b+h
Example 7.1.1. Sketch the graph of the function f(z) = \/z.

Sol: This is one of the standard radical functions. Before we sketch, let us determine the
domain. Recall that the square root of a negative number is not real. Hence, we only need
positive values of z for this to hold as a function. Therefore

Di={z| x>0,z € R} = [0,00)




From the graph, we can see that

Ry ={yl y >0,z €R}=][0,00)

Example 7.1.2. Sketch the graph of the function f(z) = /—=.

Sol: This is another standard radical function. To determine the domain, recall that the square
root of a negative number is not real. Hence, we need —z > 0 = x < 0. Thus, we need only
the negative values of x for this to hold as a function. Therefore

Dy ={z| z <0,z € R}
OR
Df:(—O0,0]
3,,

2,,

From the graph, we can see that

Ry={yl y =0,z €R}=][0,00)

Example 7.1.3. Sketch the graph of the function f(z) =1 —x.

Sol: For the domain, we need 1 — 2 > 0 = z < 1. Hence,
Dy ={z| <1, x € R} =(—00,1]

3,,




From the graph, we can see that

Ry ={yl y=0,2€R}=][0,00)

Example 7.1.4. Sketch the graph of the function f(z) = Vo + 1+ 2.

Sol: For the domain, we need x +1 > 0 = x > —1. Hence,

D ={z| x> -1, x e R} =[-1,00)

—

From the graph, we can see that

Ry ={y|l y=>22€R}=][l00)

Note 7.1.1. If f(z) = kvar + b+ h. Then

e k determines whether the function is above or below the r—axis. If k is positive, then
the graph is above x—axis, if k is negative, then the graph is below the r—axis.

e ) is the vertical shift. If A is positive, then the graph shifts A units upwards. If h is
negative, then the graph shifts A units downward.

Example 7.1.5. Find the domain and sketch the graph of f(z) = —vz —2 -1

Sol: For the domain, we need x —2 > 0 = = > 2. Hence,

Dy ={z| z>2, x € R} =[2,00)
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From the graph, we can see that

Ry ={yl y<-1,2€R} = (-o0,~1]

Radicals of the form kvaz?2 +bx+c+h

Here, the domain is all values of z such that az? + bz + ¢ > 0. It faces up if & > 0 and faces
down if k£ < 0.

Example 7.1.6. Find the domain, range and sketch the graph of the function f(x) = V22 + 6x + 5

Sol: For the domain, we need x2 + 62 +5 > 0. Hence, the domain is just the solution set of
the inequality 22 4+ 6x + 5 > 0. Thus,

2+ 62 +5 >0

2+ +52+5>0
z(r+1)+5(x+1)>0
(x+5)(x+1)>0

Critical values: £ = -5 and x = —1
—o<r<-H| -IH<r<—-1]|-1l<or<x
T+ - + +
r+1 — — +
(z+5)(x+1) - - +

The solution set is
SS={x] t<-borz>-1, z€R}

. Therefore,

Di={z] <-boraz>-1, z€R}=(—00,—5U|[-1,00)
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From the graph, we can see that

Ry ={yl y=22eR}=][l00)

7.2. Equations and Inequalities

We need to remember that the square root symbol without a negative, denotes a positive square
root. To remove the square root symbol requires squaring on both sides. At times, this process
may be repeated.

Example 7.2.1. Solve the equation /3x +7—2z =1

Sol: This equation involves a radical.
V3t +T7—1x=1
V3r+T7=x+1
2
<\/3x + 7) =(x +1)?
34+ T7=0*422+1

22— x—6=0

(z +2)(z — 3) =0

Hence, we have 1 +2 =0=—= 2 = -2 and v — 3 =0 = = = 3. We discard —2 since it does
not hold when we substitute it in the equation. Hence,

SS = {3}

Example 7.2.2. Solve the expression 6z +7 — 3z +3 =1
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Sol: This is an equation involving radicals.

V6r+7—+3zx+3=1
VT T T =1+v32 73

(m) -(1 +m)

6x+7=14+2vV3x+3+3x+3
3r+3=2v3x+3
2
(3z +3)2 = (2\/3:1: T 3)
92% + 187 + 9 =4(3z + 3)
97% + 62 — 3 =0
3% + 21 — 1 =0
3224+ 3z —z—1=0
3z(z+1)—1(x+1) =0
(32 —1)(x +1) =0

Hence, r=1—orz= % implying that SS = {—1, %}

Example 7.2.3. Given \/;”ﬁ + \/% = 0 find the solution set to the equation.

Sol: This equation involves positive radical or positive square root.

T . 2x B
Vi+l z+5
T B 2x
z+1 vr+5
2 2
2x
(59) = ()
x? 4
x+1 T +5
x? 472
z+1 5

r (x—i—l T+
?(1—3z)
(x+1)(z+5)

Either 2 =0 =z =0o0r 1 — 3z = 0 = 2 = 3. Hence, we have

1
55 ={0.3)

Example 7.2.4. Given the inequality \/ig < \/%7, find the solution set
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Sol: This is an inequality involving positive square root.

1 2
JE— <—
Ve ooz +27
2 2
) <(7=)
VT x + 27
4
- <
r x+27
1 4
- — 0
x  x+27 <
27 — 3x <0
x(x + 27)
3(9 —
(9—x) -0
(x — 0)(x +27)
Critical Values: From the denominator, z = 0 and x = —27. From the numerator, x =9
factors —oo<r< 27T 2T<zr<0|0<zr<9|9<r<x0
x — — + +
9—x + + + -
x+27 — + + +
z(9 —z)(x + 27) + - + -

From the table, = € (—27,0) U (9,00), from /z, we need x > 0 = = € [0,00) and from
Va+ 27, weneed x + 27> 0= x > —27 = x € [-27,00). Hence, SS = (9, 00)

Example 7.2.5. Solve the inequality V2—Vr+6< —x

Sol: We rewrite the expression so that we have only positive terms, then square.
V2 -Vt 6< -V
V2+Vz <Vr+6
(v2+va) < (vao)
2+2v2y/z + 2 <z +6
22z <4
V2r <2
() <
2 < 4
r <2
From this expression, we need z < 2 meaning that = € (—o0, 2]
From v/x + 6, we need 2 + 6 > 0 = 2 > —6 meaning that € [—6, c0)
From +/z, we need x > 0 meaning that z € [0, 00)
Therefore, SS = (—00,2] N [—6,00) N[0, 00) = [0, 2]
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8

Modular Functions

8.1. Introduction

We now look at another type of function called the modular function. Let us have some basic
defination

Definition 8.1.1. The modulus of a real number x € R denoted |x| is defined as

x  ifx >0
|x|:{

—x if x <O.

The modulus of a number is just the absolute value of that number. The following examples
show the meaning of a modulus.

Example 8.1.1. The modulus of 2 is denoted by |2|. By definition, |2| = 2 since 2 > 0
The modulus of —2 is denoted by | — 2|. By definition, | — 2| = —(—2) = 2 since —2 < 0

Example 8.1.2. Determine the following;
i)|—10] i) [<2] i) [0.356] iv) [v2|  v) [=v2|  vi)[o]  vii) [10]

Sol:
i) | — 10| = —(—10) = 10 i) [-2| = —(-2) =2 iii) |0.356] = 0.356

iv) [V2] =2 v) [-V2| == (-v2) =2 vi) [0/ =0
vi) [10] = 10
NOTE: For any real number x € R, | — z| = |z

Example 8.1.3. Evaluate the following expressions

i) |2—7|+|3—1] ii) ||—3|—|—9]| iii) [|2—6]—|1—9| iv) [3—6|—|—2+4|+|—2-3|
Sol: Exercise
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Having defined the modulus of a real number, we can extend the definition to the real valued
functions.

Definition 8.1.2. Let f(z) be a real valued function. The modulus of f(x) denoted by |f(z)]
18 defined as
_J f@) i fx) = 0;
ron={ 10 20

Example 8.1.4. If f(z) = x + 2, then |f(x)| = |z + 2|. Similarly, if f(z) = tanz, then
|[f(z)] = [ tanz|.

8.2. Graphs of Modular Functions

We now look at graphs of the Modular functions. To sketch the graph of y = |f(x)| + d, the
following steps can be taken:

e sketch the graph of y = f(x)

e reflect the negative part of y = f(z) in the X —axis.

e outline the positive part only, to get the graph of y = | f(z)|

e shift the graph of y = |f(2)|, d units up if d > 0 to obtain y = |f(z)| + d.

e shift the graph of y = |f(z)|, d units down if d < 0 to obtain y = | f(z)| + d.
Example 8.2.1. Sketch the graph of y = |z|. Hence or otherwise, state the domain and the
range of this function.

Sol: This graph is obtained by reflecting the negative part of y = z in the x—axis. The graph
is shown below.

From the graph, Dy = (—o00,00) and Ry = [0, 00)
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Example 8.2.2. Sketch the graph of y = |2x + 1|. Hence or otherwise, state the domain and
the range of this function.

Sol: We need to determine the points where the graph cuts the z—axis and the y—axis.
When x = 0, we get y = 1 so that the graph cuts the y—axis at y = 1.
When y = 0, then x = —%. Therefore, the graph is given by.

Y

4 =2 2 4
From the graph, Dy = (—o00,00) and Ry = [0, 00)

Example 8.2.3. Sketch the graph of y = |x — 2| + 1. Hence or otherwise, state the domain
and the range of this function.

Sol: The graph is shown below.

From the graph, Dy = (—o00,00) and Ry = [1,00)

Example 8.2.4. Sketch the graph of y = 2 — |z 4+ 1|. Hence or otherwise, state the domain
and the range of this function.

Sol: The graph is shown below. To determine the z—intercepts, solve the equation 2—|z+1| =
0, and verify that x =1 and z = —3
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From the graph, Dy = (—o00,00) and Ry = (—00, 2]

Example 8.2.5. Sketch the graph of y = [22? — 7x + 5|. Hence, state the domain and the
range of the function.

Sol: We start with the graph of y = 222 — 72 +5, then reflect the negative part in the X —axis.

a=2,b=—7and ¢ = 5. Since a > 0, it is cup-shaped. It cuts the y-axis at y = 5. The

minimum point is (g, —g)

20> = Tr+5=0= (22 —5)(x —1) =0 =2 =1 and 2 = 3 are the roots.

Y

From the graph, we have Dy = (—00,00) and Ry = [0, 00)

Example 8.2.6. Given f(z) = ‘%
i) find the domain of f
ii) find the range of f
iii) sketch the graph of f

b

iv) Write down the equation of the asymptotes, if any.

Sol: Exercise
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8.3. Equations and Inequality

Let us now discuss equations involving Modulus. The following examples show the technique
involved

Example 8.3.1. Solve the equation |2z — 1| =4

Sol: we square both sides to get rid of the modulus sign.

|22 — 1| =4

(22 —1)* =42

(22 —1)* — 4> =0
(2r—1—-4)2x—1+4) =0
(22 — 5)(2x + 3) =0

Hence,?x—5:0:>x:§0r2m—i—3:():>x:—%

w34

Example 8.3.2. Solve the following equation |z + 3| = |z — 1|

[\ V]
Do | Ot

Sol: Again, we square both sides to get rid of the modulus sign.

|z + 3| =z — 1]
(x+3)2 =(z —1)
2? + 62 +9=2"—27r+1

8z =—28
r=-1

Hence, x = —1 so that
SS ={-1}

Example 8.3.3. Solve the modular equation |z + 1| = 4
Sol: |v+1| = 4 implies that x+1 = +4. Hence, z+1=4 =2 =3 or 2+1 = -4 =2 = —b.

Hence,

SS ={-53}

Example 8.3.4. Solve the equation |23 — 222 + 5z — 11| = —2

Sol: Exercise
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Example 8.3.5. Solve the modular equation |z + 1| = |z| — |z — 1].

Sol: we square more than once to get rid of the modulus sign.
2+ 1| =[] = |z = 1]
|z 4+ 1| + |z — 1| =[]
(|2 + 1|+ |z = 1])* ==
(z+ 12+ 2z + 1|z — 1|+ (x — 1)* =2
22422+ 142+ 1|z — 1] + 2° — 22 4 1 =22
2/(x +1)(z —1)| = — 2% — 2

2/(z + 1)(z = 1)|)° =(—ﬂf - 2)?
1@ 1) =(-1) (o2 + 2)°
4@ 1) = (2 +2)°
4ot — 822 + 4 =2t + 42?2 + 4
3t — 122% =0
zt — 4z? =0
2% (2? — 4) =0

2 (x —2)(z +2) =0

This means that either 22 =0 = 2 =0orz —-2=0= a2 =20r2+2=0=— 2 = -2
Check that substituting any of these values into the equation, does not make the equation valid.

Hence,

SS =10

Example 8.3.6. Solve the inequality |22 — 1| < 2

Sol: we square both sides to get rid of the modulus sign.
|22 — 1| < 2
(22 — 1) <2?
(22 —1)* — 2% <0
(2xr—1-2)2x—1+2) <0
(22 —3)(2z+1) <0

Critical values: x = % and 7 = _%
T T 313
—OO<(L’<—§ —§<I<§ §<.T<OO
2 — 3 — — +
(20~ 8)(20 + 1) T - ;

1 1
SS—{x\ —§<x<;, NR}—(—@;)
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Example 8.3.7. Solve the inequality |2z + 1| < —4

Sol: Recall that a modulus is never negative. Therefore, the solution set to |2z 4+ 1| < —4 is

empty. Hence
SS =10

Example 8.3.8. Solve the inequality |2z + 1| > |z — 1|

Sol: We square both sides to get rid of the modulus sign.

22 + 1] >|z — 1
(22 + 1) >(x — 1)?
A’ + 4 +1>22 — 20+ 1

322 + 62 >0

2 + 22 >0

z(r +2) >0

Critical Values: the critical values are x = 0 and . = —2
—o<r< 2| 2<rx<0|l0<z<x

x — — +
T+ 2 — + +
z(x +2) + — +

SS = (—o0, 2] U [0, 0)

Exercise

1. Define the following:
a) function b) Domain of a function c¢) Range of a function d) Composite function

v) An inverse of a function  (vi) An odd function  (vii) A bijective function

2. a) For each of the following functions, state the domain and where possible, the range:
D) fle) =3 () fle) =35 (i) flo) =25 (V) fl@) =5 (v) fl2) = ;5 +2

. .. 2 . 2
vi) f(z) = —xz_gl,_ﬁ (vii) f(z) = - (viil) f(x) = " (ix) f(z) = 2z$+1
b) For each function in 2(a), sketch the graphs indicating the intercepts, vertical asymp-
totes, horizontal asymptotes and slant asymptotes if they exist.

3. If f(z) =22+ 3 and g(z) = 3z — 5, find

a) (fog) '(x) b) (fog™!)(x) ¢) (g7 og () d) (g7 of)(x)
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10.

11.

12.

13.

14.

15.

Find the values of k for which f(k) = f(1), where f(z) is given by f(z) =

Let f(z) = 2> + x — 3. Find f(x + h), h is a constant. Hence express

simplest form.

fz+h)—f(z)

r+1
x2—x+1

; 1 1ts

Sketch the graphs of the following functions and state the range in each case:

x4, x>0.

—r—2
x, x<0; 7T—x ifx <2

T+ 2

Let f:2 — ﬁ and h : x — 3x — 1. State the domains of f and h. Find:

a) f7H(xz) b) h7(x) c) foh(z) d) (hof)!(x)

1 -2z ifx <—1;

1) and g(1)

. Letg(m)Z{ 22-9 ifr>—1.
i) Find g(—3), g(—

iii) Sketch the graph of g(x) and state its range

e) domain and range of foh(x)

(ii) Find the values of a for which g(a) = 14.

For each of the following functions, state whether the function is odd, even or neither.

d) f@) =2

2) fz) =22 +2 b) fz) = 2°
The function f is defined as f(z) =

1
427

defined as g(z) = x —3 x € R. Find:

D7) (i) g (x) (i) fog(z)  (iv) (gof) (z)

b) f(x) =22 + 10049 <) f(z) = |a]

x € R,x # —2 . Further, g is another function

(v) domain and range of fog(x)

Sketch the graphs of the following modulus functions and state the range in each case:
a)f(z) = —lz|+2 Db)f(x) =|(z+1)2-2)| o)f(x)=|a*+6x+5|
e)f(x) = —[4—z[+2 )f(x)=2"] g)f(x)=I|;] h)f()=|r—2]

State the domain and sketch the graphs of the following functions involving radicals.

State the range:

d)f(x) = |z 2|

a)f(x)=vr—1 b)f(x)=3+v2—2 o)f(x)=—-1+vV-2-2 d)f(x)=2—V1+=x
e)f(x) =vVat—z -2 f)f(zx)=va?—4

Solve each of the following equations:

)jz—2(=6 (i)|-20-1=6

v) [2? —dx| =8 —4x  (vi) |=%|=5  (vii) |Z5] =3

Solve each of the following equations:

a)V2r—1+2=ux
d) A=+ 2= =0

Va+1 NZE=

(iii) |5z + 4] = 3 — T

g)f(z)=-2—v=z h)f(z)=Va+5

(b) V2zr —1—+Vz+3=1

(iv) |2z + 1| = |42 — 3|
(viil) f(z) = |2® — 4] =2

Solve each of the following inequalities:
a) [6z—11] <2 (b) [2z+3] >4 (c) |2 <5 (d) [2z+1] > [z—1] (e) |[z+6] < [z —2]

) |3z+1| < —3

2
(g) |—32z*+2—-5[<0
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(e) Ve —2—+2x—11=+/xz—5

(h)vVz—3>vz+4-1

(i)

() Vbr+7—+3x+3=1
() Vi+2y/r=vr+1

r+1< -1



16.

17.

18.

19.

20.

21.

22.

23.
24.

25.

26.

Solve each of the following inequalities involving radicals:
a)10-v2r +7<3 b) V2V +6< V7 ¢ <25 d)V2e+9-VI+z>0

Find the partial fraction decomposition for the following fractions

20x—3 —92°47x—4 3x+7 8x2+15x+12 241 2
a) pris  (b) g (9 (x+1)_(x4:r2)_(:(:+3) (d) (z2+2)(3xt4) (e) 1:2(2:+1) (f) =) (@+1)2
2

23 —322—3z—5 : x3 N z241 422 4+6x—10 T
=% Oz 0F0 ®asens O eoeee

g) (z+1) (mg+2x+2)

Find the roots of each quadratic equation subject to the given conditions:

(a) (2k+2)?2% + (4 —4k)xr+k —2=0 has roots which are reciprocals of each other

(b) kz* — (1+k)xr+3k+2=0 has the sum of its roots equal to twice the product of
its roots

(¢) (z +k)>=2—3k has equal roots
Find two numbers whose sum is 10 and whose product is as large as possible

The function f is defined as f(z) = I+r2, x € R,z # —2 . Further, g is another function

defined as g(x) =z —3 x € R. Find:
i) fHx) () g7'(x) (i) fog(x) (iv) (gof)"H(z) (v) domain and
range of fog(x)
a) Solve the following quadratic equations:
(i) 22*—=3zx—-1=0 (ii)22*—3z+4=0 (iii) 2*+62+5=0 (iv)2*2+1=0
(v) 222-3=0 (vi)2?2—=92—-10=0 (vii)ba?=Tr—13=0 (viii)) 9—2? =0
b) For each quadratic in (a), determine the type of roots and sketch their graphs.

For what range of values of p, does the equation 22 — (p + 2)z + p* + 3p = 3 have real
roots?

If the equation x? + 3 = k(x + 1) has real roots, find the range of values of k

Find the solution sets to the following inequalities

(i) 2% —30-1<0 (i)222+3c—52>0 (ii)2° —dr—3 <0 (iv)
2—r—6>0

(v) 222-3<0 (vi)a?—92—10>0 (vii) 22041 < 132—60 (viii) 22416 < 0

Determine the remainder when 2% 4 222 — 2 — 1 is divided by
i) z—1 (ii)2z+1 (i) z+1 (iv)z+2 (v) 3z+1 (vi)z+3 (vil)
20 — 1
a) Factorise completely each of the following:
(i) 23—222—>5z+6 (i) 2®+22—4x—4 (i) 623 - 1322+ 92 -2 (iv) 2 =1

(v) 42® —8z* —x+2 (vi)32®+ 322 —3x —2  (vil) 2° — 222 + 42— 1 (viii)
3 +2
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27.

28.

29.

30.

31.

32.

33.

34.

a) Solve the following polynomial equations:

i) 22=322 -1z +15=0 (ii)2*—222+1=0 (i) 42® - 82> —2+2=0
(iv) 28 — 1 =0

(v) 222-3=0 (vi)2?—=92—-10=0 (vi))ba?=Tr—13=0 (viii)) 9—2? =0

a) Solve the following polynomial inequalities:

i) 22=322 -1z +15<0 (i) 2*—222+1>0 (iii) 42® —82* —2+2 <0
(iv) 22 =1 <0

(v) 22(2z+1)<3z—-60 (vi)42® —122> =5z +6 <0 (vil) be? =Tz —13 >0

Sketch the graphs of the following:
(i) f(z) = (@=1)(z+2)(z=3) (i) f(z) = rt—222+1 (iii) p(z) = 423 —82? —x +2
(iv)a? 4 2
(v) Rh(x) = 2 + 322 + 22z (vi) k(z) = 223 + 32? — 32z — 2 (vii) g(x) =
(x —2)2z —1)(2z + 1)

Find in terms of p, the remainder when 323 — 222 + px — 6 is divided by z + 2. Hence,
write down the value of p for which the expression is exactly divisible by = + 2

Given that the expression 2 + ax? + bz + ¢ leaves the same remainder when divided by
x —1or x+ 2, show that a —b =3

If 42 — 1122 — 62 + 7 = (Ax + B)(x + 1)(z — 3) + C for all values of x, evaluate A, B
and C.

The expression f(z) = 323 + 222 — px + ¢ is divisible by  — 1, but leaves a remainder
of 10 when divided by = 4 1. Find the values of p and q.

The polynomial f(z) = A(x—1)?+ (z+2)? is divided by z+1 and z —2. The remainders
are 3 and —15 respectively. Find the values of A and B.
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9

Trigonometric Functions

9.1. Introduction

Trigonometry is the branch of mathematics which deals with the measurement of sides and an-
gles of triangles, and their relationship with each other. We will be interested in the relationship
that exists between the sides and the angle of a triangle.

Definition 9.1.1. An angle is a measure of rotation which is measured either in degrees or in
radians.

Note 9.1.1. The following angles are worth noting

e A quarter turn is called a right angle and is 90°
e A half turn is an angle on a straight line and is 180°
e A complete turn is a full circle and is 360°

e An angle read in anticlockwise is positive and an angle read in clockwise is negative

Y
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Angles and Quadrants

A complete circle is divided into four quadrants:

1. First Quadrant: Angles in the first quadrant are between 0° and 90° moving in the
positive direction. Thus, if z is an angle in the first quadrant, then 0° < x < 90°

2. Second Quadrant: Angles in the second quadrant are between 90° and 180° moving in
the positive direction. Thus, if x is an angle in the second quadrant, then 90° < x < 180°

3. Third Quadrant: Angles in the third quadrant are between 180° and 270° moving in
the positive direction. Thus, if x is an angle in the third quadrant, then 180° < x < 270°

4. Fourth Quadrant: Angles in the fourth quadrant are between 270° and 360° moving in
the positive direction. Thus, if x is an angle in the fourth quadrant, then 270° < x < 360°

If z is a positive angle and we add multiples of 360° to x, the resulting new angle will be in the
same quadrant as x. For example, if z = 36° and y = 36° + (360k)°, then y is an angle in the
first quadrant.

Similarly, if = is a negative angle and we subtract multiples of 360° from x, the resulting angle
will be in the same quadrant as z. For example, if x = —36° and y = —36° — (360k)°, then y
is an angle in the fourth quadrant.

Note 9.1.2. Suppose we want to know the quadrant in which a given angle, say ¢° is. Then,
we could proceed as follows:

e determine k£ = where k is the value of the integer part.

t
3607
e determine x =t — 360k, if ¢ is either positive or negative.

e the evaluated angle x will be between 0° and 360°. ie, 0° < x < 360° if ¢ is positive, and
x will be between —360° and 0°. ie, —360° < x < 0° if ¢ is negative

e Finally, the required quadrant of t° is just the quadrant of z.

Example 9.1.1. Determine the quadrant of angle a) 711° b) 8220° c¢) —420° iv) —1070°

Sol:

i) % = 1.975. Hence, k = 1. Since 711 is positive, we take z = 711 — 360(1) = 351 which is in

the fourth quadrant. Hence, we conclude that 711° is also in the fourth quadrant.

ii) % = 2.278. Hence, k = 2. Since 820 is positive, we take z = 820 — 360(2) = 100 which is

in the second quadrant. Hence, we conclude that 820° is also in the second quadrant.

iii) 522 = —1.167. Hence, k = —1. Since —420 is negative, we take = —420—360(—1) = —60

which is in the fourth quadrant. Hence, we conclude that —420° is also in the fourth quadrant.

iv) =0 = —2.972. Hence, k = —2. Since —1070 is negative, we take x = —1070 — 360(—1) =

—350 which is in the first quadrant. Hence, we conclude that —1070° is also in the first quadrant.

105



Radian Measure

A radian is a measure of the angle at the centre of the circle making an arc of length r on the
circumference of the circle with radius r.

e 1 Radian = 8%

T

o 1° = 1% Radians

Example 9.1.2. Convert the following degrees into radians a) 60° b) —120° c) 180°

Sol: Using the formula 1 Radian = 8% we have

s
o __ T _ T :
60° = 60 x 18 = 3 radians

—120° = =120 X & = —2 radians
180° = 180 x 155 = 7 radians
Example 9.1.3. Convert the following radians to degrees a) 27 b) —

Sol: Using the formula 1° = 35 Radians, we have
27r:27r><%:360°
T o T 180 __ o

I _ 2x 180 _ j90

3~ 3

9.2. Trigonometric Functions

Consider the triangle in the first quadrant below with point (z,y) on the circumference of a
circle with radius r.

From the diagram above, |OA| = =, |OB| =r, |AB|=y and AOB = 0 Then we have
the following:
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1. The Sine Function: The sine of an angle 6 is the ratio of the length of the opposite
side, to that of the hypotenuse side. Thus, from our figure above,

sinf = y
r

2. The Cosine Function: The cosine of an angle 6 is the ratio of the length of the adjacent
side, to that of the hypotenuse side. Thus, from our figure above,

x
cosf = —
,

3. The Tangent Function: The tangent of an angle € is the ratio of the length of the
opposite side, to that of the adjacent side. Thus, from our figure above,

tanf = Y

X

4. The Secant Function: The secant of an angle ¢ is the ratio of the length of the
hypotenuse , to that of the adjacent side. Thus, from our figure above,

secl = 4

X

5. The Cosecant Function: The cosecant of an angle 6 is the ratio of the length of the
hypotenuse, to that of the opposite side. Thus, from our figure above,

r
cscl = —
)

6. The Cotangent Function: The cotangent of an angle 6 is the ratio of the length of the
adjacent side, to that of the opposite side. Thus, from our figure above,

T
cotf = —
)

Note 9.2.1. From the definitions above, we notice the following:

i) secl = — i1) cscl = = iii) cotf = —— iv) tanf = Snl v) coth = 3¢
cos 6 tan 6

Example 9.2.1. Consider the triangle below. Find all the trigonometric functional values of 6

Y
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Sol: From the figure above, we can see that

3 4 3 5 5 4
sin9:g 005925 tan&zz 080925 sec@zz c0t9:§

Example 9.2.2. Consider the triangle in the second quadrant. Find all the trigonometric
functional values of 6

Sol: From the figure above, we can see that

3 4 3 5 5
sin9:g Cosﬁz—g tan@z—z 080925 —sec@zz cot9:—§

Example 9.2.3. Consider the triangle below, that is in the third quadrant. Find all the
trigonometric functional values of ¢

Sol: From the figure above, we can see that

sin@z—§ (3039:—1—l tan@z§ csc@z—§ sech = — cot&zz—l
5 5 4 3 3

Example 9.2.4. Consider the triangle that is in the fourth quadrant. Find all the trigonometric
functional values of 6
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Sol: From the figure above, we can see that

) 3 4 3 5 5
sm@——g 0089—5 tan@——z csc@——g sec&—zl cotld = —=

Trigonometric Functions and Quadrants

The above examples give us some interesting results, which we can now generalize:
e All the six trigonometric functions are positive in the first quadrant
e Only the sine and cosec functions are positive in the second quadrant

e Only the tangent and cotangent functions are positive in the third quadrant

e Only the cosine and sec functions are positive in the fourth quadrant

Therefore, each function is positive in the first and one other quadrant, and negative in the
other two quadrants.

Example 9.2.5. Find the quadrant containing the terminal side of # if sinf < 0 and sec > 0

Sol: Since sinf < 0, the quadrant is either the third or the fourth. Further, since secf > 0,
then the quadrant must be the fourth. Hence, the terminal side of # lies in the fourth quadrant

Example 9.2.6. If the terminal side of # is in the second quadrant, find all the trigonometric

functional values given that cosf = —% :

Sol: First, we sketch the triangle in the second quadrant as shown below.

109



From pythagoras theorem, we can see that y> = 22 — 1' = 3. Hence, y = v/3.

V3

S1n 9

Common Angles

The angles

angles.

Example 9.2.7. Calculate i) cos300°

0°,

tan

30°,

6:—\/T§:

45°,

—V3

60°,

90°,

csch =

180°,

Sl

270°

2
0:——:—2
sec 1

and

cotd = —

Sl

360° are called the common,
standard or special angles. Their trigonometric functional values must be known as they are
often applied. The table below summarises the trigonometric functional values of these special

0 in degrees | 6 in radians | sinf | cos6 tan 6
0° 0 0 1 0
30° S I
i5 vl ] o
60° 5 S| V8
90° 3 1 0 | undefined
180° 7r 0 -1 0
270° %’r -1 0 | undefined
360° 27 0 1 0

Sol: We use the special angles
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iv) cos(—420°)



i) Angle 300° lies in the fourth quadrant. Hence cos 300° is positive. Thus,
cos 300° = cos(360° — 300°)

= cos 60°

ii) Angle —135° lies in the third quadrant. Hence cot(—135°) is positive. Thus,

cot —135° = cot(180° — 135°)
= cot 45°
=1

iii) Angle 405° lies in the first quadrant. Hence sin 405° is positive. Thus,

sin 405° = sin(405° — 360°)

=sin 45°

iv) Angle —420° lies in the fourth quadrant. Hence cos(—420)° is positive. Thus,
cos(—420)° = cos(420° — 360°)

= cos 60°

9.2.1 Trigonometric Identities

We have seen that © = cosf and that ¢ = sin6. This gives z = rcosf) and y = rsinf. Using

the Pythagoru’s Theorem, we have
2 —g? 4y
=(rcos®)? + (rsinf)?
=r?cos® 0 + r*sin® 0

=r?(cos? 0 + sin® §)
Dividing both sides by r? gives
cos®  +sin® 6 = 1 (i)
Dividing both sides of equation cos? 6 + sin?€f = 1 by cos ), we have

cos?f + sin? 0 =1
cos?d N sin? 6 1
cos2f  cos?f  cos? b
1+ tan?6 =sec?6
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Hence, we have another identity:

sec’ = 1+ tan® 0 (ii)

Dividing both sides of equation cos? 6 + sin?§ = 1 by sin ), we have

cos? @ + sin? 6 =1

cos2f  sin?6 1

sin0  sin?f sin%0
cot?’f + 1 =csc? 6

Hence, we have the identity:

csc?f =1+ cot? (iii)

Let a and 8 denote two angles, then the following identities hold:
cos(a+ ) = cosacos f — sin asin

cos(a — ) = cosacos 3 + sin asin
sin(a + ) = sin acos § + sin 3 cos «

sin(aw — ) = sinacos § — sin § cos a

From identity (iv), we obtain
cos(a+ o) =cosacosa — sinasin «

=cos? o — sin® «

2 e (viii)

Hence, cos2a =cos” o — sin

From identity (vi), we obtain
sin(a + «) =sin a cos a + sin v cos
=2sin a cos a

Hence, sin2a =2sin « cos « (ix)
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If a and 8 are two angles, then

sin(a + )
cos(a + f3)
__sinacos 8 + sin  cos a

tan(a + f5) =

COS ( COS @ — Sin « sin «
sinacos 8+ sin fcosa cosacos
= X

cosacosa —sinasina  cosacos 3
sin a cos 8 + sin B cos a

__cosacosf3 cos acos 8

" cosacosf _ sinasinf
cos acos B cos acos B

_ tana +tan 3
1 —tanatanf

tan a + tan 3
1 —tanatan

Therefore, we have the identity:  tan(a + ) =

tana — tan
Similarly, we can show that: tan(a — f) = T+t t 65
an a tan

2t
From the identity (x), we have tan2a = L(j
1 —tan®a
Example 9.2.8. Evaluate ) cos75° i1) sin 75° i1i) tan75°

Sol:

(x)

(xi)

(xii)

i1) sec 75°

i) Using the identity cos(a + ) = cosacos 8 — sin asin 5 with o = 30° and 8 = 45°, we have

cos(75%) = cos(30° + 45°)

=c0s 30° cos 45° — sin 30° sin 45°

(7)(%)-G)(7)
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ii) Using the identity sin(a + ) = sinacos 8 + cos asin 8 with o = 30° and 8 = 45°, we have

sin(75°) =sin(30° + 45°)
=sin 30° cos 45° + cos 30° sin 45°

HE-@

44

&
e~ 4+
S

iii) Using the identity (x) with o = 30° and 5 = 45°, we have

tan(75°) =tan(30° + 45°)
_ tan 30° + tan 45°
1 — tan 30° tan 45°
1
st
()0

+

&

w‘

3—

3
=2+3

S

Example 9.2.9. Evaluate and leave the answer in surd form: i) cos 7 i) tan (—2F)

Sol:

i) Note that & = Bt _ Z 4+ 2% 5o that

6
T (7r 27r)
cos— =cos| =+ —

6 2 3
T 2 T 27
= COS — COS — — SI1n — s1in —
2 3 2 3
2 2
—(0)(cos =) — (1)(sin —)
3 3
27
= —sIn —
3
_ VB
2
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i) Verify that —5F = —w — 2¢ = (—7) + (—%) so that

tan (—%ﬁ) = tan ( —g )
_ tan(—7) + tan(—2)

T1- tan(—m) tan(—37)

. 0— tan ?

1-(0) tan(—2r)
2m

=tan ——

3

tan 2m
= m— —
3

T
=tan —

3
V3

Example 9.2.10. Verify that sin(a + 7) = —sina, where a € R

Sol: Use the identity (vi)

sin(a+ 7) =sinacosm + cosasinm
=(sina)(—1) + (cos a)(0)
=—sina+0
= —sina

Hence, shown.
We can rewrite certain trigonometric functions using the above discussed identities

Example 9.2.11. Prove the identity sin z cot x = cos x

Sol: Pick the side that is more complex than the other

L.H.S =sinzcotx
COS T

=sin r—
sinx

=cosz = R.H.S

Example 9.2.12. Prove the identity (1 + tan?x)(1 —sin®2) = 1

Sol: Picking the left hand side,

(1 + tan®z)(1 — sin® z)

:(sec 7)(cos® x)

(0082
=1= R.H.S

)(cos® )

115



. . e cost
Example 9.2.13. Prove the identity (cscf — cot )? = i

Sol: We start with the L.H.S

L.H.S =(cscf — cot 0)?
B 1 B cos 0>
- \sinf sin#

(1 —cosf\?
N sin

(- cos 0)”

sin? ¢
(I —cos®)(1 —cos0)
B 1 —cos?6

(1 —cos@)(1 — cosh)

(1 —cosO)(1+ cosb)

== R.HS
1+ cos@

9.2.2 Trigonometric Equations

We can solve equations involving basic trigonometric functions, such as cosxz = k where z € R,
using the following steps:

e find the first quadrant angle « for which cosa = |k.
e find the quadrants in which x will lie

e then determine the corresponding angles for those quadrants

A basic equation will usually have two solutions for 0 < x < 2x. If the angles are in degrees,
they should be read correct to one decimal place.

Example 9.2.14. Solve for = in the equation V2sinz =1 were 0 < z < 27

Sol: Write v/2sinx = 1 as sinz = \/Li Get o in the first quadrant such that sin o = \\%\ = \/Li

Verify that o = T since sinZ = \/Li Now, since sinx = \/Li means that the sine function is

1 1
positive, the angle x must be in the first and second quadrants. Hence, v = J and v = 7—7 = ‘%’r

3
Hence, the solution set is: SS = {%, Zﬂ}

Example 9.2.15. solve the equation tan? 2z — 1 = 0 where 0° < 2 < 360°
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Sol: We have (tanz — 1)(tanz + 1) = 0. Hence, tanxz =1 or tanz = —1
For tanx = 1, we get x = 45°, 225°. For tanx = —1, we have x = 135° and x = 315°

Hence, the solution set is: SS = {45°, 135°, 225° 315°}

Example 9.2.16. Solve the equation 2sinx —tanx =0 for 0 < z < 27

Sol: We have 2sinx — 522 = 0 so that 2cos rsinz —sinx = 0. Factorising gives sin z(2 cos z —
1

1) = 0. Hence, sinz = 0 or cosz = 3.

us

From sinz = 0, we obtain z = 0,7, and 27. From cosx = %, we obtain x = % and 5?”

Hence, the solution set is: S5 = {0, g, , %T, 27r}

Example 9.2.17. solve for # given the equation cos = sin 26 , where 0 < 6 < 27

Sol: We can rewrite as cosf = 2sinf cosf so that we obtain cosf(1 — 2sinf) = 0. Hence,
cosf =0 or sinf = 3
and 37“

andﬁz%’r

From cosf = 0, we obtain 6 =

[ E RN

From sinf = %, we obtain 0 =

Hence, the solution set is: 5SS = {f om o BF}

6" 6 2 2

Example 9.2.18. Solve the equation 2sin®# — cosf —1 =0 for 0 <0 < 27

Sol: We rewrite as 2(1 — cos? ) — cos — 1 = 0 so that 2cos?0 + cosf — 1 = 0. Let cosf = y.
Then we have a quadratic equation 2y? +y — 1 = 0 verify that solving this quadratic gives

(2y —1)(y+1) =0so that y = —1 or % Thus, cosf = —1 and cosf = %
From cosf = —1, we get 6 = m only.

From cosf = 1, we get = Z and 6 = 2F

1

29
. . s o

Hence, the solution set is: S.S = {g, , —}

Note 9.2.2. Expressions of the form acosx + bsinz where a,b € R can be written as
rcos(z 4+ ) or rsin(zr+ «)

where « € R and » € RT

117



Example 9.2.19. Express f(f) = sinf — cos@ in the form f(0) = rcos(fd + «). Hence or
otherwise, solve the equation sinf — cosf =1

Sol: Let sinf — cos@ = rcos(f + «). Then we expand the R.H.S so that

sinf — cosf =r cos(f + «)
sin@ — cos @ =r cosf cosa — rsin f sin «
Hence, l=—rsina (i)

and, — 1 =rcosa (ii)
Solving (i) and (ii) simultaneously, gives r = v/2 and o = 2. Hence, f(0) = v/2cos(6 + )
sinf — cos 0 =1

V2 cos (9+ %T) =1

COS (0 + 5—7T) —i
1 V2

Hence,9+%:§,27r—1—r,§+27r,---. Hence, 0 = 7,7 since we need 0 < 0 < 27

9.3. Graphs of Trigonometric Functions

Let x be a random measure, we examine the graphs of sin x, cos x and tan x. The graphs of these
trigonometric functions are periodic functions. Below are the graphs of the basic trigonometric
functions

Amplitude, Period and Phase Shift
Let f(x) = Asin(Bx + C) + D denote the standard trigonometric function. Then

e |A| is called the amplitude of the function. This is the maximum displacement from a
given fixed line, usually the line y =0

e The period of a periodic function is the interval required for one complete cycle. The
period, P = %T
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e The Phase Shift or horizontal shift is given as —%. It determines the units required for
the horizontal shifting of the graph.

e The vertical shift is given by the value of D.

Example 9.3.1. Sketch the graph of f(z) = 2sin(x + ) on the interval [—27, 27]

Sol: We have A=2, B=1,C= 7 and D = 0.

(S

Therefore, amplitude = |A| = |2| = 2, phase shift = —% = —2 = -7, period = %” = QT“ =27

1
and the vertical shift is 0. Since the phase shift is —7, we shift the graph of 2sinx to the left
5 units.

NN L
VARV

Example 9.3.2. Sketch the graph of f(z) =2+ cos(x — §) for +27 <z <2r

Sol: We have A= -1, B=1,C= -5 and D = 2.

: _ _ _ Y ORN Cc _ _ . _ 2w __ 2w __
Therefore, amplitude = |A| = | —1| = 1, phase shift = —% = ——=% = 7, period = & = ¥ =27
and the vertical shift is 2.

ME}

Y

N\

Example 9.3.3. Sketch the graph of f(z) = tan(z — %)

Sol: Exercise
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Double Angle Formulae

The following is a summary of the double angle formulae:

e sin2x = 2sinxcosx cos2r =2cos’x — 1
e sindx = 2sin 2x cos 2x cosdr = 2cos? 2z — 1
e sin 6x = 2sin 3x cos 3x cosb6x = 2cos? 3z — 1
e sin8r = 2sin4x cos4x cos8xr = 2cos? dx — 1
° sinx:2sin%xcos%x cosx:2cos2%x—1
° SiHQ T = 17025 2z C082 T = 1+c<2)s 2
. _ 2tanx _ l1—tan?=z
® sin2r = 1+tan? z €os 22 = 1+tan? z
__ 2tanx _ 2tan(%)
e tan2z = 1—tan?z tanzx = 1—tan?(%)
Exercise 9
1. Express each of the following in radians:

D) 60° i) —420° i) 135°  iv) —45°  v) 570°  wi) —60°  vii) —780°
Express each of the following in degrees:

Do) i) = ) =2 v x v v T i) U
Find the quadrant containing the terminal side of @ if the given conditions hold.

i) sinf < 0 and cosé > 0 ii) tan# < 0 and cosf > 0 iii) cscf < 0 and cot 6 > 0
iv) secf <0 and tanf >0  v) cscl >0and cotd <0  vi)secd >0 and cotf >0

If the terminal side of # is in the given quadrant, find all the trigonometric functional
values:

i) 1" quadrant and sinf = 3 i) 2" quadrant and cosf = —Z iii) csc = -2
and sect < 0
iv) 4™ quadrant and cotf = —3 v) cscf > 0 and tanf = —2 vi) 6 is obtuse and
cotf = —2

3

Find the exact values of the following, leaving your answer in surd form where necessary:
i) sin225° i) cos 150° iii) tan330° iv) csc(—240)° v) sec420° vi) cot 135°
27 T s

vii) sin 5 ii) cos(—2F) iii) tan 47 iv) sec(—) v) csc =F vi) cot(—3)

Given that § = %, find the following
i) sin 26 ii) 2sin 6 iii) sec 36 iv) cos(—360) v) tan?0  vi) cot
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10.

11.

12.

13.

14.

15.

16.

17.
18.

Prove the following identities:

a) secr —cosz = sinxtanz b) sinz + sinxtan’z = tanxsecx  ¢) tan’z + 1 = sec’x

) 14secx 1 . 1
sin x+tan x l—sinz 1+sinx

=cscx e)(sinz—cosx)? =1—-2sinzcosz f) = 2tanzsecw

) (tan z)(1+cot?x)

1) 1—tan? gz
1+tan 2

TTtanZg — COS 2x

=cotz h)cotxsin2z =1+ cos2z

Simplify the following to a single trigonometric function or a constant:
a) sec —sin @ tan ¢ b) (cos?z —1)(tan’x +1) ) cosz+tanzsing  d) 2nfsint
e) secxr—Ccos T

tanx

Solve each of the following equations for # where 0° < 6 < 360°:

i) 2sinf ++v2 =0 i) sin*0 —1 =0 iii) 2cos?f = cosf (iv) 2tanf =1 V)
2cos’ § = cos @

vi) 2sin®f—cosf—1 =10 vii) 2sinf = tan 0 vii) tan f = cot ¢ viii) 4 cos? 0 =
3 iv) tan?f =1

Solve each of the following equations for x where 0 < z < 27
a) tanz+1 =secx b) sinx =1—cosx ¢) 2tanz secr —tanw d) sinz = cscx
e)sec’ r—secr = 2 f)2cos* x+3cosz+1=0 g)3tan’x—1=0 h)cosz sinz+

sinz —cosx =1

Find the period, amplitude and phase shift of the given functions and sketch their graphs
for —27m < 2 < 2m:

a) f(z) =2sin(x — ) b) f(z) =4cos2(x + 3) ¢) f(z) =% cos(2z+ %)
Sketch the graphs of the following functions on the stated domains:

i) f(z) = —2sin(z+3), —I<r<3E ii) f(x) = 34cos(2z—m), 5

i) f(#)=2—sinz, —w<z<2r (i) f(z)=-2+4cos(z—F), 2<z<Z
Sketch the graphs of the following functions:

a)y=3cot(r—%) (b)y=tan(z+%) (c)y=—csc(z+7) (c)y=2sec(r—7%)

Verify each of the following identities:

a) cos(aw + 90°) = —sina  (b) sin(a + 90°) = cosa  (c) sin(a + 7) = —sina  (d)
cos(a — m) = —cos

f) tan(or + ) = {2222 (g tan(o — §) = B0el (h) 20l 4 o620 — 1 (i) sec20 =
g

Express:  (a) sin36 in terms of sinf (b) cos 36 in terms of cos (c) cos4d in terms
of cosf

solve each of the following for 6, where 0 < 6 < 26.

(a)cosf = sin20 (b)2 —sin’f = 2cos®§ (c)sinf + cosf =1 (d)cos2 — 3sinf = 2
(e)tan 260 + sec20 =1

Express f(x) = v/3cosz —sinz in the form f(z) = r cos(z + ). Hence, sketch its graph.
Find the general solution of:  (a) cosf® — v/3sinf =1 (b) cosz + sinz = v/2.
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10

Logarithmic and Exponential Functions

10.1. Introduction to exponentials

An exponential function is a function of the form f(z) = b”. Here, the real number b is called
the base and the power x is called the exponent. A function of the form f(x) = b**¢ is also
considered to be an exponential function, which can be written in the form f(z) = ab® where
a = b°. The base is often taken to be e ~ 2.718, where e is Euler’s number, a number such
that the function f(z) = e” is its own derivative. The exponential function is used to model a
relationship in which a constant change in the independent variable gives the same proportional
change in the dependent variable.

Basic Rules of Indices
The following are the basic laws of the indices.

e Multiplication: If the base is the same, then add the powers ™ X g = g"mtn
e Division: If the base is the same, then subtract the powers "=t ="

e Power: If an exponential is raised to another power, multiply the powers (2™)" = 2™

Example 10.1.1. Evaluate i) 1002 i) 3275 iii) (—£) 77 iv) (—3)°

Sol: We apply the basic rules of indices

i) 1003 = <1oo%>3 — (+/100)" = 10° = 1000

Example 10.1.2. Solve the equation 2% = 64

Sol: Note that 64 = 2°. Hence we have 2 = 2> — 1 =5
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Example 10.1.3. Solve the equation 22**1 — 15(2%) = 8

Sol: We rewrite 22t — 15(2%) = 8 as 2(2%)> — 15(2%) = 8 and then let y = 2%. Hence,

letting 2* =y

We get © = —% and x = 8. Hence, 2% = —% and 2% = 8. From 2” = 8, we get x = 3. However,

2° = —2 is not valid, hence it is discarded.

Example 10.1.4. Solve the following simultaneous equations

x99 =1 (i)
1

2% X 4V = — ii
: (i)

Sol: From equation (i), we have

3" x 9¥ =1
3" x 3% =3"
Hence, z + 2y =0 (iii)

Similarly, from (ii), we get

227w 4¥ L
8

2% % 2% =273
22x+2y :2—3

Hence, 2z + 2y = — 3 (iv)

Solving equations (iii) and (iv) simultaneously gives z = —3 and y = 2

10.1.1 Graphs of Exponential Functions

Let f(x) = b® be an exponential function with b € (1,00). Then the graph of y = f(z) looks
as shown below. Note that if there is no vertical shift, the graph of an exponential will pass
through the point (0,1) and is asymptotic to the line y = 0. Below is a sketch of the graph
when b > 1
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When the value of the base b is a less than 1, the graph has the orientation shown below.

Example 10.1.5. Sketch the graphs of the function f(z) = 3" and g(x) = 32 on the same
axis. State the domain and the range for each.

From the graph, we see that D; = (—00,00) and R; = (0,00). The line y = 0 is an asymptote.

Example 10.1.6. Sketch the graph of the function f(z) = e* + 1. State the domain, range
and the equation of the asymptote.
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Sol: The graph of this function is obtained by shifting the graph of e” one unit upwards.

Y

B

From the graph, we see that Dy = (—o00,00) and Ry = (1,00). The line y = 1 is an asymptote.

Example 10.1.7. sketch the graph of the function f(x) = e ® + 3. State the domain, range
and the line of asymptote.

From the graph, we see that Dy = (—o00,00) and Ry = (3,00). The line y = 3 is an asymptote.

Example 10.1.8. Sketch the graph of the function f(z) =2 — e”. State the domain and the
range

\?

From the graph, we see that Dy = (—o00, 00) and Ry = (—00,2). The line y = 2 is an asymptote.
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10.2. Introduction to Logarithms

The use of calculators has made the logarithmic tables to be rarely used for calculations.
However, the theory of logarithms is important, for there are several scientific laws that involve
the rules of logarithms.

Definition 10.2.1. Let y € R. Further, let b € RT — {1}. Then the number x is called the
logarithm of y to the base b if
y="=0"

We can make a conversion from the exponential form to the logarithmic form using the following
relationship
If y = b” then z = log, y

Example 10.2.1. Convert the following exponentials to logarithmic form.

1 1?1
i) 10° = 100000 ii) 272 = 1 i1i) (5) =3
Sol:
i) If 10° = 100000, then log;, 100000 = 5
i) If 272 =%, then log,:=—2
iii) If (%)3 =4 then logi & =3
Example 10.2.2. Convert the following logarithms to exponential form.
i) 4 =logsx i1) x = log,; 5 iii) 2 = log, 10

Sol:
i)If4 =logyz, then 3'=u2
i) If ¢ = log; 5, then 7% =5
iii) If 2 = log, 10, then 22 =10

Example 10.2.3. Solve for x in the following expressions
1
i) z = log, 64 i) log, 25 =2 iii) loggx =4 iv) x = logs 3

Sol: To solve logarithmic equations, we need to convert to exponential form.
i) If x = log, 64, then 2% = 64. Writing in the same base, we have 2% = 26 so that x = 6
i) If log, 25 = 2, then z? = 25 so that z =5
i) If log; = 4, then z = 3 = 81. Hence, z = 81
iv) If 2 = logg 3, then 3" = 3 = 37!, Thus, 3" = 37! so that x = —1
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10.2.1 Laws of Logarithms

Let b € R™ — {1}. Further, let x and y be real numbers. Then the following hold

1. Raising a number to a given power: log, ™ = nlog, =
2. Changing from base N to base b: logy x = llsgg—bb]f]
3. Multiplying two numbers: log,(zy) = log, x + log, y
4. Dividing two numbers: log,(3) = log, = — log, y
5. Log of 1 to any base: log, 1 =0
6. log of the base: log, b=1

Example 10.2.4. Simplify the following expressions
. , 1
i) logg 81 i) logs (2—5> iii) log, 9 4 log, 21 — log, 7

Sol:
i) logg 81 = logy 92 = 2logy 9 = (2)(1) = 2
i) logs (5z) = logs 572 = —2logs 5 = (—2)(1) = -2
iii) logy 9 + log, 21 — log, 7 = logy (9 x 21 + 7) = log, 27 = log, 3% = 3log, 3

Note 10.2.1. Two special logarithms are worth noting:

e Common Logarithms: These are logarithms whose base is 10. We denote the common
logarithms by lg. For example, log,,z = lgz. Similarly, log,, 7 =1g7, log, % = lg%

e Natural Logarithms: These are logarithms whose base is e. We denote the common
logarithms by In. For example, log, x = Inz. Similarly, log, 7 =1In7, log, % = ln%

Example 10.2.5. Write the expression In (ngf@) in terms of In2, In3 and In5

Sol: We apply the laws of logarithms.

4
In <8 >;1\/3> =In8+1In+v5 —In8l

:1n23+1n5% —In3*

:31112—1—%1115—41113
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10.2.2 Logarithmic Equations
Example 10.2.6. Find the possible values of x for which log5 + logx =1

Sol: Use the rules of logarithms and convert to exponential form.

log, 5 + log, x =1

log, 5z =1
o512

2

75

Example 10.2.7. Solve the equation In(z — 1) +In(x + 1) = 2In(z + 2)

Sol: We use the rules of logarithms

In(z — 1) +In(x + 1) =2In(x + 2)
In(z —1)(z + 1) =In(z + 2)*
(# = 1)+ 1) = +2)
¥ —1=1"+4z+4
4r = —5
5
S

Example 10.2.8. Solve the following equation 9log, 5 = logy =

Sol: Make sure the base is the same through out. Hence, note that 9log, 5 = 91852 — _9

logs x logs
Therefore,

9log, 5 =logs x

=1
logs x %8s %

Let logs x = y. Then substituting this above gives

9
i :y
Y
9 =y

y? —9=0
(y = 3)(y+3) =0
Hence, x =3 and x= -3
Since we can not have a negative base, discard x = —3 and we say z = 3
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10.2.3 Graphs of Logarithmic Functions

Since the logarithmic function is the inverse of the exponential function, we can obtain the
graph of y = log, = by reflecting the graph of y = b” in the line y = x. Below is the sketch of
the graph of y = log, * when b > 1.

/1

Example 10.2.9. Sketch the graphs of the following functions clearly indicating the intercepts
and asymptotes. Hence, state the domain and the range.

i) f(z) =2—Inz i1) gr =1+logs x iti) h(x) =3+ Inx iv) 2 —logs

Sol: Exercise

10.3. Applications of Exponential and Logarithmic Functions

The exponential function is widely used in physics, chemistry, engineering, mathematical bi-
ology, economics and mathematics. The exponential function is used to model a number of
random and natural phenomenon.

Example 10.3.1. A highly infectious disease is introduced into a small isolated village of
population 200. The number of individuals y who have contracted the disease ¢ days after the
outbreak begins is modelled by the equation

200

YT T4 19902

Determine:
i) the number of individuals infected initially
ii) the number of individuals infected after 10 days

iii) determine the time when half the population will be infected.
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Sol:
i) Initially implies that ¢ = 0. Therefore,

200

1+ 199e-02t
200

"1+ 199¢-0200)
200

14 199¢0
200

S 1+199(1)
200

200
=1 Hence, one individual was infected initially

Y

since ¥ = 1

ii) Taking t = 10, we have,

200

1+ 199¢-02
200

T 1+ 199¢-02(10)
200

1+ 199e2
200

"1+ 199(0.135)
200

T 27.932
=7.160 Hence, 7 individuals will be infected after 10 days

Y

since e 2 ~ 0.1353353

iii) Taking y = 1(200) = 100 and solving for ¢, we have,

200
1+ 199e-0-2
100 (1 + 199¢~"%) =200
1+199¢ "% =2
1

—0.2t _

199

1
Ine "% =In(——
199

—0.2t = —1In199
; _ln 199

-~ 0.2
t =26.5 days

100

) after taking logs on both sides

The above example shows the basic use of the exponential function. For more on the application
of the exponential and logarithmic functions, see the exercise below.
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Exercise 10

10.

11.

12.

Solve the following equations:
a)2® = 32 b)(3)" = 15 c)274 = gt d)(5)"%v = 2vt3 e)22etl = 3(27) — 1
Sketch the graphs of the following functions:

a)y=-4"+2  b)y=37-1 Jy=(3)* dy=-2+e" ey=1—¢

. Write each of the following in logarithmic form:

(a) 22=8 b) ()*=ZE ¢)42==L d) (04)2=0064 e) 5'=5

3 8 16

Write each of the following in exponential form:
(a)log, 64 =6 b) log, (75) = =4 ¢)logy,0.00001 = —5 d) log;0.5=-1

Solve each of the following:
a)log; 81 =z b) log, 81 =2 c)logg § = igi—z;ﬂ d) logyy =3 e) log,3 =3
g)gr — 5 h) 217 — 9 1)52174-1 — 32—:E J) 221—1 — 32—2 k) 6z+1 — 8

Simplify the following logarithms or write as a single quantity.

(a)2log, z+4log, y—3log, z (b) 2log, x+ 3 log,(x—1) —4log,(2z+5) (¢)—Inz—3In2
(d)2In8+5mn2 (¢) $Inz—5lnz+4lny (f)ln64 — In128 + In 32

Find the possible values of x for which:

a) logh+logx =0  b)loggx —2log,3=1 ¢)ln(z—4)+In(z—-1)=1

d) log(z — 1) 4+ log(z + 1) = 2log(z + 2) e) logs(2 — 3z) = logy(62% — 19z + 2)

. Write In <M> in terms of In2, In3 and Inb

V813

. Show that log, 3 = log, v/3. Hence solve the following simultaneous equations

3 =9 | 2log, y = log, 3 + log,

Express log, xy in terms of log,; x and logs y. Hence solve for z and y in the simultaneous
equations

logg zy = % ; logg zloggy = —6
In a certain bacterial culture, the equation p(t) = 1000e’* expresses the number of

bacteria present as a function of time ¢, where ¢ is expressed in hours.

(a) How many bacteria are present initially?

(b) How many bacteria are present after 2 hours?

(c) After how many hours will the number of bacteria be double the initial number?
The rate at which a body cools is given by 6 = 250e~%%% where the excess of the tem-
perature of a body above its surrounding at time ¢ minutes is §°C:

(a) Sketch the graph showing the natural decay curve for the first hour of cooling

(b) Determine temperature after 25 minutes and the time when temperature is 195°C.
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13. Suppose that a certain substance has a half life of 20 years. If there are presently 2500
milligrams of the substance, then the equation Q(¢f) = 2500(2)" = yields the amount
remaining after ¢ years

(a) How much remains after 40 years?

(b) How many years will it take for only half the initial amount to remain?
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11

Binomial Expansions

11.1. Introduction

A binomial expression is one which contains two terms connected by a plus or minus sign, such
as (a+0b), (x —1y), (2x +y)?, etc. If the binomial (x + y) is squared, the result is the expansion
of (z + y)?. Similarly, if its cubed, the result is the expansion of (x + ) and so on.

We will be interested in the binomial expansions of the form (a+z)", where n € R, and usually
rational. We start with the case where n is a positive integer. Consider the expansion of (a+x)"
for integer values of n from 0 to 6:

(a+z)°=1

Note 11.1.1. From this expansion, we are able to notice the following:

e The powers of a decrease from n to 0 moving from left to right
e The powers of x are increasing from 0 to n moving from left to right

e The coefficients of each term of the expansions are symmetrical about the middle co-

efficient when n is even and symmetrical about the two middle coefficients when n is
odd.

e For each term of the expansion, the powers of ¢ and x add up to n

e The expansion of (a + =)™ has n + 1 terms

Isolating the coefficients of the above expansion gives the pattern below called the Pascal’s
Triangle, named after the French Mathematician Pascal (1623-1662). Working through the
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pattern in the triangle can give us the coefficients of the expansion (a 4+ x)", and hence, the
expansion can be determined. The figure below shows part of the Pascal’s Triangle. Each
number in the triangle is obtained by adding together the two numbers directly above.

1
1 2 1
1 3 3 1
1 46 41

1 5 10 10 5 1
1 6 15 20 15 6 1

The second row is 1 2 1. This represents the coefficients of (a + z)* = a* + 2ax + 2.
Similarly, the third rowis 1 3 3 1 which has coefficients of (a+z)* = a® + 3a*x + 3az? + z*
The last row, 1 6 15 20 15 6 1 has coefficients of (a + z)°

Studying the pattern of the Pascal’s Triangle, enables us to obtain coefficients of (a + x)™ for
n € N. For example, we can see that the coefficients of (a + x)” will make the next row in our
diagram above. Verify that this is given by

1 7 21 35 35 21 7 1
Hence, the expansion of (a + )7 is given by

(a+2)" =1a" + Ta®z + 21a°2* + 35a*x® + 35a°2* + 21a*2° + Taz® + 127
=a" + 7a%r + 21a°2* + 35a'x® + 35a*z” + 21a°2° + Taz® + 127

Note that the coefficients of a decreases from 7 to 0, while the coefficients of x increases from
0 to 7. Also, the sum of the powers is always equal to 7.

Example 11.1.1. Expand (a + z)®

Sol: Exercise

Example 11.1.2. Expand the binomial (3z — 1)*

Sol: Using the Pascal’s Triangle for n = 4, the coefficients are: 1 4 6 4 1. Hence

(3z — 1)* =1(32)*(—1)° 4+ 4(32)*(—1) + 6(32)*(—=1)* + 4(32)(—1)* + 1(32)°(-1)*
=81z* — 1082° + 5da? — 122 + 1

Example 11.1.3. Find in ascending powers of x the expansion of (2 — £)°
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Sol: For n = 6, the coefficients are: 1 6 15 20 15 6 1. Therefore,

(2-5)° =1(2° +6(2)°(=5) + 15(2)"(—3)* + 20(2)*(=5)* + 15(2)(~3)" + 6(2)(—35)" + 1(~3)’
1 1 1
=64 — 6(2")x + 15(2%)2? — 202° + 15(§)x4 - 6(?)91:5 + %:ﬁ
15 3 1
=64 — 962 + 602 — 202° + Im4 — §x5 + 6—4x6
15zt 32°  af

=64 — 962 + 602> — 202>
00z Ty s T

Example 11.1.4. Find, in ascending powers of x, the first three terms in the expansion of the
binomial (1 — 2£)°

Sol: For n = 5, the Coefficients from Pascal’s Triangle are: 1 5 10 10 5 1 Hence,the
first three terms end up to the coefficient of 10

(1—2)5 = 1(1)° + 5(1)*(—=2) + 10(1)3 (= 2)2 4 ... =1 — 1z 4 452% 4 .

4522

Hence, the first three terms are 1 — 157:” + =5

Example 11.1.5. Use the binomial expansion of (1 — £)? to find the exact value of (0.995)"

z
2

Sol: n = 4. From Pascal’s Triangle, the required coefficients are: 1 4 6 4 1. Hence,

(1= 5)" =1(1)'(=3) + 41 (=5) + 6(1)*(=5)* +4(1)(=5)* + 1(=3)’
=1 4(=5) +6(- )+ 4(=5) + (-3)"
=1-2z+ 37962 — %3 + f—;

To find the exact value of (0.995)*, equate it to (1 — £)* and determine the required value of x

Thus, 0.995 = 1 — 3 = = = 0.01. Using this value of z in the expansion gives the results.

Hence,
01\*
(0.995)" = (1 _ %)

3(0.01)2  (0.01)3  (0.01)%

=1-—2(0.01 —
(0.01) + 5 5 + 16
3(0.01)>  (0.01)* (0.01)3
=1 —2(0.01) —
+ 5 + 16 (0.01) 5

=1+ 0.00015 + 0.000000000625 — 0.02 — 0.0000005
=1.000150000625 — 0.0200005
=0.980149500625

Hence, (0.995)* = 0.980149500625
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11.2. The Binomial Theorem

The use of Pascal’s Triangle in determining the coefficients of the Binomial expansion can be
very tedious if the value of n is large. The approach works well for n values from 0 up to
8. For larger values, it does not work quite well as the computation becomes burdensome.
Hence, a more general, yet non-burdensome method is needed. The binomial series or binomial
theorem is a more general formula for raising a binomial expression to any power without
lengthy multiplication. Below is the formula for the Binomial series expansion of (a + bx)™.

(a+ bx)" = i (:) a" " (b)"

r=0

OR

(a+ bz)" = a" + (g‘) "\ (bz) + (Z) a"2(bx)? + - + (7:) a7 (ba)" A+ -+ (b))

where the expression (:f) =1 nt denotes the Binomial coefficients.

n—r)lrl?

When a = 1 in the binomial (a + bx)", the the formula for expansion simplifies to

(1+ ba)" = Z (:f) (bz)"

r=0

OR

r

(1+bx)" =1+ (T)bx+ (Z) (bx)* + - + <n> (bx)" + -+ (bz)"

Binomial Coefficients

Before we apply the Binomial Theorem to the Binomial Expansions, let us study the coefficients
of the Binomial Series, (:‘)

Definition 11.2.1. The factorial of a positive integer, n, denoted n! is defined by,
nl=nn—-1)(n—-2)(n—-3)---2.1

Example 11.2.1. i) 5! = 5(4)(3)(2)(1) =120 i) 21 =2(1)=2 iii)ll=1 iv)0l =1

The factorial of a positive integer n is just the product of all integers from n down to 1

Therefore, the Binomial coefficient is now defined as

()=

(n) nn—1)(n—2) - (n—r+1)

rl

Alternatively,
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Example 11.2.2. Evaluate the following

i) (s) i) (5) i) (o) v Q)

Sol: Using ( ) m, we get
1) (8) _ 8! _ 8! 8xTx6x5x4x3x2x1 __ 8XTx6 __ 8x7 __ 56
3/ 7 (8=3)131 T 513 T (5x4x3x2x1)(3x2x1) ~ 3x2x1 ~ 1

ii) (2):@78—55!&:3?—&28X;X6:8x7:56

8 _ & 8 8 _

iii) (o) = @01 = 8Ix0l = 8ixi =

By 8 8 8

iv) (8) = s o s L

V) (8) _ 8! _ 8 8xTx6x5x4x3x2x1 __ 8
1/ 7 (8=DI! T 7D T Tx6x5x4x3x2x1

Using the Binomial Theorem

By definition, we have

(a+bx)" =a" + (T) a™ (bx) + (Z) a"2(bx)* + - + (n) a" "(bx)" + - 4 (ba)"
Alternatively, this can be written as

-1
+Ma”—2(bx)2+. .

n(n—l)---(n—r—kl)an_r
2!

(a+bx)" = a"+na" ' (bz) '
r!

(bx)"+- - -4(bx)"

Note that the first four terms of the expansion of (a + bz)™ are noticed as

-1
+ n(n2' )anf2(bx)2 +

n(n—1)(n

-2
3' )an73(b$)3 +

(a+bx)" = a" + na"" ' (bx)

The coefficient of the 7" term in the expansion is given by (Tfl)
OR in other words,
The coefficient of the (r + 1) term in the expansion is given by (")

Hence,

the (r 4 1) term of the expansion (a + bx)™ is (n) (a)" " (bx)"
r

Example 11.2.3. Expand (2 + z)°

Sol: We can either use Pascal’s Triangle or The Binomial Theorem. We use the later.
(24 2)8 = 26 + 6(2)%z + 6(5)24 2 4 66 )( 6G) ) 93,3 | 66 )( 6B 92,4 4 6G)E )( )2 9.5 4 6(5)(4)é?)(2)(1)x6
= 64 + 192z + 24022 + 16023 + 602* + 12x + 2®

Example 11.2.4. Use the Binomial Theorem to expand (1 — 2z)°
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) =30 (M)ar " (ba)", we have
() &
(o)
:(2 ( )(—2x)1 + (2)(—23:)2 + (g) (—22)° + (i)l(—2x)4 + (i) (—2z)°
1—

21 + 4022 — 8023 + 80zt — 322°

Example 11.2.5. Find the first four terms in the expansion of (z — 2)12

Sol: Using the Binomial Theorem,

<x—m”—§f(?)@wT«ar

r=0
12 x 11
TxlO(_2)2+

=212 — 242" + 26420 — 17602° + - - -

12 x 11 x 10

=z + 1221 (=2) + a0

2%(—2)% +

Example 11.2.6. Find the 5™ term in the expansion of (2z — %)12

Sol: Since we need the 5 term, we take r =5 —1 =4

The 5 term = ('7)(2z)1274(—1)* = 10x9X8xT(22)6(1)4 = 84026

4!

Example 11.2.7. Find the term that is independent of z in the expansion of (2z — 1)1°

T

Sol: The (r + 1) term = ('%)(22)1°~"(—2)". Hence

x

) e (1) o=y
(V) e Gy
_ (17?) (—1)7(2) 1010y
() -vriapeman

If any term is to be independent of z, then 207" =1=10-2r=0=2 =5

Hence, the 6" term is independent of

So far, our discussion of the Binomial Theorem has made use of only positive integer values of
n. What if n is not a positive integer? The next subsection discusses the general application
of the Binomial Theorem, provided n is rational.
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Binomial Theorem for Any Rational Power

The Binomial Expansion formula,

(a+bx)" =a" + (T) a"L(bx) + (Z) a"2(bx)* 4+ (7:) a" " (bx)" + -+ + (ba)"

applies to all rational powers provided that |z| < £ or — ¢ < 2 < §. Further, for the series to
converge, an additional point is needed that |z| < a.

Example 11.2.8. Use the Binomial expansion to find the first four terms in the polynomial

approximation for m

Sol: We rewrite

1
(2 — 31)2

o )2 as (2 — 3x)~2. Hence, using the Binomial Theorem, we have

—=(2—3z)7?

@) + (-2 (-30) + T g ea gy EAEIED oo gy g

16 27 5 (=2)(=3)(—4) 5 3
—4+8x+16x + a0 (2)7°(=3z)” +
1 27 27

3
—Z—l+4x+Ex —|—§x + -

This is valid for |3z] < 2 = || < 2

Example 11.2.9. Expand 2 2P in ascending powers of = as far as the term in 23, using the
binomial series. State the hmlts of x for which the expansion is valid.
Sol: Rewrite (1+2 Troap a8 (1 + 2z)7% and then use the Binomial Theorem.
1
—  =(1+22)?
Aoz O +27)
-3)(—-3—-1 (=3 —-1)(—3—-2
:1+(—3)(2x)+—( i )(2x)2+( ) ) )(Qx)3+

2!
=1 — 6z + 242* — 802" + - -

This expansion is valid for |z| < %, ie, it is valid provided —% <zr< %
Example 11.2.10. Expand /1 — z in ascending powers of x as far as the term in z®, using
the binomial series. State the limits of x for which the expansion is valid.
Sol: Rewrite v/T — z as (1 — 2)2 and then use the Binomial Theorem with n = :
V1—z=(1 —x)%

_ Y N2 N3
—1+(2)( x) + o (—x)* + 3 (—x)° +
_1_35_3:2_:53_
2 8 16

This expansion is valid for |z| < 1, ie, it is valid provided —1 < x < 1
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Example 11.2.11. Use the Binomial expansion to find a series expansion for the rational

expression xff;; °— up to the term in 2.
. TTa : : " 3245  _ _1 2
Sol: Using partial fraction decomposition, we can show that 525 = —=5 + 5.
To obtain the required series expansion, we obtain the expansion for —- and the expansion for

43
%. Then add the two expansions.

=(3 !
13 (3+x)
=31+ 3"
1 (=D(=2) x5 (=D(=2)(=3) =5
— [ (—1)(2 L Tys .
i+ () + TR e EDEDE 2
1 r 2 28
Sl
3[ 3+9 27+ ]
1 oz 2P x3+
3 9 27 81
This expansion is valid for |z| < 3.
2
=2(z —1)7"
— =2(z-1)
=—2(1—2)"
~1)(=2 —1)(=2)(~3
:—2[1—%(—1)(—1’)—1-()2#(—1')24—( )(3')( >(—:1:)3—|— ]
=2l +z+a®+a°+ ]
=—2-2r—22*—22% — ...
This expansion is valid for |z| < 1.
Hence, the expansion is:
3z +5 (1 95+[E2 933+ ) (—2— 2r — 2% — 24 )
- O 0O @@= = = - e —2 — 2 —2x° =27 — .-
»?+2r—3 3 9 27 81
1 T x? x3
= —2 - 2+ = =2t 2.
3 TR T A TR

5 19z 53z? B 16323

3 9 27 81

This expansion is valid for |z| < 1

Example 11.2.12. Use the Binomial expansion to find a series expansion for the rational

expression % up to the term in 3.

Sol: Exercise

140



12

Introduction to Calculus

12.1. Introduction

One of the most fundamental topics studied in mathematics is Calculus. Calculus is simply a
branch of mathematics that studies changing quantities, such as velocity, acceleration, rate of
inflation, rate of spread of disease, etc. Calculus is widely used by many different professionals
to model real life phenomenon. Economists, Engineers and scientists in general apply calculus
to solve the real word problems. Since calculus is the science of change, the rate at which a
chemical reaction is taking place and the mode of that reaction can be determined using the
concepts of calculus. Take the rate at which the population of a particular bacteria in a given
culture is growing. All these and many other problems are simplified through the use of calculus
to solve them.

12.2. Limits of Functions

The notion of a limit is fundamental to the study of calculus. Thus, it is important to acquire a
good working knowledge of limits before proceeding to the other topics in calculus. Suppose that
a function f(z), is defined for all points in the domain of f(x), except possibly at a particular
point say c. We are interested in knowing the behaviour of this function as the domain values
get closer and closer to this point c¢. If as the domain values approach ¢, the function f(x)
approaches a real number say L, then we say that the limit of f(x) as = approaches cis L. We
write this limit as

lim f(z) =L

Tr—cC

We can determine the limit of a function using three basic methods;

1. Numerical Approach: This involves constructing a table of values of x getting closer
and closer to ¢, with the corresponding y = f(x) values.

2. Graphical Approach: Draw the graph of the function, then observe the limit of the y
values as x values approach c.

3. Analytic Approach: Here, we use the concepts of algebra and calculus to determine
the limits

We will focus on the use of graphical method and analytical approach as the methods of
determining the limits. Let us now give a formal definition of a limit.
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Definition 12.2.1. Let f(x) be a function defined on an open interval containing a point c,
but not necessarily at c. If L is a real number such that as the x values approach ¢ from either
the left hand side or right hand side of ¢, f(x) gets arbitrarily close to L, then L is called the
limit of f(x) as x approaches c. This is written as

lim f(z) =L

Tr—C

Note that x can actually approach ¢ for two directions, the L.H.S and the R.H.S. Hence we can
talk of two kinds of limits:

e If as = approaches ¢ from the L.H.S, f(z) is approaching L, we write

lim f(z) =Ly

Tr—Cc

to denote the left limit of f(x) as x approaches c. The minus sign on ¢~ indicates that
the x values are being taken from the negative side of ¢, but are not necessarily negative.

e If as x approaches ¢ from the R.H.S, f(z) is approaching Ly, we write
lim f(z) = Lo

z—ct

to denote the right limit of f(x) as z approaches c¢. The plus sign on ¢ indicates that
the x values are being taken from the positive side of ¢, but are not necessarily positive.

Theorem 12.2.2. Let f(x) be a function defined on an open interval containing a point ¢, but
not necessarily at c. The limit of f(x) as x approaches c exists if and only if the left limit and
the right limit of f(x) at c exist and are equal. ie

glﬂl_}H?éf(x):L iff  lim f(z) =L and lim f(r)=1L

z—ct

Example 12.2.1. Given the function f(x) =z + 1,
i) sketch the graph y =z + 1
ii) Hence, determine lim, o~ f(x) and lim, o+ f(x)

iii) Does the limit exist?
Sol: i) The sketch of this function is a straight line y = x 4+ 1, shown below.

Y
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ii) From the graph, we can see that

lim f(z)=1and lim f(z)=1

z—0— r—0t

iii) Using the concept from the theorem above, since

lim f(z) = lim f(z)=1

z—0~ z—07F

Therefore, we conclude that the limit exist and that, lir% flz)=1
T—

Example 12.2.2. Sketch the graph of the function f(z) = 2® —42? — 2+ 4. Hence, determine;

i) lim f(z) i) lim f(2) iii) lim f (2) iv) lim f(2)

Sol: This is a polynomial of degree 3. The sketch is shown below.

Y
4 {
x
4 1
i) From the graph,
: : 3 2 27 : : 3 2 27
lim f(z)= lim 2°—42"—x+4=— and lim f(z= lim z°—42°—2x+4)=—
w—>—%7 z—)—%7 8 :v—>—% :p—>—% 8
o 1 . 27
Hence, the limit exists at ¢ = —5 and we say lim f(z) = 5
z——3

ii) similarly, from the graph,

lim f(zr) =4 and lim f(z)=4

T—0~ z—0t

Hence, the limit exists at ¢ = 0 and we write lin(l) f(z)=4
T—

iii) From the graph,
lim f(x)=0 and lim f(z)=0

z—1— z—1t

Hence, the limit exists at ¢ = 1 and we write lin% f(x)=0
z—
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iv) From the graph,
lim f(z)=—-6 and lim f(x)=—6

T2~ z—21

Hence, the limit exists at ¢ = 2 and we write 111% f(z)=—-6
T—r

Example 12.2.3. Sketch the graph of the function f(z) where

22 -1 ifx < 3;
f(x)_{:c—Q if 2 > 3.
Hence, determine
i) lim f(z) i) lim f(z) i) lim f(2) iv) lim f(2)

Sol:

i) From the graph,
lim f(z)=3 and lim f(z)=3

T2~ z—21

Since the left limit equals the right limit, limit exists at x = 2. Therefore,

lim f(x) =3

r—2

ii) From the graph,
lim f(z) =8 while lim f(z)=1

r—3~ r—3+t
Since the left limit is not equal to the right limit, limit does NOT exists at the point where
¢ = 3. In mathematical terms, since

lim f(x) # lim f(2)

z—3~ x—3F
the limit at ¢ = 3 does not exists
iii) Exercise

iv) Exercise
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Example 12.2.4. Sketch the graph of the function f(z) =+/x + 1. Hence, determine

: rz——1 z—0

Sol: This is a radical function whose domain is [—1, 00)

Y

—

i) From the graph,
lim f(z)=2 and lim f(z) =2

T3~ r—3t
Hence, the limit exists at ¢ = 3 and we say

lim f(x) =2

r—3

ii) From the graph,

3 3
lim f(x)= £ and lim f(x) £
z——17 2 mafi+ 2
Hence, the limit exists at ¢ = —1 and we say
3
i f() = V3
es—1 2

4

iii) From the graph,

lim f(x) does not exists because f(z) = +/x + 1 is not defined on the L.H.S of —1
r——1"

However, lim+ f(z) = 0. Thus, the right limit exists, but the left limit does not exist.
r——1

Therefore, we conclude that lim1 f(x) does not exist for the function f(z) =+vx +1
T——

Example 12.2.5. Sketch the graph of f(x)

3%2' Hence, determine the existence of the limit

1

lim —
x—0 5(]2
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Sol: This is a rational function. Dy = {z| x #0, z € R}

We can see that

;L’ll}’(r)l* f(l’) - xli}(l)l* P - and :vligl* f(x) - xlif(l)’lJr ﬁ -

Because f(x) is not approaching a real number L as x approaches 0, we conclude that the limit

does not exists. ie

lim — = oo Hence, the limit does not exist.

12.2.1 Properties of Limits

So far, we have determined our limits through graph sketching. Recall that the limit of a
function f(x) as x approaches ¢ does not depend on the value of f at x = ¢. It may happen,
however, that the limit is precisely f(c). In such cases the, the limit can be evaluated by direct
substitution. Hence, we can evaluate limits analytically as

lim f(z) = f(c)

Tr—rC

This applies to functions that are continuous at the point x = ¢. The following theorem gives
some basic properties of Limits:

Theorem 12.2.3. Let b and ¢ be real numbers, let n be a positive integer, and let f and g be
functions with the following limits.

lim f(zr) =L and limg(z)=K

Tr—cC T—C

e [imit of a constant function lim, ..b=1"
e Limit of the identity function f(z) =z lim, ..z =c
e Limit of a term of a polynomial lim, ,.2" ="
o Limit involving a radical function lim, .. ¥z = {/c
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e Multiplication by a scalar quantity lim, . .[bf(x)] = bL
e Limit raised to a power lim, .[f(x)]" = L"
o Product of two limits lim,.[f(z)g(z)] = LK
e Sum or difference of two limits lim,.[f(z) £ g(x)] =L+ K
e Quotient of two limits limi_w[%] = %, provided K # 0

Example 12.2.6. Evaluate the following limits
i) lim —5 ii) lim (z+7) iii) lim (52 — 2x + 9) ) lim Va2 — 3z + 2
T—=— z—

r—2 z—0

Sol: Using analytic method, we have
i) lim, ,o —5 = —5
i) lim, s 1 (x+7)=(-1)+7=6
iii) lim, ,3(5z% — 22 +9) = 5(3)2 — 2(3) + 9 =48
iv) lim, 0 v22 — 37 +2=4/(0)2 - 3(0) +2 = V2

From the above example, we see how easy it is to obtain limits by simply applying our theo-
rem above. We just substitute directly, provided the function remains defined for that direct
substitution.

Example 12.2.7. Evaluate the following limits

_ x® + 1 42 ot =1 -6 Vo 1-1
i) im —— i1) lim iti) lim ———— iv) lim ———
z—1 T + 1 x—1 1 — r——3 T + 3 z—0 x

Sol: We use analytic methods.
i) Here, a direct substitution holds as the function is still defined for x = 1

?+r+2 (1)2+(1)+2
11m =
1 x4 1 (1) +1

NN NGNS

ii) Here, a direct substitution does NOT hold as the function is undefined for x = 1. Hence,
we first factorise and then cancel out the common. Then we can substitute in the resulting
expression.

31 — 1) (22 1
i _ lim (x—=1)(z*+2x+1)
r—1 {)j—l r—1 :L'—l
=lim(z* + 2+ 1)
r—1
=1+ (1) +1
=1+1+1
=3
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iii) Again, direct substitution does NOT hold as the function f(z) = £+2=6 is undefined for

z+3
x = —3. Hence, we factorise and then cancel out some common factors.
2
— -2

i 1% 6:1im (x4 3)(x —2)
z——3 x4+ 3 z——3 x+3

= lim (z — 2)

r——3
=(—3) -2
=—-95

iv) Again, direct substitution does NOT hold as the function f(z) = ¥*2=1 is undefined for
xr = 0. Hence, we need to rationalize the numerator.

o Vr+1-1 o Vr+1l1—-1 Vx+14+1
lim ——— =1lim X
z—0 T z—0 T ver+14+1
. (Wr+1-1)(z+1+1)
= lim
z—0 r(Ve+1+1)

1) -1
= lim (x+ )

=0 py/r 4+ 1+ 1
x
=lim ——
w=0 py/x + 1+ 1
1
=lim ———
=0 y/r 4+ 141
B 1
V(0)+1+1
1

Limits of Trigonometric Functions

Let ¢ be a real number in the domain of a given trigonometric function. Then:

i) limsinz = sinc i1) lim cosx = cosc i4i) limtanx = tanc
r—cC Tr—cC r—cC
iv) limsecz = secc i1) limcscz = csce i4i) lim cot z = cot ¢
Tr—cC Tr—cC Tr—cC

Example 12.2.8. evaluate the following limits.

i) lim sinz ii) lim (z cos z) iii) lim tan® z
z—0 T—T x—0

Sol: The results of the theorem above applies to this case. As before, we can have a direct
substitution.
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i) Hence, lim, ,gsinxz = sin0 = 0
ii) We separate the two functions.

lim(x cosx) =

T—T T—T

=(m)(cos )

(m)(=1)

=—7

iii) We uses product of a limit.

lim tan® z = lim (tan z)?
T—T T—T

<1im x) (lim cos :c)

T—>T

= (lim tan x) (lim tan x)

T—T

=(tan7)(tan )

Two Special Trigonometric Limits

T—T

The following two limits are special cases. We will not prove them, but we must know them as
we shall use them often. For a proof, see The Squeeze Theorem:

sin x
=1

S

Example 12.2.9. Evaluate the following limits

. .. tancx sin4x
i) lim

z—0 X

i) lim

x—0 €T

Sol: We see that direct substitution will not apply here.
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i) Direct substitution gives a zero in the denominator which is indeterminate. Therefore,

<lim )
z—0 COS T

ii) Direct substitution gives a zero in the denominator which is indeterminate. Thus,

sin4x . sindx
im =1 x lim
x—0 €x z—0 xX

sin4x

iii) Using the special Trig Limit, éi_)r%

Limits at Infinity:

If f(x) is a function and c is a real number in the domain of f such that

lim = +o00
xr—c

then x = a is a vertical asymptote to the curve y = f(x).

On the other hand, if f(z) is a function and L is a real number of such that

lim =L or lim =1L
r—r00 r——00

then y = L is a horizontal asymptote to the curve y = f(x).
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Note: The following results hold for the limits at infinity

N - 1 S . .1
—1) wh_}rglo 5= 0 i7) JBl_1>r_noo 5= 0 i11) mlir(r)li 5= iv) mlirgi 5=
| N | U . 1
—i) lim — =0 i) lim —=0 i17) lim — = —o0 iv) lim — = oo
T—00 T T——00 T z—=0- T z—0+t T
Example 12.2.10. Evaluate the following limits.
) i x4+ 1 i) 1 o? + 2% — 20— 11 i) 1 z® + 2
i) lim it)  lim i1i) lim
T—00 :172 —+ 1 T——00 133 -7 T—00 ,’1;‘2 -+ 1
Sol:
1 r(l1+2
7) lim LI lim (—“:1)
z—o00 T2 + z—00 2 (1 —+ =3
1\ (141
1\ (o 143
= lim — lim 7
140
—(0) [ —
(0) (1 + 0)
=0
y Bt -2r-11 B (1+i-2-15)
i7) lim = lim L
z——00 =7 500 3 ( _ xlg)

[(140-0-0
N 1-0
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i1i) lim —— = lim

12.3. Continuity of Functions

In Mathematics, the term continuity has much the same meaning as it has in everyday usage.
To say that a function is continuous, at x = ¢ means that there is no interruption in the graph
of y = f(z) at c¢. This means that its graph is unbroken at z = ¢ and there are no holes, jumps
or gaps. However, below is the definition of continuity that is acceptable in mathematics.

Definition 12.3.1. A function f is continuous at a point c if the following three conditions
are satisfied.

1. f(c) is defined. ie, the function f(x) is defined when x = ¢
2. lim, . f(z) exists. ie, the limit of f(x) exists at v = ¢

3. lim, . f(x) = f(c)

Definition 12.3.2. A function f(z) is continuous at on an open interval (a,b) if it is
continuous at each point in the interval. If a function is continuous on the entire real line,
R = (—o00,00), then it is everywhere continuous

Example 12.3.1. Discuss the continuity of the following functions

2 —1 22 -1 ifx < 3;

a) f(z) = b gl@)=T— ) hlx)=cosz d>f<w>={x_2 if 7 > 3.

Sol:

a) For f(z) = 1, the domain, Dy = {z] 2 # 0, x € R}. See the graph below. We see that the
function is continuous for all points in its domain. At x = 0, the function is discontinuous. It
has non-removable discontinuity. In other words, there is no way we can redefine f(0) to make
the function continuous at x =0
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b) For g(x) = z;:ll, D, ={z| x # 1, x € R}. For all points in this domain, the function is
continuous. At x = 1, the function has a removable discontinuity, ie we can redefine f(1) to
make the function continuous at x = 1. See the graph below. Notice that if we define f(1) = 2,

the function becomes continuous at xz = 1.

c¢) For h(x) = cosz, the domain is Dy, = (—o00,00) and we can see that it is continuous for all
points in Dy,

d) For this function, Dy = (—o00, 00) and we see that it is continuous for all real numbers except
for x = 3. It has a non-removable discontinuity at x = 3. See the sketch below

153



Example 12.3.2. Discuss the continuity of the following functions

afw={ 5 RIS D =vETE 0hw=VITE  dke) -

2?2 +1 ifz>0.

Sol:

a) For this function, Dy = (—o00, 00) and we see that it is continuous for all real numbers. See
the graph below.

Y
1 T
b) This function has domain D, = [—2,00). For all points in the open interval (—2,00), the
function is continuous. Since the right limit at x = —2 exists and it is f(—2), we conclude that

the function is also continuous on the closed interval [—2,00). see graph below

Y

2/
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¢) This function has domain D;, = (—oo,1]. For all points in the open interval (—oo, 1), the
function is continuous. Since the left limit at © = 1 exists and it is f(1) = 0, we conclude that
the function is also continuous on the closed interval (—oo, 1]. see graph below

Y

T

d) Exercise

Example 12.3.3. Discuss the continuity of the function f(z) =1 — x2

Sol: Exercise

Note 12.3.1. We take note of the following on continuity.

e All polynomial functions are continuous on R
e The radical functions and rational functions are continuous on their respective domains
e Trigonometric functions sin x and cosz are continuous on R

e The tangent function is not continuous for points x = - where n is an odd integer

12.4. Differentiation

We have looked at the basic prerequisites for one to study calculus, the limit and continuity of
a function. The notion of a limit and continuity are very vital for one to understand calculus.
Now, we have now arrived at a crucial point in our study of calculus. Recall the notion of
gradient of a straight line. The concept of a limit can be used to extend the notion of a
gradient to curve. The limit used to define the slope of a tangent line is also used to define one
of the two fundamental operations of calculus —differentiation.

Definition 12.4.1. The derivative of a continuous function f at a point x is denoted by f'(z)

and defined as
fl@+h)— f(z)
h

f'(z) = lim

h—0
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The derivative f'(z) of a function f(z), is itself a function. The process of finding the derivative
of a function is called differentiation. A function f is differentiable at x if the derivative
exists at « and differentiable on an open interval (a,b) if it is differentiable at every point
in the interval.

In addition to the symbol f’(z), other notations are used to denote the derivative of a function:

dy d
/ /
= = —-— = — = D
fa) =y =2 = Z1f@)] = Dl
Any of these notations are acceptable and can be used. We will mostly adopt the use of
dy
/ / d -

12.4.1 Differentiation From First Principle

This is the standard procedure used to determine the derivative of any function. The process
makes us of the definition of a derivative

Example 12.4.1. Find the derivative of the function f(z) = 23 + 2z from first principle

Sol:
) . fl@+h)— flz)
fw) = Jim h

_ lim [(x + h)> +2(x + h)] — (2* + 2x)
h—0 h

:hmx3+3x2h+3xh2+h3+2x+2h—x3—2x
h—0 h

— lim 32%h + 3zh? + h3 + 2h
h—0 h

—lim h(3z% + 3zh + h? + 2)
h—0 h

= lim (32* + 3zh + h* + 2)
h—0

=322 4+ 32(0) + (0)? + 2
=327 +2

The approach above can be used to determine the derivative of any polynomial function. All
differentiable functions that we will consider in our study of calculus can have their derivatives
determined from first principle. This approach, however, is not always straight forward for
some functions as determining the limit can be difficult at times. Hence, we will analyse other
methods later.

Example 12.4.2. Differentiate the function f(z) =+/z + 1 from first principle.
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Sol:
flz+h) - f(z)

flw) = lim h
IVACEIOE —Vz+1
_h—>0 h
—hm’/(HhH —Vr+1 y Ve+h) +1+Ve+1
 hs0 h

V@+h) +14+ vz +1
! (\/(:C—i-h)—l-l—\/a?—i-l)<\/(:I;—|—h)+1_|_\/x+1>

= h<\/(x+h)—|—1+\/x+1>

@R ] = (4 1)
h—>0h<\/($+h)+1+\/x+1>

= lim h
h_’0h<\/(:v—|—h)—|—1—|—\/x+1>
. 1
=lim
=0 \/(x+h)+1+Vr+1
1
VEe+0)+1+va+1
1
EPNCES

Example 12.4.3. Differentiate the function g(z) = m+r1 from first principle

Sol:

oy o Jl@th) — f@)
g'(w) = lim h
1 1
. (@rh)+1 x4l
=1 ~ - =
hlg[l) h
(z+1)—(z+h+1)
— lim (z4+h+1)(z+1)

h—0 h
h

iE>I(1)h(:1r;—|—h—_i-1)(95—1—1)
1
(x+h+1)(z+1)
-1
(x+0+1)(z+1)
1

(z+1)*

= lim
—0

The two examples above show the technique for differentiating from first principle for radical
and rational functions respectively.

157



12.4.2 Basic Differentiation Rules

In this section we look at differentiation rules that allow us to find derivatives without the
direct use of the limit definition.

1. The Constant Rule: The derivative of a constant is 0. That is, if ¢ € R, then

d
=0

i
Example 12.4.4. Differentiate the following functions

Hy="17 i) f(z) =0 iii) s(t) = -3 iv) y = 3n?
Sol: All functions here are constants

d
i) d—i =0 i) f(z)=0 i) s'(t) =0 iv) ¥ =0

2. The Power Rule: If n is a rational number, then the function f(z) = z™ is differentiable
and
) = nan

Example 12.4.5. Differentiate the following functions

3

i)y=2a® i) f(z) == iii) s(t) = Va2 iv) g(z) = %

Sol: We use the power rule

i Z—i:gﬁ ) f) =1 i) s'(t):gxézﬂ iv) ¢(z) = —brt = — >

3. The constant Multiple Rule: If f is a differentiable function and c is a real number,
then cf is also differentiable and

d
T fef (@) = f (@)
Example 12.4.6. Differentiate y = % with respect to x.

Sol: Using the constant multiple rule

dy d 2 d .1 d. 5 2
dx dx[x] dx[x} dx =™ (=27) 2

4. The Sum and Difference Rule: Let u(x) and v(z) be two differentiable functions of
z. If f(z) = u(z) + v(z), then

f(z) = (z) +v'(z) Sum Rule
If f(z) = u(z) —v(z), then
f(x) = (z) —v'(z) Difference Rule
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Example 12.4.7. Differentiate y = 2% — 42 + 5

Sol: Using the sum and difference rule, we differentiate term by term

d
S 3?44+ 0=322—4
dx

. The Product Rule: Let u(z) and v(x) be two differentiable functions of x. If the
function f(z) = u(z)v(x) is the product of u(z) and v(z), then

f'(@) = u(z)(z) + v(z)v' ()
Example 12.4.8. Differentiate the function f(z) = (2z — 2*)(2® — 2 — 12)

Sol: Use the product rule: Let u(x) = 2r—2* and v(z) = 23 —2—12 Then, v/(z) = 2—4x3
and v'(z) = 32% — 1. Thus

f(@) =u(@)v'(z) + v(z)u(z)
=2r — 2" (32* — 1) + (2® — z — 12)(2 — 42%)
=62 — 20 — 32° + 2t 4+ 22% — 20 — 24 — 42 + 42 4 4823
= — 72% + 52t + 5623 — 4z — 24

. The Quotient Rule: Let u(z) and v(z) be two differentiable functions of x. If the

function f(z) = % is the quotient of u(z) and v(x), then

Example 12.4.9. Find the derivative of the function f(z) = :”2_—\/5“1

Sol: Let u(r) = 2 — vz + 1 and v(z) = /. Then «/(z) = 2x — 2\/% and v = 51~
Using the Quotient Rule, we have

v(x)u (x) — u(z)v'(x)
[v(z)]?
G (21‘ . ﬁ) N N ) (#)
(Vz)’

1
Va2 + x}

B

f'(x) =

{3\/5 +

N —

Example 12.4.10. Differentiate y = 132”:51%
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Sol: Let u(x) =3z — 1 and v(z) = z* + 5z. Then v/(z) = 3 and v = 2z + 5. Using the
quotient rule, we have
dy v(z)u'(z) —u(z)v'(v)
dr [v(x)]?
(2% +52)(3) — (3x — 1)(2x + 5)
(22 + 5x]?
32?4+ 15z — 62° — 13z +5
B (22 + 5z)?
- —32?+ 2z +5
(22 +52)°

Derivatives of Trigonometric Functions

We start with the derivative of the sin and cos functions. The derivatives for the other Trigono-
metric functions will be derived from these two using the discussed properties of derivatives.

Example 12.4.11. Differentiate the following functions from first principle
i) f(z) =sinx ii) g(x) = cosx
Sol:
i) By definition;
fla@+h)— fz)

f) = fim h
—tim sin(x 4+ h) — (sinz)
h—0 h
B sinz cos h + cosxsinh — sinx
 h50 h
iy 987 sinh — (sinz)(1 — cos h)
h—0 h

o (25 - (2)
—(cos ) (}llim Sizh> — (sinz) (}lii% #)
=(cosz)(1) — (sinz)(0)

= COST

Therefore, if f(z) = sinz, then f'(z) = cosx
ii) Exercise: Show using first principle that if g(x) = cosz, then ¢'(x) = —sinz.

Example 12.4.12. Differentiate the following functions

COST
i)y = 2sinx i) y = : iii) y = 2° + 3cos
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Sol:

dy
dx

N d . ) d .
i) % =2coszx i)y =22 =lcosx = ¥ =—1lsinx iii)

dx 5 5 5 =2z — 3sinx

Example 12.4.13. Find the derivative for each of the following

3 . .. _cosz . ) _\/x—2
sin x i) Yy = —; iii) y = sinz cos x )y =
x

iy=ux

Sol:

i) Let u(x) = 23 and v(x) = sinx. Then v/(x) = 32% and v'(x) = cosz. Using product rule,

d
Y +ou’
dx

:(x3)(cos x) + (sin x)(3x2)
=x3cosx + 3z’sinx

=2? (zcosx + 3sinz)

ii) Let u(z) = cosx and v(x) = 22. Then v/(x) = —sinz and v'(z) = 2z. By quotient rule,

dy vu' —u
de 02
_ (2®)(—sinx) — (cosx)(2x)
[]?
_—xz sinx — 2x cosx
4

T
_ —x(xrsinr + 2cos )
1

x
ili) Let u(z) = sinx and v(z) = cosx. Then u/(z) = cosz and v'(z) = —sinz. By product
rule
dy _ oo
R ap— +
o =u +uu

=(sinx)(—sinz) + (cos z)(cos )
= —sin®z + cos’
=cos’z —sin’z

=Cos 2x

iv) Let u(z) = v/ — 2 and v(x) = sinz. Then v/(z) = 2\/% and v'(x) = cos z. By quotient
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rule,

dx v?
_(sinx)(2 L) — (Vz —2)(cos )
B [sin x]?
B ;igfz — (Vo —2)(cos x)
B [sin x]?

_sing —2(r — 2)cosw

2(sin® z)v/z — 2

We can now use the quotient rule to determine the derivatives of the other trigonometric
functions.

Example 12.4.14. Differentiate f(z) = tanx

Sol: Recall that tanz = 2£_ Hence f(z) = tanx can be written as f(z) = 22£ and then use
the quotient rule.

Let u(z) = sinx and v(x) = cosz. Then u/(x) = cosx and v'(z) = —sinz. By quotient rule,

dy ou' —w/

dr 02

(cosz)(cosx) — (sinz)(—sinx)
[cos x]?

cos?x + sin’x
cos? x
1
cos? x

1 \2
- (cosx)

=(secr)?

= 8602 T

Therefore, if f(x) = tanz, then f/'(z) = sec’x

Exercise: Show using quotient rule that if f(z) = cotx, then f'(x) = —cscx.

Example 12.4.15. Differentiate f(z) = secx

Sol: Recall that secz = ——. Hence f(z) = secz can be written as f(z) = —— and then use
the quotient rule.
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Let u(z) =1 and v(x) = cosz. Then «'(z) =0 and v'(z) = —sinz. By quotient rule,

dy vu' —u'
de ~ 02
(cosz)(0) — (1)(—sinx)

[cos x]?
__sinx

cos? x
1 sinz

COST COST
=secxrtanzx

Therefore, if f(x) =secz, then f'(z) =secxtanz

Exercise: Show using quotient rule that if f(x) = cscx, then f'(x) = — cscz cot .

Example 12.4.16. Differentiate the following functions

i)y =32z —2tanz ii) 22 sec

Sol:

i) ¥ = 120%—sec® x ii)

o = (z%)(sec z tan )+ (sec z)(2x) = x? sec x tan x+2x sec T

B
<

The Chain Rule

Let us now discuss one of the most powerful rules of differentiation, the chain Rule. It enables
us to differentiate composite functions. The theorem is stated below.

Theorem 12.4.2. Let y = f(u) be a differentiable function of u. Further, if u = g(x) is itself
a differentiable function of x, then y = f(g(x)) is a differentiable function of x and

dy _dy du
dr  du dx

Example 12.4.17. Differentiate the function y = (2? + z — 2)°

Sol: Let u =%+ x — 2. Then y = u®, % = 5y* and % = 27 + 1. By Chain Rule

’ du
dy dy du
de  du dx
=(5u") (22 + 1)
=5u*(2z + 1)

=5(z* + v —2)*(2z + 1)
=522+ 1)(z* + 2 — 2)*
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Example 12.4.18. Given the function y = /(22 — 1)2, find g—g

Sol: Note that {/(z®> — 1)2 = (z2 — 1)3. Hence, y = (22 — 1)5. Using the chain rule, we let

uw=2%—1, then y = u5 so that % = %u’% and Z—Z = 2.
dy dy du
dr du dz

ol

_ (gu > (20)

~(3-n) e

B 4x
_3\3/m2 -1

Example 12.4.19. Differentiate the following

i)y =cos’z i) y = sin® 42 iii) y = tan?(z® — 3z + 1) iv) y = csc3(22° — 1)

Sol: We use the chain rule

i) Recall that y = cos?z = (cos )% Thus,

d
% =(2cosz)(—sinx)

= —2coszxsinx

= —sin 2z

ii) Recall that y = sin® 4z = (sin4x)3. Thus,

% =(3sin4x)*(cos 4x)(4)
—=12sin%(4z) cos(4)

=12sin® 4z cos 4z

iii) Recall that y = tan?(2? — 3z + 1) = [tan(z? — 3z + 1)]?. Thus,

d
d—y —9tan(z? — 3z + 1)) x sec(z? — 3z + 1) x (22 — 3)
ua

=2(27 — 3) tan*(2* — 3z + 1) sec(2® — 3x + 1)

iv) Recall that y = csc®(22° — 1) = [esc(22® — 1)]3. Thus,

;Z—Z =3[csc(22® — 1)]*(— cot(22° — 1) esc(22° — 1))(10z*)

= — 302" csc?(22° — 1) cot(22° — 1)
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Implicit Differentiation

Most functions we have looked at now have been expressed explicitly, ie, they have been written
in such a way that y can easily be written as the subject of the formula. For example, y =
322 = 22 + 7 is an explicit function as y is an explicit function of . Some functions can
not have y written explicitly as a function of z. For example y> + y?> — bzy — 2> = —4 is an
implicit function since y can not easily be made the subject of the formula. To differentiate
such functions, we use implicit methods. The following guidelines can be used:

e differentiate both sides with respect to x

e collect all terms involving g—g on the left side of the equation, and all other terms to the
right side.

e factor % out of the left side of the equation.

dy

e solve for 7
Xr

Example 12.4.20. Find 2 given that y* — y + 2y — 37 + 222 = -7

Sol: This is an implicit function since we can not make y the subject of the formula.

Y —y+ay—3r+222=-7
d . 9 d
. — 30+ 22 =—[~7
Tl =yt ay = 3u 4 207 =[]
y dy
~ 2y 34 4 =0
yd:c dx+$d:c+y A

d
B2 —1+2)2L +y+42—3=0

dx
dy

(3y2—1+x)@:—(y+4x—3)

dy — (y+4z—3)

dx (3y? — 1+ 2)

2dy

Example 12.4.21. Find % if sin/y =«

Sol: Making y the subject is not an easy task. We differentiate implicitly.
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Higher Order Derivatives

Let y = f(x) denote a function. The derivative % = f'(z) is called the first order derivative

Recall that f'(z) is itself a function as well. Hence, it can be differentiated to obtam = f"(x),
which is called the second order derivative. Slmllarly, we can differentiate f”(x) to obtam the

third order derivative g Y = f"(z).

In general then, if y = f(x) is a differentiable function, then we can obtain the n'® order

derivative by differentiating f(x) n times. Hence, the n'* order derivative has the notation
given below:

DY~y = () = 7] = D3l

Example 12.4.22. Given the function f(z) = 2* — 32% + 12, find f (), the fourth order
derivative.

Sol: f'(x) = 4x® — 6z. Differentiating further,we have f”(z) = 122* — 6, f"(x) = 24x so that
f@(x) = 24.

Example 12.4.23. Find (‘%{ given that y = sin(x?).

Sol:

dy
dx

d

= 2z cos(z?)

2[z(—2x sin(z?)) + cos(x?)] = 2 cos(z?) — 422 sin(x?)
2[—4x sin(z?) — 222 cos(x?)2z — sin(x?)2z] = 2[—6x sin(x?) — 42° cos(z?)]

Example 12.4.24. Find 327?2’ given that 22 + y* = 25

Sol: differentiate implicitly

2z + 2y dy — :> =—= Therefore, using the quotient rule,
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Derivatives of Exponential Functions

Let f(z) = e*. We can find the derivative of the exponential function from first principle as
shown below.

f'(x) = lim

flx+h) - fx)
h

ex-‘,—h
= lim
h—0 h
el — e*
= lim
h—0

_6'7:

s ex(eh—l)
e —

. . et —1
:}fi%(e)< h )

Therefore, if f(x) = e”, then the derivative is given as f'(z) = e”

Example 12.4.25. Differentiate the following

2 : - 1
i)y =e" i1) y = e * i) y = x? — eVl i)y = xe™” v) Yy = ¢
sec T
Sol:
i) Let u = 3z. Then y = e* so that % =3 and % = e¢". By the chain Rule,
dy dy du
dr  du dx
=(3)(e")
=337

ii) Let u = —2?%. Then y = 5¢e“ so that % = —2z and g—z = be". By the chain Rule,

dy _dy du

de du dx
—(—22)(5¢")
= —2re ™

iii) Similarly, applying the chain rule and the sum/difference rule, we have
dy 1
A, Y e
dr 2\/x ‘
dzy/z — eVl
B 2\/x

167



iv) We use the product rule together with the chain rule.

% =(z) [(cos x)esmm} + (eSi”) (1)

—7 COS xesmx + 6smx

sinz

=(xcosz+1)e
v) Exercise |[Hint: Use the quotient Rule and the Chain Rule]

Derivatives of Logarithmic Functions

We start with the natural logarithmic function, f(z) = Inz. We will differentiate this function
implicitly. Let y = Inz. Converting this to exponential form, we have x = €Y. Hence, using
implicit differentiation, we have

x =eY
dy
1 =e¥-—=2
¢ dx
dy 1
dr eV
dy 1 ) y
Ir :E since ¢ =z

1
Therefore, if f(z) = Inz, then the derivative is given as f'(z) = —
x

Example 12.4.26. Find the derivative for each of the following functions

In 2z

T2

i)y =alnx ii) y = log,o(32% — 4) i) y =

Sol:

i) Let uw = 2®, v = Inz. Then v/ = 32% and v/ = 1. By the product rule, we have

e (1) + (Inz)(322)

=22 +32%Inz

ii) We change the base to the natural logarithm:

y =log;o(32° — 4)
_In(32 —4)
~ Inl0
1 2
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We can differentiate the function y = In(32% —4). Let u = 322 — 4. Then y = u so that % = 1
and Z—Z = 6x. By the Chain Rule, we have

dy dy du

dr  du dx

(e

bz
32?2 —4
1 dy L Oz O
Hence, for y = ——In(32* —4), —= = -
ence, for y = =5 In(32" —4), -~ (m 10) (3952 —4> (In10)(32* — 4)

iii) Let u =In+/z and v = 2% Then, by chain rule, v’ = ﬁ and v' = 2z. By quotient rule,

dy vu' —u
de 02
(2?) (55) — (Inv/x)(22)
o
£ —2xlnyx
o
1-2nz
23

iv) We take the natural log on both sides, then differentiate implicitly. y=a*=lny =
Inz® = Iny = zInx. Differentiating this implicitly, we have

Iny =rlnzx

1dy 1
——= =(x)(— 1 1
LY @)+ ()
1d
Y +Inz
ydx

d

% =y(1+1Inx)

d

% =(2") (1 +1nx)

d

% =z"(1+Inx)

v) Exercise

12.4.3 Applications of Differentiation

Differential calculus can be applied to numerous problems in applied fields. We start with its
application to the Tangents and Normal to curve.
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Tangents and Normal to a curve:

If y = f(z) is an equation of a curve, then the derivative Z—z_ = f'(z) is the gradient function as
it gives the gradient of the tangent to the curve at any given point where the derivative exists.

Example 12.4.27. Find the gradient of the tangent to the curve y = % at the point where

x = —1. Hence, find the equation of this tangent and the corresponding normal.

Sol: ;—z = —I%. Hence, t‘he gradient at x = —1 is given as j—z\x:,l = —(711)2 = —1. Hence, the
equation of the tangent is

y—y1 =m(z — 1)
y—(=1)=-1(z—(-1))
y+l=—ao-1
y=—x—2 is the equation of the tangent line at z = —1

Normal: Recall that the gradient of the normal is —% = —ﬁ =1

1
I ()
y—(=1) =Lz —(-1))
y+1l=x+1
Yy =x is the equation of the normal line at z = —1

Example 12.4.28. Find equation of the tangent to the curve z? + y? = 10 at the point (1, 3).

Sol: Differentiate implicitly to get 2:L'+2yj—g =0= % = —%. Gradient at (1, 3): %|(173) = —%

Example 12.4.29. Find the equation of the tangent line to the curve y* — 3zy? + cosxy = 2
at the point (0,1)

Sol: Differentiate implicitly to get: 3y2% — (:ch% + yg) + (y + mg—z) —sinxy =0

3(1)2 + (1) sin(0)

dy  3y®+ysin(zy) _
3(1)% — 6(0) — (0) sin(0)

dy
Thus, —= = that, — =
U e 3y? — 6y — xsin(xy) SO Ak o

Hence the required tangent is given by y — 1 = 1(z — 0) = y = x + 1 is the tangent line of
interest.
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Increasing and Decreasing Functions:

Let y = f(x) be a curve. On any interval where Z—g > 0, the function y = f(x) is increasing

on this interval. If % < 0, then the function is decreasing. If % = 0, then the function has a
critical point or stationary point, where the function is neither increasing nor decreasing.

Example 12.4.30. Determine the range of values of x for which the function

y=a3-322-9r+4is 1) increasing i) decreasing  iii) stationary

Sol: The derivative: % = 322 — 6z — 9
i) We need % > 0. So we solve this inequality.

322 — 6z — 9 >0
2 —2r—3>0
(x+1)(x—3)>0

This function is increasing in the interval (—oo, —1) U (3, 00) since fil—z > 0 in this interval

i) We need % < 0. ie, we need (z + 1)(z — 3) < 0. Verify that the function is decreasing in
the interval (—1,3).

iii) The stationary points are points where % = 0. Hence, the stationary points are obtained

by solving the equation % =0,ie(z+1)(x—3)=0=zr=—-landz =3

Example 12.4.31. Determine the range of values of x for which the function

y=u is i) increasing ii) decreasing iii) stationary

Stationary Points: Maximum, Minimum and Point of Inflexion

dy

Let f(x) be a function. The curve y = f(z) has a stationary point where 32 = 0. There are

three types of stationary points

e Maximum point: The derivative here moves from positive through zero to negative
values. Thus, at maximum, we have
dy d*y
— =0 and — <0
dx dx?
e Minimum point: The derivative here moves from negative through zero to positive
values. Thus, at minimum, we have
d?y

dy
< -0 d — >0
dx an dz? o

e Point of Inflexion: The derivative 2 = 0 but has the same value on both sides of the

dx
zero value
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To determine the nature of the stationary points, the following steps may be used:

e Determine the stationary points by solving g—fc = 0. This gives the values of z, which we

can use to determine the corresponding y values.

e Determine the values of 32732’. If the result is:
(a) positive, the point is a minimum one,
(b) negative, the point is a maximum one,
(c) =zero, the point is indecisively unknown.
OR

e Determine the sign of the gradient of the curve just before and just after the stationary
points. If the sign change for the gradient of the curve is:
(a) positive to negative, the point is a maximum one
(b) mnegative to positive, the point is a minimum one

(c) positive to positive or negative to negative, the point is a point of inflexion

Example 12.4.32. Find the nature of the stationary points on the curve y = 43 —32% — 62 +2

Sol: The derivative, g—g = 1222 — 62 — 6 and 22732’ = 24x — 6. To get the critical values, set

d
g
dy
A
dx
122% — 62 — 6 =0
222 —x —1=0
(2x 4+ 1)(x —1) =0
Stationary points occur at z = —% and at x =1
Since 3273‘2/  =24(—3) —6=—18 <0, x = —3 gives a maximum point.
==z

Since % =24(1) =6 =18 > 0, z = 1 gives a minimum point.
1

Hence the turning points or stationary points of the curve y = 423 — 322 — 62 + 2 are:
when z = —3, then y = 4(—3)*> = 3(—3)* = 6(—3) +2=2
when z = 1, then y = 4(1)3 — 3(1)? = 6(1) +2 = -3

The points are: (—%, %) which is a maximum point and (1, —3) which is a minimum point

For more on maximum and other applications of calculus, see the references.
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12.5. Integral Calculus

See the References or consult Mr. Mulenga F.

Exercise 15

1. Evaluate the following limits:

() lim(32242—5)  (0)limtanz () lim vz 12 (d)lim Y2273 (¢) fim 2

2 o 1 20 x v—4 /T — 2
O Ty 0 0w B oy T
2. Determine the following limits:

@l Ol @bt -2l @l o @l
Dimgag Wiy 0lm T 0 e s 0

3. Differentiate the following functions from first principle:
@f(x)=a>-4 (b) fla)=Va -4 (f(x)=3-5 (d) fla)=F+V2-2
e) fl)=Va+2 (f) flx)= A= () fw) = ;5 (h) f(z) =sinbz (i) f(z) = cos2z

1—x

4. Differentiate the following with respect to x:

2 —dr+1 24 1)3
a)y=20°~Tz—12 by=2"Vr+2 c)y= % d)y = (42 ¢)y= T T
xt — !
5. Differentiate the following with respect to x:
in(3z% — 1
a)y =sec2r b)y=-cos’(5x) c)y=tanv/r d)y=rtan’(32*°~1) e)y= %

6. For each of the following functions, find the derivative f’:

(@)f(@) = & () f(x) =7 ()f(&) = > (d)f(x) = " sin’(cosw) (¢)f(z) = vIna

7. For each of the following, find %:
a) y = sin?(2z) cos®(5z)  b)y = cos(e”) )y =2"5""1 d)y=In(3z—2) e)y=In(z?sinz)

2

fly=logg(z?+e”) g)y=a’Ina? h)y=(2*+222—z—1)e” i)y=e""" j)y=06"
3
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10.

11.

12.

13.

14.

15.

16.

17.

18.

Using the rules of logarithms, simplify the following expressions. Hence, find f'(x):

T 16 1.2 T 8 62:0 7 T
(a) f(x)=In L Cotol (b) flx) =In {2
For each of the following functions, find j—g and 3273’2’

(a)y+ay+y =2 (B)y*+ry*+2?~1=0 (c¢)sinzcosy =2 (d)zeV—r—1=0 (e)a¥+ye"—2r =5

2 3 4
de/ d°y nd d*y

For each of the given functions below, find %5, <% e

(a)f(x) = ig 0)f(z) = V1=222 (c)f(z) =2Invz (d)f(z) =In(3z-2) (e)f(x)=sindx

An open rectangular box is made from a square sheet of cardboard by removing a square
from each corner and joining the cut edges. If the cardboard is of edge 0.5m, find the
maximum volume of the box.

If the selling price z is related to the profit y by the equation y = 50002 — 12522, determine
the value of x for which the profit is maximum. Find that profit.

Find the critical values and determine the relative minimum and relative maximum for:
(a) f(z)=a+322— 12247 b) flx)=(x—=1)(z+1)(z+2)

The concentration C, of hydrogen ions in a solution is given by C' = H + %. Find the
value of H for which the concentration is a minimum.

A farmer wants to make a rectangular enclosure using a wall as one side and a 120M of
fencing for the other three sides. Let z denote the width of the enclosure measured in
meters.

i) Find the area in terms of z and state the domain of the area function.

ii) Find the value of x that gives maximum area.

Integrate the following functions with respect to :

2 h) 1
(4x + 5)3 Vo +2

o) b)d @% ) VE+322—5 €) (20—1)> f)3v2—5z g)

Evaluate the following integrals

a)/x4+x2;22x+\/§dx b) ﬂ_—\/gﬂdm c)/(Zx—l)de d)/(i’s——12x)4dx

Evaluate the following integrals:

a)/x(w2+3)3d:v b)/Be“"dx c)/(3x2+e4m)dx d)/xﬂnxdzp e)/ s

1423

2x x? 2 + 3 2
——d ————dx h dr i d ‘ 2rd
f)/ = T g)/ —= T )/($2+3$+4)3 T Z)/em% x ])/SGCZE T
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19.

20.

21.

22.

23.
24.

25.

Evaluate the following integrals:

a)/siandx b)/secxtanxdm c)/QSindeE d)/cchxdx e)/lnxdw f)/x3lnxdx

g)/we‘x2 dx h)/e”cos:pdx i)/cossxdx j)/x2 sin x dx k‘)/(l —x)e®dx
By decomposing the following into partial fractions, find the following integrals:
1 22 2 5) 242 4
a)/xdxb)/—dxc)/m dxd)/—x+$+dxe)/x+w+ dx
r+1 x x?2—1 z(r + 1)? (2x —1)(z2 — 1)
122

3+ 2242 . 2+ 2 ) 112 — 10
) [ amegaa® M i 0w 0 aoge

Evaluate the following definite integrals:

1

(a) /_ 3(x2+23§—1)d9@ (b) /1 et du (c) / * cosatdi (d) /0 " e da (e) /_ 22 (2% —1)% do

1 3

Find the area of the region bounded by the graphs of f(z) = —1z*+1 and g(z) = 127 -3
for x in the interval [—1,2].

Find the area of the region bounded by the curve y = 2* — 9 and the x — azis

In an idealized experiment, a colony of bacteria is introduced to a limited food supply. If
the rate of change in the number N of live bacteria with respect to time ¢ is given by

N'(t) = 6000t* — 75¢t*,

Find the size of the population of the bacteria at time ¢ if initially 1000 bacteria were
introduced to the food supply.

An object on the ground is projected vertically with initial velocity of 32m/s. If the
acceleration a(t) = —10.6m/s?, find:

(a) the velocity function, v(t)

(b) the distance at time ¢

(c) the height the object will attain

(d) the height of the object in 5 seconds
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13

Sample Exam Questions

July-2016

1. a)

3. a)

Define a function.

Let f be a function defined as f(z) = 2.
(i) Find the domain of f(x)

(i) Find the range of f(z).

(iii) Sketch the graph of f(z), clearly indicating the intercepts and asymptotes.

Solve the following equations
(i) [3z—6] =12

(i) |2z + 1] = |4z — 3]

(i) v2r —1—vzx +3=1

Show that the function f(z) = 2z* + 4 is not a one to one function.

(i) When is a function f(x) said to be even?

(ii) Determine whether f(z) = 223 + 4z is odd, even or neither.
Let g(x) = m%l and f(z) = 3z — 2 be two functions.

(i) Find fog(x) and state its domain.

(ii) Find (fog)~'(x)
Find the solution sets for each of the following inequalities:

(i) ve-2<1

(ii) |6z — 11| < —5

1—a ifz <0;

Sketch the graph and state the range of f(z) = { st 1 ifr>0

Decompose the following fraction into its partial fractions

T

(z+1)(z2+22+2)

Let g be a function defined as g(z) = Va2 — 3z + 2.
(i) Find the domain of g(x)
(ii) Sketch the graph of g(x). Hence, state its range.
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b) Find % for each of the following

2 1 4

(i) y=2°In3x (i7) y= M (i3i) 3> +ay® +2° =1
sin x
13,3,2]

¢) The concentration C, of hydrogen ions in a solution is given by C' = H + %. Find
the value of H for which the concentration is a minimum. 13]
d) solve the following equations

(i) 2%+l =3(27) — 1 2]
(ii) logy(z®> —z+2) =1+ 2log,x 3]
(iii) loggx —2log,3 =1 3]
Find the exact value, leaving your answer in surd form where necessary.

(i) sin150° 2]
(i) tan(~%) 2
Prove the following identities

(1) 17slinw + 1+slin:p = se(32 xr [2]
(ii) (cscx — cotx)® = {7552 3]
Solve each of the following for 0 < 6 < 27

(i) cos# =sin26 [4]
(ii) 2sin?6 —cosf —1 =0 4]
(i)Express f(z) = V/3cosz — sinx in the form f(z) = r cos(z + «) [4]

(ii) Sketch the graph of f(z) = 3sin(x — 7). State the amplitude and period.  [4]

Evaluate the following limits.

(i) 2?2 +52+6 (i) 1 vr+9-3 (i) 1 zt—1
¢ z——3 x+3 “ mlir(l] T w Il_{{.lo 3 + 2
12,3,2]
Differentiate the function f(z) = == from first principle. [4]
Determine the following integrals
(i) [322—22+1+5dx 2]
.. 22
(i) f V223 dx 3]
. . . (@+1)16(22242)8
Given the functionf(z) = In e
(i) Use the rules of logarithms to simplify f(x). [2]
(iii) Hence or otherwise, find f'(z) 13]
END!
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July-2015

1. a)

Given that X and Y are subsets of the universal set E, simplify the following as far

as possible:

b)

C =

(i) X-(F-X)

(i) X'uX'nYy)

Let R = (—00,00) be the universal set. Further, let A = (—8,6], B = [4,00) and
[0,1), be subsets of the universal set, R. Find:

i) AUB

(i) (AN B)".

(iif) C"

c) Express the following rational numbers in the form ¢ where a and b are integers, with

b 0.

i) 0.1

(ii) 12.15.

Find the derivatives of the following functions:
O flo)=122"+Vr-3

(ii) g(x) _ x5+x72;3—x3+x

The line y = = + 1 meets the curve y = 22 — x — 2 at the points A and B. Find the:
(i) coordinates of A and B

(ii) equations of the tangent lines at A and B
(iii) equations of the normal lines at A and B
Given the equation of the curve y = z(z — 2)?,
(i) find &

(ii) hence, find the coordinates of the point on the curve at which the gradient is

Zero.

3. a)

Given the polynomial function p(z) = 23 + 422 + x — 6;

(i) factorize completely p(x) = z° + 42°> + . — 6

(ii) Sketch the graph of the polynomial p(z)

(iii) Hence or otherwise, find the values of x for which 2% +42% + 2 — 6 > 0
Solve the following equations

(i) 3(2z—5)+ 2z <32+ 24

(i) 222 — 11z +5>0

Factorize completely 2% — 1

Given the polynomial f(z) = z® + 2? — 5z — 2;
(i) Show that z — 2 is a factor of f(z).

(ii) solve the equation z* + 2% = 5z + 2
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b) The polynomial h(z) = 323+ 222 — px + ¢ is divisible by x — 1, but leaves a remainder
of 10 when divided by = 4 1. Find the values of p and q.

c¢) Solve the following pair of simultaneous equations:
y—xr=-—-2
202 — 10z =y — 3

. a) Simplify the following as far as possible:

. 2

(i) (37)3

(i) 925 + 325 x 2

b) (i) Given that 22 +4x — 2 = (z + a)? 4+ b where a and b are constants, find the values
of a and b

(ii) Solve for = given that 2y/x = /40

(iii) Rationalize the denominator and simplify

+ /45

+\/_

¢) Given the quadratic function f(z) = 22 —x — 5,

(i) Complete the square of f(z) =22* — 2 —5

(ii) Determine the type of roots of the quadratic f(z) =22 —x —5

(iii) Sketch the graph of the given quadratic.
. a) The line [; has equation 2y = x — 3 and the line I, has equation 5y + 2z — 18 = 0.
Another line, I3 is perpendicular to [; and passes through the point (0,3). Find:

(i) the gradient of |

(ii) the coordinates of the point of intersection of I, and [s.

(iii) the equation of I3

b) The points A and B have coordinates (2k,1) and (9, k — 1) respectively where £k is a
constant. Given that the gradient is %,

(i) Show that £ =3
(ii) Find the equation of the line through A and B.
c) Express 12 + /147 — /27 in the form rv/3 where r is a constant

END!
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